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Abstract

Magnetic particle imaging is a tracer-based medical imaging technique that measures
the spatial distribution of superparamagnetic nanoparticles. Alternating magnetic fields
with different excitation sequences are used to measure the nanoparticle distribution
in a scanner. Usually, the simplified Langevin model of paramagnetism is used as a
first approximation for the complicated nonlinear magnetization behavior of nanopar-
ticles. Although the modified Langevin model of paramagnetism can provide suitable
image reconstructions for one-dimensional excitation, the situation is more complicated
for higher-dimensional excitation, as several aspects cannot be fully explained by the
Langevin model. A well-known example is the spatial similarity of the frequency com-
ponents of the system function with tensor products of Chebyshev polynomials. This
was observed for a higher-dimensional excitation of the Lissajous trajectory type and
was unproven for almost ten years. With the aim of explaining such observations mathe-
matically, this thesis makes an important contribution to the mathematical foundations
of magnetic particle imaging. To this end, the spatio-temporal system function based on
the Langevin model is transformed into the frequency domain using various concepts
of Fourier analysis. The scientific contribution of the newly developed mathematical
framework is manifold. Firstly, the developed model is able to separate the scanner-
dependent excitation from the particle magnetization model, allowing better utilization
of the imaging operator so that faster reconstruction methods could be developed. Sec-
ondly, it is now easier to investigate both the effect of the magnetization model and
that of the excitation sequence in the imaging model separately. Thus, an extended
equilibrium magnetization model is introduced in this thesis and a series representation is
developed for it. Furthermore, the exact relationship between the frequency components
of the system function and the tensor products of Chebyshev polynomials is shown for
excitations of the Lissajous trajectory type. Finally, using the developed mathematical
framework, the frequency representations of various excitation sequences known from
the literature are calculated, which further increases the applicability of the model for

magnetic particle imaging.






Zusammenfassung

Die Magnetpartikelbildgebung ist ein auf Tracern basierendes medizinisches Bildge-
bungsverfahren, das die riumliche Verteilung von superparamagnetischen Nanopartikeln
misst. In der Magnetpartikelbildgebung werden wechselnde Magnetfelder mit unter-
schiedlichen Anregungssequenzen zur Messung der Nanopartikelverteilung in einem
Scanner verwendet. In einer ersten Annidherung wird normalerweise das vereinfachte
Langevin-Modell des Paramagnetismus als Approximation fiir das komplizierte nicht-
lineare Magnetisierungsverhalten von Nanopartikeln genutzt. Obwohl das modifizier-
te Langevin-Modell des Paramagnetismus bei eindimensionaler Anregung geeignete
Bildrekonstruktionen liefern kann, ist die Situation bei hoherdimensionaler Anregung
komplizierter, da mehrere Aspekte nicht vollstdndig durch das Modell erklért werden
konnen. Ein bekanntes Beispiel ist die rdumliche Ahnlichkeit der Frequenzkomponenten
der Systemfunktion mit Tensorprodukten von Tschebyscheff-Polynomen. Dies wurde
fiir eine hoherdimensionale Anregung vom Lissajous-Trajektorie-Typ beobachtet und
war fast zehn Jahre lang unbewiesen. Mit dem Ziel, solche Beobachtungen mathematisch
erkldaren zu konnen, leistet diese Arbeit einen wichtigen Beitrag zu den mathemati-
schen Grundlagen der Magnetpartikelbildgebung. Zu diesem Zweck wird die auf dem
Langevin-Modell basierende raum-zeitliche Systemfunktion mit Hilfe verschiedener
Konzepte der Fourier-Analyse in den Frequenzbereich transformiert. Die wissenschaftli-
chen Beitrdge der neu entwickelten mathematischen Beschreibung ist vielféltig. Unter
anderen ist das entwickelte Modell in der Lage, die scannerabhiingige Anregung vom
Partikelmagnetisierungsmodell zu trennen, was eine bessere Nutzung des Bildgebungs-
operators ermoglicht, so dass schnellere Rekonstruktionsmethoden entwickelt werden
konnen. AuBlerdem ist es nun einfacher, sowohl den Effekt des Magnetisierungsmodells
als auch den der Anregungssequenz im Abbildungsmodell separat zu untersuchen. Daher
wird in dieser Arbeit ein erweitertes Gleichgewichtsmagnetisierungsmodell eingefiihrt
und eine Reihendarstellung dafiir entwickelt. Dariiber hinaus wird die exakte Beziehung
zwischen den Frequenzkomponenten der Systemfunktion und den Tensorprodukten von

Tschebyscheff-Polynomen fiir Anregungen vom Lissajous-Trajektorien-Typ gezeigt.
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SchlieBlich werden mit Hilfe der entwickelten mathematischen Methoden die Frequenz-
darstellungen verschiedener aus der Literatur bekannter Anregungssequenzen berechnet,

was die Anwendbarkeit des Modells fiir die Magnetpartikelbildgebung weiter erhoht.
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1 Introduction

Magnetic particle imaging (MPI) is a medical imaging technique in preclinical develop-
ment stage that was developed in 2001 by researchers at Philips Research in Hamburg
and first published in 2005 [30]. As the name suggests, the aim of MPI is to measure
certain particles, so-called tracers, with the help of magnetic fields. These tracers are
superparamagnetic iron oxide nanoparticles (SPIOs). The special feature of SPIOs is
their non-linear magnetization characteristic and superparamagnetic behavior. This
means that the magnetic particles align their magnetic moment in the direction of the
applied magnetic field, but when the external magnetic field is switched off, the parti-
cles lose the alignment of their magnetic moment again. It is precisely this nonlinear
magnetization of the SPIOs that makes it possible to simultaneously measure the spatial
distribution and concentration of the SPIOs. MPI can therefore be classified as a tracer-
based imaging modality, just like positron emission tomography. In contrast to positron
emission tomography, however, the tracer material of MPI is non-ionizing. Although
MPI is still in a preclinical phase, there are a number of potential applications such
as vascular imaging [42, 46, 101, 106], cancer imaging [44, 117], and interventional
imaging [41, 82, 87, 110]. In MPI, various static and time-varying magnetic fields are
applied to measure the spatial SPIO distribution. One magnetic field is the selection
field, which is a spatially inhomogeneous magnetic field that enables a spatial encoding.
The selection field has a different dominant magnetization direction and field strength
in the entire area of interest except for the field-free region. The field-free region is an
area in which no magnetic field can be measured, which can be achieved, for example,
by superimposing different magnetic fields. In the context of this thesis, the field-free
region is a field-free point (FFP). The idea behind this is to saturate the SPIOs differently
across the entire field of view (FOV), which thus represents spatial encoding. In order to
move the FFP through the FOV, the selection field must also be superimposed with a

time-varying magnetic field, the so-called drive field.



1 Introduction

SPIOs that are far away from the FFP are magnetically saturated because their magnetic
moments are almost all aligned in the direction of the applied magnetic field, i.e., if the
field strength of the applied magnetic field is increased without changing its direction,
the magnetization of the SPIO distribution will not increase further. In contrast, the
magnetic moments of the particles in the vicinity of the FFP are not strongly aligned
with the direction of the applied magnetic field, so that the magnetization of an SPIO
distribution in the vicinity of the FFP can change significantly when the FFP is moved.
According to the law of induction, a change in magnetization induces a voltage signal in
the receive path of the MPI scanner, which can be measured. A relationship between
the spatial distribution of the SPIOs and the measured voltage signal can be established,

which allows for the reconstruction of SPIO distributions.

In recent years, various steps have been taken in the direction of the scanner de-
sign [30, 33, 35, 39, 72, 88, 102, 103, 107, 113]. There are currently two commercially
available preclinical scanners, the FFP scanner from Bruker and the one from Magnetic
Insight, a field-free line (FFL) scanner, which uses an FFL instead of an FFP to measure
spatial particle distributions. However, many scanners are just large enough to measure
small rat-sized animals. More recently, initial concepts for a human-sized scanner have
led to scanners that can measure a human head [35, 71, 103]. In the first multimodal
medical imaging combinations, MPI was combined with magnetic resonance imaging
[27, 104] or with computed tomography [105].

One of the major problems in MP1 is the lack of good mathematical models to describe
the magnetization behavior of SPIOs. In general, the Langevin model of paramagnetism
is often used for first theoretical considerations and numerical simulations in MPI. But
this model neglects the particle anisotropy, particle-particle interactions, and any form
of relaxation behavior of the particles. Even for such a simplified model, it has not yet
been possible to uncover all the relationships of the MPI system function. Since the
fundamental work of Rahmer et al. [81], which was able to derive an exact relationship
for the one-dimensional periodic excitation case in MPI and also hypothesized that there
should be a relationship to tensor products of Chebyshev polynomials of the second
kind for two-dimensional periodic excitations, the exact relationship was unknown. In
[80], the tensor-product structure of Chebyshev polynomials was also observed for
three-dimensional periodic excitations in MPI. This crucial aspect is shown in this thesis

and was firstly mathematical proven in [F1]. Although these models have been widely



used to explain the spatial structure of the system function components and to deduce
various strategies for compressing them as well as for the compressed sensing based
calibration, there was no mathematical justification of these strategies and the use was
rather based on the empirical success of this assumption [F2, F3, 56, 60, 91, 109]. In
this thesis, the exact relationship of the Chebyshev polynomials to the system function
components for different drive-field excitations is derived. For this purpose, a proof
via the spatio-temporal Fourier domain is chosen. In a first step, it is shown that the
spatio-temporal Fourier transform of the system function is related to a multiplication
between the Fourier-transformed magnetization curve of the SPIOs and a series of tensor
products of Bessel functions. In a second step, it can then be shown that the system
function component in the spatial domain is related to a convolution between the spatial
derivatives of the magnetization curve of the SPIOs and a series of tensor products of

Chebyshev polynomials.

Regardless of the results, which were theoretically substantiated for the first time by
the work [F1], a number of other publications have emerged for MPI. First of all, the
direct and system-matrix-free multidimensional reconstruction method for MPI based on
Chebyshev polynomials [C1], which was previously only possible for one-dimensional
excitation [40, 81], should be mentioned. Closely related to the direct reconstruction
based on Chebyshev polynomials is the direct reconstruction based on Bessel functions,
which was first presented for the one-dimensional case in [F4]. Furthermore, with the
help of the theoretical understanding, the compression of the system matrix could be
further increased [C2]. Also, it served as a theoretical justification for the fact that the
so-called overscanned FOV, the area outside the drive-field FOV, in the system function
components is only an analytical continuation of the drive-field FOV to the overscanned
FOV [89].

Since the techniques developed in this work allow to replace the magnetization curve,
i.e., the Langevin function in the Langevin model of paramagnetism, this model was
extended in a subsequent steps with an anisotropic equilibrium magnetization model
resulting in [F5, C3] and recently experimentally validated in [F6]. Nevertheless, this
thesis will focus on the Langevin model of paramagnetism, but the anisotropic model

will be outlined too.



1 Introduction

The work is divided into the following chapters:

* Chapter 2 introduces the basic theory and fundamental principles of MPI.

* Chapter 3 presents the more complex relaxation and magnetization models for
SPIOs and shows how the simplified Langevin model of paramagnetism is related
to these more advanced models. The models presented in this chapter form the
foundation of [F7]. Furthermore, the calculation of the anisotropic equilibrium
model is discussed in more detail, which is the basis of [F5, F6, C3].

* Chapter 4 provides some basic knowledge regarding the Fourier analysis used
in this work, briefly discussing the Fourier series at the beginning and then the

Fourier transform on R"” in more detail.

* Chapter 5 introduces orthogonal polynomials and in particular Chebyshev polyno-
mials of the first and second kind, followed by a section on Bessel functions. The
last section explains how Bessel functions and weighted Chebyshev polynomials

are related to each other via a Fourier transform on R.

* Chapter 6 has two sections. The first section derives the spatio-temporal Fourier
representation of the MPI system equation. The second section deals with the
Fourier transform of the Langevin function and its properties. Parts of this chapter
are published in [F1].

* Chapter 7 deals with various FFP-trajectories for MPI from the literature. The first
three sections deal with the Lissajous trajectory for the FFP. These results were first
published in [F1]. The following section contains unpublished work and deals with
arbitrary periodic FFP-trajectories. A general concept for deriving the mapping
function and thus the system function components is proposed. Subsequently, the
corresponding mapping function is calculated for different FFP-trajectories from

the literature.

The thesis is concluded with the chapter Conclusions & Outlook.



2 Principles of Magnetic Particle
Imaging

This chapter is divided into two parts. In the first section, the principles of signal
generation in MPI are explained mathematically, but without explaining the actual
structure of an MPI scanner. The chapter is mainly based on the mathematical models
of MPI in [33, 53, 70, 92]. Subsequently, the proof from [81] for MPI system function
components with one-dimensional FFP excitation is discussed and the problem of
extending the proof to higher-dimensional FFP excitation is briefly explained, which

motivates the proof strategies used in this thesis.

2.1 Signal Generation

The central signal equation in MPI can be explained by the Faraday induction law which
is a part of the Maxwell equations. The voltage signal uf : R — R induced from the

SPIOs in the v-th receive coil is given by

d
u, (t) = —po~ | p(x) M(z,t) de
dt Jq

= —uo/pl(w)%d%
Q

(2.1)

where p, : RY — R denotes the receiver coil sensitivity profiles, which can be
determined by reciprocity principle [43, 53, 94], Q C R denotes the FOV, and
M : RY x R — R" the magnetization of the SPIO distribution. Besides, 11, denotes
the vacuum permeability. It should be noted that physically motivated, MPI has three

spatial dimensions and one time dimension, so N must be three. In MPI, however,



2 Principles of Magnetic Particle Imaging

the spatial dimensions are ranging from one-dimensional (N = 1) to two-dimensional
(N = 2) to three-dimensional (N = 3), so that N € N is generally considered first.
The coil sensitivity profile p, (x) is a magnetic field HY : RN — R that would be

generated by a unit current I at the coil:

pu(x) = ———. (2.2)

A spatially inhomogeneous and time-varying magnetic field H : RV x R — R¥ is used
to change the magnetization M (x,t) of the SPIOs. Since the applied magnetic field
H («,t) is by itself a dynamic, time-varying magnetic field, it also contributes to the

overall MPI voltage signal in the scanner, which is denoted by

uE (D) = o 75 H(z.t) A, 2.3)
Sy

d
where .S, describes the surface area spanned by the receive coil and d A denotes the

infinitesimally oriented surface element of .S,.

The total induced voltage signal in an MPI scanner results from the superposition of the

particle voltage signal v} (¢) and the excitation voltage signal u2(t):

w, (t) = ub (t) +ut(t). (2.4)

Unfortunately, the excitation signal u"(¢) is about 120 dB higher than the particle-
induced signal uP(t) [36, 53], which makes it necessary to remove the excitation signal
before discretizing and quantizing the signal in an analog-to-digital (A/D) converter.
Modern A/D converters are not capable of resolving such a wide range of energy
differences between two signals, and after quantization only the excitation signal would
remain. A common method is to use an analog filter a(t) with a : R — R, which is
designed to remove the fundamentals of the excitation signal so that

it (t) = (@ u,)(t) = (a*ul)(t). (2.5)

v

In addition, a(t) can be used to describe the receive path of the MPI scanner and is

therefore also referred to as the transfer function. An alternative, but technically more



2.1 Signal Generation

complex option is to couple an additional third signal into the receive chain with the aim
of canceling out the excitation signal [32, 36, 53]. Since the SPIO voltage signal u? ()
is of interest for estimating the SPIO distribution in MPI, only u! () will be considered

for the moment.

The magnetization M (x, t) of an SPIO distribution ¢; : 2 x R — R, can be described
by
M (x,t) = m(x, t)c(x, t), (2.6)

in which m2 : 2 x R :— R¥ denotes the mean magnetic moment of one particle. Note
that the SPIO distribution ¢;(x,t) could be time-dependent, but since a static SPIO
distribution ¢ : {2 — R, is easier to consider for modeling the system function, the
particle distribution ¢(x) = ¢;(x,t) is now assumed to be time-independent in (2.6).
Concepts for considering the time dependence of the SPIO distribution can be found
in[11, 12, 28, 29, 90].

In a first approximation it is assumed that the SPIOs show no relaxation effects, no
particle-particle interactions, and no significant anisotropies. Under these assumptions,

the magnetization can be written as

H(x,t) (2.7)
€ = H )
H = || H (1),

where m : R, — R, denotes the magnitude of the mean magnetic moment of a particle
as a function of the magnitude H : RY x R — R_ of the applied magnetic field
H (z,t). The expression in (2.7) describes that the magnetization M («, t) of the SPIO
distribution is instantly aligned in the direction of the applied magnetic field H (x, t).

To describe the magnetization behavior of nanoparticles in MPI, the Langevin theory of
paramagnetism has usually been used in a first step since the beginnings of MPI [30].
This highly simplified model demonstrates for MPI with one-dimensional excitation
its ability to reconstruct particle distributions from the SPIO voltage signal u () when
combined with a Debey relaxation model [32, 40, 55, 81].
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In the Langevin model, the nonlinear magnetization behavior of the SPIOs is described

using the Langevin function . : R — R, which is given by

_1
2(6) = coth(§) z if&#£0 29

0 if & =0.

Therefore, the magnitude of the mean magnetic moment for one nanoparticle can be

described as function of the magnetic field strength H through

m(H) =mo Z(BH), = g;?;’ (2.9)
where m = VMg describes the mean magnetic moment of a spherically symmetric
particle in saturation with the volume Vi = ”TDg, the diameter D, and the Boltzmann
constant kg. The constant Mg denotes the saturation magnetization of the material of
the particle and 7p the temperature of the SPIOs.

A key role for the magnitude of uP(t) (see (2.1) and (2.7)) is played by the derivative of

the mean magnetic moment, which is connected via

dm(H) _ /
T = moB 2 (BH) (2.10)
to the derivative of the Langevin function
o1 itE#0
2 =12 L@ s 1
¢ 3 if&=0.

In addition, a “normalized” version of the Langevin function .%;, : R — R, is used
in this work, which was introduced in [F8] and allows for a simplified notation in the
further parts of the thesis:

coth(§)

i%@):=f@):=fﬂﬂ): e 1fE#0 2.12)

§ €] 1 if & = 0.
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b — 2(¢)
) — Z'(€)
5 Z(€)
1
—-20 —15 —10 -5 5} 10 15 20
2 |
3
_1,,

Figure 2.1: The Langevin function £ (&), its derivative .’ (£) and the “normalized”
Langevin function .Z,(¢).

The Langevin function £ (€), its derivative £ (£), and the “normalized” version %, (€)
are shown in Figure 2.1. It can be observed that the Langevin function .Z () is an
odd-symmetric monotonically increasing function which maps the values £ € R to the
open interval (—1,1). Consequently, .2’ (€) and %, (€) are even-symmetrical functions

that are always positive and larger than zero.

With the help of the Langevin model of paramagnetism for the magnetization, it is now
possible to investigate ——— 8M (@5 in (2.1). Thus, the SPIO-dependent term oM (“’ 5 can now
be rewritten with (2.7) and (2.9) as

OM(.t) o om(H) | om(H)en)
OH
= C(m)“(H)E

with k : RN — RN*N

dm(H) m(H)
WCHG}__I + T (IN — eHeL)

- moﬁ( "(BH)eney + Za(BH) (In — eHeL)>

K(H) =
(2.14)

The expressions in (2.13) and (2.14) are proven briefly.
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Proof of Eq. (2.13). The partial derivatives of H = || H || are initially given by

oH _0|H| _H™M . oH

or ot 1= ~ “H ot

(2.15)

Now a partial derivative can be calculated for ey = % using the quotient rule, which is

0% Y- HYL o Ui - HEL  (Iv-ench) 0H o

ot H? H? H ot

Using (2.15) and (2.16) and applying the chain rule, the partial derivative of M (x, t) is

OM (z, 1)
ot

d(m(H)emn)
ot

B dm(H) o0H o oex

_C<w>( ag o er T, >

= o(x) (dm(H ) (eT OH ) er +m(H) (Ly — enely) OH ) (2.17)

= c(x)

dH H 5t H ot
dm(H . Iy —enel;)\ 0H
= c(x) ( dl(T{ )eHe}-{+m(H)( i H)> 5

s

=k(H)

By comparing the last equation in (2.17) with the final result in (2.13) and identifying

Kk (H), it can be seen that they are identical after rearranging the terms in (2.17). ]

Inserting (2.7) and (2.9) and then using the Langevin function or its “normalized” version

in (2.1) results in the simplified version of the system equation:

(1) = -0 [ (@) E (e, o)) P22 @)

d
v at Jo [Hz. 0]
4 pl(z)H(z, 1)
= —pomo / o(w) 2 (A H (@) T do (2.18)

——amop; [ @) LB H @ 0))p] () H(w. ) do

Alternatively, using the second equation in (2.1) and the temporal partial derivative of

the magnetization in (2.13), the system equation can be written as

()= - [ o)l (@n(H(z.1) OH21) 4y, 2.19)

10
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M M(t) ul (t)

(L O L
JU

C

- HNTTTT??MJ&

Figure 2.2: The signal generation in the MPI if the excitation signal oscillates around
H = 0. A sinusoidal excitation field excites the magnetic moments of
the SPIOs, which leads to a periodic rectangular shaped magnetization
curve M (t) for the SPIO distribution due to the nonlinear magnetization
behavior of the SPIOs. The temporal change in the magnetization of the
SPIO distribution induces a particle voltage signal u} () in the receive path
of the scanner. The magnitude values of the Fourier coefficients of u} (t) are
denoted by |u}), | and the corresponding spectrum of u} (¢) is shown in the
lower right diagram.

In (2.19) it can be seen that for a certain SPIO distribution ¢(x), the induced voltage

has a large magnitude, if p! (x)x(H (x,t)) 6H[§f’t) has a large contribution in terms

of magnitude. The function that is related to the magentic moment of the particle
distribution is < (H ). The matrix entries in k(H) are large if £'(8H) and %, (8H)
have large values (see (2.14)). However, the values are only large in the vicinity of H = 0,
the field-free region, as can be seen in Figure 2.1 with £ = S H. The physical reason is
that SPIOs in the field-free region are not saturated and can therefore be significantly
remagnetized, which contributes to the induced voltage signal. It is precisely this
nonlinear magnetization behavior of SPIOs that is used in MPI for imaging [30, 53].

The principle of signal generation in MPI is shown in Figure 2.2 for the case that SPIOs

11
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M M(t) ul(t)

—

_J

o0 k

Figure 2.3: The signal generation in MPI if a large offset > 0 is present. Due to
the large offset, the SPIOs are already saturated, therefore the sinusoidal
excitation only weakly influences the moments of the SPIOs, which leads
to an almost constant magnetization curve M (t) for the SPIO distribution.
Since the magnetization change of the SPIO distribution is weak, the induced
voltage signal u} (¢) in the receive path of the scanner is weak and almost no
signal is induced. The magnitude values of the Fourier coefficients of u} ()
are denoted by |u}, | and the corresponding spectrum of u} (¢) is shown in
the lower right diagram.

near the field-free region, i.e., H = 0, are excited by a sinusoidal excitation field. They
experience a high magnetization change M/ (¢) and thus make a large contribution to the
voltage signal u} (). In contrast, Figure 2.3 shows the signal generation of SPIOs that
are saturated, i.e. H > 0, so that the magnetization change M (t) is small and thus the
induced voltage signal u? () is low.

For the imaging process in MPI, the applied field H (x,t) is normally a superposi-
tion of the dynamic drive field H” : RY x R — R and the static selection field
H5 RN — RV:

H(x,t) = H(z) + H°(z,1). (2.20)

12



2.1 Signal Generation

In most models, it is assumed that the sensitivities of the drive-field coils are spatially
homogeneous, i.e., H (x,t) = HP(t) with HP : R — R3. The static selection field
H5(x) is a spatially inhomogeneous magnetic field that creates a field-free region and
saturates SPIOs outside the field-free region, thus laying the foundation for the spatial
encoding of MPL. The additional dynamic drive field HP(t) then moves the field-free
region on a specific trajectory through the drive-field FOV, the area covered by the
trajectory, to change the magnetic moments in the SPIOs at different locations in the
FOV, resulting in a temporal voltage signal in the MPI scanner, which in turn provides

information on the distribution and concentration of the SPIOs.

In this thesis, an FFP is used as a field-free region. The FFP is defined as the spatial
point in time xppp : R — R where the applied magnetic field vanishes:

This always applies to the drive field if
HP(t) = —H®(zppp(t)). (2.22)

With the new expression for the drive field in (2.22), the applied magnetic field can be
described by only using the spatial position of the FFP xppp(t) and the selection field
HS(x):

H(x,t) = H(x) — H5(zppp(1)). (2.23)

A typical selection field H®(x) is generated with the help of two permanent magnets or
a Maxwell coil pair, so that an almost linear gradient field is created, which is described
by

H%(x) = Gz, (2.24)

where G € RV*Y is a gradient matrix and due to the Gaussian law of magnetism for
N = 3 it must be fulfilled that tr(G) = 0, since the magnetic field is divergence-free.
Assuming that G is invertible, whereby it should be noted that otherwise one would

generally speak of an FFL, the position of the FFP is given by

xprp(t) = —G'HP(t). (2.25)

13



2 Principles of Magnetic Particle Imaging

The compact expression for the applied magnetic field is

Using the expression (2.26), further simplifications of the system equation can be made
by substituting (2.26) into (2.18), resulting in the following

() = —omopl [ (@) ZuFIG (@~ zrre(t) )5 (@ — wren(t) de

— momopl ;[ (@) ZFIG @een(t) — o) HG (wree(t) ~ @) do 227)
= Momopl—% /Q c(x) £ (PG (xppp(t) — x)) de,

where it is assumed that the receive coils also have homogeneous sensitivity, i.e.,
p,(x) = p, with p, € R¥, and the multidimensional version of the Langevin function
< :RY — RY is defined by

£
€]

In (2.27) it can be observed that the equation is almost described by a convolution

2(&) = 2(ll€l) Zu(lI€1DE- (2.28)

between the particle distribution ¢(x) and the multidimensional Langevin function
2 (SGx). This fact becomes clear when the convolution part is split into an auxiliary
function ® : RY — RY by

®(z) = /Qc(m).,%(ﬁG (z —x))de. (2.29)

If zppp(t) is now inserted into (2.29), the voltage signal in (2.27) can be described by

Equivalently, (2.19) can be rewritten with (2.26) by

(0 = ] [ @) (G (erer(t) - )6 da
= lopy, /Q c(x)k(G (zppp(t) — x)) de - de%tp(t) (2.31)
= —MOPI/QC(CC)“(G (@prpp(t) — ) da - d}{it (t),

14



2.1 Signal Generation

using that OH(zt) _ _de%

o p @ and k(H) = k(—H). The last formulation is gener-
ally used in multidimensional x-space MPI, where the SPIO distribution is reconstructed
in time domain [33]. It can be seen that the imaging process for the simplified model is
described by a convolution between the particle distribution ¢(x) and a matrix-valued
kernel x(Gx). To illustrate this fact, the MPI auxiliary function C : RY — RV*V g
defined as

Coe(z) = /Qc(a:)/e(G (z — o)) de,

which is a component-wise convolution between ¢(x) and k (Gx). If this convolution
kernel is inserted into (2.31) and xppp(?) is used as an argument of C,,.(z), the result

is

0 t
WE(1) = o] Colaerp(1)) - G22I
DE( (2.32)
= —110P;, Coro(@rrp (1)) T

The relationship in (2.27) and (2.31) is often written as the inner product between the
SPIO distribution ¢() and the coil-depend system function s, : RY x R — R, which

contains all terms that are independent of ¢(x), by

ub (t) = /R N s, (x,t)c(x) de. (2.33)

In (2.33) it is implicitly assumed that the SPIO distribution ¢ : Q@ C RY — R, has
a bounded support, and (2.33) is commonly referred to as the system equation in the

time domain. A comparison with (2.27) and (2.31) shows that the system function is

implicitly given by
0 G -
su(e,t) = pamapl | 25 |Glaewe() )]} oo =2
= omop] o[ (3G @epp (1) — )] (234)

8$FFP (t)

= pop, k(G (zrrp(t) — )G 5

Another common approach in the Lissajous FFP-trajectory MPI community is to define
the MPI system function based on the Fourier series representation of the 7p-periodic
voltage signal u! (¢) [80, 81]. It is easy to show that the voltage signal ul (¢) is

Tp-periodic whenever the drive field HP(t) is Tp-periodic, which is the usual choice
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2 Principles of Magnetic Particle Imaging

for the drive-field excitation in MPI. The k-th Fourier series component of the system

function s, (x,t) can be calculated by

1 [P |
Sur(x) = —/ s,(x,t)e "k dt, (2.35)
TD _TTD
where wy, = % = 27k fp, k € Z and thus the temporal frequency domain version of
the system equation (2.33) is
Tp
P 1 2

P (1)l
U, = 7 | u,, (t)e “r dt
2

- / supl@)e(w) de.

(2.36)

It should be noted that s, : RY — C is usually only referred to as the k-th system
function component and the components of the Fourier series (uVPk) rey, are usually
referred to as the frequency components of the voltage signal in MPI. Therefore, in this
model of MPI, it is implicitly assumed that the Tp-periodic voltage signal uY (t) can be

expressed by

uy (t) = upe (2.37)
keZ

1.e., by a series of complex sinusoidal signals.

The choice of the Fourier series expression has, among others, its motivation in (2.5),

since the k-th Fourier series component of @) (¢) can be written by
b, ~ apuly, where  ap = a(wy) (2.38)
with the one-dimensional Fourier-transformed transfer function

o(w) = /R a(t)e= dt

and it is assumed that the transfer function a(¢) can be modeled as the impulse response

of a linear time-invariant system.

In practice, only some frequency components @, are of interest and even if the transfer

function is not known, an estimate for a; can be obtained by a comparison of the
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2.1 Signal Generation

model-based choice for s, (x) with a certain number of calibration scans from an MPI
scanner [51, 55]. Furthermore, for Lissajous-like FFP-trajectories, it is common to use
(2.36) as a basis to model the system equation by spatial discretization of the integral
equation (2.36) for different values of £, resulting in a system of linear equations. The
resulting inverse problem can then be solved by various image reconstruction methods
on basis of a system matrix [F9, F10, C4, 54, 62, 97].

2.1.1 One-Dimensional Drive-Field Excitation

Since the work of [81] is the starting point and the basis for this work, the proof of [81]
is repeated and the problems of extending the proof to multidimensional excitation MPI
are outlined in the next section. The authors in [81] were the first to be able to find a
closed-form solution for the one-dimensional case, i.e., N = 1, for the system function

component sy (), if the excitation signal has the form

H(E)S(t) = —A; cos(2m fpt) = A sin (277th — g)

2t T~ T
HY () = -4 <2 tri(]Tg) — 1> for te [_TD’ TD}

and HD.(t) = HE

tri

or

(t — (Tp) (¢ € Z) is periodic with Tp. The excitation signals HP (t)
are shown in Figure 2.4. Note that the triangular excitation is slightly different from the
definition in [81], but this does not change the idea of the proof used by the authors.

In this setting, the selection field reads H°(x) = Gz and only one receive coil with the
constant coil sensitivity p; € R is taken into account. Note that the approach of [81] can
also be extended to the spatially multidimensional case, provided that the drive-field
excitation is still one-dimensional, which means that the FFP-trajectory xppp(t) is a

line (FFP) or plane (FFL) in space. For the sake of clarity, however, only one spatial
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2 Principles of Magnetic Particle Imaging

Art

_In 3TD
2

Figure 2.4: A sinusoidal drive-field excitation H2 (¢) and a triangular drive-field ex-
citation H?,(¢). Both excitation signals have the period length 7p and the

amplitude A;.

Ccos

— Hi(t)

dimension is considered here. Let % > (. The system equation in (2.27) and (2.31)
simplifies to

(0= pops | clan(Gs (ameelt) ~ ) a4t g,

— Ho /Qc(:L‘)ﬂmO ZL'(BGy (xrre(t) — w))G1—dIF§:(t) dz

and the system function s; (x, t) finally reads

dx FFP (t)

s1(z,t) = pop1moBGL L' (BGy (zprp(t) — x)) i

First, a sinusoidal excitation for the drive field H?

o (t) is considered:

d(L‘FFp (t)

A
xFFp(t) = — COS(27Tth) dt

— —27TfD— sin(27 fpt). (2.39)
G, Gy

The authors in [81] prove the following relationship, which is formulated as a theorem

in this work.
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2.1 Signal Generation

Theorem 2.1

The system function components s1; : R — C for a one-dimensional sinusoidal

excitation signal that leads to an FFP-trajectory

A
zrpp(t) = G—l cos(27 fpt)
1

with A; /G, > 0 and k € 7Z can be written as

2iuop¥;o,3G1 fR gl(ﬁGl ((E _ Z))f/k (%z) dz ifk>1
) = 4 ¢ ifk=0 (240
(s (2)))” ith< -1,

where

Vale) = rect(§ ) VI=E0na(6)

and U, : R — R denotes the Chebyshev polynomial of the second kind with order
¢ € Ny.

Note that the notation in [81] is slightly different, so that a change of sign can be
observed. The proof strategy from [81] will now be carried out with the notation used in

this work.

Proof of Theorem 2.1. Following the idea in [81], an expression for sy, : R — C and

k € N can be found with integration by substitution:

1 .
sip(z) = T_D/Q s1(z,t)e ™ dt
T}

dIFFp (t)

—m / —iw
— HoTho G Z (PG (zprp(t) — x)) e Wkt dt
Tp Qrp, dt
_ Hop1myg / doppp(t) i
= —F BG1 L' (BG1 (xppp(t) — x)) ——F———€ dt
Tp ok dt
N (2.41)
d t) .
+ _Mo?mo BG1 L (BG1 (zppp(t) — I))%P()e“"’“t dt
D Q. t
Tp
- M/ BG, L (BGy (= — x))e—iwkxgép(z) ds
TD TFFP [Q}r }
i M/ BGL L (BGh (2 — ))e“rarir(®) 4,
TD TFFP Q}D
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2 Principles of Magnetic Particle Imaging

where Qg = [-22, 2], Qf = [0,22], Q7 = [-%2,0), and X' = appp[X] =
{zprp(t) | t € X} is the image of X C Q. for the function xppp(t) and the preimage
is defined by zppp [X'] = {t € Qp, | wrrp(t) € X'}. It is now necessary to determine
the inverse function of (2.39). For the inverse function, a case analysis is required for
te [-%,0)and t € [0,Z]. The inverse mapping for ¢ in the interval [0, Z] is

L 1 G4
Tppp(2) = o arccos 1.7

and for ¢ in the interval [— TTD, O) the inverse mapping is

. 1 Gy
Tppp(2) = "y arccos A1 :

Using the inverse mapping, (2.41) can be represented as

A1

. Gy
Slk(x) — luog—‘leO (/41 ﬂGl /(BGl (Z . m))eflkarccos(flz> dz
ay

o [# s, -t
Moplmo / 8Gy L(BGh (2 — ) < ikarceos(§h2) _ ~ikarcoos(§E )) &

_ Zitopimio /Gl BG L' (BG (2 — x)) sin (k; arccos (ﬁz)) dz.  (242)
T 4 4

The term sin(n arccos (€)) can also be expressed for n € Z\ {0} as a weighted Chebyshev
polynomial of the second kind of the form

sin(n arccos(§)) = sgn(n)y/1 — §2U -1 (

where Uy () denotes the Chebyshev polynomial of the second kind with order ¢ € Nj.
More details on this type of polynomial will be given in Chapter 5.

Using .Z'(€) = £ (=€) and

Vn(f —rect( ) V1= &Up - (
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2.1 Signal Generation

(2.42) can be rewritten as the following convolution:

sip(z) = 21M0P1moﬁf1 sen(k) / ZL'(BGy (x — 2))Vi (i—z) dz.
—00 1

Note that sgn(k) gives the relation s; _j = (s1)* for all £ € Z, which is to be expected

since the excitation signal is an even symmetrical and real-valued periodic signal. L[]

In a second step, the system function components for a triangular excitation H2,(¢) with

tri
the FFP position

A

Tppp(t) = 51 (2tri(2fpt) — 1),
1

d$FFp (t) 4A1

AT G fosgn(2fpt)

Lo Ib] are calculated.

Theorem 2.2

The system function components s : R — C for a one-dimensional Tp-periodic

in the interval t € [—

triangular excitation signal for the drive field with the FFP-trajectory

A s T
zppp(t) = 51 (2tri(2fpt) — 1), te {_TD 7’3} (2.43)

with A;/G1 > 0and k € Z is

—1)LE=D/212i16p1mo BG,
Tp

f Z' (BGy (x — z))cos(%%z) dz, if kisodd
kG
A

sip(z) =

X

f 92”' (BGy (z — z))sm(g 1z) dz, ifkiseven.

(2.44)
Proof of Theorem 2.2. Starting from the integration by substitution
sip(w) = KoL / BGy LB (= — z))e—site(®) 4z
TD TRFP [Q+ ]
+ HopP1MMg / ﬁGl g/(ﬁGl (Z o x))e—iwkxﬁlp(z) dz
Tp zrrp | Qg
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2 Principles of Magnetic Particle Imaging

and the decomposition of €2y}, into its positive-valued Q7 and negative-valued €2,

subintervals and using the inverse mapping

for the case €27, = [0, 22] and the inverse mapping

G, _
a2 1

xEéP(Z) = ifp

for the case Q0 = [—TTD, 0) , the system function component is

Ay

= iy AL~

oule) =g (/ BG1 L/ (BC: (z —a))e™ o da
fen}

% iw 71_%2
+/A BGL L' (BGy (2 —x))e™ T dz

_G1

m % -1 -Gk
. - AT iy —1
_HoPimmo 0/ ' BG, ZL(BGy (2 — 1)) (ewk i —e “FTAm ) dz
Tp —4
1

A
% & 1— %1y
= ZHHopTio /G BG, L (BG: (2 — z)) sin| wy A7) de.
Tp 4 4fp

&

. . z
Since sin (wk 7 JfDl ) can be reformulated to

. ( 1—%2) g} <k1_%z> y (wk 7 kG
m| Wg =Ssm| T =Ssm{ —— —=——%<1,
41 2 2 2 A

the result is

-4 ™ kGh if kis odd
Sin<wk1 AlZ):(_l)L(k—D/zJ COS<2 A z) 1L k1§ odd,

sin(——z) if k is even.

This gives the result to be proven from (2.44). [l
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2.1 Signal Generation

2.1.2 Higher-Dimensional Excitation

This section provides a basic introduction to MPI with higher-dimensional excitation
of the Lissajous FFP-trajectory type. In Chapter 7, FFP-trajectories other than those
presented here are also investigated. As part of this introduction, the problem of adapting
the proof from [81] to higher-dimensional excitation is discussed and reasons for the
proof in Chapter 7 are examined. If higher-dimensional excitations of the Lissajous

trajectory type are used for the drive fields in MPI, they have the form

Ay sin(2 fit + 1)
H;DD(t) = — | Agsin(27 fot + p2)
0

in the case of two-dimensional excitation and the form

Ay sin(27 fit + 1)
H?]’DD (t) = — AQ Sil’l(27’(’f2t + QOQ)
Az sin(27 f5t + ¢3)

in the case of three-dimensional excitation, where the frequencies f; € R are selected so
that a periodic trajectory results, ¢; € R denotes the phase shifts, and A; € R denotes

the amplitudes. This can be obtained in the two-dimensional case with the choice
Kofi = Kif = fs
and in the three-dimensional case with
K3Ks fi = KsKy fa = K Ko fs = [,

where K1, Ky, K3 € Z\{0} and fg denotes some arbitrary basis frequency. This means
that the frequencies have a common multiplier and the drive fields HY,(¢) and H,(¢)
are therefore periodic. The period length 71, is depending on the specific choice of K7,
K, K3, and the basis frequency fg of the MPI scanner. Figure 2.5 shows different

two-dimensional Lissajous trajectories for different values of K and K.
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2 Principles of Magnetic Particle Imaging

(a) (b)

Figure 2.5: Different two-dimensional Lissajous trajectory type like curves for different
values of K and K. (a) K1 =2 and Ky = 3, (b) K1 = 2 and Ky = 5, (¢)
K1 = 16 and K2 =17.

To clarify the problem with the adaptation of the proof in [81], the Fourier series
representation of the system function s, (x, t) for higher-dimensional excitation in MPI

using (2.34) in (2.35) will be examined in more detail:

supla) = “%—’;V / . # (G (@eer(t) — 2) Gaw%:(t)e_wkt dt. (2.45)

It does not seem to be as easy to apply the substitution trick for such an integral as it
was done in the one-dimensional case in (2.41). The main reason for this lies in the

complexity of describing the preimage of the function xppp ().

However, one would like to be able to specify a kind of volumetric convolution integral

of the form
Sur(x) = / L,(x— z)Py(z)dz, (2.46)
R3

where one part depends on the SPIOs distribution L, : R® — C and another part depends
only on the FFP-trajectory P, : R® — C. The reason for the desire for a function like
(2.46) is not accidental, because in [81] for two-dimensional and in [80] for three-
dimensional MPI a relationship of numerically calculated system function components
to tensor products of Chebyshev polynomials of the second kind was observed and
also frequency components in measured system functions show such a related structure
in the center. The assumed relationship was frequently used in the MPI research
community for interpolation [45], system matrix compression [60], denoising [63] and

reconstruction [91]. However, until the work in [F1], this relationship was unproven for
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ten years and not even in the ideal case the exact relationship to the observation could be

uncovered, except for the one-dimensional case presented earlier.

Finally, the following relationship defined by

TP .
Sui() = “07;;”’” / . 52 (BG (@pep(t) —@))] e dt
L (2.47)
ool [ .
_ Mom;jwkpy ) g(ﬁG (wFFP(t) _ m)) e Wkt ¢
b S

is to be checked, assuming that the Fourier series coefficients of £ (8G (xgpp(t) — x))
exist and £ (S G (xprp(t) — x)) is continuously partially differentiable at least once
and periodic with respect to time ¢. This relationship helps to express the system function

components as the desired convolution in the further parts of the thesis.

Proof of Eq. (2.47). Let %, (€) be defined by .%,(€) = p! &£ (&), then

Ip

2 0 .
syk<w>—”°Tm0/ - SILABG (@ (t) — @) A 248)
D J-Tp Ot
Integration by parts shows that
T
m .
S () JOT  Z,(BG (zppp(t) — x)) e8!
D _Ip
;?) J/
Tp
pomo [ O i (249)
— Z,(8G t) — — e “rt dt
7o, B0C ) ) ]
. p
2 .
=R [ 4(BG (@ (t) — @) e dt,
b S
where the second equation is valid because the FFP xpgp(t) is Tp-periodic. ]
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3 Relaxation and Magnetization of
SPIOs

Relaxation effects and magnetic anisotropy play a key role in real measurements. Even
though these effects are not covered by the Langevin model used in this work, it is
helpful to discuss relaxation models as they allow for the introduction of an anisotropic
equilibrium model [18, 19, 83, 86]. Recently, an extended anisotropic equilibrium
model seems to be very promising for model-based MPI. Therefore, its contribution
to model-based MPI will be briefly outlined below, as it is beyond the scope of this
thesis, but is, nevertheless, important for the field of MPI in general and the anisotropic
equilibrium model presented in Section 3.1 in particular. The conference article [F7]
proposed to replace the Langevin model with the anisotropic equilibrium model by
using the spatial SPIO anisotropy model for fluid tracers from [49]. In [49] this model
is used in connection with the Néel rotation Fokker-Planck equation. At the same
conference, [3] proposed the same anisotropic equilibrium model for the case of an
oriented and immobilized SPIO tracer. For typical MPI tracers, in [F7] it is shown that
the anisotropic equilibrium model can compete with the more complex Néel rotation
model, but can be evaluated several orders of magnitude faster with the series expression
presented in Section 3.1.3. In [F5] the “fluid” anisotropic equilibrium model was applied
to the system function component model, which was firstly presented in [F1]. The
essence is that the anisotropic equilibrium model can be used instead of the Langevin
model [F5, F7, F11, C3], although the Langevin model is mostly used in this thesis.
Initial numerical experiments carried out in [F5, F7] show a high degree of agreement
between the Néel rotation Fokker-Planck model and the anisotropic equilibrium model
for typical MPI scanners and SPIO tracers. Using the model in [F5], the direct Chebyshev
polynomial MPI reconstruction was extended to the anisotropic MPI model in [C3]. In
addition, the model in [F7] was used to show that in the case of immobilized and non-

oriented SPIOs the Langevin model of paramagnetism is sufficient, since the anisotropic
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3 Relaxation and Magnetization of SPIOs

equilibrium model is reduced to the Langevin model of paramagnetism in this particular
case [F11]. Due to the potential of [F7] and its importance for the field of MPI, three
research groups joined forces to further evaluate the models potential. The mutual efforts
resulted in a journal article [F6]. The article [F6] shows that for typical SPIO tracers
the Néel rotation model can be substituted by the anisotropic equilibrium model in
Proposition 3.3. For this purpose, numerous numerical and experimental tests were
performed. Furthermore, the speed advantage of the implementation of the anisotropic
equilibrium model over the numerical solution of the Néel rotation Fokker-Planck
equation is demonstrated and the proof for Theorem 3.1 omitted in [F7] is included in
the submitted article for the first time. With this overview in mind, the transition from
the more complex relaxation models based on differential equations to the equilibrium

models will now be discussed.

3.1 Relaxation and Equilibrium Models

Two different types of remagnetization effects play an important role in nanoparticles.
They are also responsible for relaxation. Firstly, Brownian rotation [14], which describes
the spatial rotation of a nanoparticle in the direction of the applied magnetic field
H € R3. Secondly, the Néel rotation [14, 74], which instead describes the rotation of
the magnetic moment m € R? of a particle in the direction of the applied magnetic field
H c R3. The Néel rotation model also includes magnetic anisotropies of the particles,
which are modeled, for example, as easy axes for the magnetic moment. The two rotation
mechanism are shown in Figure 3.1 from left to right as the temporal development of
the rotation with respect to the magnetic moment m € R3, a easy axis n € R3, and a
constant applied field H € R3. In practice, with different SPIO tracers and excitation
sequences, one, the other or even both dominate the relaxation behavior and the overall
behavior may be difficult to describe [34, 67, 68, 116].

The most general model for the distribution behavior of SPIOs is to model each parti-
cle individually in the presence of a time-varying field H : R — R3, which leads
to a system of stochastic ordinary differential equations, also known as Langevin
equations [34, 86, 112]. Once a large number of particles have been modeled, they

can be used to estimate the mean magnetic moment within a volume as a function of
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Figure 3.1: The both dominant remagnetization mechanisms for SPIOs are shown. The
development over time for a constant field H is shown from left to right,
whereby the mean magnetic moment m and the easy axis m are initially
aligned and oriented orthogonally to H. In the pure Néel rotation case, the
magnetic moment m of the SPIO changes in the direction H, while the
SPIO itself does not rotate in space, i.e., the easy axis does not change. In
contrast, pure Brownian rotation describes the spatial rotation of the SPIO in
the direction of the applied field H, as the SPIO rotates in the direction of
its magnetic shape anisotropy, i.e., it is assumed here that the mean magnetic
moment m and the easy axis n are aligned with each other.

time. Unfortunately, even for a small volume, several hundreds to thousands of simulated
particles are needed to estimate the mean magnetic moment of the SPIO distribution
accurately enough [47, 75, 112]. A second approach is to calculated the probability
density function (PDF) for the magnetic moments m € S? of the stochastic process as a
limit value for a large number of particles, instead of modeling each particle individually
as a function of time ¢ € R. The transition of the Langevin equations results in so-called
Fokker-Planck equations, which result in case of SPIOs in a partial parabolic differential
equation on the surface of the unit sphere S*> C R? [48, 111]. In general, however, there
is no closed-form solution for the Fokker-Planck equations and numerical solutions
must be calculated. The Fokker-Planck equations for coupled Brownian and Néelian
rotation are described in [111] or [93]. In contrast, this work only describes the pure
Brownian [115] or the pure Néel rotation, which are special cases of the coupled version.

This thesis follows the presentation and notation presented in [48, 49]. In MPI, the
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3 Relaxation and Magnetization of SPIOs

Fokker-Planck equation for the Brownian rotation of spherical particles to obtain the
PDF of the magnetic moment pg : S* x R x C'(R, R?) — R, is usually described by

dps(m,t; H)
0 e a—

2 ot

— — divg (ﬁ((m x H) x m)ps — vSQpB), 3.1)

where Vi and divsz(-) denote the gradient and divergence operator with respect to
the surface of the unit sphere S?, respectively. For the sake of clarity the dependency
of H(x,-) from the spatial position x is omitted and the notation H (x, -) € C(R,R?)
means that the function H is parametrized in the first argument and remains a function

with respect to the time argument and is also continuous at least with respect to time.

The constant 75 = 2]‘3/}:;2 denotes the Brownian relaxation time, which depends on the
hydrodynamic volume Vy, the dynamic viscosity 7, and = % is defined as in the

previous chapter. The hydrodynamic volume V3; depends also on the particle diameter
D, therefore it is often used that Vi = V. The second Fokker-Planck equation for
the Néel-rotation PDF of the magnetic moment px : S* x R x C(R,R?) x §? — R, is
defined by

0 t; H
2 PN(m,at, ,T) = — divee (g (Heg X m + o (m x Heg) X m)py — VS2pN> ,
Hg(m,t; Hon) = H(x, ) + Hays(m, n), (3.2)
Kanisv
H,(m,n)= 2—Cann,

molo

where H,,;s : S? x S* — R3 models a uniaxial particle anisotropy for an easy axis

B
2aypo
particle anisotropy is also known as the Stoner-Wohlfarth model [96]. Besides, a > 0

n € S?and 7y = denotes the Néel relaxation constant. The model of uniaxial

is a damping parameter, 7 = H% with 7 the material-dependent gyromagnetic ratio,
and K ,,;s € R is the anisotropy parameter. The mean magnetic moment of the SP1Os
distribution in (2.6) can be calculated for both remagnitization models as the following

expected value
m(x,t) =m (H(xz,-),t) = mo/ mp.(m,t; H(z,-)) dm,
S2

where my is the modal value of the magnetic moment of one nanoparticle and is material
and diameter specific. The solution of the Fokker-Planck equations in MPI is based for

the multidimensional MPI case on a spherical harmonic expansion [49, 111] or simplified
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3.1 Relaxation and Equilibrium Models

in the one-dimensional case on an expansion with Legendre polynomials [16, 23, 48].
After the expansion one needs to solve a coupled ordinary differential equation system
to estimate the PDF or just the mean magnetic moment. An MNPDynamics toolbox for
solving the Fokker-Planck equation for pure Neél and Brownian rotation was published
in [4].

The Langevin function .Z(£), which is used as the central part of the simplified magneti-
zation model for the SPIO distribution, can be derived from the solution of the Brownian
Fokker-Planck equation (3.1) when the SPIO distribution is in equilibrium. At equilib-
rium, the temporal derivative of 85%3 = (0 disappears, since no more temporal changes
take place or, mathematically equivalent, 75 = 0. In other words, one can say that the
temporal relaxation effects in the SPIO distribution are neglected in the Langevin model
of paramagnetism. For the Néel rotation, the equilibrium solution with assumed uniaxial
anisotropy for the SPIOs will not necessarily yield the Langevin function. This fact is
often ignored in the MPI literature, although there are a few references that take this fact
into account [83, 86]. The main reason for this is that in a scenario where the particle is
in a fluid, Brownian rotation will always rotate the particle in its energetically optimal
direction, i.e., towards the uniaxial easy axis in the Stoner-Wolfarth model, and therefore
the simplified magnetization model will always be observed in equilibrium. However,
there are scenarios in which the particles are immobilized and oriented to a certain
degree and the anisotropy becomes important for the equilibrium solution [3, 5, 73].
However, it was shown for MPI based on Lissajous FFP-trajectories that the anisotropic
equilibrium model falls back to the Langevin model, if the particles were immobilized
unoriented [F11]. In the next sections, the two equilibrium solutions for the Brownian
rotation and for the Néel rotation are formulated in propositions and are subsequently
proven, whereby it should not go unmentioned that the equilibrium models can be found
in the literature [48, 83, 93].

3.1.1 Equilibrium: Brownian Rotation Model

The equilibrium model for the Brownian rotation is formulated below in a proposition
and subsequently proven. This model leads to the Langevin model of paramagnetism,
which was introduced in Section 2.1 and is later further investigated for different drive-

field sequences in the spatio-temporal Fourier space.
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3 Relaxation and Magnetization of SPIOs

Proposition 3.1. The Brownian Fokker-Planck equation in an equilibrium state reads
0 = — divg (6( (m x H) x m)pg® — VsngQ>

and has the Boltzmann distribution ng : S x R® — R, as its solution, where the

Boltzmann distribution is given by

1 __ 2 glmom:
pER (s H) = o Hrom £

with the partition function (Z : R? — R.)

2T
_ 2T (PIHI e—BIIHH)

ZH) = g (

and the free energy (£ : R3 x R? = R)

E(&H) = —pH'E.

The mean magnetic moment my : R — R? for ng(m; H) and a given magnetic field

H c R? is therefore given by
mo(H) =mo Z (5| H|) en,

where £ () denotes the Langevin function. Note that the equilibrium model in (2.7) is
obtained by m(x,t) = my(H (x, t)) for an applied magnetic field H : R® x R — R3,

Proof of Proposition 3.1. It should first be considered that the solution follows a Boltz-
mann distribution f, : S* — R, assuming that fo(m) ~ pg(m, to; Hy) denotes the dis-
tribution at time ¢, at which the distribution tends to equilibrium and Hy(x) = H (x, t()
is the temporally constant applied field. Specifically, the Boltzmann distribution is [48]

Lo b
folm) = e mm e ) (3.3)
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3.1 Relaxation and Equilibrium Models

with Z a normalization constant, which in the context of statistical physics is also known

as the partition function, so that fy(m) is a PDF and the free energy is given by
E(&; Hy) = —poHG €. (3.4)
First of all, a helpful formula shall be introduced, which is

(m x Hy) xm = (m'm)Hy — (m'H))m = Hy — m(m' Hy). (3.5)
=1

The surface gradient Vi: f is related to the Cartesian gradient V,,, f [48, 69] as follows
Va2 fo(m) = Vi fo(m) —n (nTmeo(m)) ,

where n € S? denotes a normal vector on the surface of the sphere. Since n for the

surface function fy : S* — R corresponds to the argument 1, the following is obtained
Va2 fo(m) = Vi fo(m) —m (mTmeo(m)) . (3.6)

[lm[2

This can be checked by calculating that V: fo(m) = V,, fo <L> and finally using
that the norm ||m|| = 1. The surface gradient is orthogonal to the normal vector m, as

can be verified by

m Ve fo(m) = m" (Vo fo(m) — m (m7 V., fo(m)))

=m' Vo, fo(m) — m'm (m'V,, fo(m)) = 0.

=1

Hence it follows that Vi: f; and m result in an orthogonal system and it holds that
(m x Vi fo) X m = V2 fo.
If fo(m) is inserted into the differential equation

0 = — dive (5((m x Hy) x m) fo — ngf()), 3.7)
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3 Relaxation and Magnetization of SPIOs

this helps to prove that the Boltzmann distribution (3.3) with the free energy (3.4) is
actually the solution of the differential equation (3.1) in the equilibrium case. Since the

Cartesian gradient of fo(m) is

s

HoMMo

Vonfolm) = fo(m) (=~ Engm, Ho) ) = o) Ho

the surface gradient of fy(m) is

35

Yz fo(m) = Bfo(m)(Hy — m(m" Hy)) =’ B fy(m) (m x Ho) x m)  (3.8)
with the help of (3.6). By inserting (3.8) into (3.7), it becomes clear that the Boltzmann
distribution in (3.3) solves the differential equation. In [84] it is stated that the Fokker-
Planck equation in equilibrium corresponds to a Boltzmann distribution and that the

Boltzmann distribution is the only solution if the partition function Z has a finite value.

Finally, it is now shown that the equilibrium solution of Brownian rotation for the mean

magnetic moment is the Langevin function. The partition function can be calculated by

Z = / & oo DOm0 HO) gy [ oBHIm gy
52 s?
Now let R € R**3 be such a rotation matrix that R" Hy = Hyez with Hy = || Hy|],
where e3 = (0,0, 1)" denotes the third Euclidean basis vector, and using the fact that a

rotation is an orthogonal transform RR" = R"R = I, one can write

Z = / SHIRRIM gy — [ oPHoeRIm g — [ PHoelr e,
s2 s? s2
In the last equals sign, it is used that the surface of the sphere S? is invariant under
rotation, eHoeiR'™m ~ () for all m € S2, and for the substitution r = R'm the
following applies dm = |det(R)| dr = dr and m = Rr. If the surface of the sphere

is represented using spherical coordinates
sin(6) cos(ip)

r = | sin(f) sin(y) with ¢ € [0,27) and 6 € [0, 7],
cos(f)
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3.1 Relaxation and Equilibrium Models

the result is )
Z= [ PHorsqy = / / ePHocos(0) gin () dyp df
S2

:27T/ ePHocos¥) 5in () d6.
0

With the substitution z = cos(f) and df = — ld(x 77 this finally results in
z_9 / "ot gy 2T pm| 27 (cPHo — oo (3.9)
=27 e Tr = e = € — € . .
-1 BHO -1 BHO

The partition function is finite if one assumes that the magnetic field strength H is finite.
Everything is now ready to calculate the mean magnetic moment of the equilibrium

distribution

’ﬁ’L(H(), tg) = My mfo(m) dm. (310)
s2

As a shorthand notation, my(Hy) = m(Hy, to) is introduced. In general, the way to
solve (3.10) is similar to the way to derive the partition function, so the intermediate

steps are not explained further:

mo(Hy) = % . mePH™ qm, — % 3 mePHIRE M 4.,
mo o6l
== RrePtoesm qp
Z Js
sin(0 C08(90)
= R/ / sin(#) sin gp) ePHo cos(0) sin(6) dy do
cos(f

= ?OR/ 27 cos(@)egeﬁH‘)COS(e) sin(#) d6
0

™

2mmg

=—Z Re; cos(0)e?Hocos®) gin () db
~—~
:nZIO =€H ’
oll 0
9 1
= i;noeHo /_1a:e'3H°Id:c.
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3 Relaxation and Magnetization of SPIOs

With the help of integration by parts, the mean magnetic moment results in

TGHO — e

mo(Ho) = BH,

1 1 1 5
Hox
- e dx
—1 ﬂHO /1

:27rmoeHO< L ooy L gy _ _Z > 3.11)
BH, B Hy 273 H,
(3.9) efHo 4 o=BHo _ 1

eﬁHO — e—/BHO BHO

= My (COth(ﬁHo) - ﬁ) €x, = My g(ﬁH{)) €H,-

By comparing the result in (3.11) with the equations in Proposition 3.1, the proof is

complete. ]

3.1.2 Equilibrium: Néel Rotation Model

The Langevin model of paramagnetism is a special case of this more general anisotropic
equilibrium model, for the case where there is no SPIO anisotropy. Therefore, it can be
used to generalize the Langevin model in the MPI system equation function in (2.34). In
the following, the PDF for the Néel rotation Fokker-Planck equation is formulated in a
proposition assuming equilibrium. The proposition is then proved, reusing parts of the

proof for the Brownian rotation Fokker-Planck equation without recalculating it.

Proposition 3.2. The Néel rotation Fokker-Planck equation of the equilibrium reads
0 = —divge (E(Heﬂr x m + a(m X Heg) X m)pﬁQ — VSszIQ) ,
o

where the magnetic fields H.g - S* x R3 x S — R3 and H € R3 are related to each

other by
Kanisv
Heg(m; H n) = H+2-"SnnTm,
Moklo
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3.1 Relaxation and Equilibrium Models

The differential equation has the Boltzmann distribution pi® : S? x R? x S — R, as a

solution, where the Boltzmann distribution is given by

1 __s mom; n
pi(m; H,n) = Z° porg o £ (3.12)

with the free energy (E : R? x R3 x §? — R)

Kanisv T
E(& H,n)=—po (H+ 5 CnnTE) 3

Molo

and the partition function (Z : R® x S =+ R,)
Z(H,n) =/ PH Mtk (ntm)? gy
S2

— BKanisVe _ KanisVc

mofio kgTp °

with ok

Proof of Proposition 3.2. It should first be considered that the solution follows a Boltz-
mann distribution fy : S* — R,, assuming that fo(m) =~ px(m,ty; Hy,n) de-
notes the distribution at time ¢, at which the distribution tends to equilibrium and

Hy(x) = H(x,ty) is the temporally constant applied field.

The Boltzmann distribution for the equilibrium solution of the Néel model in (3.2) is as

follows

fo(m) = %e_ g B(mom; Hom)

with the free energy

Kanisv T
E(& Hy,n) = —po (I—Io + — CnnT§> &,
mMpfho

and then the gradient of the free energy is

2Kanis VC
— N

VmE(mom; Hy, 1) = —pigmy (Ho -
Moo

nTm) = —puomoHcg(m; Hy,n).

Therefore, the gradient of the Boltzmann distribution with respect to 1 is

Vmfo(m) = B fo(m)Heg(m; Ho,n) (3.13)
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3 Relaxation and Magnetization of SPIOs

and consequently the gradient with respect to the surface of the sphere S? is

Viz fo(m) = Bfo(m) (Heg(m; Ho,n) — mm' Heg(m; Hy, n))

(3.14)
= Bfo(m)((m x Hez) X m).

The PDF for the equilibrium state of the Néel rotation can be derived from the following

differential equation:

0= —divg (g(Heff x m+ a(m x He) x m) fo(m) — ngfo(m)> . (3.15)

Since the divergence operator is linear and the form of the Fokker-Planck differential
equation for the Néel roation is quite similar to the Brownian rotation case in equilibrium,
most parts can be proved similarly to the Brownian case. It therefore remains to show
that

gdiVSz ((Heﬂ(m) x m) fo(m)> - gdisz ((Heﬂ(m) fo(m) x m))

2 adive: (T fo(m) x m) ) =0
holds. The surface divergence operator for a vector field F' : S* — R? is defined for the
surface of the unit sphere S? by [69]

divs: (F(m)) = tr(J5 (m)) = tr(Tp(m) Pos (m)),

where J5 : S? — R3*? denotes the Jacobian matrix of F with respect to the surface S
and Jp : S* — R3*3 denotes the classical Euclidean space Jacobian matrix of F'. They
are associated by the projection matrix Ps2 : S* — R3*3, This projector can be identified
for a vector m € S? by

Py(m) = Is — mm'.

Implicitly, the projector Ps: can be identified by taking the surface gradient definition

from [48, 69] and convincing oneself that

Ve fo(m) = (Ps2(m)) Vo fo(m) = (I; — mmT) V., fo(m)
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3.1 Relaxation and Equilibrium Models

corresponds to the surface gradient in (3.6). Therefore, it follows for the surface diver-
gence on S? that

divs: (F(m)) = tr(Jp(m) — Jp(m)mm")
= tr( F(m)) — tr(JF( )mmT)
= divy, (F(m)) — m'Jp(m)m,

since the trace operator is linear and the following applies to the trace operator tr(AB) =
tr(BA) and tr(¢) = £ with A € RM*N B € RV*M 'and £ € R. After clarifying the

divergence operator with respect to S?, the original problem can be solved as follows

divee (Vi fo(m) x m) = div,, (Vi fo X m) —l—mTJvmfoxmm. (3.16)

=0 I

The term div,,, (V. fo(m) x m) is zero, since for m and V,, fo(m) two potential
functions ¢,,,(m) = imTm and fo(m) can be found. As a result, the Euclidean
divergence of the cross product is zero, since for any two functions g : {2 — R and
h: Q — R with Q C R? which have a well-defined continuous Jacobian matrix on €2, it

will always hold that
div,n (Vimg(m) x Vy,h(m)) = 0.

To analyze the second term marked with I in (3.16), the Jacobian matrix of a cross
product must be solved. For this purpose, the cross product can be rewritten as a matrix-
vector product. The cross product between two vectors a € R3 and b € R3 can also be

expressed by a matrix-vector product
axb=[a]"b=—[b"a,

where the cross product matrix for a vector & € R? is defined by

0 =& &
[5] t = &3 0 —&1
& & 0
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3 Relaxation and Magnetization of SPIOs

With this definition, the Jacobian matrix of the cross product between to vectors a and b

can be written using the product rule as
Jaxp(m) = [a]” Jp(m) — [b]" Ja(m).

Using a(m) = V,,, fo(m) and b(m) = m, it is true that

m'Jg,, foxm(m)m = m' [V fo]* Jm(m)m — mT[m]*  Jg, 5 (m)m
—— —_——
=I3 :—(m><m)-r:0T

=m' [V fo] m=m" (Vpnfoxm)=0
and finally it is shown that
dive: ((Her x m) fo(m)) =0

holds.

This proves that the Boltzmann distribution

. 2
fo(m) = %J(HEWKS%ZZC (n'm)’) _ %eﬁHﬁmmK(nTm)g (3.17)
is a solution for the differential equation in (3.15) with o = ZamisVe — KaneVo U

mopo kgTp

It is not surprising that the mean magnetic moment of (3.17) is generally not equal to
the Langevin function. The Langevin function is part of the solution if the anisotropy
constant K ;s is negligibly small in contrast to the general field strength of H. In
practice, general configurations of n € S? should be considered. The single integral
representation presented in the next Proposition 3.3 can also be found in a slightly
different form in [18] and was also used in [F7]. A mention for the special case in which

the easy axis is aligned with n = ep is outlined, e.g., in [83].
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3.1 Relaxation and Equilibrium Models

Proposition 3.3. The mean magnetic moment my : R3 x S? — R3 derived from (3.12)
is

mo(H;n) = Ry, - 1n (R, H),
where i € S? is the easy axis of a nanoparticle, H € R3 denotes the applied magnetic
field, R,, € R3*3 denotes a rotation matrix, such that es = R} n with e3 being the third
Euclidean unit vector, and H = R} H. Note that mi(x,t) = mo(H (x,t); n) can be
used with the applied magnetic field H : R? x R — R3 in (2.6).

The mean magnetic moment m,, : R> — R3 in the rotated coordinate system is

- (z)°_
mn(H) = Mo ZZRnI;I],n;

written as

, where the partition function Z : R® x S? — R, can be

1 .
Z(R,H,n)=2n / I <B|P~I|12\/1 — x2> PHsrtaxa® 4, (3.18)
-1

the vector elements z; : R* — R with j € {1,2,3} are

1

z5(H) = 27?/ xly <B|I~{|1Q\/1 — x2> fHswtoxa® qp (3.19)
—1
and for i € {1,2}
S(H) = 27— / L <6|H|12\/1 - xZ) VI = g2eflsntaxs® gy (3.20)
| H |12 /1
with o = B%SNOVC = K,:B;;/C I:I\m = /H?+ HZ, and I, : R — R being the modi-

fied Bessel function of the first kind with order v € R. In particular, if the easy axis is

n—eyg= ﬁ then
i (205 +611H))* (20 —BIIH]|)?
mo(H;er)=mg ! c —e M _ BIH| en
_merﬁ (—20‘23%}1") + erfi (—QQIE\_/%HD 2ak
- . 1 1 — e 281H] ; B 3| H]|| o
2V D, (2‘”;+—\/%H”> +e—2/3HHIID+<—2aI§\/%HH> 20K

applies, where (erfi : R — R)

3
erfi(¢) = i/ e dt =
0
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3 Relaxation and Magnetization of SPIOs

and (D, : R — R) ¢
D, (§) = e52/ et dt
0

denote the imaginary error function and Dawson function, respectively.

Proof of Proposition 3.3. For the sake of simplicity, it is initially expected that the easy
axis m of the particle coincides with the direction of the field strength Hy, i.e., n = e,
Hy

with ef, = THOT" The partition function for n = e, reads

Z — / eﬂHgm-i—aK ('n,Tm)2 dm — eﬁHgm+aK (GLOTTL)Q dm (3.21)
s2 s2

Now H is rotated in such a way that Hye; = R" H,, with Hy = || H,|| and it follows

that

T T T T, )2
Z - / eBHORR m+aK(eHORR m) dm
S2

T T TpT.\?2 T T..)2
_ / eBHoe3R m+aK(63R m) dm = e,BHoe3r+aK(e3r) dr
s2

. i (3.22)
_ / / e,BHo cos(#)+ak cos?(6) sm(@) d(ﬂ do
0 0
1

™
= 27?/ oo cos(O)+ax cos*(0) i () 49 = 27r/ FHovtare® g
0 -1
The resulting function cannot be expressed in a closed form by elementary functions, but
can be written in the form of the imaginary error function or the Dawson function [83].

By completing the square and with £ = 5 H,, the exponent in (3.22) can be represented
by

1 cotara? _ &2 L agere)?
Z =27 TRy = 2me ek e ‘fox  dz.
-1 -1

. o _ 2axz+eE ;o dt
Using the substitutions ¢ = == NG and ¢’ = o = VoK,

1 Vv OK

s _
T2 & | 2 /WW 2 /QM 2

= e 1K | —= e dt + e dt
VaK [ﬁ( 0 0

2 1 agzte)? 2 &2 2 22QK+€
_ 5 LEaKTTS) T 5 VEK +2
Z = 2me 4ok e 4k dx= e ok | —— et dt
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is obtained. The partition function can therefore be written as

s _(8H)?

BHg)
~ 2 dayg 2 H 2 . H
Z(Hy) = Z(H em,) = i/@ [erﬁ( 0612{ +of< 0) + erﬁ(a;—aioﬂ
(3:23)

or the Dawson function can be used, which results in

s o 27Te°‘K+ﬁH° 20&}( + BHO —28Hy 20([( - BH()

The mean magnetic moment, which is thus given by
1

~ m(] H, 2
mo(Ho; er.) = 2mep, ——— [ welHortoxs™ qa.
o(Hisem) = 2rem 2 /

can be inferred in a similar way. First, ¢ = S H, is used and then the integral is rewritten,

thus obtaining

1
~ mo 2
mo(Hy; en,) = 2nen, — / 2etTTORT dy

Z(Hy) J 1
= Orep, = / ‘9 [eww?] de. (3.25)
Z(H,) ], 0€

Because ef*tex” ig continuous for all ¢ € R, (3.25) can be written as

1
mo(Ho; en,) = en mo_ 0 {QW/ efotana® dx} = 6Ho~&2 {é(ﬁ)]

Z(Hy) 0¢ 1 Z(Hp) 06| \p
m, Z(5)
5T Z(H,)

Using the back substitution of ¢ = SH, and the fact that for a differentiable function

f(z) > 0itis generally valid that In(f(z)) = ’;/((ZZ)), it follows that the mean magnetic

moment can be calculated as the derivative of the logarithmic partition function as

. m d ~
mo(H(); eHO) = FOGHOd?IH(Z(Ho)> .
0
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3 Relaxation and Magnetization of SPIOs

The derivative of Z (%) with respect to & can be derived as follows

(6 (af2oxtE ax — ¢
¢ Z(ﬁ)‘@(‘”ﬁ( 2@)* ﬁ( wa—))
Colti 5 (E) ol 5 (€ _ mi ( Logdh | Logty 2
20 (6>+ Z(ﬁ)‘m(e ° )2@«?
T AR W A= € e R I - £3
5 Z(ﬁ)_ax ( ¢ ) o Z(ﬁ)

Consequently, the derivative with respect to H is

(BHp)?
- R (20 +B8Hg)? (20 —BHp)? 2 -
Z'(Hy) = Pe ‘ox m [ Cogffol  Cechiol ) B HOZ(HO)
aK 20
ﬁﬂ'eaK+’8H0 _98H ﬁQHO ~
— O (1) POz gy
K ( ¢ ) 20&}( ( 0)

The mean magnetic moment, calculated from the derivative of the logarithmic partition

function according to H, finally leads to

mo d >
Hy ep) = 1 (z H )
mo(Ho; eq,) = 3 eHOdHo n( Z(Ho)
B (20 +B8Hp)? (20 —BHp)*
1 e 4oy —e day BHO
_\/Werﬁ<2"§<jﬁH0> + erﬁ(m;‘\/ﬁHO) 20k ’
= Mo - - €H,-

2«/0[}( D (2042}<\;-£H0) + e_Qﬁ’HOl)+ <20¢2K\/%H0) 20

After the special case in which the easy axis n = ep, is aligned with the magnetic
field Hy, an arbitrary solution can also be found for the general Boltzmann distribution

with n € S?. Unfortunately, the solution still has to be numerically integrated, but

some simplifications are possible. A proof of a related expression can be found in [18].
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Therefore, with recourse to the PDF (3.17), it seems helpful to apply a rotation matrix

R,, € R33 such that e; = R} n. After these steps, the partition function is as follows

Z = / eﬂHgm+aK<nTm)2 dm = e,BHgm—&-ozK(nTRnRLm)Q dm
S2 S2
3.26
T T RT 2 ( )
_ [ ePHImtax(elRLm)” gy,
S2

At first, this does not seem particularly helpful. However, introducing the rotated
magnetic field H = R! H, and changing the integration variable 7 = R} m, the

integration in spherical coordinates 7 yields:

z eﬁI:ITf-i-aK(e};'f‘)z dF = / eBH17:1+,3FI21:2+,3H3f3+0¢K7:§ dr
2 2
s s (3.27)

T 2
_ / / eﬁfh cos(¢) sin(0)+BHy sin(¢p) sin(0)+BHs cos(0)+ak cos?(0) SlH(@) ng de.
0 0

It should be noted that an equivalent form of (3.27) can also be found in [83]. With the

substitution cos(6) = z, (3.27) becomes

1 2
Z = / / Weﬁﬁl cos(p)V1—x2+BHz sin(p)V1—a2+BHzz+ox x> d(,O dx
-1J0

1 2 (3.28)
_ / / eﬂﬁl cos(p)V1—x2+BHs sin(p)v/1—z2 d(p e6ﬁ3z+aK$2 dx.
—-1J0

When evaluating the inner integral, a relationship to the modified Bessel functions is
revealed )
™
/ e,BI:Il cos(p)V1—x2+BHo sin(p)v/1—22 dQO
0

. (3.29)
_ / eﬂy/f[erf{QQ cos(<p+¢(f{1,f{2))\/lfx2 ng,

0

where each linear combination of a sine and cosine wave can be written as
acos(§) 4+ bsin(é) = vVa? + b2 cos(€ + ¢(a, b))

with a, b € R and the phase shift ¢ : R x R — [0, 27). However, since the integral over

a full period length of a periodic function is invariant under any phase shift ¢,

2m _ _ N N
/ SVITIVTZ eos(9) 4y — 9], (5\/ <H12 + H§) (1— g;2)> (3.30)

0
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3 Relaxation and Magnetization of SPIOs

is obtained for (3.29), where the definition of modified Bessel functions of the first kind
and order zero [1, §9.6.16]

1 ™ 1 2
[0(5) — _/ e{cos@ dg = 2_/ efcos@ do
T Jo T Jo

is used and it should be noted that the integration term is symmetric with respect to 6.
Further information on Bessel functions can be found in Chapter 5. The combination of
(3.29) and (3.30) with &, = BH, and & = SH, also shows that

1 [ .
IO (\/(ﬁ% —+ g%) (1 — Q;2)> = 2_ / efl cos(p)V1—z2+&s sin(p)vV1—a2 ng (331)
0

T

If (3.30) is inserted into (3.28), the partition function follows:

1 .
Z(R,H,n) =2r / I <5\/ (H% + H22) (1— x2)> Hharas® 4p (332)
-1

This is the result from (3.18) in Proposition 3.3, which shows the partition function Z.
A similar result was also found in [18]. To obtain the third component of the mean
magnetic moment in the rotated system, the vector element must be integrated, which

yields

™ 27
z3(H) = / / cos(ip) BT cos(0) sin(@)+B Tz sin(i) sin(0)-+5 s cos(0) +axc cos?(9) .

x sin(f) dep df.

If the derivative is calculated equivalently, as for (3.32), which is mathematically derived

from (3.27), the simplified version reads

1 -
(H) = 21 / Iy (ﬁ (ﬁf + ﬁg) (1— x2)> ePHavtara® g (3.34)
-1

The solutions for the other two vector components z;(H ) and z,(H) are

<B\/ H2 + H2 (1- 332)> V1 — g2efHsrtara® gy

(3.35)

—27r/
\/H2+H2
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3.1 Relaxation and Equilibrium Models

with i € {1,2}, where /; : R — R denotes the the modified Bessel function of the
first kind with order one [1, §9.6.19]. These results require a somewhat more careful

evaluation of the integrals using spherical coordinates:

2m - ) _ ) -
2 (H) — / / COS(QO) Sin(e)eﬁHl cos(y) sin(0) 4B Ha sin(¢) sin(8)+BHz cos(0)+ax cos? ()
x sin(6) dp df

and

™ 2w 5 ) _ ) 5
29 (H) — / / SIH(QO) sin(@)eBHl cos(¢p) sin(0)+BHz sin(p) sin(0)+BHs cos(0)+ax cos?()
x sin(0) de d6.

Without loss of generality, ¢ = 1 is considered in the following. Using the substitution

cos(f) = z one obtains

1 27 N N _
21 (ﬂ') = / / COS(QO)eﬁHl cos(p)V1—x2+BHs sin(p)V1—22+BHzz+akx? Md@ dx

/ / COS fBHl COS(?)M+5H2 sin(¢p) \/m ng eﬁﬁ3x+o¢}<12 dr.
(3.36)

An evaluation of the inner integral with &, = ﬁf[ 1and & = Bﬁg reveals

2m
/ cos(p)V1 — 2261 cos(p)VI=aZ 46 sin(p)VI—a? de
0

27
— / 0 [slcos«am 2462 sin(p)v/1— ]Chp
0

0%

2
; % |:/ e &1 cos(p)V1—z24-E2 sin(p)v1—x2 d¢:| (3.37)
1

(31 27% []0 (\/(ff +&)(1- xQ))}

— orl, (\/(5% +&) (1~ $2)) m\/%

where T is valid because the modified Bessel function of the first kind and order zero

is continuous in &;. Inserting (3.37) into (3.36) leads to the desired equation (3.20).

The solution for z,(H ) follows in the same way. The only difference is to differentiate
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3 Relaxation and Magnetization of SPIOs

in (3.37) 1 with respect to &; instead of &;. The mean magnetic moment in the rotated

coordinate system is finally

- H
mn(HO; n) = mOL)a
Z(R,H,n)

N N N AT
where z(H ) = (zl (H),2(H), z3(H )) . For the unrotated system of mean magnetic
moments, the rotation must be reversed so that the final mean magnetic moment can be

written as
mo(Hy;n) = R, - ., (R} Hy). O
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3.1 Relaxation and Equilibrium Models

3.1.3 Series Expression for the Anisotropic Equilibrium Model

The single series expression from the next theorem was published without proof in [F7]
and is, to the author’s knowledge, the only single series expansion for the magnetization
curve in the anisotropic case using elementary functions. In addition, a full numerical
and experimental validation of the anisotropic equilibrium model in [F6] was recently
performed, showing that it is suitable for both immobilized and fluid SPIO tracers. It
should be noted that in [19] a double series expansion was derived.

Theorem 3.1

The integral expression in Proposition 3.3 for Z : R®xS? -+ R, and z; : R® — R
with 7 € {1,2,3} and j € {1, 2} can be expressed as

1
Z(RnI:I, n) = 47r/ Iy (ﬂ\I:Ihg\/l — :v2> Cosh(ﬂlflgrzs)eO“K’”2 duz,
0

1
z(H) = 47?/ xly <B|PNI|12\/ 1-— x2> sinh(8Hsz)e**" d, (3.38)

0

2 (H) = / VI— 21 (B|H |1V T~ 22) cosh(8Hyr)e™* da

|12

with | H |1, = y/ H2 + H2 and has the single series expansion

- 0 _1 2 fr2 1, (B|H
Z(R,H.n) = 4r* Zaf{Lg 2)<——ﬁ4 3) 2~ 3te —( T;I" )lfj,
aK 2
=0 12
5 P 1 2[72 3 e( |H|12)
=0 12
. - = -y ( B*H? 7+e( |H12)
(B = a3, S ot pH [ 205 ) gy O )
’ jzzz; o 40K (B|H |y2)=**

where L : R — R denotes the generalized Laguerre polynomials with order
a > —1 and degree n € Ny. The function /,, : R — R denotes the modified
Bessel function of the first kind with order v € C and ax # 0. In case of
ak = 0, the solution is given in Proposition 3.1. If | H |1, = 0 then the solution is
given in (3.23) or (3.24) with H
Proposition 3.3.

= Hj3. The mean magnetic moment is given in
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3 Relaxation and Magnetization of SPIOs

Proof of Theorem 3.1. To prove (3.38) and (3.39), let a = B|H]|y,, b = ($Hs, and

¢ = agk. Then we have the following for (3.18):

1
Z(Rnﬁ, n) = 277'/ I (aﬂ) ebx+cx2 dz,

-1

1 0
=27 {/ Iy (a\/l — :172> bt dg 4 / Iy <a\/ 1-— x2> obrte® dx} )
0 —1

Substituting the second integral on the right-hand side with x = —2 and then factoring

out the terms related to e in the integral leads to the results:

1 1
Z(R,H,n) =2r [/ I (avl — x2> ebrrer® qp + / Iy (a\/ 1— 922) o b+ di’]
0 0

1
= 27r/ Iy (a\/ 1-— x2> [eb"” + e_bﬂ e du. (3.40)
0 —_——
=2 cosh(bz)

Similarly, (3.19) and (3.20) follow as

1
z3(H) = 27r/ xly (a\/ 1- x2> ebrter® dg,

-1

1 1
=927 [/ xly (av 1— x2> ebrter® g — / 21y (av 1— f2> o biter? df]
0 0
1
= 27r/ xly (a\/ 1— :702) [ebx — e_bx] e dg
0

—_——
=2sinh(bz)
- BH; [* 2
2 (H) = 25272 / VI— 22l (a\/l - x2) eb+es® g (3.41)
a Ja

1{[' 1
= 27r—5 J {/ V1 — 221, (a\/l — x2> ebrter® qg
a 0

1
+ / V1-i21 (am) o bite” d:z]
0
i
= 27T&/ V1 — a2l (a\/l - :E2> [e" 4+ e7""] e’ da.
a Jo N ,

=2 cosh(bx)

For the proof of the series in (3.39) some basic definitions are now given. To ob-

tain a single series expression, generalized Laguerre polynomials are used, which are
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3.1 Relaxation and Equilibrium Models

briefly discussed in Section 5.1.2. Using the closed-form expression for the generalized

Laguerre polynomials in (5.19) with o = —% yields

L(5+n) « 4t

vV =20 (n—0)! (¢

N

Dy = T(G+n) B
Ln 18 = ; T+ -0 (=0 =

(2n)!
nl4n

using I'(3 + n) = 52/, and consequently for o = 1 it is obtained that

n n

1) ey I'(2+n) INCERD) 4f B
L&) =) T +6)(n - e)w!(_@e G ; 20+ 1)!(n — E)!( &'

=0
(3.43)
The Maclaurin series of functions used in the proof are
e = i & (3.44)
= ml ’
0 52m
cosh(§) = : (3.45)
7;_:0 (2m)!
and
o £2m+1
inh(§) = » ——- 4
sinh(¢) ;0 2m+ 1) (3.46)

The integral formula from [1, §11.4.10] for Bessel functions of the first kind is used,
which is

/ Ih(aV1 — 2?)2" dz L /2 Iy(asin(a)) cos™ (o) sin(ar) dav
0 0 (3.47)

n—1 1 n+41
- 22r("; ) ™% T (a)

with n € Ny. The equality denoted by the f can be shown by substitution with z = cos(«)

and dr = — sin(«) da. The following differentiation relationship [1, §9.6.28] applies
to the modified Bessel function of the first kind:

d%[g—a La(€)] = € Lnsn(6) fora > 0. (3.48)
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3 Relaxation and Magnetization of SPIOs

The Cauchy product of e” and cosh(b€) with the power series in (3.44) and (3.45) is

o ¢ 2k (e2)(—k
cosh(bf)ec§2 = ZZ (b¢) i (c€”) i

(=0 k=0 (ZR)! (€= )t
L 00
0 p2k otk (3.49)
_ 20 _ 20
=22 QR (= k) de§ ‘
(=0 k=0 =0
=d,

Coop2k ok , ¢ p2k o~k
df:;(zk)!(g—k)!zcz%(k)(f—k)!
o () e ()
= kZ:O o = §4k4k N (3:50)

In the case that ¢ = 0, the following results

b2k OE k

:Z(2k|

k=0

ka b%

ZO (2k)! ( e k ~ (20)!

with the definition 0° = 1. The Cauchy product of the series representations of the
functions in (3.44) and (3.46) multiplied by ¢ is

fsinh(bg)gé2 _ gi i (bE)2H1 (cg2)tk

(=0 k= 0(2k+ ) (f—k)!
o0 Y4 B
N Z pEL otk
pn e (2k + 1L (¢ - k)! (3.51)

=ey
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3.1 Relaxation and Equilibrium Models

Furthermore, e, can be simplified by

b2k+l E—k

J4
:Z 2k + 1)1 (€ — k)]

0

Ezf: b2k —k
= be
k:O 2k + DL — k)!

Ef k b2 k
_bcz 2k + DIl — k)] (4)

(3.43) bC\/_ L(%) v
A+ 4

(3.52)

under the assumption of ¢ # 0. In the case of ¢ = 0 this results in

b2€+1

“CT T

The integrals involved in (3.38) can be integrated step by step by interchanging the
summation of the series and the integration, which is allowed since all the functions
involved are analytical functions and the series terms are absolutely convergent on the

entire interval [0, 1] to be integrated.

The essential component of the first integral in (3.38) is

/1 I (a\/ 1— x2> cosh(b:zc)e‘”’:2 de O /1 I, (a\/ 1— :102) f: dex® dx
0 0 e

o0

1
1 ¥y, / Io<a\/1—x2> 22 dz (3.53)
0

=0
20+ 1 2041
(347) Zd ( + ) a_z%]%(a)

_1 b? 1 1
(320) \/EZ CZLE 2) <_E) 25—§a—5_§]€+%(a).
£=0
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3 Relaxation and Magnetization of SPIOs

The essential component of the second integral in (3.38) is

1
/ xly (a\/ 1— x2> sinh(bz)e®” dz
0

X i e | I (a\/l — a:?) 2?2 dx (3.54)
0

> - 20+2+1
47 eﬂ%f‘ (%) (1_%]2é+22+1 (a)
=0

C

(3.52) - (%) b 1 4.3
= byr Y L, (—4-) 272073, (a).
=0
The following applies to the essential components of the third integral in (3.38):

1
/ V1—2a22l (a\/ 1-— x2) cosh(bx)e™ da

0
B L oI, (a\/l — xz)
_/0 oa

_ % { /O e (am) cosh(ba)e’ dx} .

cosh(bz)e™ dz

It should be noted that this mathematical manipulation was also previously used in
(3.37). This results in

1
/ V1 — a2l (a\/l — Z‘2> cosh(bz)e®™” dz
0

_ % { /O e (am) cosh(bx)e™ dx}

G54 0 fo: P YA S P

t N b U L O s

= L, 2| —-—]2"2— 1,1
\/E;:Oc ‘ ( 40) 'S [a 2 E+§<a)]

o) 1 b2
G29) ﬁz CZLE 2) (_E) 2£_%a_é_%[g+% (a),
=0
where the step denoted by 1 is allowed because all the functions involved are analytical

and the series is absolutely convergent. By combining the results of (3.40) and (3.41)
with the results of (3.53), (3.54), and (3.55), Theorem 3.1 is shown. [l
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4 Fourier Analysis

In this thesis, two types of Fourier analysis are used that are closely related, the Fourier
series expansion and the continuous Fourier transform. This chapter covers the definition
of the two transforms and some key properties. The Fourier series and the continuous
Fourier transform are standard tools, and several descriptions in this chapter are based
on the formulations in [15, 26, 37]. The interested reader is also referred to [25, 64].
Historically, the Fourier series is the older transform in the field of Fourier analysis.
Joseph Fourier introduced the Fourier series named after him to study heat conduction
and find basic solutions for the corresponding differential equations. From this starting
point, various types of Fourier transforms were developed, which today have a wide
range of applications in various fields of science and technology. In the Chapters 6 and 7
many of the properties of the Fourier series and the continuous Fourier transform are
used. The Fourier series has already been briefly introduced in Chapter 2 in connection
with the frequency representation of the periodic system function s, (x, ) and the voltage
signal uf(t) in (2.35) and (2.36).

The Fourier series for a periodical function f : R — C with f € L*([-%2, 1)),
f(t) = f(t+1p),and Tp € R is given by

F =3 fd™ = 3T fdt w =2k @.1)

k=—o0 k=—0o0

where the corresponding Fourier series coefficients ( fi)rez € £2(Z) of the function f(t)

can be calculated as follows:

1 Ip 1 Ip
2 . t 2 .
fr=— / F)e ™ dt = — / Flt)e  t dt. (4.2)
o J-m Ip -1
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4 Fourier Analysis

However, since the focus of the thesis is not on the Fourier series, just the definition
is given. It should be mentioned that many of the properties shown for the Fourier
transform also hold for the Fourier series in a modified form. In addition, the two calculi
can be unified into a more universal description in terms of generalized functions, also

called distributions. The next part focuses on the continuous Fourier transform on R” .

4.1 Fourier Transform on R

In this subchapter, the Fourier transform on R” will be introduced and some properties
will be discussed. First, the Fourier transform on L!'(R") is discussed and then an

extension to L?(RY) is given.

4.1.1 Fourier Transform on L!(RY)

At the beginning, the classical L' (R") definition of the Fourier transform and the inverse
Fourier transform will be introduced.
Definition 4.1: Fourier transform on L!(R")

The continuous Fourier transform of a function f € L'(RY) is defined by

A

flwn) = Fir@)} = [ rlaje i da @3)

where f € Cy(RY) and Cy(RY) denotes the space of functions which are contin-
uous and vanish at infinity.

The inverse Fourier transform of a function f € L*(R") is then defined by

f(x) = fﬁl{f(wm)} = ﬁ - f(wz)ei‘”T“’“” dw,, (4.4)

where f € Cy(RY).
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4.1 Fourier Transform on RY

It should be noted here that slightly different definitions of the continuous Fourier
transform exist in the literature, but fortunately these can easily be converted into one

another.

There is no guarantee that for two arbitrary functions f,§ € L*(R") also f , g belong
to L'(RY). Therefore, it is possible that the inverse Fourier transform of f or the forward

Fourier transform of g does not exist.

Fortunately, the Fourier transform and the inverse Fourier transform on L*(R") can be
extended to a more general form. For this purpose, the forward Fourier transform of f is
defined by

Fflwy) = lim [ flz)e mlele vl gy 4.5)

n—o0 RN

and the inverse Fourier transform of f is defined by

: 1 R — L wg|? Lz Twg
f(x) = T}Ln;o 20" Jon flwg)emmllwsle dw,, (4.6)
where f or f belongs to L'(RY). A brief proof for (4.5) and (4.6) and that the definition
is compatible with the classical definition (4.3) and (4.4) is postponed. First, a lemma

should be proved that helps later to generalize the definition of the Fourier transform
on LY(RY).

Lemma 4.1. The functions f, : RN — C and fn : RN — C are represented by

fn(w) = f(w)efﬁanQ

and
~ 1

fu(wz) = flwy)e amlwsl®,

wheren € Nand f : RY — Cor f : RN — C belongs to LY(RYN), then it holds that f,,
and f,, both belong to L'(RN).

Proof of Lemma 4.1. Without loss of generality, let it be said that f € L*(RY), then it

is known that f € Co(RY) ¢ L>®(RY). The multidimensional Gaussian function

gal@) = e 51l
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4 Fourier Analysis

is in L?(R") with p € [1,00], therefore with the Holder inequality and ; = ¢ + - it
follows
[ fnller = W gnller < L Fllzallgnllze < oo.

The selection of 7 = 1, p = oo, and ¢ = 1 shows that f,, € L(RY), since ||g, |~ = 1.
Let f be the Fourier transform of f € L*(RY) and let

B (wy) = e 2nllwsll”,
where h,, € LP(RY) for all p € [1, oo]. Holder’s inequality is now

1fallr = I fhnllzr < 1F o Bnllzn < oo

=0

=~ N N
With 1 = %—l— - one has the desired form withr = 1and p = 1, i.e., || hy|[ 1 = (27n) 2.
This shows that f, is actually also in L!'(R”). Furthermore, it can be shown that
fn € LP(RY) forall p € [1, 00]. O

Properties in L!(R")

Property 1: Shift and modulation

Let f € L'(RY) and f be its Fourier transform and let ¢, € RY. Then
F{(@ —z0)} = f(wa)e o™ @7

applies and, vice versa, for wy € R” it holds

~

F{ @t} = fwn - wn). @)

Proof. The function f € L'(R") has the Fourier transform

flwn) = | fl@)e ™ da.
]RN
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4.1 Fourier Transform on RV

Therefore, the function g(xz) = f(x — =) with z; € R” has the Fourier transform

9(ws) = / gl@)e ™ de = | f(x — @) " da
RN RN
_ (z)e—iw;(z—l—wo) dz — e—iwlaco f(z)e—iw;z dz — e—iwl:cof(wm).
xr=z+x0 RN RN

If now g() = 0% f () with w, € RY, then the Fourier transform results in

§(wm) = / g(w)efiwlw de = / eiwgmf<$)eiiwlm dax
RN

RN
— / eiwgwf(m)e—iwl—w dae = / eiwgwf(m)e—iwlw da
RN RN
= [ f@)e @) 4z = f(w, — wy). O
RN

Property 2: Affine transform

Let f € LY(RY) and let the corresponding Fourier transform be denoted by
flwe) = F{f(x)}. If the matrix A € R¥*Y is invertible, then the Fourier

transform of f(Ax) is as follows:

F{f(Az)} = mm—mz). 49)

Alternatively, if f € L'(R"), then

FYI(ATw,)} = |det(A)|f(Az). (4.10)

Proof. Let f € L'(RY) and f be the corresponding Fourier transform. Since A € RV*¥

is an arbitrary but invertible matrix, it holds

F{f(Az)} = /R f(Aw)e T
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4 Fourier Analysis

Using integration by substitution with 2 = Az, x = A~'2, dz = |det(A!)|dz, and

de = Ideﬁﬁ results in
. T A 1
A —1w1:zd — —iwl A1z d
- f(Az)e =, f(z)e Tdet(a)] %
1 —i *Twz Tz
= Tdet(A)] for T30 (e =z
1 .
= (A Tw,).
ety A
Equation (4.10) for the inverse Fourier transform follows in a similar manner. O

Property 3: Duality

If f € Cy(RY) and its Fourier transform is given by f € L*(R™), then the Fourier
transform of g(x) = f(zx) is

§we) = F{f@)} = @m)" f(-w2). (.11

Proof. For f € L*(RYN), it holds

iw.) = F{f(@)}
= - fl@)e s de

= f(=z)es* dz

= em)NFH f(-2)}
L 2m) f(—wa).
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4.1 Fourier Transform on R

Property 4: Complex conjugate of a function

Let f € L'(RY) and let f € Co(RY) denote its Fourier transform, then the

Fourier transform of the complex conjugate f* of f is

F{f (@)} = f*(~wa). (4.12)

For f € L*(RY) with the inverse Fourier transform f € Co(RY), the following
is obtained for the complex conjugate f *:

FY wa)} = 1 (=), (4.13)

Proof. Since both directions are similar, only one direction is shown. Let, therefore,

f € L*(RY). Then the Fourier transform of the complex conjugate is

@)= [ reesae - ([ o)

:(RN <w>e—i<—“’”””dw) = (f(-wa) = f'(~we). O

Property S: Convolution and multiplication

If f,g € L'(RY), then, for the convolution

(Fx9)@) = | fl2)g(@—z)dz= (® —z)g(z)dz,  (4.14)

RN
the continuous Fourier transform is given by

~

F{(f x9)(@)} = flwa)g(wea) (4.15)

with f * g € L'(RY). Equivalently, the inverse Fourier transform of convolution
(f % §)(ws) for f,§ € L*(RN) is given by

FH(f*g)wa)} = (2 (@)g(a) @10

with f % g € L'(RM).
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4 Fourier Analysis

Proof. The continuous Fourier transform (4.3) is to be calculated for the function given

in (4.14), i.e., the transform is given by

Flr 9@} = [ (=@t ds

= / f(z)g(x —z)d= e TR g,
RN JRN

Since f and g belong to L'(RY), Fubini’s theorem can be applied and the iterated

integrals can be interchanged as follows:

Fl(fx )@} = [ 1= /R glw — ) da dz

-

~~

=g(ws ek

— [ f@iw)e e dz
RN

= g(ws) | f(2)e7 dz = glwa) f(wr).

J/

-~

:f (wz)

Property 6: Correlation

For f,g € L'(RY),

(05 D@ = | fz+a)g()d2 @17)

denotes the correlation and

Fllg* (@)} = f(wa)§ (wa) (4.18)

is the continuous Fourier transform. Besides, f x g € L*(RY). Equivalently, the
inverse Fourier transform of the correlation (f % §)(w,) for f,§ € LY(RY) is
given by

FH* D)} = @n)" fl@)g* (@) (4.19)

with f x g € L'(RN).
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4.1 Fourier Transform on RV

Proof. The cross-correlation can be expressed by the convolution between g () and the
complex-conjugate and inverted signal f*(—x) of f(x), so that the Fourier transform

reads

Fllgx N@)} = FL(f (@) * g (~@) (@)} = F{f (@)} Flg"(—@)} = f(w.)§ (ws).

(4.9) and (4.12)

Property 7: Differentiation

Let f be in LY(RY), g(z) = % (x) be the continuous partial derivative of f
with respect to x;, and g € L*(RY). Let the Fourier transform of f be denoted by
f . Then, the Fourier transform of ¢ is

G(wg) = ]—"{ aii f(zc)} = iwy, f(wg) (4.20)

withi € {1,2,...,N}.

Proof. Since f lies in L'(R”), the decay behavior of f(x) is lim,, ,1., f(x) = 0. The
desired property is obtained by integration by parts and exploiting the decay behavior of

f () and the fact that f(x) is continuously differentiable in z;, resulting in

iwn) = [ [Gmr@)| e de o, o)

o

= [ S

-~

=0

ai.f(-’n)} ¢ dayda! = s f(w)

o / 9 —iwl®
. da’ — /]RN f(x) {a—xie } da

A

= iw:cif(ww)a

where &' = () jeq1.2,. . N)\(i}- -
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Theorem 4.1: Plancherel theorem 1

If f,g € L*(RY), then

| f@i@ 1z = [ f@(e)de @21)

holds with f§, fg € L'(RY).

Proof of Theorem 4.1. Since f,g € L*(RY) it follows that f,§ € Cy(RY). The func-
tion space Co(RY) is a subset of L>(RY), therefore Holder’s inequality holds, i.c.,

1791l = /N [f(2)3(2)|dz < || fllLr 9]z < +oo.
R
Equivalently, it holds that
1fgller < I llz=llgllzr < +oo.
It remains to show that the equality in (4.21) holds
f(2)9(z)dz = / f(z)/ g(z)e ' dx dz
;/ g(x) f(z)e_isz dz dx
RN RN
= | f@)g(@)da.
RN

The step labeled with } is allowed as the Fubini-Tonelli theorem applies. ]

Theorem 4.2: Forward theorem

Let f € L*(RY) and f denote the inverse Fourier transform of f. Then,

f(wg) = lim f(a:)e_ﬁ“wwe_i“’;z dx (4.22)

n—oo RN

denotes the forward Fourier transform in the L'-mean.
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4.1 Fourier Transform on RY

Theorem 4.3: Inversion theorem

Let f € L*(RY) and f denote the Fourier transform of f. Then,

1 A 1 .
f@) = lim ooy [ fwemm el e du, (4.23)
n o0 R

denotes the inverse Fourier transform in the L'-mean.

Proof of Theorem 4.3. Only the inverse Fourier transform in the Theorem 4.3 is to be
proved here. The reverse direction in Theorem 4.2 follows in a similar way by switching
from the forward to the inverse Fourier transform. If f € L!'(R"), the convolution
integral is given by

hn(x) = (f * gn)(x)

with

() = ( n )JQV o2zt

2

The Gaussian function g, is a function in L!'(R™) N L°°(RY). In addition, the Fourier

transform of g, is
Gn(wy) = F{gn(x)} = e zallw=l’,

The function h,(z) is in L'(R") as the convolution of two functions is in L!(R").
Since g, € LP(R") applies to all p € [1, +00], h,, inherits this property, which can be
shown with Young’s convolution inequality. Another important property of g, (x) is the
fact that for all n € N it holds that

/RN gn(x)dx = 1.

Due to the convolution property of the Fourier transform that a convolution in the spatial

domain is a multiplication in the frequency domain (see Property 5), it follows

~

hn(wg) = f(wzv)gn(ww)

and, therefore,

~

ha(we) = flwg)e 2 lesl®,
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4 Fourier Analysis

For the limit of g, (w,) as n approaches infinity, we obtain

o L
lim go(ws) = lim e mlwsl® = =0 =1
n—-+o0o n=s+o0

and, consequently,

lm Ay (ws) = lm f(wg)gn(we) = fws).

n—-+o0o n—-+o0o

Thus, it also appears to be the case that

lim Ao (@) = lim (f*g.)(@) = f(@)

n—-+o0o n—-+4o0o

in L'-mean, which means that

lim ||f * g, — fllzr = 0.
n—oo

Therefore, the L!-convergence should now be checked. The first step is to rewrite h,, — f

slightly:
(f #9)(@) = f(@) = (f 2 g)(@) = (fz) - 1)
Jon gn(2)dz
- [ [t =2~ f@)an(z) =
= [t 1@) (52) " 5
< L g ) (3

g
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4.1 Fourier Transform on RY

From this it follows for || f * g,, — f]| . that

Hf*gn—fHLII/RN /RN (f(w—%)—f(:c)) (% 7e’%dy dx
v 1\ 2 v
S/RN/RNch—%)—f(az) (% e 2 dvdex

f (m— %) ~ f()

L L.
<2[[fll g

< 20l [lgalloe = 201 Fl e,
=1

i.e., ||f * gn — f||z+ is upper bounded and it additionally holds that

/ (m— %) ~ f(a)

Consequently, lim,, , || f * g, — f||z: = 0 holds. Therefore, the Lebesgue’s dominated

de = 0.

lim
n—-4o00 RN

convergence theorem can be applied, which implies that

lim (f *gn)(x)dx = - f(x)de.

n—oo RN

Consequently, one has

almost everywhere.

It remains to show that (4.23) is indeed an inversion formula. Therefore, the auxiliary

function
Gr(2) = F gn(a = 2)} = o5ce™ B el
n,xr z) — gn - (27T)N

is defined. Consequently,
gn(x — 2) = G o(2).
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4 Fourier Analysis

With the help of Theorem 4.1 the following is obtained:

fin(®) = (f * gn) (2 / f(2)gn(x — 2) dz
=/, f(2)Grp(z)dz = » F(w:) G o(w,) dw,

1 ws
f(wz) — e~ H elwi® dw,

|"JzH 1w @
f w,)e” 2 e dw,.
27r

Finally, the limit of h,, as n approaches infinity is

f(x) = lim h,(x)

n—oo

_n_x)o (27T)N o x x-

Definition 4.2: Delta distribution

A sequence for n € N defined by g¢,,() which has the properties

n—oo RN

lim (f % gn)(x) = f(x),

n—o0

and

lim f(@)gn(x)dx = f(0),

n—oo RN

is commonly called Dirac sequence, delta distribution, or Dirac distribution. It is
often simply denoted as o () with the properties

do(x)dx =1

(F *b0)(x) = f(@)
| f@a(z) dz = f(0)

Y
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4.1 Fourier Transform on RY

A common, but not the only function that implies such a sequence is the Gaussian

function with

gn(®) = (%) F ot (4.24)

But even if the delta distribution () is often used like calculating with a classical

function, there is no function that behaves like the delta distribution.

4.1.2 Fourier Transform on L%(RY)

The Fourier transform can be extended to functions that lie in L?(R”"). The trick
here is to use the fact that L?(R") is a Hilbert space and therefore, for two functions
f,g € L*(RY), the scalar product

)z = [ F@(a)de

exists. As a shorthand notation the scalar product is also written in the following as

(f,9)r2. The induced L?-norm associated with the scalar product is written as

1 fllze = V{5 ez

Let f(x) = f(a)e “:* and f € L2(RN), where w, € RY is a fixed vector. This choice

for f(a) therefore results in the norm

1Fl72 = (f, fez = / £ (@)t f(z)o " da
RN
= [ 5 @@ i = (5. ie = 11

and, thus, f € L?(R") actually also holds. For functions in L*(R) it is therefore
sufficient to use a convergent sequence of functions f,, € L*(RY) N L?(RY) so that the
function f,, converges to f € L*(RY) [37], which means that

lim ”f - anL2 =0
n—oo
or, as a shorthand, f, — f. Since L*(R") is a Hilbert space and L'(R") N L?(R") is

dense in L?(RY), any function f € L?*(R") can be approximated by a Cauchy sequence
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4 Fourier Analysis

of functions f,, € LY(RY) N L?(RY). For functions in L*(RY) N L?(R") the Fourier
transform maps to L?(RY). Consequently, the sequence f, € L*(R™) N L2(RY) is
mapped to the sequence fn € L?*({RY), which in turn must be a Cauchy sequence.
However, since L? is a Hilbert space, the space is closed and all Cauchy sequences must
therefore converge in L2. The L? Fourier transform is unique in the sense that a second
sequence g, — f, with g, € L'(RY) N L*(RY) and g, € L*(RY), converges almost

everywhere to the same function in the L?-mean, i.e.,
lim ||f, — gellz2 = 0.
nd—00

The forward Fourier transform of a function f € L?(R"), with f, € L'(RY) N L*(RY)
and f,, — f, is given by

flwg) = lim [ fo(z)e ™ da, (4.25)
n— o0 RN
and the inverse Fourier transform of a function f € L2(RN), with f, € L'(RN)NL*(RY)
and fn — f , 1 given by

flx) = lim ! Folwg)e® “* dw,. (4.26)

n—oo (2m)NV Jpn

For example, two possible sequences for f, f € L?*(RY) could be

A~

ful®) = f(®)e =126 and [ (w,) = f(wy)e 2 lesl}

leading to equivalent cases as for L' (R”). It can be verified that f, and f,. are indeed
in LY(RY) N L2(RY).
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4.1 Fourier Transform on RY

Properties in L?(RY)

Theorem 4.4: Parseval’s theorem

If f and §* belong to L' (RN )NL2(RY), and f and g denote their Fourier transform

and inverse Fourier transform, respectively, then the following holds

1

» f(x)g* (z) de = T o fwz)§* (wg) dw,. (4.27)

Proof of Theorem 4.4. The functions f and § belong to L'(R") N L*(RY), therefore
f and g are well defined. The following is valid for the cross-correlation with a fixed
xy € RY:

(Fro)(a) = [ F (=l +20)dz

1 ; u
— * ~ i(z+xo) wz d d
. f (Z) (271_)]\[ /]RN g(wzl:)e W dz

T 1 ~ im-(';w * izTw
o)™ /RN g(wg)e - f*(z)e z dw

-~

:f* (wa)

1 ~ [ el w
- (2m)N /]RN §(wa) [*(wg )™ dw,.

The Fubini theorem is used in the T step. The desired result is obtained for xy = 0. []

Theorem 4.5: Plancherel theorem 2

If f or f belongs to L'(RY) N L2(RY), then it holds that

I = [ @) do= oo [

and, consequently, that f € L2(RY) and f € L2(RY).

1 A
dw, = ——|fll7: (4.28)

f(w$) (27T)N

Proof of Theorem 4.5. Let the function f € L*(RY)NL?(R") and let a second function
be defined as g(x) = f*(—x) . Furthermore, the function h(x) = (f * g)(x) is defined.
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4 Fourier Analysis

The Fourier transform of h(x) is

2

f(‘—t%)

hws) = F{h(@)} = f(we)i(we)=F(wa) [*(we) =

The function & € L'(RY) is continuous in & = 0 and the result is i(w,) > 0, from
which it follows that i € L'(R") also holds, i.e.,

[ i)

" dw, = /R () dwg = (2m)¥(0)
= (2m)" . f(0—2)f*(—2z)dz = (2m)" - f(@)f*(x)dz

= (2m)N /RN |f(x)|” da.

It therefore follows that f € L*(RY) also holds. The mathematical claim for the function
f e LY{(RY) N L2(RY) follows in a similar way. O

4.1.3 Fourier Transform of Radial Functions

In this section, a correspondence between the N-dimensional Fourier transform of a
radial function and the Hankel transform is introduced. The Hankel transform is used to
calculate the two-dimensional Fourier transform of the normalized Langevin function in

Chapter 6. First, a definition of the radial function will be given.

Definition 4.3: Radial function

A function f:RY — C is a radial (rotational invariant) function if a one-

dimensional function F' : R, — C exist such that

f(@) = F([|l]]). (4.29)

The following lemma helps to check under which conditions a radial function is inte-

grable.
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4.1 Fourier Transform on RY

Lemma 4.2. If f : RY — C with f(x) = F(||z||) is a radial function, then the identity

f(x)dx = / F(||z|)dz = Sy_1 /Oo F(r)yr¥tdr (4.30)
RN RN 0

holds, where

2

22

(%)

2

Sy_1 = (4.31)

denotes the surface of the unit (N — 1)-dimensional sphere.

A proof can be found in [98].

The following corollary could be derived as a direct consequence of Lemma 4.2.

Corollary 4.3. Let a radial function f : RN — C be defined by
f(a) = F([|l=]),
with ' : Ry — C. Then f € LP(RY) with p € [1,00) if and only if
N-—-1
r v FeLP(Ry).
For p = oo, it follows that f € L™®(RY) ifand only if F € L>°(R,).

Proof of Corollary 4.3. 1f the radial function f : RV — R is given by f(x) = F(||z||)
in LP(RY), then the following holds:

/ (@) de < oo.
RN

When f(x) is radial, then | f(x)|? = |F(||x||)|? is also radial and Lemma 4.2 can be

applied, resulting in
/ |f(z)P dz = Sy_ / IF(r)PrV = dr = Sy_ / \F(r)r' 7 Pdr < co.
RN 0 0

It follows that r 7 F € LP(R, ). The reverse direction follows in a similar manner. [
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4 Fourier Analysis

The next definition refers to the Hankel transform [77] and relates it to the N-dimensional
Fourier transform of radial functions. The relationship of the radial function to the Fourier
transform can be found, for example, in [37, Ch. B5] and is used in Chapter 6 to derive
the two-dimensional Fourier transform of the “normalized” Langevin function. Note
that there are different but related definitions of the Hankel transform in the literature.

Definition 4.4: Hankel transform and /N -dimensional Fourier transform

The Hankel transform with order p > —% of a function g : R, — C is defined as

gu(s) =H,{g9(r)} = /000 Ju(sr)g(r)rdr,

where J, : R — R denotes the u-th Bessel function of the first kind.

The Hankel transform is self-inverse, i.e., g(r) = H, {#, {g(r)}}, for functions
that are piecewise continuous, of bounded variation in (0, c0), and fulfill the
following condition:

/ 7"%|g(r)| dr < oo.
0
If f : RY — C is a radial function such that

f(@) = F(|z]) = F(r),

where F' : R, — C denotes a one-dimensional function, then the N-dimensional

Fourier transform reads

~

flws) = Fx(s) = En(llwell),

with
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5 Orthogonal Polynomials and Bessel
Functions

This chapter covers a group of orthogonal polynomials and Bessel functions that are
used in the analytical Fourier representation of MPI as well as in the representation of the
magnetization curves of SPIOs. For this purpose, central properties of these functions
are presented and the connection between Chebyshev polynomials and Bessel functions
via a Fourier transform is demonstrated. Most of the properties shown are known from

the literature.

5.1 Orthogonal Polynomials

Orthogonal polynomials are a special class of functions that can be used to build up a
function space related to an inner product. In general, classical polynomials are of the

form
n

pa(§) = cunt”, (5.1)

k=0
where ¢, € R are real-valued coefficients and n € N denotes the degree of the

polynomial with the definition that 0° = 1.

A sequence of polynomials (p,)en, is orthogonal on an open interval {2 = (a, b) with

a,b € R, where it is also allowed that @ = —oo or b = oo and with respect to a
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5 Orthogonal Polynomials and Bessel Functions

non-negative weighting function w : Q — R, \{0}, if the following orthogonality

relationship applies for any two polynomials from the sequence

h,, ifn=m,

<pmpm>w = /pn(t)pfn(t)w(t) dt = ‘
@ 0, if n # m,

with the positive and finite weights

b :/Q\pn(t)]Qw(t) dt > 0.

Let a function f : {2 — C has the formal series expansion

f(€) ZkaPk(ﬁ)a (5.2)
k=0

with the coefficients f; € C, then the /-th coefficient of the series can be formally
calculated by

fo= hi / F(Ope(tyw(t) dr. (5.3)

For any function f, however, the question arises under which conditions the formal
series in (5.2) with the calculated coefficients from (5.3) converges pointwise to the

function f in a norm.

To ensure that the coefficients exist, f(&)p(£)w(&) must be integrable for all £ € N on
the interval 2 = (a, b). Unfortunately, this does not guarantee that the series in (5.2) is
convergent, and if it is, there is no certainty that the series will converge to the original
function f. For a class of classical orthogonal polynomials of the Jacobi polynomial
type, i.e., Chebyshev polynomials, this question was answered in [78, 79, 114]. For

Hermite and generalized Laguerre polynomials, similar results are presented in [7].
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5.1 Orthogonal Polynomials

([1rwruto dt); < oo} ,

the associated square-integrable Hilbert space with respect to the weighting function

Be
L?U(Q):{f:Qﬁ(C

w and the interval ) = (a,b). For functions from f € L? (12), the mean convergence
in terms of L2 (2) for the series in (5.2) with the coefficients from (5.3) can be derived
directly from the Hilbert space. If f € L2 (€2) is valid, then w? f € L2() is also true in

the “classical” unweighted L2-function space.

In particular, the Chebyshev polynomials of the first and second kind and the generalized
Laguerre polynomials will be briefly introduced here, as they are required as central

components of the work.

5.1.1 Chebyshev Polynomials

Both kinds of Chebyshev polynomials — first and second kind — are orthogonal on the
interval (—1,1) with the corresponding weighting functions. In case of Chebyshev

polynomials of the first kind, the weighting function reads

1
wy(§) = \/1——7527

while the Chebyshev polynomials of the second kind will have the weighting function

wn(f) =v1- £2.

Let us denote the Chebyshev polynomial of the first kind with order n by 7;, : R — R
and the Chebyshev polynomial of the second kind with order n by U,, : R — R.

77
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\ k — 1, = ()
—_— =
n:
—_—n =3
—_—n =4
n=>5
§
1 — —>
0.5 1

=1

Figure 5.1: The Chebyshev polynomials of the first kind with orders n € {0, 1,...,5}.

Chebyshev Polynomials of the First Kind

The Chebyshev polynomials of the first kind exemplarily shown in Figure 5.1 with the or-
dersn € {0,1,...,5} can be obtained by the recurrence relation [1, §22.2.4, §22.4.4]

1
(&) =¢ (5.4
2

An important property of Chebyshev polynomials of the first kind is the function compo-
sition with the cosine function [1, §22.3.15]

T, (cos8) = cos(nb), (5.5)
which in turn can be used to define the Chebyshev polynomials of the first kind by

cos(narccos§), if || <1,
T,(&§) = { cosh(n arcosh ¢), if¢ > 1, (5.6)
(—1)"cosh(narcosh(—¢)) if& < —1.

78



5.1 Orthogonal Polynomials

The orthogonality relation for Chebyshev polynomials of the first kind is given by

m, ifn=m=0,

! dt ,
/zummw =z itn=m£0,
0, ifn#m.

Let the function f : [—1, 1] — C be represented by the series coefficients f; : Ng — C
with the help of Chebyshev polynomials of the first kind, i.e.,

= > [T(9), (5.7)
keNy
where 2 5
— Ooy

The calculation of the coefficients f, can therefore also be calculated using the substitu-
tion t = cosf, dt = —sin 6 df by

2—505/
f(t)
1—t2

2—505/ —sin6dd
=— 0T, 0)—— (5.9)
- j f(cosO)Ty(cosh) g
_ o 60@/ f(cos ) cos(€0) do.
0

Consequently, the coefficients of f (&) to represent f by a series of Chebyshev polyno-
mials of the first kind can be calculated by the Fourier cosine series of f(cos@).

The formal series in (5.7) is closely related to the Fourier cosine series, which can be
verified by substituting £ = cos 6 with § € [0, 7|. By performing this substitution and

using the relationship (5.5), one obtains

f(cos(0)) = Z fiTx(cos @)

keNy

(5.10)
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1.5 1 Un(&) / —n=0
—n:
n:

__7Q ~-— ]
—_—n =4
5| o
N LN
1 —0% / 0% 1
05 |
V.

—1

—1.5 |

Figure 5.2: The Chebyshev polynomials of the second kind for different orders
ne{0,1,...,5}.

Chebyshev Polynomials of the Second Kind

The Chebyshev polynomials of the second kind can be calculated by the recurrence
relation [1, §22.2.5, §22.4.5]

Uo(@ =1
Ui(€) = 2¢ (5.11)
Un+1(f) = 2§Un(f) - Un—l(f)-

The recurrence relation is almost the same as for (5.4). The only difference lies in
the initial conditions, i.e., for Chebyshev polynomials of the second kind one has
Uy(§) = 2¢, while for Chebyshev polynomials of the first kind one has 77 (§) = &.
The first six Chebyshev polynomials of the second kind are shown as examples in

Figure 5.2.

The Chebyshev polynomials of the second kind also fulfill a relation to trigonometric
functions by [1, §22.3.16]

sin((n + 1)6)

sin 6

Un(cosf) = (5.12)
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5.1 Orthogonal Polynomials

thus, the Chebyshev polynomials of the second kind can also be written as

sin((n+1) arccos £) if |€| <1
Un(€) = vite (5.13)

o sinh((n+1) arcosh £) if |€| > 1

ve-r o
using the fact that sin(arccos &) = /1 — &2

The orthogonality relationship for Chebyshev polynomial of the second kind is

Formally, the series expansion with Chebyshev polynomials of the second kind for a
function f : [—1,1] — C reads

£ =" fUn(9), (5.14)
keNy
where .
_2 / FOUVT =2 dt. (5.15)
T™J-1

As well as for the Chebyshev polynomials of the first kind, the series in (5.14) is closely
related to the Fourier series, in particular to the Fourier sine series, which in turn can be

verified by the substitution ¢ = cos @, resulting in

f(cos ) Z frUg(cos0)

keNg

_Zfsm (k+1)0)

sin @
keNg

(5.16)

sin((n+1)0)

where it is used that U,,(cos 0) = ===

for n € Nj.
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5 Orthogonal Polynomials and Bessel Functions

Consequently, the coefficients can be calculated with ¢ = cos 6, dt = — sin 6 df by

9 1

Jo= - FOU )V —t2dt
1
0
= z/ f(cosO) Uy(cosf) V1 — cos?0(—sinf)db
™ Jr —— \ﬁ,—/
_sin((E+Dp) - e (5.17)

_2 /7r f(cos@)sin((¢ + 1)0)sind do
T Jo

_2 /7r f(cos @) sinfsin((£+ 1)0)de.
T Jo

The coefficients f, for f(¢) can therefore be calculated from the Fourier sine series of
f(cosf)sinb.

5.1.2 Generalized Laguerre Polynomials

Since generalized Laguerre polynomials are also important in the context of the magneti-
zation process of SPIOs, a brief introduction to them will be given. Laguerre polynomials

with o > —1 are obtained by the recurrence relation [1, §22.2.12]

L€ =1
LJ(LQ)<§>:1+O‘_§ (5.18)
. 2n+1+a— LY (€) — (n+a)L\

As an example, the Laguerre polynomials with o« € {—0.5,0.5} and n € {0,1,...,3}

are shown in Figure 5.3.

The generalized Laguerre polynomials L (&) with @ > —1 and n € N could also

defined by the explicit representation [1, §22.3.9]

n

o ~ (n+a)1l T(a+n+1
1o =3 (01050 =X w619

/=0 =0
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—n=0,a=-0.5
—_—n=1,a=-0.5
n=2a=-0.5
—_—n=3,a=-0.5
===n=0,aa=0.5
===n=1,a=0.>5
n=2a=05
===n=3,a=0.5

Figure 5.3: The generalized Laguerre polynomials with orders n € {0,1,...,3} and
a € {-0.5,0.5}.

Generalized Laguerre polynomials are a family of orthogonal polynomials on the interval
(a,b) = (0,+00) with the weighting function w(La) (§) = e75¢9, i.e., the orthogonal-
ity relation between two generalized Laguerre polynomials L) (¢) and L\ (€) with

n,m € Ny is

0o T'(n+a+1)
/ L)L (e > dt = n
0 0, if n # m.

if n =m,

Formally, the series expansion of a function f : [0, +00) — C is related to generalized

Laguerre polynomials by

FO) =3 KL, (5.20)
keNp
where | -
_ n. (O‘) —tia
Je= —F<n+a+1)/0 F)LY (t)e "t dt. (5.21)
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5 Orthogonal Polynomials and Bessel Functions

5.2 Bessel Functions

This section introduces Bessel functions that are used throughout the work. Particular
attention will therefore be paid to Bessel functions of the first kind J,,(§) and modified
Bessel functions of the first kind 7, (§).

5.2.1 Bessel Function of the First Kind

The Bessel functions of the first kind are used in conjunction with the Chebyshev
polynomials to obtain the spatio-temporal frequency representation of MPI in Chapter 7.
At the beginning, a definition of the Bessel function of the first kind in series and integral
form will be presented. The Bessel function of the first kind J,, : C — C with order
a € Ris defined by [1, §9.1.10]

o0 _1)m 2m+a
ZOEDY m!r(o(n +)a ) (g) ‘ (5.22)

m=0

If « = n and n € Z is restricted to integer values, then the following integral representa-

tion also applies [108, p. 20, eq. (5)]

1 T . 1 L N S
Jn(g) / el(ne—gsm(e)) do = %/ el(ﬁsm(@)—n@) d6. (523)

" or

—Tr

The first five Bessel functions of the first kind are shown in Figure 5.4.

The modified Bessel function of the first kind is directly connected to the standard Bessel
function of the first kind by [1, §9.6.3, §9.6.10]

e}

1 é. 2m—+a
L) =009 = Y- e (§) o2y

m=0

and therefore the following applies for the integer « = n

1 g . .
I.(8) / e~ sin(®)=inf qg. (5.25)

" or

—T

84



5.2 Bessel Functions

—_—n =0
—_—n=1

n=2
—_— =3
—, = 4

5 10 15 20

Figure 5.4: The Bessel functions of the first kind with orders n € {0, 1,...,4}.

The first five modified Bessel functions of the first kind are shown in Figure 5.5. The
modified Bessel functions of the first kind have already been used in Section 3.1.3
to obtain the series representation of the anisotropic equilibrium model for the mean

magnetic moment of the SPIO.

Bessel functions of the first kind with integer order « = n € Z are entire functions, i.e.,
the series in (5.22) converges uniformly for each compact set in C. This property is
necessarily also transferred to the modified version in (5.24), as this is only a special case
of the unmodified version. The integral representations in (5.23) and (5.25) also reveal a

i€ sin 6 Esin 6

direct relationship to the Fourier series coefficients of e and e , respectively.

In the following, and since it is necessary for the later proofs in this thesis, one is
interested in finding upper bounds on the real axis £ € R for the Bessel functions of the
first kind.
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3 4
.4,

2

1
Figure 5.5: The modified Bessel functions of first kind with orders n € {0, 1,

Corollary 5.1. For Bessel functions of the first kind J,, : R — R with order n > 2 the

following upper bounds are given
%(g)n’ O§€<n/27

[ Jn(€)] < § On~ Y4 (|€ —n| + n1/3)‘1/4, n/2 < &< 2n, (5.26)

ce12, 2n < &

with the constant C' > 0 [95]. Additionally, according to [61] it holds that
(5.27)

| 1,(€)] < min(1,bn~3, ¢[¢]73)

with constants b = 0.674885 ... and ¢ = 0.7857468704 . . ..

If now the Bessel function of the first kind is weighted with the weighting function %,

the following corollary can be proved [F1].
isin L'(R) N L>=(R), and the L>-norm has an upper

In (&)
(5.28)

Corollary 5.2. The function ;

bound of
‘ Jn ()

§

LOO

with a constant C' > 0 and n € Z\{0}.
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5.2 Bessel Functions

Proof of Corollary 5.2. With the help of the Corollary 5.1 (5.26) and the fact that |.J,,(£)|
is an even symmetric function for all n € Z, it is only necessary to check the positive
half of the real axis. Since J_,(§) = (—1)"J,(§), the Corollary 5.1 is also valid for
negative integer values n. The proof is therefore only provided for positive arguments,
ire,n e Nand ¢ € R,.

Thus, it should be started with the intervals 0 < £ < n/2 and 2n < ¢ and finally the
interval n/2 < ¢ < 2n should be investigated.

Cl: 0<¢<n/2

Using the inequality one obtains:

I

T 167
& |~ nl 2

which also holds for all » > 1 and £ € R,. For the beginning, however, one is
only interested in n > 2, so that the upper bound is a monotonically increasing
polynomial and therefore the maximizer can be found on the upper bound of the

interval £ — n /2. Insertion of £ = n/2 leads to

Jn(g)‘ < 1 ntt

& |- nl 92n-1°
To simplify the expression, the Sterling inequality [85] is used

vV 2mnn"

< e 1271+1 <1
nlen ’

which then leads to the following results

In(€) ‘ 2 2mnn" 2 2mnn" \/5 1
< <
T

13 nyv2mn nl2n nyv2mn  nle? 32

C2: 2n < &
In this interval, the upper bound for

—J”éf) ) is given by the lower bound ¢ — 2n,

3
since C'¢ 2 is monotonically decreasing and 1 < £ and thus

c 1
23/2 p3/2°

In(€)
¢

<

87
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C3: nj2<&<2n

For the last interval the following inequality holds

1 1
’SC =C

Ent/a (€ = n| 4+t i/ (€2 — n| 4 ntfgt) T

In(§)
£

Hence, the upper bound for all £ € [n/2, 2n] is given whenever

(&) = &'l¢ —n| +n'/¢!

is minimal. Since £ € [n/2,n],

f(&) ==&+ (n+n'F)e

is obtained. The f(&) is a continuous and differentiable function and, therefore, the
minimizer is either a zero point of f'(£), or one of the boundary values 1) = n/2

or €@ = n. Let us first examine the zero points of
4
F1€) = =5&" +4(n+n'")E =0 ¥ =0ore™ = g(n +nl/?).

The point £®) does not lie in [n/2, 2n]. Using the second derivative of f (&), the
sufficient condition yields that £ 4) is a maximizer, because

3 2

fIEW)y = —5.4 (% (n+ n1/3)) +4-3(n+n'/?) (% (n+ nl/g))
64

_2_5(

n +n1/3)3 < 0.

The evaluation of the function f(¢) for ) = n/2 and £ = n results in

5 4 5 13/3
@y _ _ " o _no
HE) =g+ (0P =55+ 5

f(€(2)) — _n5 + (Tl + n1/3)n — n13/3.

By checking

5 13/3

< f(E@) =n'¥3 = n < 30V/30 ~ 164.317,
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5.2 Bessel Functions

it follows that for large n £ is the minimizer. For n > 164,

5@ < o 1 DTS S
E | T U4 (n13/3)1/4 (n16/3)1/4 nA/3
is obtained and for n < 164,
Jn(f)‘ <C ! <20 L = 2(7L
()T T T
32 16

is obtained. Thus, all n > 2 can be upper bounded by

nA/3

with C = 2C.

The following applies to the subinterval £ € (n, 2n]:

F&) =€+ ' —n)¢".

The function f(§) is strictly monotonically increasing, since for each £ = an with
a € (1,2] the derivative

f1(€) = 5a'n* +4(n'* —n)a®n® = (5a — 4)a’n* +4a’n'" > 0

is fulfilled and thus the minimizer & — n corresponds to the previously calculated

minimizer.

By comparing all cases and choosing a correspondingly large constant C' > 0, the

following result is obtained:

Jn(§) 1
‘ £ | = Cuim
J1(8)

The upper bound is also valid for n = 1 as

z ’ < %, which corresponds to the

calculated upper limit.
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log g ( ¢

h@D —n=1

—’n:4
—1 =5

—_n="7
=== upper bound

2 4 6 8 10 12 14 16 18 20

Figure 5.6: The upper bound and

J”T(&)’ withn € {1,...,7} in log,,-scale.

Thus, it remains to prove that 2©) isin L (R). According to the Corollary 5.1 (5.27)

3

and taking into account the fact that the function can be upper bounded for all n € N by

Lgﬁlgrﬂm(g>4_<1—ram(g>>lgg

it holds that J -
"@Wd§§2+2/
3 1

o0

—0o0

The upper bound construction is shown for n € {1,2,...,7} in Figure 5.6.
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05 "Yn — ), —
— ), =
01 J n =2
—0.5 | —n=3
—n:
11
—1.5
—9 |
—2.5 1
§

5 10 15 20

Figure 5.7: The Bessel functions of the second kind with orders n € {0,1,...,4}.

5.2.2 Bessel Functions of the Second Kind

For the sake of completeness, the Bessel functions of the second kind Y, : C — C with
a € R are defined by [1, §9.1.2]

Ja(§) cos(am) — J_a(§)

sin(a)

Ya(§) =

. fa#Z (5.29)
and for the integer case n € Z by the limit

Y, (§) = lim Y, (§).

a—n

The Bessel functions of the second kind can also be written as a series or integrals for
Y, (&) with n € Z, but since this kind of Bessel functions plays a subordinate role in this
work, reference should be made to [1, Ch. 9]. An illustration with the first five Bessel

functions of the second kind is shown in Figure 5.7.
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3.5 ) — =0
—’)’L:
3| n =2
— ) —
2.5 1 —_—n =4
2,,
1.5+
1,,
0.5
‘ : S
1 2 3 4

Figure 5.8: The modified Bessel functions of the second kind with orders n &
{0,1,...,4}.

The modified Bessel functions of the second kind K, : C — C are given by [1, §9.6.2]

zl—a(f) - Ia(f)

2 sin(am)

Ko (&) = . ifa#7Z (5.30)

and for the integer case n € Z by the limit

K (€) = lim K, (€).

a—n

Since the case n = 0 with K : R — R is of particular interest in this work, the following
integral representations are given in [1, §9.6.4] and [8, Ch. 8.2, (45)] as

oo oo t
Ko(€) = / e teosh® g = / (&) Tz (5.31)
0 0

The modified Bessel functions of the second kind are used in this work to calculate the
Fourier transform of the multidimensional Langevin function. A figure with the first five

modified Bessel functions of the second kind is shown in Figure 5.8.
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5.3 Fourier Transforms of Chebyshev Polynomials

5.3 Fourier Transforms of Chebyshev Polynomials

The Chebyshev polynomials and Bessel functions of the first kind are closely related
to each other via a Fourier transform. The results presented here are helpful for the
representation of MPI in the spatial frequency domain. It is assumed that the Chebyshev
polynomials lie in the spatial domain with the variable = and w, denotes the correspond-
ing frequency. The following lemma was used to prove the MPI frequency domain

representation in [F1].

Lemma 5.3. The Fourier transform of weighted Chebyshev polynomials of the first kind

i1 (z)

Tl ey [ ol <1
"————rect{ =) = V" 5.32
V1 —a? <2> 0 else, ( :
with ordern € 7 is
_ n ﬂn‘(x) €z
Jn(wx) = F{l ﬁrec‘c <§> s (533)

where Ji. (&) denotes the Bessel function of the first kind with order k.

The Fourier transform of

in in reCt(g) <_Un|1(i) 1_£2) if|n] >0
;Vn(f) == (5.34)
Zsgn(§+1) — rect(%) arccos(§) ifn =0,
and n € Z\{0}, where Uy (&) denotes the Chebyshev polynomial of the second kind with
order k [1] is '
Inlwa) _ f{l—vn(a;)}. (5.35)
1w, 7r
Moreover, Vi,(€) and Ty (§) have for all k € 7 the mutual relationship
d &\ Tiw (&)
= —Vi(§) =rect| 2 | —=. 5.36
Uk(f) df k(g) rec (2) \/1_*52 ( )
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Proof of Lemma 5.3. A proof for (5.33) can be found in the literature [9] or in tabular
form in [1, §11.4.24]. The forward Fourier transform for (5.32) reads

F " reCt(%) Tin‘(l’) i reCt(%) T“"‘(z) —iwgT d
= e T dg
1 — 22 oo /1 — 22

b (2)

—F——— €
-1 7T\/1—$2

—lwgx de’

Applying the substitution z = cos u with g—ﬁ = —sinwu yields

O ", (cosu)

e
& my/1— cos?(u)

If (5.5) is used and then Euler’s formula is applied, the following is obtained

N cos(u) duw.

) i, (cosu
—iwg cos(u) (_ sin U) du = / M
0 T

in ™ . in T ' .
_/ COS(|7’L|U)e_WZ cos(u) du = — (el|n|u + e—l\n|u) e we cos(u) du
T Jo 2m Jo

_ ﬁ /7T ei|n|u—iwx cos(u) du + /7r e—i|n|u—iww cos(u) du
2 | Jo 0

‘n 0 ™
_ 1_ |:/ e—i\n|u—iww cos(u) du +/ e—i|n|u—iwx cos(u) du:|
2 | ), 0

n T

1
-— €

_ —i|n|u—iwg cos(u) du
2 J_.

Using i” = €'2™, it now follows that

1 s

- —iwg cos(u)—i|n|u+ign du
2 J_,

Finally, from —cos(u) = sin(u — %) and the substitution z = u — 7 one obtains

L™ i st ilnletiniin| ezl e
2_ elwe sin(z)—iln|z+ign—in| 5 dz = 5 / elwe sin(z)—i|n|z dz.
T ) . T

—T

First of all, it should be noted that n > 0 is only the definition (5.23) of a Bessel function

of the first kind and therefore one has

—Tr
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For n < 0 one gets

- in rect(%) T‘n‘(x) _ (—1)" /7T olws sin(z)—ilnlz g,
i 2

—T

= (=1)"Jjn(wz) = J-jn)(wz) = Jn(wz).

To prove (5.36) for k > 1, the derivative %Vk(f ) with V;(€) is taken according to (5.34)
and (5.13):

d _ d sin(k - arccos(§))
d_fw<£) - _d_f k
cos(k arccos(€))

— —
The comparison with (5.6) confirms (5.36) for £ > 1. If £ = 0 one has
V(&) = g — arccos(§) = arcsin(§), €] < 1.

A derivative of V5(&) with respect to £ then results in

dypgo 1 T
T Y )

which confirms (5.36) for & = 0. For |£] > 1 it can be proven that < Vk(f )=0.

It remains to be shown that (5.35) is valid. Based on the Fourier correspondence in
(5.33) and the property J,,(0) = 0, whenever |n| > 1, the Fourier integration theorem is

/f Jdr ¢ - F() if F(0)=0

and thus

i / |n|(y) _dy RS Jo(ws)

1 — Wy

results. Fortunately, it only remains to show that

g(x) = " /x rect(y> Mdy = inVn(:zr).

T J_ o 2
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For z € [—1, 1] one gets

For © < —1 itis obvious that g(z) = 0. For z > 1 follows
i v\ Tn(y)
g9(z) - /_oo rect{ 5 ﬂ Yy
. 1” /'OO (y) T‘|n|(y) —iwgy ]
=|— rect( 2 ) —==e dy
/1 — 1,2
[ﬂ- - 2 1—y wz=0

= J,(0) = 0.

Overall, for [n| > 1 this validates that g(x) = =V,,(z). The case n = 0 in (5.34) is more
involved and is treated in the next Lemma 5.4. []

As mentioned in the proof of Lemma 5.3, the case n = 0 in (5.34) is more complicated

since the inverse Fourier transform of JO(WZ)

(ac)

T

function. However, it is possible to use a convolution property in spatial z-space to

exist only in the distributional sense and

neither nor the one identified W1th its inverse Fourier transform is an L!'(R)

obtain a similar result.

Lemma 5.4. The convolution of a function F' € L>(R) that have the properties

lim F(z)=+c and f(z)=L1F(z) (c e R)

r—+o00

with a scaled version of the function

where Vy(x) is defined in (5.34), yields

/OOF(a? - y)ﬁvo (%) dy

=/Oof(x— Dt (L) i aeRo)

o0

(5.37)
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Proof of Lemma 5.4. We aim to prove the convolution correspondence in Lemma 5.4,
which helps us to unify the notation in this work. First, we rewrite the left term in (5.37)
with

g (£) = rect(£) () = a € R\{0}

from (5.36) as

(5.38)
o 1 1
z/ Flz —y)———=dy.

Partial integration yields

lod 1 1
/a|F($ - ?J)|g|—*1 = (%)2 dy

|al
= F(x — y)% arcsin(%)

—lef

|al

5.39
+ flz — )garcsm(g) dy -3

—|af ||

- g (F(z — |a]) + F(z +a]))
|ev] o
+ 7|a|f(x— )m arcsm(o) dy.

Now notice that because of lim,_,1 ., F'(z) = £c withc € Rand F' € L*>°(R), it holds
that

/_Z f(z —71)sgn(r —y)dr

/ fo—nar— " s

(ZL'—T)T y—|—F:L‘—7') ii_oo
:2F(x—y)—}LIEO[F(x—T)+F(x+T)]:2F(m—y).

=0
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Using this relationship inside the convolution integral in (5.39), we get

/Oo F(z — y)ﬁl}o(%) dy

:/_OO flz—1) (% (sgn(y — |al) + sgn(y + |a]))

+ rect(i) @ arcsin<g> dy.
2a/ | et
The term

A

. (sgn(y — |a|) +sgn(y + |a])) + rect(i) o arcsin(ﬂ)

2a/ |af a

is equivalent to

Sgnl(a) (g sgn(% + 1) — rect(%) arccos(%)) = @%(%)

al

with sgn(a) = 1. Thus, we have obtained the expression on the right-hand side
of (5.37). O

|o

The last lemma shows a remarkable connf,ction between Bessel functions of the first
kind and functions of the form (1 — 22)" "2 rect(z/2) (n € Np).

Lemma 5.5. The Fourier transform of

(1 g2 n—1/2

L(n+3) /72"

fla) = rect (5> (5.40)

2

with f € LY(R) and n € Ny is

_ Jn(wx) _ F{ (1 _ xQ)n—1/2
r

(n+ l) D rect(%)} with f € Co(R) € L™(R),

(5.41)
where Jy () denotes the Bessel function of the first kind with order k € 7.
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Proof of Lemma 5.5. For n € N the following applies to the function f(x) in (5.40)

IR

<

1

) Vm2n /1

(1 — xQ)n_1/2 dx

NI =

—_

1
1
e v L e <

and therefore f € L'(R) holds true. For n = 0 the following substitution z = cos(t) is
applied and the result is

o0 1 [t 1 1 (™ 1 1 [T
/oo F(z)] dx ™) 1V1—2a2 dr 7T/o sin(t) sin(f) di 7r/0 d

By carrying out the Fourier transform, we obtain
n—1/2 00 o\n—1/2
(1—a22)"! T / (1— 2% T\
F rect(—) = rect(—) e T dx
{F(n+§) Vm2r 2 —oo T(n+§) /2 2
1 ! n—1/2 _;
= R e dx
[(n+3)/m2n /1( )

B 2 ! o\n—1/2
= F e ) ﬁQ”/o (1-27) cos(w,z) dz.

Using the formula

2(Lz) 1 L1 1
Ju(z) = 1(2—)/ (1—1¢%)""2 cos(zt) dt, v>—=
m2D(v+3) Jo 2
from [1, §9.1.20], it holds that
1 — 2 n—1/2
F ( xl) rect(§> = o (@)
['(n+3) /w2 2 w?
for all n € Ny, which corresponds to the expression in (5.41). ]
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6 Fourier Analytical Representation of
Magnetic Particle Imaging

After discussing the Langevin model and its relation to the theory of MPI in the previous
chapters, introducing the Fourier transform, in particular Chebyshev polynomials and
Bessel functions, a detailed Fourier-analytical investigation of the system function of
MPI will now be carried out. Therefore, in the first section the spatio-temporal Fourier
representation of the MPI system function is derived and in the second section the

multidimensional Fourier-transformed Langevin function is discussed.

In contrast to the previous chapters, a vectorial notation will also be used here; the
voltage signals caused by an N-dimensional SPIO distribution and received at N’ receive
coils can be written as a vector-valued Tp-periodic voltage function u” : R — R’
[48, 81, 92] and is

u(t) = Myg(t)

with My = pigmo P, where matrix P € RV *Y with P = (p; )2, denotes the homoge-
neous coil sensitivities. The vector-valued auxiliary function g : R — R" represents
the essential content of the voltage signal u" (¢). Consequently, instead of the voltage
signals the auxiliary function g(t) is used in the following section. The auxiliary func-
tion g(t) is connected to the voltage signals u’ (¢) by the linear transformation matrix
M. The function g(t) is calculated with help of a component-wise integration of the

vector-valued components by (cf. (2.27))

g(t) = %/RN c(x) L (8| G(zrrr(t) — z)])) !If}g:::((tt; :z))” de,
- % BN c(x) £, (8| G(zrre(t) — x)||) BG (zrre(t) — z) da, ©.1)
=] o) 2 (3 Clarrelt) )
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with § = % The vector z € R” denotes the spatial position, and ¢ : Q — R is the
spatial SPIO distribution with the bounded support 2 C R™. Moreover, the bounded
support of the SPIO distribution is essential for the existence of the integral in (6.1),
since otherwise the integral may become divergent as the Langevin function is only a

bounded function in L>(RY).

The vector-valued version of (2.32) is written as an inner product between the SPIO
distribution c(x) and a system function s : RY x R — R" that includes all terms that

are independent of ¢(x):

g(t) = /RN s(x,t)c(x) d. (6.2)

By comparing (6.2) with (6.1), it can be obtained that the vector-valued system function

itself can be written in the following form

s(x,t) = &[

The vector-valued version of (2.36) for g(t) reads

1 n
2 .
ge=7 |, g(t)e “rtdt
DJ-= (6.4)
= / sp(x)c(x) de
RN
with W = % = 271'ka and
1 Ip
2 .
sp(x) = ™ / - s(x,t)e " dt (6.5)
-2

being the k-th Fourier series component of the system function s(x, t).
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6.1 The MPI System Equation in Spatio-Temporal
Fourier Space

The following theorem states that it is possible to separate the SPIO- and the trajectory-
dependent terms in the system equation in (6.4) using the spatial Fourier transform. This

result was first published in [F1].

Theorem 6.1

Let c(x) be of bounded support and in L' (R™) N L?(RY), then the Fourier series
coefficients g, of g() in (6.4) can be expressed using the spatial Fourier transform
by

iwk ~
= —— h(w;)P(w,, k) dw,, .
9= ot | Bl Pl ) de ©6)
where the function
1 " iwg,x =) _j
P(wg, k) = 2—/ o FFP(?"fD)e 2 dz (6.7)
7T —TT

only depends on the used FFP-trajectory xppp(t) with period length T, = fLD
The term h(w,) is given by

T
hws) = o) oo 2 52, ©8)

where £ (w,) and ¢&(w,) are the continuous spatial Fourier transforms of the

Langevin function £ (x) and the SPIO distribution ¢(x), respectively.

Proof of Theorem 6.1. Note that a vector-valued notation for the convolution is used

within the proof:
h(z) = / c(u) £ (BG(x — u)) du. (6.9)
RN

In a first step, the Fourier series expansion of 4 h(xprp(t)) is to be calculated. The

Fourier series coefficients of <Lh(zppp(t)) are given by
Tp

2 .
gr = iwka/ h(.’.BFFp@))eilwkt dt, (610)
)

2
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where wy, = 27 f;, = 277% = 27k fp and T'p is the duration of one period of the motion
of the FFP over the entire trajectory (cf. (2.47)).

The convolution in (6.9) is equivalent to a multiplication in the Fourier domain (Property 5)
and applying the Fourier transform rules for an affine transform with A = SG (Property 2)

leads to

. R 1 (G Tw,
h(wm)zc(wm)|det(5G)|$( 3 ) . (6.11)

A formal proof of this has to be performed within the distribution theory. As c¢(x) has
a bounded support, is in L'(RY) N L?(R”), and the locally integrable function £ ()
is in L°>°(RY), the integral in (6.9) exists and, consequently, h(x) is locally integrable.
The latter makes it possible to define a distributional forward Fourier transform on h(x),
which is given by h(w,) in (6.11).

By using the ideas in [13], h(zrpp(t)) is represented by the inverse Fourier transform

with respect to w,:

~

1 T
h(zprp(t)) = v /[R N h(w,)e“=®rrr) de, . (6.12)

9

o .
By substituting ¢ = 5~ >
it is possible to obtain

iwk i Z _ikz
=2+ n d
ou= e [ (o (55 ) ) o

1w 1w T —ikz
zkm / / (wa)e o (375) da, e dz, (6.13)
—7 JRN
_ 1WkN / h(w ) |: / elemFFP<27TfD) —ikz dz dww
(27‘(‘) RN 27T —r
The comparison of (6.13) with (6.6) and (6.7) confirms Theorem 6.1. [l
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6.2 Fourier Transform of the Langevin Function

In the following, the Fourier transform of the multidimensional Langevin function is
presented, which occurs in the MPI context when the Langevin model of paramagnetism
is used. The results are based on the results published for the case of one-dimensional
excitation in [F8] and for the case of multidimensional excitation in [F1]. Some of the
central results are generalized in this thesis, if this is the case, it is mentioned separately.
Note that the related one-dimensional Fourier transform of the derivative of the Langevin

function (6.34) can also be found in the independent works [17, 24].

On the basis of a series expansion for .Z’(z), which is given in the next lemma, the

Fourier transform of the Langevin function will be established.

Lemma 6.1. The Langevin function £ : R — R has the uniformly convergent series

expansion

> 2x
g(l.) - Z ]{]27'('2 + .’fC2
k=1

_1§: 1 1
i — km —ix  kr+iz

and in consequence the normalized version £, : R — R has the uniformly convergent

(6.14)

series expansion

2
1

o0

k

Proof of Lemma 6.1. With the help of the gamma function I' : C — C, the uniform

convergence of the series (6.14) is shown here. The gamma function is given by

I'(z) = / t*~le " dt,
0
and based on this, the digamma function reads

V() = L) = 2.
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6 Fourier Analytical Representation of Magnetic Particle Imaging

The digamma function has the following properties that are useful for the proof [1,
§6.3.5, §6.3.7]:

1
Z?

P(z+1) —¥(z)
(1 —z) —Y(z) = weot(mz).

Using these properties and subtracting these equations from each other gives

(1 —2) —¢Y(z+1) = mcot(mz) — 1 (6.16)

z

Using the complex argument z = % (z € R) for (6.16) and multiplying it by the factor
% the following representation for the Langevin function is obtained:

Z(x) = coth(x) — i
= icot(iz) — .
1 e im
= % T CO (127) + ; (617)

oo ()-5)
HUSHRICD)]

The digamma function has the series expansion [1, §6.3.16]
it z
1) = — —_— —-1,—-2.-3,... 6.18

with v being the Euler—Mascheroni constant. The substitution of (6.18) in (6.17) leads to

i 00 iz 00 iz
La)=——7+Y — - —
(@)=~ ;k(k_%) ot ;k(k+%)>

_ 1 Oo_—%_ooi (6.19)

T kzlk(k—%) kzlkr(k:—i-%) '

i iz (< 1 > 1

T (; k(k—12) ;k(k—i—%))

In the further derivation of the series expansion the pointwise convergence to .Z(x) is
used. Since for fixed = € R it holds that |m| = O(3z), the series in (6.19) are
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6.2 Fourier Transform of the Langevin Function

absolutely convergent, and thus a pointwise convergence is given. This allows the two

series to be combined into a single one:

$($):P<Zk(k—lx +Zkk+“>

k=1 k=1
T 1 1
== — 4+ :
> (W EMEE)
- k (6.20)
+ iz +
-5 e
-y —Qx
- 27.2 2"
e~ k? +x
The series is uniformly convergent on every finite closed interval (2 = [—«, o] with a € R.

This is proved by the Weierstrass M -test:
VkeN VereQ d¢.>0:

@) <A e < oo

k=1

= Z fr(x) is uniformly convergent.

Therefore, let f : R — R be given as fi(x) = TFQkQQﬁ Then, due to the odd symmetry
fr(x) = — fe(—x), it is sufficient to find the maximizer x,,, for the function f;(x) on

the interval [0, «]. The function term f; () and its derivatives are

2x
2 (m2k? — 2?)
(m2k2 4 x2)*’
4o (2 — 3m?k?)
(w2k2 + 22)°

fi(z) =
() =

(@) =

There is a K € N such that forall £k < K — 1 < ar < K, the maximizer on the interval
0, @] of | fr(x)| is xmax = k. This can be checked by observing that | f;(z* )| = 0
and f(x —25 < 0. Forall k > K and 7 € (0,0, f(7) > 0 holds. Hence, the

continuous function f;(x) on the interval [0, ] is strictly increasing and the maximal

max) -
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6 Fourier Analytical Representation of Magnetic Particle Imaging

1 *
— (1) — -Zi(z)
e () 9 1 — ()
,2"““(.v) = 5
_fzw(m) 3
s 512(1)
== () 1]
3

5 10 15 20

—920-15-10—5 5 10 15 20
(a) (b)

Figure 6.1: The partial sums 2" (z) and ZX(z) (6.21) of the Langevin func-
tion .Z(z) and normalized Langevin function .%,(z) are shown for
K € {1,8,64,216,512}. In (a) the partial sum with convergence to .Z(x)
is shown and (b) shows the partial sum with convergence to %, ().

k
max

value is reached on the upper boundary of the interval: x = «. Therefore, the

following inequality is obtained

> ()]

K—

—_

| fr(2)] + Z | fr()]

T
—

IN

| fi(mk)| + Z | fie()]

= o
_

1 > 20
E—{—Zﬂ/ﬂ%—oﬂ
=1 k=K
QZM Wlth CER
k=1

a e 1 «o
<c+2ﬁkz_:ﬁ:c—l—§<oo.

o

N
o

+
[\

The Weierstrass M -test is fulfilled and it follows that the series is uniformly convergent
on every finite closed interval [—«, «|. Due the pointwise convergence in (6.20), it is

uniformly convergent to .Z’(x) on every finite interval on R. O
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6.2 Fourier Transform of the Langevin Function

The K-th partial sums of the series for %}, (z) from Lemma 6.1 are used to derive the
different Fourier transform version of the Langevin function. The K-th partial sums for
the series of . (x) and %, (z) are given by

K
7K Z —kw 5 and % Z kw o (6.21)

The partial sums are presented in Figure 6.1.

Using the series expansion, the Fourier transform of the one-dimensional normalized
Langevin function %, (x) can be derived, which is formulated in the next theorem. Note
that in the following theorem an auxiliary function A; : R, — R is introduced, which
later helps to formulate the N-dimensional Fourier transform of the Langevin function

in a generalized form.

Theorem 6.2

The one-dimensional Fourier transform of the normalized Langevin function
£, R — R, is given by

Za(we) = Mi(s)  with s =]w,l, we # 0, (6.22)

Ai(s)=—=2In(1—e"), s>0, (6.23)

and %, € L'(R).

Proof of Theorem 6.2. Using the K -th partial sum for the series of .Z,(x) (cf. (6.21))
yields

K
Zk + z?’

k=1
which is for all K € Nin L'(R) N L*(R). The application of L?-convergence according
to (4.25) enforces that

”?nK(wCC) = ]:{"%nK(x)}

S " 2
:f{;k2w2+x2}:;]:{k2w2+x2}
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6 Fourier Analytical Representation of Magnetic Particle Imaging

is a sequence in L%(R), i.e., the series will converge pointwise for all K — +oo and
w, # 0 towards the Fourier transform of ., () in L?-mean. Taking advantage of the

fact that the Fourier transform of 16222—2 18
T4

2 . 2 —k7|ws|
F{k%r?—l—x?} kS

and that [1, §4.1.24]

1
zF=_—In (1 - —) for |z| > 1,
z

T =

k=1
holds, the result is

Lalwy) =Y ze el = —2In (1 —e7™l) | jw,| > 0. (6.24)
k=1

Eral )

It remains to show that %, (w,) is in L*(RR). Due to the singularity at w, = 0 and the
property that 2 (w,) is symmetric and non-negative for all w,, the integration over

| Z(w,)| is performed by taking limits in the following form:

.

Using the series expansion in (6.24) and the fact that the series is absolutely convergent

A

1
Zy(wz)| dw, =2 lim ‘ .,?n(wx) dw,.

et—=0 J,

for all w, > 0, the limit and the integration can be interchanged. Thus, it follows

& 2
/ dw, = 2 lim Z %e_k“w” dw,
e k=1

. €2 —kmwg o . - —2 —kTws ‘
N 261‘*121[];/6 Ee dwx N 261"11;1)10; me

€

and therefore an inverse Fourier transform exists that converges to .Z, (). O]
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6.2 Fourier Transform of the Langevin Function

" 10° ¢

1071 ¢

3 10-2 |
9 1073

104 1

1y 10-5 |

Wa 10-6 |

(a) (b)

Figure 6.2: The Fourier transform %, (w, ) = A (|w,|) of the one-dimensional normal-
ized Langevin function in normal scale (a) and log-scale (b).

The function .%, (w,) = A;(|w,|) is plotted in Figure 6.2. In Figure 6.2 (a) it can be seen
that there is a singularity at w, = 0. The log-scale plot in Figure 6.2 (b) shows for A; (w,.)
an exponential decay, if w, — oo. The singularity at w;” — 0 is a logarithmic singularity,
which can be verified by the fact that f(£) = —In(1 — e™%) is an involution.

The one-dimensional correspondence between %, (z) and .%, (w,) should also be ex-
tended to higher dimensions. For this purpose, it is helpful to use Definition 4.3 of radial
functions in (4.29). From the definition for radial functions in (4.29) it can be concluded
that the function £, : RY — R with £, (x) = %, (||z||) is a radial function.

In the following, the two- and three-dimensional Fourier transforms of .Z,(||x||) are

calculated, where ||x|| denotes either the two- or three-dimensional Euclidean norm of a

vector x.
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6 Fourier Analytical Representation of Magnetic Particle Imaging

Theorem 6.3

The two-dimensional Fourier transform of £, : R* — R with ¢,(x) = Z,(||z||)

results in

A

Z(wg) = Ao(s) with s = ||wel| and w; #0 (6.25)

and - .
As(s) = 47r/ —d¢. (6.26)
0

emscosh(t) _ 1

Proof of Theorem 6.3. The Hankel transform (see Definition 4.4) is used to derive the
two-dimensional Fourier transform of ¢, (x) = Z,(||«||). For two dimensions, i.e.,

N = 2, the following is obtained
Fo(s) = 27 Mo {F(r)} = 2 / Jo(s7)F(r)r dr.
0

Using the K-th partial sum of the series for .Z,(r) in Lemma 6.1 yields

K 2
K _
T) - Z k272 4 r2°
k=1

It should be briefly noted that

& 1 & 1 1
/ r2 LK (r)dr < ZK/ r?———dr
0 0 T+

1 o)
<2K(/ 1d7‘+/ 7’_1‘5dr):6K<oo,
0 1

which shows that the Hankel transform exists. Thus, the Hankel transform with order

zero of X (r) reads

K K
2
%Q{XHK(T)}:H(){;Zlm}: E H {k2ﬂ2+r2} E 2K0 k‘7rs

k=1

K 00
-9 Z/ eflﬂrs cosh(t) dt = 2/ Z efkﬂ'scosh(t) dt
k=170 0 k=1

0o —(K+1)mwscosh(t) __ ,—mscosh(t)
_o / e ¢ dt  s>0
0

e—mscosh(t) _ ]
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6.2 Fourier Transform of the Langevin Function

with Ky (kms) being the modified Bessel function of the second kind and zero order (5.31),

where

oo t o0
Ko(ag) = / To(0€t) 1t = / To€) ——

with the substitution © = ot and a > 0.

The function

K

—(
SK(S, t) _ Zefkﬂ'scosh(t) _ €

k=1

K+1)wscosh(t) _ ,—mscosh(t)

(S
e—mscosh(t) _ ]

is non-negative for s > 0 and 0 < Sk (s,t) < Sky1(s,t) holds. The sequence (Sk)xen
is converting pointwise to

ef(K+1)7rs cosh(t) __ e TS cosh(t) —e TS cosh(t) 1

S(s,t) = lim = —

Koo e—mscosh(t) _ ] e—mscosh(t) _ | emscosh(t) _ 1’

This makes it possible to apply the monotone convergence theorem and leads to the

following result

lim SK(s,t)dt:/ S(s,t)dt.
0

K—+o0 0

The use of the previous result confirms that the sequence of Hankel transforms for all

s > 0 converges pointwise to

1

HO {Dfn(T)} = K1—1>r—Ii-100 /7"[0 {D%HK(T)} = 2/0 eTl’SCOSh(t) —1 dt.

The result is then used to calculate the radial Fourier transforms of %, (r) with r = ||x||

in two dimensions. This results in

Z(wg) = Ao(s) = 47r/ S Y
0

emscosh(t) _ 1

with s = |lw,|| and w; # 0. O

In Figure 6.3 the function A, (s) is shown, which correspond to the two-dimensional
Fourier transform .%, : R? — R by s = ||w,]||. The Figure 6.3 shows an exponential

decay for s — oo. The singularity at s = 0 is of the form lim+ ,o sAa(s) = 27.
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10t |

40 |
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30 | 1071
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10 | 107}
107° ¢

S

(a)

Figure 6.3: The function A,(s) in normal scale (a) and log-scale (b). Note, the relation-
ship 2, (wz) = Aa(s) with w, € R? and s = ||w,|.

Although the function has the singularity at zero, %, € L'(R?) is valid as shown in the

following lemma.

Lemma 6.2. The two-dimensional Fourier transform of the normalized Langevin func-
tion £, : R? — Ris in L' (R2).

Proof of Lemma 6.2. The function %, (w,) is positive for all w, € R2 and s = ||w, ||,
1.e.,

R & 1
Zo(wa) = Aols) = 47r/ .
0

emscosh(t) _ 1

Equivalent to the proof of Theorem 6.3, a monotonically increasing sequence (Sk ($)) ken
with lim g, Sk(s) = As(s) and 0 < Sk (s) < Sk41(s) is defined by

K

S (s) =4 Ko(krs). (6.27)

k=1

With the help of Lemma 4.2 and Corollary 4.3 it can be shown that Sk (||w;]|) is in
L'(IR?). Therefore, the integral of the partial sum in (6.27) is given by

0

) K e
/ Sk (||wz]]) dwy = 27?/ 5Sk(s)ds = 87? Z/ sKo(kms)ds. (6.28)
R k=170
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6.2 Fourier Transform of the Langevin Function

Using the identity
0

which can be found in [1, §11.3.27] and performing the substitutions z = kms and
t = kmu, it is obtained that

k:27r2/ uKo(kmu) du = —knsK;(kns) + 1.
0

Using
lim sK;(kms) =0
S§—00
the result for (6.28) is
Sk ([|ws) dwe = 2 Sk(s)ds = 87
[ ettt dwn =21 [ st s =82 o
and finally, the limit of (6.28) as K approaches infinity is
/ .,?n(ww) dw, = 27r/ sN\y(s)ds
R2 0
= lim 27?/ sSk(s)ds
K—+o0 0
1 4
= 87T26 = 571'2 < +4o00.
and therefore .%, € L'(R?). O

It should be mentioned that the result about the two-dimensional Fourier transform in
the Theorem 6.3 is not necessary for the structure of the proofs of the next theorems,
which mostly use the physically motivated three spatial dimensions, i.e., N = 3. The

two-dimensional result was only given for the sake of completeness.

In contrast to the two-dimensional Fourier transform of the normalized Langevin func-

tion, there is a closed-form solution for the three-dimensional version.
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Theorem 6.4

The three-dimensional Fourier transform of ¢, : R* — R with £, (x) = Z,(||z||)

results in
Za(wy) = As(s)  with  s=|wg|, ws#0, (6.29)
and 1
As(s) = — 7 (6.30)

Proof of Theorem 6.4. The results of [38] are used in this proof, where it was shown
that there is a connection between different dimensionalities of the Fourier transforms of
radial functions. There it was shown that for fy(s) with s : RN — R, s(wy) = ||wa ||,
and fy(s) being the N-dimensional Fourier transform of a radial function f(r), the

(N + 2)-dimensional Fourier transform is given by

A o7 i (s
Fria(s) = —fTN(). (6.31)
If the result from Theorem 6.2 is now used and A;(s) = —21n (1 — e™™) is set for the

three-dimensional case, it can be derived that

2w 2r mwe TS a2 1
A = — A/ = 2—— = — .
3(5) S 1(s) s 1—e7™s s e —1
This thus confirms (6.29) and (6.30). O

The Figure 6.4 shows the function A3(s). This function is the radial representation of the
three-dimensional Fourier transform of %, : R? — R with s = ||w,||. As for A;(s) and
As(s), the function shows an exponential decay for s — oo (see Figure 6.4 (b)). The

singularity at s = 0 is of the form lim+_,g s?A3(s) = 4.

116



6.2 Fourier Transform of the Langevin Function

103 |

2,000 {
10t |

1,500 §
107t |

1,000
1 -3 |

500 0

\ S 107° |

0 1 2 3 4
(@) (b)

Figure 6.4: The function A3(s) in normal scale (a) and log-scale (b). Note, the relation-
ship 4, (w,) = Az(s) with w, € R? and s = ||w,|].

Lemma 6.3. The three-dimensional Fourier transform of the normalized Langevin
function %, : R® — R is in L'(R3).

Proof 1 of Lemma 6.3. According to Lemma 4.2 for radial functions and A3(s) > 0 for
all s € R follows

J.

By using the substitution s = 77 as well as the definition of the product of the gamma
function I' : R — R and the zeta function ( : R — R [1, §23.2.7]

r
e™ — 1

dr.

Zu(wy)

dw, = 47r/ As(r)r*dr = 167?3/
0 0

[oe] tz—l

M) = [ G

the following can be obtained

J.

jn(wm)

dw, = 167r/ i ds
0

es —1

= 1670(2)¢(2)
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A second proof, which was not included in [F1], should also be given here, as it reveals
a lot about the rule for radial functions in (6.31) in connection with the integration of
radial functions in Lemma 4.2 and could potentially pave the way for a future proof of
%, € L}RY) forall N € N by induction.

Proof 2 of Lemma 6.3. Using (6.31) and Lemma 4.2 the following is obtained

o0 oo 2 A/
/ dw, = 47T/ As(r)r® dr ©3h —47T/ i AW 1<T)r2 dr
R3 0 0

r

jn(wm)

= —872/ A (r)rdr.
0

Utilizing the integration by parts holds

J.

Z(wg)

dw, = —8#2/ Ay (r)rdr
0

A (r)r ZO —/OOO Ar(r) dr].

= —87°

w

The part marked with T is equal to zero, which remains to be shown. Therefore,

lim rA;(r) = lim —2rln(l —e™™)
rt—0 rt—0
In(1 —e™™

rt—0 =
r

should be examined. The L’Hépital’s rule is used twice for r* — 0, resulting in

In(1 —e™™)) o 2
lim rA;(r) = lim _2(11( e, ) _ lim -2 = lim ™
r+—0 r+—0 (%) r+—0 —%  rto0e™ —1
2/
2
= lim u: lim il =0,
rt—0 (e™ — 1) r+-0 me™"

and for r — oo

lim rA;(r) = lim —2In(1—e ™) = lim —2rln| (1—e™)" | =0
r—-+o0 r——+o00 r—+00 N——

—1

can be obtained. When all sub-results are combined, the final result is

/ 83
R3

2 (wg)| dw, = ) O

3
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6.2 Fourier Transform of the Langevin Function

The fact ., € L'(R3) implies the existence of the inverse Fourier transform according
to the Definition 4.1 and is given by

1 0 izl w
Llllol) = oz || Lleor)e o,
where %, (wa) = Ag([lws)).

This allows one to define a forward and an inverse Fourier transform & (wg) for the
N-dimensional Langevin function. The forward transform is formulated in the next

theorem.

Theorem 6.5

The Fourier transform of £ : RY — RV is

L (o) =1 Ny (|wa ) 7— (6.32)

with & : RN — CN, A (s) = dAn(s), and Ay : Ry — R denoting the N-

S

dimensional Fourier transform of %, (||z||) :

Ay (|well) = Za(ws) = F{Z (=)}

Proof of Theorem 6.5. The N-dimensional formulation of the Langevin function in

(2.28) has the form Z(x) = Z,(||z|)x. The Fourier-transform correspondence
(—ix) f(z) PN ﬁ f(w,) for a derivative in frequency domain leads to the correspon-
dence

L(x) = Zo(|z|)x < iV, Lo(w,),

o) 0 0

Owgy ? Owgy? "7 77 Gsz

T
where V,,, = ] is the gradient operator with respect to w,,. Con-

sidering that %, (w,) = A (||lws||) and applying the chain-rule, the Fourier transform
of £ (x) finally becomes

Wy

lwa |’
which proves (6.32). O

£ (we) = F{Z(@)} =iV, An(lw:])] = 1Ay (wa])
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The Euclidean norm for the vector-valued Fourier transform of the multidimensional
Langevin function from Theorem 6.5 will be given first, as it is helpful in the following
proofs, since it in turn forms a radial function. The following corollary is formulated for

the first time in this thesis and was not part of [F1].

Corollary 6.4. The Euclidean norm of £ RY - CVin (6.32) is given by

|2 @wa)| = 185 el (6.33)

hence it holds that

Zi(w,)

< |£@.)

= [A(wa)]
where £, : RN — CN are the components of £ (wg) withv € {1,2,..., N} and

|2 w.)

= [Ay(s)|

is a radial function with s = ||wg||.

The function Ay (s) was derived for different N € N. Especially, for N = 1 it is given
by Ai(s) = Z(s) in (6.23), for N = 2 the result is shown in (6.26), and for N = 3 it
is given by (6.30). Note, the function Ay (s) can also be determined for any dimension
N € N by using the recursive relation in (6.31), which comes from [38], i.e., with
the framework in this work, the multidimensional Fourier transform of the Langevin

function Qn(ww) (cf. Theorem 6.5) can be determined for any dimension.

Consequently, the expression for the Fourier transform of the multidimensional Langevin
function can be explicitly specified for N € {1, 2,3}, which is formulated in the next

three corollaries.

Corollary 6.5. The one-dimensional Fourier transform (N = 1) of £ : R — R is

1

2 (ws) = —2mi Sgn(%)m7

wy # 0. (6.34)
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6.2 Fourier Transform of the Langevin Function

— [Z(.)
5 1 -

Wy j(wx)

Wy

0 1 2 3 1

Figure 6.5: The magnitude ‘.,22 (w;)| is shown as a solid blue line and the magnitude

Wy j(wx)

is shown as a dashed red line.

In Figure 6.5, the magnitude of the one-dimensional Fourier transform &z (wg) forw, >0
is illustrated. It can be observed that there is a singularity at w, = 0 and |w, £ (w, )| is
continuous in w, = 0 with lim_+_, |w, Z(w,)| = 2. Consequently, .2 (w,) has a pole

of order one at w, = 0.

Corollary 6.6. The two-dimensional Fourier transform (N = 2) of & : R? — R? is

R 00 h(t 7||wz || cosh(t) -
L (w,) = -4n%i / cosh(t)e dt | =2
0 (e7r||wz||cosh(t) _ 1) meH

i, N e (6.35)
- o] (/0 cosh(t) csch <§me||cosh(t)> dt> ,
where csch(z) = Smh( ) denotes the hyperbolic cosecant with w, # 0.
Different substitutions lead to different integral expressions:
1. The substitution y = cosh(t) results in
L (wy) = _ﬁTwI:Hm 00\/7 csch? <g|]wm\|y> dy. (6.36)
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— [A5(s)]
40 | “m 157 Ay (s))

30

0 1 2 3 4
Figure 6.6: The magnitude |Af(s)| is shown as a solid blue line and the magnitude of
|s? A(s)| is shown as a dashed red line. Note, | A} ()| is directly related to

the Euclidean norm of the two-dimenAsional Fourier transform of the two-
dimensional Langevin function by || £ (w,)|| = |AS(s)| with s = ||wg]|-

2. The substitution t = tanh™'(z) yields

1
. 2 1 csch? <—57r”w”””>
Pw,) = W= 122 e, (6.37)
[l o i)
3. Using the substitution z = sin(u) gives
s 7ljwe |
R 2 5 CSCh2 <m>
Hlen) =0 1 o
Wy cos?(u
N - ) (6.38)
- ﬁ /02 <||wm|| csch<g||wm|| sec(u)> Sec(u)> du,
where sec(u) = Coslw

Equation (6.38) is well suited for numerical integration, as the integrand

i(lwall w) = (el esch (Sllwsllsec(u) ) see(w))
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6.2 Fourier Transform of the Langevin Function

is fully defined for all w, € R2. It can be shown that

lim_ (]|, u) = 0
3
is the only point singularity on the finite interval [0, g} , which can be continuously
removed. The other formulations have either a non-closed infinite interval, a singularity

at the boundary of the interval, or even both. Moreover, the integrand fulfills

4
1. ) x| = 5 07E .
”wiﬂgol(llw ) = — uel0,3)

Thus, with (6.38) follows || £ (wg)|| = |A}(||ws])|, which has a second-order pole at
= 0. The behavior of || £ (w,)|| = |A}(s)] and ||wg||2]| L (ws)|| = s |AL(s)] is
shown for s > 0 in Figure 6.6.

lw |

Corollary 6.7. The three-dimensional Fourier transform (N = 3) of & : R® — R3 is

(mllwsll + 1) ezl —1 w,

.g? Wy :—47T2i ’
(we) o [ (oo — T T

wy # 0. (6.39)

The behavior of the Euclidean norm || £ (w,)|| = |A4(s)| and |jw]|]?|| £ (ws)|| =
53 | A4(s)| for the three-dimensional function & : R? — C? is shown in Figure 6.7. It

can be observed that lim+ o s3|| A5(s)|| = 87 ~ 25.1327 applies.

In physical context, the Langevin function £ (x) has to be treated in a three-dimensional

way due to the three-dimensional structure of SPIO distributions.

In the following, conditions for the existence of an inverse Fourier transform in the
classical L'(R?) sense are to be established with the function £ (w,) serving as a
subargument of the Fourier transform. The following lemma is helpful for this. Note

that the next lemma is a generalized version of [F1, Lem. 4.8].
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6 Fourier Analytical Representation of Magnetic Particle Imaging

— |A4(s)]
200 | -== |s® Aj(s)|
150 |
100 |

30 |

0 1 2 3 4
Figure 6.7: The magnitude |A%(s)| is shown as a solid blue line and the magnitude
|s3 A4(s)| is shown as a dashed red line. Note, |Aj(s)| is directly related to

the Euclidean norm of the three-dimensional Fourier transform of the three-
dimensional Langevin function by || £ (w,)|| = |A5(s)| with s = [Jw]|.

Lemma 6.8. Products of the form

wh wmwn jy(ww), ,m,n € Ny, (6.40)

T177T27Tx3

where %, : R3 — C, v € {1,2, 3} are the components of £ (w,),

e are in LP(R3), if {+m+n=1withp € [1,2)
s arein LP(R3), if C+m+n=2withp € [1,3)
s arein L'(R*) N L>®(R?), if{+m+n > 3.

Proof of Lemma 6.8. Let %, (w,) with v € {1,2,3} denote a vector entry in £ (w,).
The function w’. w™w". %, (w,) is in LP(R?) with p € [1, 400) when thereisa C' € R,

x1 Y xo¥ s
such that

J.

is true. Using the integration in spherical coordinates

X P
L m, n
Wy, Wy L)(we)| dwy = C < 00

Way ssin(0) cos(y)
wz(5,0,0) = | wey | = | ssin(f)sin(yp)
Wi s cos(0)
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6.2 Fourier Transform of the Langevin Function

for all /,m,n € Ny it turns out that

/Rs s = / / / ST ST (6) cos'(ip) sin™ ()

(0) L, (wa(s, ¢, 6’))‘ s%sin() dp df ds,
where ||wz (s, ¢,0)|| = s with p > 1 is used.

v m, n
W, Wi Wy 92” (we)

X cos”

According to Corollary 6.4 with N = 3 the inequality
s (wals,,0)] < 8505

holds and one obtains

.l

Using the inequalities | cos(§)| < 1 and |sin(€)| < 1, which hold for all £ € R, an upper

e s [ 7|4 int () cos’ () sin™ ()

}p

:1:1 xg CC3

x cos™(0) |A5(s sin(6) dp df ds.

bound for the integral can be given as follows:

27r
/ " dw, < / / / s Ay (s)] s sin(6) dp df ds

S 47r/ ‘ E-‘rm—i—nlA/ ‘pSQdS
0

Wy, W xg.i” Wy )

The calculations holds for all v € {1, 2, 3}. For .%, € LP(R?) it remains to be verified
p
that ‘Sﬁ-i-m-f—n-&-% |Ag(8) |‘ 8€+m+n+% Ag(s)

[0, 4+00). Consequently, one

]
/ ’
0

is absolutely integrable on the interval

gets

Z-i-m-i—n-‘r% Ag<s) P ds

o

- ()
- ()
= (1)

8

C\o\go\

TS

S€+m+n+2 -2 (7T8 + 1)

p

-1

(e — 1)

giAmtn+2—2 ((rs +1) —

» (6.41)

e27rs (1 A

C+mtn+2 -2 ((ms+1) —e

S

—7'('8) e—7rs p

(1

_ e—ﬂs)

2
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6 Fourier Analytical Representation of Magnetic Particle Imaging

To simplify the problem, the function

st(ms+1—e™)e ™
F(s) = (1 —ems)? ’
0, s <0

s>0

withpy=0+m+n+ 129 — 2 is defined and the constraints under which F(s) is in LP(R)

for . > 0 are investigated.

In a first step, the limit of F'(s) as s approaches zero should be derived, given that ;1 > 1
and s > 0. Thus, F'(s) is rewritten:

st(ms+1—e™)e™  st(ms+1—e ™) st(ms+1—e ™)

(A=e)’ (oo (¥ - %)’

_ 1 s s
st (ms+1—e ™) sﬂ*2(ws+1—e*”8)#_8“l<;+e 2T2>

The limit of F'(s) as s approaches zero with p > 1 is calculated as follows

1 s 1 0
lim s* ! )

I . i— e LU0
s—0t sinh( %s) sin %) ™
T —=— ™ s
5 2

where §(,,,1) denotes the Kronecker delta and the following holds

lim % — lim Sm-(ﬂif) = 1im si (1% ) =si(0) = 1.

s—0t 5 s—0t 15 s—0F
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6.2 Fourier Transform of the Langevin Function

This means that the value at zero for 1 > 1 is well-defined and there is no singularity,
which is an important constraint for the infinity-norm. However, for ;2 € (0, 1) it can be
observed that there is a singularity at s = 0, i.e., F' ¢ L>(R). By reformulating F(s) as

m
F(s) i ( Uk +1> ™, >0,

- l—e ™ \1—e ™

it can be seen that F'(s) > 0 holds. An upper bound on F'(s) can be found by starting
with the inequality
s+ 1 <e™,

which can be derived from the linearization of €™ at the point s = 0. If this expression

is multiplied by e™™* and the order is changed, the result is

e (rs+1) <1
0<1—mse ™™ —e™ ™

s <ms+1—mse ™ —e ™ = (ws+1)(1 —e ™)

TS
— < ms+1,
1 —e7s

which is valid for s > 0, since

, s , (ms) _ T
hm— = hm— = hm— = 1
s—>0]1 — e TS 5—0 (1 — e*ﬂ's)’ s—0 e~ TS

s
1—e—7s

The functions s + 1 and are visualized in Figure 6.8.

The final upper bound for s > 0 is given by

pn—1
F(s) = s s ( LA 1> oS

T 1l—e ™ \1—e7s

1
< s Has+1)(rs+2)e ™
s

1 (6.42)
= —s# ! (1?s* + 3ms + 2)e "
T

_ Cre 2
= 7 stTle™™ 43 e ™ 4 2 gh eS|
~— ~——

™
=f(s) =9(s) =h(s)
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6 Fourier Analytical Representation of Magnetic Particle Imaging

35 1 s
1—e™s

— S+ 1

30 |

25 |

20 1

15

10 ¢

S

1 2 3 4 5 6 7 8 9 10
Figure 6.8: The visualization of the two function s + 1 and

s < 7s+ 1fors € [0,10.2].

l—e—7s

2. It is shown that

The previous inequality can be used to determine for which p € [1,00) and p > 0 the
function F'(s) is in LP(R). Therefore, it can be observed that the auxiliary functions
f Ry >R, g:R, - R,and h: R, — R are of the form

o(E ) = e

and the corresponding L?(R, )-norm with respect to & is

. p = Oopl/fﬂpid v
I )l (/5 g)

>/ 2\" __dz >
([ (&)%)

z=7p€
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6.2 Fourier Transform of the Langevin Function

With the help of the Minkowski inequality it can be determined that

1P|l < ||7f + 39+ 2h| .

2
< 7l fllze + 3llgllze + —iR]l2e

=mllo(, p+ Dl + 3[lo(, w)llee + %Hv(»u = Dllz»
™ Fpu+ )+ 1)\ 3 (Tput+1)\»
(mp)rtt ( ™ ) EHE ( m™p )

2 (r<p<u—1>+1>)?

m(mp)rt T

Since p > 1 and with p > 0, the important subterm is I'(p(x — 1) + 1), which implies
that
p(r—1)+1>0 (6.43)

to ensure that F' € LP(R). By reinserting p = ¢ +m + n + % — 2 into (6.43), the
constraint
pll+m+n—-3)+3>0 (6.44)

1s obtained.

For the special case p — o0, it should first be noted that ;1 > 1 must apply, so that F'(s)

Fs) = — ( i —l—l)e_“

l—e ™ \1—e 7

is bounded as

1
< s Hrs+1)(rs+2)e ™
™

1
<w(s) = =(ms + 2)" e ™.
T
The supremum of w(s) with s > 0 is reached either at one of boundaries s — 0 and

s — oo or at w'(s*) = 0. The derivative of w(s) reads
w'(s) = (rs +2)"(u—1—ms)e ™.

The only zero point s* within the interval [0, 00) is s* = £=1. Since lim,_,o w'(s) =

™

2#(p — 1) > 0, the function w(s) is locally increasing for ¢ > 1 in the vicinity of
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6 Fourier Analytical Representation of Magnetic Particle Imaging

s = 0 and thus s = 0 cannot be a maximizer and for lim;_,., w(s) = 0 the value is even

smaller than w(0), so

(lu/ + 1)”"’_16_(”_1)
s

[F(s)] < w(s®) =

is proofed and, therefore, the value for p — oo exists. It should be remembered that
w=L0+m-+n-+ % — 2 > 1 must be fulfilled, which is only valid for p — oo and
{+m-+n>3.

To solve the original problem stated in (6.41), (6.44) for p € [1, c0) must be satisfied,
ie.,
p(l+m+n—3)+3>0.

From m + n + ¢ = 1 one obtains p(—2) + 3 > 0, i.e., FF € LP(R) forallp € [1, 3). It
L, m,n P el : : 3

follows that w!, w'w! %, (w,) is in LP(R?) with p € [1, 3).

If m 4+ n + ¢ = 2, it can be proven that the value p must lie in p € [1,3) and that

wh whw Z,(wy) is in LP(R?) with p € [1,3).

1T x277T3

If . +n + £ > 3, one can choose p € [1, oc] arbitrarily and thus w’ w™w” %, (w,) is

T17T27T3

in LP(R3) with p € [1, o0]. O

Lemma 6.8 shows that an inverse Fourier transform exists whenever & (w) occurs in a
w%if(wm) and g € L>=(R3).

Interestingly, Bessel functions of the first kind with an order that is higher than zero are

product with a second function f(w, ) for which g(w,) =

of this type. These functions naturally occur in Fourier-domain representations of the

MPI measurement process.
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6.2 Fourier Transform of the Langevin Function

6.2.1 Product of Bessel Function and Fourier Transformed
Langevin Function

In the following, a central result of this thesis is presented. The product of the Fourier-
transformed Langevin function with the Bessel function of the first kind is deducted.
First, a corollary is formulated that uses Lemma 5.5 as well as Lemma 6.8 and generalizes
the lemma in [F1, Lem. 4.11].

Corollary 6.9. Let jy(wm) denote the components of £ : R® — C3 as well as
Jo(1wy,), I (Qows, ), Jn(asw,,) be the Bessel functions of the first kind with at least
one o; # 0. The function

A

PP (wg) = Jo(oqwy, ) Jm(ows, ) Jn(Qswe, ) L (we), (6.45)
is in LP(R?) with

s pe[L3)iflt|+|m|+|n| =1
« pe[L3),if|f| +|m|+|n| =2
* pe[l,00 if [(] + |m| + |n| > 3.

Proof of Corollary 6.9. For two functions f € LP(R?) and g € L%(R?), the Holder in-
equality is given by
1 - gller < Al llgll e

with % = % + %, p,q,r € [1,00], and the convention é = (. It follows that the product

f g € L"(R3). Without loss of generality, it is assumed that n,m, ¢ > 0, otherwise
J_n(z) = (=1)"J,(x) could be applied. The function [}°(w, ) can be split into two

parts

~

liD(wa:) = Ji(01Wz, ) I (Qowe, ) Jn(Q3wsy ) L (W2)
= <Jé(a§wm1) Jm(@g0zy) J"(alw”’)) (we wmw? jy(‘*’a}))?

m n 4
Wy wis, Wig T17x277 T3

A\ AN
WV TV

=f(wz) 9(wa)
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6 Fourier Analytical Representation of Magnetic Particle Imaging

therefore the two functions f(w,) and g(w,,) are chosen as

f(ww) — J€<alwx1) Jm(CV?wxz) Jn(ai’»wx:s)’

4 m n
(le wacg wxg

g(wg) = wﬁlw;’;wgg .Z%,(wm).

The function % is in L*>(R), which follows from Lemma 5.5 and due to the

tensor product structure in f(w; ), thus f € L>(R?) holds. Consequently, in the Holder

inequality p = oo and r = ¢ are chosen, which yields

1 - gllee < [ flleellgllze = Cligllee with || fll < C.

Since g(w, ) is exactly the function from Lemma 6.8, the conditions in the mentioned

lemma are transferred to I3°(w, ). O

The next lemma is formulated to obtain an upper bound for the L!-norm of the function

[2° (wg) and, thus, ensure that an inverse Fourier transform exists.

Lemma 6.10. The function

~

PP (wg) = Jo(aqwy, ) I (ows, ) Jn(swe, ) L (we), (6.46)

where jy(wa;) denotes the components of.,? 'R — C? and Jy(cqwy,), Jm(anw,,),
Jn(azw,, ) are Bessel functions of the first kind with at least one «; # 0, is in L'(R?)
if |¢|+ |m|+ |n| > 1. An upper bound for the L'-norm is given by

C
1571y < p (6.47)
(max (1, [£]) max (1, |m|) max (1, |n[))?
with C > 0. Similarly, the bounds for the L'-norms of
PP (we) = Jo( 1w, ) In(Qowey) L (W) = llf,D(wm)} (6.48)
a3z3=0
n3:0
and R
P (wg) = Jo(oqwy, ) L (ws) = [liD(ww)} (6.49)
as=a3=0
n=m=0

are given by (6.47) with the appropriate choice of {,m € Z.
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6.2 Fourier Transform of the Langevin Function

Proof of Lemma 6.10. The function [’°(w, ) from (6.46) is considered. At the beginning
of the proof, the case with |[¢| > 1 and n = m = 0 is considered for which

Fwa) = TR 5 o) Ta(osions),

Wz

g(wm> = Wy XV(wm)

is defined. By Lemma 6.8, ||g||: is bounded by a constant ¢; with 0 < ¢; < oo. With
Corollary 5.2 and using ||Jo|| .~ = 1 the inequality || f|| .~ < C1/|¢|3 results. From the
Holder inequality it follows that

C
1P = 11f - gllee < I fllzellglle: < —rer < oo (6.50)
[£]3

Secondly, it is considered that [¢/| > 1, |m| > 1 and n = 0. The function [}°(w,) =
f(wg)g(w,g) is split into

J x Jm x
Flag) o= 2A00m) Il Os) 0y,
Waq Waq

9(wz) = Wy, Wa, L (wy).

Using Lemma 6.8, Corollary 5.2, and ||.Jy||c = 1 the Holder inequality then yields

C
1EP e = Wf - gl < W flle<llgler < e“—262 < 0. (6.51)

i
[€]2m] 3

Finally, it is assumed that |¢|, |m|, and |n| are larger than zero. In this case the function

’

PP (wg) = f(wg)g(wy) is split into

Ji(01wz, ) Jm(owe,) Jn(3wss)

f (ww ) = ’
Way Wy wx3

9(Wz) 1= Wy Way Wy L (W)

Using Lemma 6.8 and Corollary 5.2, the Holder inequality reads

C
1P e = N1f - gl < W fllellgllir € —r—a—7c3 < 0. (6.52)
[0]5|m|3|n|3

Expressions similar to (6.50), (6.51), and (6.52) can be derived for the other possible
combinations of general ¢, n, m € Z with |¢| + |m| 4 |n| > 1. These confirm (6.47) in
Lemma 6.10 for all /, m,n € Z. [l
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6 Fourier Analytical Representation of Magnetic Particle Imaging

Lemma 6.10 ensures the existence of an inverse Fourier transform from products of
%,(w,) and Bessel functions of the first kind. Therefore, the inverse Fourier transform
of products from jl,(wm) with Bessel functions of the first kind are introduced now and

will be used to derive the MPI system function components later.

Lemma 6.11. The inverse Fourier transforms of products

i i 5> (G-T
Jn(alwxl)e lwzy 2 g—iwzgcs gy(G me>

a'?(wg) = et (BC)] )

o ) duo) e 5, (S5ee)
@ (we) = et (3G |

) T (1w, ) T (Qawy, ) Jo(aswy,) ,,Z%, (G_TTL%>
aiD(wm) = |det(6G’)| )

of £, : R® — C with the Bessel functions of the first kind J,,(cws, ), Jm(ows, ), and
Jo(azwy, ) with a; # 0, co, ¢35 € Ras well as |n| + |m| + |¢| > 1 are given by

. 21
—1f~1D _ 1" i ﬂ
F {a’u (wm)} - ngn(al) 62’1 gu BG To—Co Vn(al) dul,
R T3—Cs
21=x1—U1
(6.53)
1 jrtm 82 “1
F- a.’ T = — gy G
{a/y (w )} 7_(_2 Sgn(aloéz) 821822 B Z9
R2 T3-C3 zZ1=T1—Uu1
Zo=X2—U2
x V, (ﬂ>vm (@> duy dus,
(03] (67)
(6.54)
and
1 nsp in+m+€ 83
F{a T = .,gy G
{al/ (w )} 7T3 Sgl’l(()élOCQOé:;) 821822823 (6 Z)
R3 z=x—u
eneran
aq Q9 a3
(6.55)
respectively.
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6.2 Fourier Transform of the Langevin Function

Proof of Lemma 6.11. According to Lemma 5.3 with |n| > 1 and the scaling property
of the Fourier transform (Property 2) with o # 0 it results that

]_-—1{J (awx> _ i (a)vn(§> ’

T sgn o
. G Twz
w,, %,
Fl =2 2,(6Gx),
\det ﬁG O0z1
1wy, 1w G Twz
.F_l i xz e G
|det /BG 8118:52 (/6 m)
. Wy, Wy, iw,, 2, G Twz B
d |det( BG = Ferongons 2v(PGT) .

Moreover, there is the well-known relationship

F e ) = bo(z — )

with dy(x) being the Dirac delta distribution and ¢ € R. Since a multiplication in the
Fourier domain is equivalent to a convolution in the spatial domain (Property 5), one gets
(term by term) the results for a'”(z) = F{a!P(w,)}, a2 (x) = F{a2" (w,)}, and
atP?(x) = Fa"(w;)}. These convolutions generally occur in all three dimensions.
However, for a'°(x) and a?° (x), they reduce to one- and two-dimensional ones, respec-
tively, since the convolutions with Dirac delta distributions along the unused dimensions

result in phase shifts.

In the case that either n, m or /¢ is zero, there is still the Fourier correspondence

}"_I{Jo(ajwmj)} = li rect(ﬁ) ;

with vy(z) = <LV (z) defined in Lemma 5.3 and Lemma 5.4.
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For |n|,|m| > 0 and ¢ = 0, the following inverse Fourier transform of 43" (w, ) is given
by

w3 sgn(ayag) 0210729
R?’ Z=Tr—u

%V, (ﬂ) v, (@) iv()(@) du.
aq (&%) |Oé3\ (0%

Due to Lemma 6.8 it is known that w,, w,, .Z, (G;“”’ ) isin L' (R?). Hence, the function
%;m %,(BGx) vanishes as its argument goes to plus or minus infinity and, thus, it is

(@) = [ T 4562

in L°°(R?). Therefore, Lemma 5.4 can be used, resulting in

in+m, 63 éf (;
621822823 V(ﬂ Z)

R sgn(ajanas)
z=xr—U

X V., <ﬂ) v, <@> Vi (ﬁ) du.
aq (6% (0%}

The expressions for a’°(x) and a’P (x) with other combinations of |m| + |n| + |[¢| > 1

R3

follow analogously. Note, for a,”(x) the case n = 0 is not required and was, thus,

excluded from the proof and the lemma. ]

Another novelty in this work is the utilization of a convolution property to obtain a more
direct formulation of a3°(x):

jntm+L 03 up Uz U3
D - gu G an Ty Ty T d
@’ (@) w3 sgn(agasag) [821822023 (bG=) é(al Qs ag) v
R3 z=r—Uu
n+m+~4
= | Z(BG(x — w))pume [ L, 22,5 du (6.56)
m3|aranas| Jgs ap Qo Qg

with Pone (§) = V(&) Vin(€)Vi(Es)s Prme (€) = v (€1)vim(€2)ve(&3), as wellas § € R,
Thereby, V,,(§) refers to a weighted Chebyshev polynomial of the second kind and v,,(£)
refers to a weighted Chebyshev polynomial of the first kind and they are defined in
(5.34) and (5.36), respectively. This fact can be derived from the property that the
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6.2 Fourier Transform of the Langevin Function

partial derivative operator can be transferred from one function to another within the
convolution. This fact is shown in Lemma 5.4 for n = 0, which is the most difficult case
to show. For general n € Z this property is much easier to show, but for the sake of

simplicity the proof is omitted.

Moreover, using the differential operator D = [ [, a% with T C ) = {1,2,3} and

Dg = 1. Equation (6.56) can be expressed by

in+m+€

iP(x) = | [ptzs62)

-~ msgn(arasas)

z=x—Yy

with K C (). Equation (6.57) states that the partial derivatives in a convolution between
the kernel .Z,(8Gz) and the tensor product of the weighted Chebyshev polynomials
ang(%, Z—z, Z—z) can be interchanged arbitrarily.

The property in (6.57) can be used to mathematically motivate the system matrix com-
pression algorithm proposed in [C2], which uses a combination of Chebyshev poly-
nomials of the first and second kind. Furthermore, the direct Chebyshev polynomial
reconstruction in [C1] is based on Chebyshev polynomials of the second kind, but
can possibly be transformed into a reconstruction with Chebyshev polynomials of the
first kind with the help of (6.56). This would have the advantage that all frequency
components ug could be used, which is not possible in the current form. However, this

remains a task to be investigated in the future.
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7 Fourier Representation for Different
FFP-Trajectories

This chapter deals with the MPI system function for various FFP-trajectories. In the
first three sections, the results from [F1] on Lissajous FFP-trajectories are recapitulated
and supplemented by the possibility of phase shifts. In addition, a general strategy
for arbitrary periodic FFP-trajectories is introduced for the first time. It is a direct
consequence of the model derived in Theorem 6.1 and is applied to various other FFP-

trajectories from the literature.

7.1 Fourier Representation for a One-Dimensional
FFP-Trajectory

For a one-dimensional excitation with a three-dimensional SPIO distribution, a closed-
form representation of the temporal Fourier series coefficients has been derived in [81],
see also Theorem 2.1 in this thesis. Since the proof from Theorem 2.1 cannot simply
be extended to the case of a multidimensional excitation, a different proof strategy for
a one-dimensional excitation and a one-dimensional SPIO distribution was outlined in
[F8]. The first theorem of this chapter was formulated in [F1]. In addition to the known

relationships for s, (), a spatial Fourier transform §(w,,) was also introduced.
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7 Fourier Representation for Different FFP-Trajectories

Definition 7.1: One-dimensional excitation

Let fi = fp be an arbitrary excitation frequency of an MPI scanner with fg > 0.
Then the drive field along the x;-axis has the form

—Aj sin(wit + 1)
HD (t) = —C9

where w; = 27 f; denotes the angular frequency, A; is the amplitude, p; € [0, 27)
is a phase shift, and ¢y, c3 € R are time independent drive-field offsets. The
homogeneous selection field H%(x) = G of the MPI scanner is, without loss

of generality, assumed to be diagonal:

Gy, 0 0
G=|10 Gy 0[. (7.1)
0 0 Gjs

According to Maxwell’s equations, the magnetic field must fulfill the following
condition: G| + Gy + G5 = 0.

Following (2.25), the position of the FFP is given by [48, 70, 92]
xppp(t) = —G ' HP(t) (7.2)
and has the period length T, = f_ll with fp = f;. By this definition, the Fourier repre-

sentation for MPI with a one-dimensional trajectory can be formulated in a theorem.
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7.1 Fourier Representation for a One-Dimensional FFP-Trajectory

Theorem 7.1

The Fourier series coefficients s : R® — C? of the MPI system function for a
one-dimensional FFP-trajectory with the phase shift ¢, € [0,27) and k € Z\{0}
can be expressed in terms of V;, : R — R convolved along the spatial dimension
with the spatial derivative of the Langevin function . : R® — R3 by

_(—i)F e F sgn(A4,)
sul@) = s sgn(Gy)
21 (7.3)
0 Ch
X a—zlz 5G Lo — f_zz ‘/k (A_lul) dulv
R T3~ G_?; 21=T1—U1

with

Va(§) = rect (é) (— Uina (&) V1 ~ 52) ; n| >0

2 i

and U, (&) being the Chebyshev polynomial of the second kind with degree ¢ € N.

Equivalently, the spatial Fourier domain representation of si(x) is given by

17 <—G* %) AN . .
A L) = 1A+ i1k B J ’ 1 71G—22w12 —igEwag (7.4)
8ufus) = (1) e ot () e e,
where J,(§) denotes the /-th Bessel function of the first kind and % R — C?

reads
Plwy) = —antilTIwall + 1) erllwall — 1 g
i |we||? (emllw=ll — 1)2 | wa]]

For k = 0 it holds that so(x) = 0 and $y(w;) = 0.

J

Note that the expression for s () in (7.3) is the same as in [81] when the phase shift is

set to 1 = 3 and itis used that ¢ = c3 = 0.

Proof of Theorem 7.1. The position of the FFP with the substitution ¢t = is

z
27 fp

Ay -
ahsin(z + 1)

FEP| 50 fD G

Cc3
G3
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7 Fourier Representation for Different FFP-Trajectories

To compute the mapping function

Pwg, k) = i/ eiwngFP(ﬁ)e_ikz dz (7.5)

21

—Tr

L _Z . .
defined in Theorem 6.1, the term ' “**F*? <2wa) is rewritten as

T z Aq co
elwmeFp(m) _ elwml fen sm(z—&-cp;,;)e 20%26 G3w9”3

and by using the Jacobi-Anger expansion [8, Ch. 7.2.4, (26)]

12 sin(6) E J m@

as
in:chp m(z_g. ) 22w 3w
e’ 2wa E I wle Plle G2 "2g G303 (7.6)

Inserting (7.6) into (7.5), reordering the terms, and carrying out the integration yields

A 2., e
wm e1901nJ Wy — 1 @' Ga W72 oGy W3
) 'q
1

n=—oo

(",
= i(n—k)z
X o | e dz a7

7

TV
=0(n,k)

B Al L2 ;€3

S -We 1=-W,

=¥k g, (wxl N e G2 ""2¢ Gz T8
1

where

5 1 ifk=n
(n,k) =
0 otherwise

denotes the Kronecker delta.

By considering g;, from (6.6) with fz(wm) from (6.8), one obtains

i ﬁ(&m)
~Gr (o) TG (7.8)
9k = (27)3 /Rg e(wy) (3G P(wg, k) dw,.
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7.1 Fourier Representation for a One-Dimensional FFP-Trajectory

Inserting P(w,, k) from (7.7) into (7.8) and comparing the obtained expression with (7.4)
under the use of £ (—w,) = — £ (w,) and Jy,(—w) = (—1)*J,(w) yields

: C S = C(—wg)8k(wg) dw
9k = (ap /R3 H(we) 8k (—ws) dw, = 2n)? /}R3 (—wa) 8 (ws) dw, (7.9)

with

2(55=) 1 4
~ . i B 1 —iL2 ., .
(wa) = (=1) @i (3G)

Using that c¢(x) is real-valued and that its Fourier transform has the conjugate symme-
try ¢(—wg) = ¢*(w,), Parseval’s Theorem 4.4 can be applied to obtain the original
relationship (6.4):

gk:/ c(x)s,(x) de. (7.10)
R3

This proves that §;(w,) according to (7.4) is the spatial-frequency representation of

si(x).

Using Lemma 6.11 and by observing that the expression in a.°(w,) is equivalent to
(7.4) up to a factor, one gets sy (x) according to (7.3) as the inverse Fourier transform of

(7.4), which was to be proven. O

Figure 7.1 shows functions from Theorem 7.1 for a sinusoidal drive field, i.e., o1 = 7 and
¢ = c3 = (. The parameters for the simulation not mentioned here can be found in the
Table 7.1 in the next section. For the one-dimensional excitation, f, was set to zero and

Tp = % Two different particle diameters were simulated, namely D € {20 nm, 30 nm}.
From left to right, the weighted Chebyshev polynomial —V (%x1> is shown in blue, the
imaginary part of 5;(x1) = s1x(x1,0,0) (see (7.3)) is shown in red in the middle column
and the absolute value of the one-dimensional Fourier transform $;(z1) = s1x(21,0,0)
(see (7.4)) is shown in green in the right column. The one-dimensional Fourier transform
can be calculated by replacing the three-dimensional Fourier transform % R C?
from (6.39) with the one-dimensional version £ :R — C from (6.34). By comparing
the blue function curves with the red ones, it can be seen that the system function com-
ponents in the one-dimensional excited MPI are weighted Chebyshev polynomials of the
second kind, which are blurred by the convolution with the kernel 8%1 Z(G111,0,0).

This observation was first reported in [81]. A smaller particle diameter D leads to a
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7 Fourier Representation for Different FFP-Trajectories

e [) = 30 nM s [) = 30 nM
D = 20nm D = 20nm

NANL L AA N A /
VV VY Vi V"

_A

W] ot ] [/
W —iWe— A

A _ A A 0 1500 3000
G1 G1 G1 G1

I I Wz

Figure 7.1: Different functions (from left to right) related to the MPI system function

are shown for different particle diameters D € {20 nm, 30 nm} and different
k € N (from top to bottom). In blue: The weighted Chebyshev polynomials
of the second kind —Vk(%xl) are shown. In red: The imaginary part of the
system function components S (z1) = s1x(21, 0, 0) is shown for a sinusoidal
drive field HP(t). In green: The one-dimensional magnitude spectra, i.e.,
Sk(wg,) = F{5(z1)}. Please note that all the functions shown have been

normalized so that the maximum absolute value is one.

stronger blurring. This can also be seen in the corresponding magnitude spectra, which

show that a larger particle diameter leads to a less pronounced drop in the spatial fre-

quency spectra. It can also be observed that the system function components £ > 1

have a bandpass characteristic and the passband shifts to a higher frequency range as k

increases. A similar figure was first shown in [F8].
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7.2 Fourier Representation for Two-Dimensional Lissajous Trajectories

7.2 Fourier Representation for Two-Dimensional
Lissajous Trajectories

In this section, two-dimensional Lissajous FFP-trajectories are considered. This is the
first multidimensional excitation studied in this thesis for MPI. In [81] it was conjectured
that the system function components of MPI are related to tensor products of Chebyshev
polynomials of the second kind. With the proof in [F1] the exact connection could be

uncovered. This proof is shown here, with included phase shifts.

Definition 7.2: Two-dimensional excitation

Let Ng € N be a frequency divider with Ng > 2 and let fg > 0 be an arbitrary
basis frequency of an MPI scanner. Then the excitation frequencies for the two-
dimensional Lissajous FFP-trajectory are given by f; = ]{,—BB and fy = Ng 2. The
corresponding angular frequencies are w; = 27 f; and wy = 27 f5, respectively.

The two-dimensional drive field can be expressed as

—Aj sin(wit + )
HP(t) = | —Assin(wst + @2) |, (7.11)

where A, As € R denote the drive-field amplitudes, ¢, p2 € [0,27) are the
phase shifts, and c3 € R is a time-independent drive-field offset in the third
dimension. The homogeneous selection field H®(xz) = Gz of the MPI scanner
has a gradient matrix G € R**3 as in (7.1).

Following (2.25), the position of the FFP is given by

xppp(t) = —G HP(t), (7.12)

where the trajectory is periodic with period length 11, = fLD = W

A direct expression for Fourier series coefficients of the MPI system function s(x, ) is

given in the following theorem.

145



7 Fourier Representation for Different FFP-Trajectories

Theorem 7.2

The Fourier series coefficients s : R® — C? of the MPI system function for a
two-dimensional Lissajous FFP-trajectory with the phase shifts ¢4, po € [0, 27)
and k € Z\{0} can be expressed in terms of tensor products of 1, : R — R
convolved along each spatial dimension with the spatial derivative of the Langevin
function .Z : R?® — R? by

DAL, Ai0k(N) A A
Sk(m)zz( M lwge sgn(A; As)

v 2 sgn(G1Gy)
& -
< | G 7.13
x 821822 /6 e . ( )
R2 T3 — G_33 Z1=21—u1

Z9=T9o—U2
G G
X V(v (A—iul) Vi) (A—qu) duy dus,

where ng(A) = —k+ANg, mg(A) = k—A(Ng—1), (X)) = (N1 +me(N)pa,

(——U'"l(le 1’52) if [n| > 0
+

1) — rect(5) arccos(§) ifn =0,

Vn(f) =

and U,(&) denotes the Chebyshev polynomial of the second kind with degree
¢ € Ny.
Equivalently, the spatial Fourier domain representation of sy (x) can be expressed

as

o0

) G Tw,
8 (we) = Z (_1)“110014610’“(’\)—2( o )
| det(8G))|

A A — Wy, =&
X Jnk(k) (wle—1> Jmk()\) (wmaz> e 23 G, ,

where .J;(€) denotes the (-th Bessel function of the first kind and & : R? — C?

is given by

(7.14)

A=—00

g(w = — 5. (T]jwe] + 1) erlwsll — 1 ¢ |
) wa 2 (e7lwsll — 1Y% Jlwol]

For k = 0 it holds that so(x) = 0 and $p(w,) = 0.
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7.2 Fourier Representation for Two-Dimensional Lissajous Trajectories

This theorem is proven in several steps. First, an expression for the mapping func-
tion P(wy,, k) introduced in (6.7) is derived for the special case of a two-dimensional

Lissajous FFP-trajectory. The result is contained in the following lemma.

Lemma 7.1. The mapping function P : R® x Z — C for the two-dimensional Lissajous
FFP-trajectory xypp : R — R? in Theorem 6.1 is given by

. A A
Pl )= 3 [0, (2 ) (3
nmez (7 15)

Proof of Lemma 7.1. To confirm (7.15), P(w,, k) is considered according to (6.7),

T or

P(wg, k) 1/ eithFP(ﬁ)e’ikZdz. (7.16)

—T

Using the particular Lissajous FFP-trajectory from (7.12), it turns out for the position of
the FFP that

é—isin(}c—;z—l—gpq é—isin((NB — 1Dz + 1)
2
= Az f = Az
Trrp (27TfD> ren sm<f—;Z + 302) eh sin(Npz + 2) . (1.17)
£3 €3
Gs Gs

With help of the Jacobi-Anger expansion [8, Ch. 7.2.4, (26)]

ol sin(6) _ Z J, <Z>ein€7

n=—oo

the term to be integrated in (7.16) can be reformulated as

. . Ay . . Ao . .
elwlmppp(ﬁ)e_ikz _ elwxlc—i sm((NB—l)z—l-(pl)elwmG—gsm(NBz—i-apg)elwaC%e_ikz
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7 Fourier Representation for Different FFP-Trajectories

The series multiplication leads to

iwlx —1z i(n m A A
e £ )

n=—oo Mm=—0o0

oiln(Ng—1)+mNg K]z ] elwxgg—?;

Using this result, (7.16) yields

) A A
— l(ncp1+m¢2) _1 _2
P(wg, k) E {e Iy (wxl G1) Im <wx2 GQ)

nme”Z

x i " ei[n(NB—1)+mNB—k]z dZ:| eiwﬂcg%
2m J_
. A A
= 5 o, (o, 2 g (v 2)
nmezZ 1 2

iwg 23

X O(n(Ny—1)+mNg, k) | €0 5.

The comparison of the last result with (7.15) confirms Lemma 7.1. U

The next lemma is provided to remove the double series in the mapping function
P(wg, k).

Lemma 7.2. The constraint
n(Ng — 1)+ mNg =k (7.18)

with n, m, k € 7 is fulfilled for the following line equation

(o) () (%)

with A € Z.
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7.2 Fourier Representation for Two-Dimensional Lissajous Trajectories

Proof of Lemma 7.2. To prove the lemma, (7.19) is inserted into (7.18). This yields

— — k(N — 1) + kNg + ANg(Ng — 1) — A(Ng — 1)Ng
=k.

Assuming N > 2, Ng € N, it remains to show that only A\ € Z guarantees that
n,m € Z. Let us, therefore, consider \ € R with A = A + B and 3 € [0, 1] such that
5\, n, m € Z. Then the following two constraints have to hold:

n:—k+;\NB+BNB€Z,
m="k—ANg—1)—B(Ng—1) € Z.

By adding up both constraints one obtains
n+m=\+ g e .

Forn,m, \ € Z, only # = 0 and S = 1 are valid solutions, confirming that A € Z. []

Based on Lemma 7.2, the expression for P(w,, k) in Lemma 7.1 can be simplified,

which is given in the following corollary.

Corollary 7.3. The mapping function P : R® x Z — C for the two-dimensional
Lissajous FFP-trajectory xyrp : R — R? is simplified to

s . A A 1y =3
Z elek(A) Jnk()‘) (wle—i) Jmk()‘) (w$2G—z)> e z3 G?;, (7.20)

A=—00

P(wg, k) = <

with ng(X) = —k + AN, mg(\) = k — M(Ng — 1), and 0, (\) = ng(N) 1 + me(N)po.

Returning to the frequency representation of the three-dimensional MPI system equation
with the two-dimensional excitation HP (¢) and using the same arguments as in the
proof of Theorem 7.1 in (7.8), (7.9), (7.10), and using (—1)"*™) (—1)™) = (—1)*, the

three-dimensional system function in Fourier domain is given by (7.14).
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7 Fourier Representation for Different FFP-Trajectories

It remains to show that the components of 8;(w, ), denoted as §,,(w; ), are in L' (R3).

For this purpose, the Lemma 6.10 is used and it is assumed that |k| > 0. The estimate
A

2 G_;’

factor. Additionally, all factors can be combined into constants C; > 0 and C5 > 0.

in (6.47) is scale-invariant with respect to wy, G, 3, é—i and 5—33 up to a constant

G~ws it can be shown that

L~ = 1 and the substitution z = & 3

Using ||e™w=s e

2,(S5=) A A
~ v B
||5ukHL1 S Cl Z —Jnk()\) (w:m _1) Jmk()\)( _2) dww

Was
ez ‘ det(ﬂG)] G1 G2

dz

=0 Z/ L(2) T piang (Ar21) Jk-x(Ng—1)(A222)

AEZ

<Gy !
max(1, [k — ANg|3) max(1, |k — A(Ng — 1)|3)

AEZ

< Q.

If |k| > O there is no A € Z such that —k + AN = 0 and k — A(Ng — 1) = 0. For
k = 0, the series (7.14) is not valid without further assumptions, because it then formally
contains a term for which Lemma 6.10 is no longer applicable. However, by arguing that
the measured voltage signal is zero mean, we may set so(x) = 0 and §y(w,) = 0. This
shows that the series is well defined and that the system function $;(w,) is in L'(R?),

which makes it possible to define the inverse Fourier transform for each £ € Z.

The terms in the series expansion (7.14) are similar to a>°(w,) in Lemma 6.11 up to
the factors (—1)*iw,e?* ) and, using the fact that the Fourier transform is a linear

operator, the inverse Fourier transform of $;(w,,) can be performed and one obtains

(_i))\—f—lwkeiek()‘) sgn(A; As)

si(x) =
v 2 sgn(G1Gy)
<1
82
G
821822 6 =2
R2 T3 — é_i 21 =21—u1
29=T3—U2
G G
X Vi( <A—iu1) Vi <A—zu2) duy dus.
Finally, (7.13) is confirmed, and the proof of Theorem 7.2 is complete. ]
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7.2 Fourier Representation for Two-Dimensional Lissajous Trajectories

7.2.1 Numerical Evaluation

The numerical results presented here come from [F1]. The two-dimensional excitation
model is evaluated for the system function on the z;-receive path, since the z,-receive
path is simulated numerically in a very similar way and is therefore excluded here for
the sake of simplicity. To approximate the infinite series in (7.13), an “optimal” \* was
estimated by

N = arg)fnin |k — ANg| + |k — A(Ng — 1)]

corresponding to the minimal mixing order [31, 53] and then

60+\* (i)

sip(x) ~ Z —

A=—60+A*
o2 “
X 2| PG 7.21
92107 1| B 22 ( )
R2 0 Z1=T1—Ul

29=X2—U2
G G

X VAN (A—1U1) ka,\(NBq) (A—QUQ) duy dus.
1 2

In [F12, C1] it was shown that in practice only one or two series terms in (7.21) contribute
significantly to the series for a given k € Z, so that the series is approximated quite well

by 121 series terms.

Table 7.1 defines all additional simulation parameters. For the simulation of the temporal
model in (6.3), the sampling distance At for one period of the FFP-trajectory is selected
along the temporal dimension so that the sampled signal has 6001 time taps. The
frequency components are then approximated using the discrete Fourier transform
s'tT(x,,), whereby only frequencies up to & = 1000 were used for the numerical
evaluation. The spatial sampling distance A;z; for the temporal model results in a grid
of size 365 x 365 in the drive-field FOV.

The frequency model (7.21) (s}}"" (z,)) was simulated up to & = 1000 with the spatial
sampling distance A,x;, which was an 8 times finer grid than for sampling with A;z;.
The finer sampling with the sampling distance A;z; was used to reduce the errors due

to the discretization of the convolution integral in (7.21). In addition, to avoid errors at
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7 Fourier Representation for Different FFP-Trajectories

Table 7.1: Parameters inside the numerical validation.

Parameter Value
Vacuum permeability g 47 -10~" H/m
Boltzmann constant ks | 1.380649 - 1023 J/JK
Particle
Particle core diameter D 30 nm
Particle core volume Ve %D3
Temperature Tp 293 K
Sat. magnetization Mg 474000 J/m3/T
B toVeMs
kpTp
Scanner Parameter
Gradient strength G2y 1 T/m/ g
Gjs —2 T/m/ g
Excitation amplitudes Ay 2 0.0125 T/pg
Excitation frequencies  f; 2.5/96 - 10° Hz
fo 2.5/93 - 106 Hz
FFP Duration o 1.1904- 1073 s
Simulation
Drive-field FOV Qpe | [—12.5,12.5]% mm?
FOV Q [— 32 5 32. 5]2 m?
Temporal sampling At 2.1077

Spatial sampling ANE 6.36 - 10*2 mm
Aoz, 7.95-1073 mm
Max. frequency index  Kpax 1000

the boundaries of the drive-field FOV in the simulation, the convolution was simulated
in the range of [—32.5, 32.5]> mm?. The model s{5"*(x,) was then downsampled and
cropped so that the range of the approximation of the new model %" (x,,) matches

the “old” model stE' (z,,).

Finally, the spatial frequency model (7.14) was simulated using the two-dimensional
Fourier transform of the Langevin function from (6.38). Spatial frequencies were
considered in the range of £7860.3 cycles/m in each dimension. The model was
discretized to 6133 x 6133 sampling points. The approximation was then transformed

back into the spatial domain and matched with the spatial positions against sty (x,,).

In order to obtain an objective quality criterion the mean relative error in relation to the

temporal model (6.3) was calculated for the other two models:

approx 2
MeRE(k \/Z [SEET (@) — S ()]

2
n 515 (n))]
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Figure 7.2: Upper plot: The normalized energy (norm. energy) of stt' (,,) as a function

of k. Lower plot: The mean relative error as a function of & for the system
function components of the frequency model (7.14) and the spatial model
(7.21) with respect to stk 1 (z,,). The function stFT(x,,) was derived from the

temporal model (6.3).

where s/ (x,,) either stems from the model (7.21) or from (7.14). In addition, the

normalized energy (norm. energy ) of the system functions components was calculated
using

FFT 2
2 811 ()]

maxXge{0,1,...,1000} Zn |5§£T<33n)|2’

normEng, (k) =

which means that the energy is normalized so that the largest value in normEng(%) is one.
Figure 7.2 shows in the upper plot the normalized energy of sft ' (x,,) and in the lower
plot the relative error (rel. error) for all k£ up to £ = 1000 in dB. It can be noticed that
the errors for both models are generally quite small. They usually range between -100

and -40 dB. In the longer trend, the relative error increases as the temporal frequency
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7 Fourier Representation for Different FFP-Trajectories

index k increases. In addition, an oscillating behavior can be observed, which is related
to the energy of the system function components, as can be seen in the upper plot in
Figure 7.2. Note that the energy itself is again related to the lowest orders for n;(\) and
my(A) (see (7.13) and (7.14)), and was investigated in more detail in [F12, C1]. The
simulation of the frequency model generally had a much lower relative error than the
simulated convolution with the Chebyshev polynomials in the spatial domain. This is
due to the strong oscillation of the terms U, (x)y/1 — 2 for large n. It can be seen that
some system function components of the frequency model have a high relative error, in
particular the component £ = 31. The reason is the singularity at the spatial frequency
w, = 0 (see Figure 6.6), which is not removed by a multiplication with a tensor product
of Bessel functions of the form J;( %wxl)Jo( %wm), which occurs within the series
in (7.21). Overall, the simulations confirm the calculations and show that the time, space

and frequency models are equivalent.

7.2.2 Mixing Orders, Spatial Frequencies, and Energy

In this part of the work, a connection between the spatial mixing order [31, 51, 81], the
spatial frequency representation developed in this chapter and the energy of the system
function components is to be established and investigated. The Figures 7.3 and 7.4
show functions from Theorem 7.2 for a sinusoidal drive field, i.e., o1 = 3 = ¢35 = 0.
Figure 7.3 shows the magnitude of 5y (x1, x2) = s1x(x1, 22,0) (cf. (7.13)) for different
system function components k € Z. The system function components are ordered with re-
spect to the mixing order, i.e., k = (Ng — 1)m, + Ngm,, for m,, m, € {1,3,5,7,9} [51].
A relationship to weighted tensor products of Chebyshev polynomials can be observed
and was firstly postulated in [81]. In contrast, the Theorem 7.2 reveals that in reality
there are infinitely many tensor products of weighted Chebyshev polynomials of the
second kind, which are convolved with a spatial derivative of the Langevin function.
Nevertheless, it was shown in [F12] that only one or two series terms contribute signifi-
cantly to the series. The representation of the mixing orders in Figure 7.3 shows that
the number of wave hills and zero crossings increases with increasing mixing orders m,
and m,,. It can also be observed that with increasing mixing orders m,, and m,, the large
local contributions in the system function components tend to be in the region of the
drive-field FOV. This is highlighted in Figure 7.3 by the central quadratic region using
the grids. Therefore, if an SPIO distribution lies outside the drive-field FOV, it can only
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7.2 Fourier Representation for Two-Dimensional Lissajous Trajectories

Figure 7.3: The magnitude of the system function components 5y (1, ) = s1x (21, T2, 0)
for a two-dimensional sinusoidal Lissajous FFP-trajectory, i.e.,
Y1 = o = c3 = 0, and SPIOs with a particle diameter of D = 30 nm. The
system function components are ordered with respect to their mixing orders
mg,my, € {1,3,5,7,9} by k = 31m, + 32m,, as proposed in [S1]. For
each individual system function component, the largest value corresponds to
the white color, while the black color corresponds to zero.

contribute to frequency components in the voltage signal that are related to low mixing

orders.

Figure 7.4 shows the corresponding spatial magnitude spectra for the system func-
tion components in Figure 7.3, where only the first quadrant is shown, as all other
quadrants are only mirrored versions of the first quadrant due to the symmetry of the

functions involved. Note that the two-dimensional Fourier transform can be calculated
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Figure 7.4: The magnitude of the spatial Fourier transforms of system function com-
ponents 3 (1, zo) from Figure 7.3, i.e., §x(wy,,wWs,) = F{8k(x1,22)},
ordered with respect to their mixing orders m,,m, € {1,3,5,7,9} by
k = 31m, + 32m,. In each subplot, the coordinates (w,,,w;,) =

(% (my + 1), §2(my, + 1) are marked with a red circle.

by replacing the three-dimensional Fourier transform £ : R? — C3 from (6.39) by the
two-dimensional version . : R? — C2 from (6.38). It can be observed that the spectra
are the result of a multiplication between a series of tensor products of Bessel functions
with bandpass characteristics (see Figure 5.4) and the Fourier transform of the Langevin
function & (%%) with lowpass characteristic. Note that with increasing mixing orders
m, and m, the main contribution of 5j(w,, ,w,,) shifts to the higher spatial frequencies

Wy, and wy,.
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Figure 7.5: The normalized energy (7.22) of the system function components or-
dered with respect to their mixing orders m, € {—10,-9,...,10} and
my € {0,1,...,10} by k = 31m, + 32m,,.

The behavior of the spectrum can be explained by the exponential decay of ,‘2(%)
(see Figure 6.6), i.e., only Bessel functions .J,,(£) with low orders |n| in the series (7.14)
can contribute significantly to the energy of the series. Since this behavior is also
transferred to the spatial version in (7.13), this explains the observation in [81] and thus
represents the starting point for the reduced model from [C1]. It is interesting to note that
the Bessel functions have their global function maximum approximately in the vicinity of
their order |n|, i.e., | J,(n)| = |J.(—n)| is a large function value of the Bessel function.
Thus, in Figure 6.6 (see the red circles), it can be seen that the maximal magnitude for
a

Sk (wgy , Wy, ) is proportional to w,, = %mx and w,, = Z2m,,. This confirms that the

mixing orders are indeed directly related to the spatial frequencies.

The normalized energy of the system function components is given by

fQ |51%(21, 22, 0)|2 + |82k (21, 22, 0)|2 dz

rmEng (k) = '
no ng( ) manEZ fQ |Slk(Z172270)|2 + |S2k(21722,0)|2dz

(7.22)

According to [53], these can also be sorted based on their spatial mixing order, which is
shown in Figure 7.5. In contrast to the figure in [53, Fig. 4.6], the negative values for m,,
are also included here. The negative values for m,, are not shown here, as they can be
derived directly from the positive m,, for reasons of symmetry. For the positive mixing

orders m,, m, € {0,1,...10} it can be seen that the energy decreases monotonically
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7 Fourier Representation for Different FFP-Trajectories

with increasing m, and m,, which was also observed in [53]. However, if the negative
m, are included, there is a break in this relationship. The correlation that can be observed
for the purely positive m, is seemingly not present for the negative ones. This behavior
can be fully described by (7.13), but the argumentation is postponed and first a closely
related observation shall be discussed to further clarify the relationship between mixing

orders and the obtained series expression in (7.13).

In [81] it was observed that in certain cases the same spatial pattern is encoded for two

different frequency indices
KD = (Ng — 1)m{) 4 NBmS) and k@ = (Ng — 1)m® + NBm?(f),

with [k # [k@] and m"”, m{", mi? m{P € 7z, if it holds that [m{”| = |m?| and
|m§})\ = |m§,2) |. This observation can now also be explained. In [F12] it was shown
that only one or two components contribute significantly to the energy, and in [C1] an
efficient strategy for finding the series term with the largest energy contribution was
derived. For a given frequency index k € Z, in particular also for the k) (i € {1,2})

belonging to the mixing orders, the minimum mixing order can be obtained by
mh” = kO L M ONg and mEY = kO - NN - 1),

with
)\k(z) _ argmin(—k(i) + )\NB)Q + (k(i) — )\(NB — 1))2.
AEZL

Let us assume, without loss of generality, that mi” € Nand mél) € N already represent

minimal mixing orders and are always positive, i.e., m{" = m*" and m{" = m’;(l). In
order to fulfill the condition for k® € Z that |k®)| £ |kM)| applies, either (m$, m{?) =

(—m(xl), m?gl)) or (mg(f), méQ)) = ( 561), —mgl)) can be used. Note that the actual choice

of (m§;2) ) mz(,z)) does not matter, since either the positive or the negative frequency index
is used, both have the same magnitude and for a real-valued function s, (x,t) it holds
that s, (x) = (51,7,,6(2)(33))*. In contrast to the observation in [81], however, the

normalized series in (7.13) will actually be distinct:

5,1 ()

Wi(1)

Spk2) (.’.U)

Wi (2)
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7.2 Fourier Representation for Two-Dimensional Lissajous Trajectories

The connection between s,,1)(x) and s, (x) is that they contain the same tensor
product structure of the form Vmg)(fl)me)(Sz) =V (51)Vm§2> (&) in the series
in (7.13), since V_,,(€) = V,(€) holds. Although m:"” =m{" and m}"” = mj"
have already been constructed as minimal mixing orders, however, it may happen
that mk® # m) and m’;@) + m\? apply, i.e., one would observe a system function
component that refers to the tensor product structure V. ) ({’1)mG(2) (&) instead of
V2 (§)V (&) for k® and a comparison of s, (z) \i/ith Sy k(@) Ejm) would show a
different spa;ial pattern. However, for the energy of the system function component with

small mixing orders, as shown in Figure 7.5, it is the case that only one component in

the series in (7.13) contributes significantly [F12] and if m*® = m{” and m’;(Q) = m{?
also applies, the approximation
S (®) | | Suie (®) (7.23)
Wi(1) Wi(2) .

can be made. This also explains the observation from [81] that the “same” system
function component is observed for different frequency indices k") and k£(?. So if the
approximation in (7.23) can be used, then the following must apply to the energy ratio:

normEng(k")  (wym)® (k)2

normEng(k®) ~ (w,)?  (k®)2

With the energy ratio it is now possible to explain the previous observation for the mixing
orders shown in Figure 7.5 that the correlation which can be observed for the positive
m, and m,, is seemingly not present for the negative m, and positive m,,. At the end of
this section, two concrete numerical examples are given with regard to Figure 7.5. As
a first example, let the mixing orders be m§}) =1 and mg(,l) = 2, which results in the
frequency index k) = 95 with Ny = 32. However, the mixing orders mt? = —1 and
mz(f) = 2 also lead to a system function component that encodes the same spatial pattern

with the frequency index k®) = 33. Consequently, the energy ratio is

normEng (kM) 952
——=— = — ~ 82874 ~ 9.1842 dB.
normEng(k(®) 332

The values in Figure 7.5 are normEng(k®)) = —19.836dB and normEng(k(?) =
—10.6518 dB, resulting in the energy ratio

normEng (k™M)

——————= = —10.6518dB — (—19.836dB) = 9.1842dB
normEng(k(2)) 0.6518 (~19.836dB) = 9.18 ’
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7 Fourier Representation for Different FFP-Trajectories

which agrees with the analytical result. In the second example, let the mixing orders

be my )

are mg) = —3and m

= 3, which results in k(") = 189. The associated mixing orders
(2)
Y

= Jand mél
= 3, which now leads to the frequency index £?) = 3. The
analytical energy ratio thus results in

normEng(kW)  (wum)® 1892

= 3969 ~ 35.9868 dB.
normEng(k®) (W, »)’ 32

The values in Figure 7.5 are normEng(k®) = —17.8701dB and normEng(k(V)) =
—53.8569 dB. Therefore, the energy ratio is

normEng (k™)

= —17.8701dB — (—53.8569dB) = 35.9868 dB.
normEng (k%)) ( )

The examples have shown that the different energy that can be observed in Figure 7.5

.. . . . (kD)2
between positive and negative m, can actually be explained by the energy ratio %

7.3 Fourier Representation for Three-Dimensional
Lissajous Trajectories

This section is based on [F1], but with additional phase shifts for the excitation se-
quence contained in the theorem. The definition of the three-dimensional Lissajous

FFP-trajectories is the starting point.

Definition 7.3: Three-dimensional excitation

Let N € N be a frequency divider with Ng > 2 and let fg be an arbitrary basis
frequency of the MPI scanner. Then the excitation frequencies are chosen in such

a way that f; = ]{,—1]33, fo= Ni;B—l’ and f3 = N];]i—l' The drive field then has the

form )
—A; sin(wit + 1)

HP(t) = | —Aysin(wst + @2) |, (7.24)
— As sin(wst + 3)
where w; = 27 f; with i € {1, 2, 3} denote the angular frequencies, A;, A2, A3 € R
are the amplitudes, and @1, 9, 3 € [0, 27) are the phase shifts. The homoge-
neous selection field H%(z) = Gz of the MPI scanner has a gradient ma-
trix G € R3*3 as in (7.1).
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7.3 Fourier Representation for Three-Dimensional Lissajous Trajectories

The position of the FFP is given by
xprp(t) = — G HP (1), (7.25)

where the position of the FFP xppp(t) has the period length

(Ng + 1)Np(Ng — 1)
fs

(Ng + 1)Ng(Ng — 1)
2fs

for Ny even

Tp =

for Ny odd.

Next, auxiliary parameters should be introduced to help obtaining compact expressions,

since the number of parameters increases drastically in the three-dimensional case.

Definition 7.4: Auxiliary functions

Let
( (M +2X)Ng — k if Ny even, k even,
ne(A, A2) = ¢ (A +2Xo +1)Ng — & if Ng even, k odd,
| (A1 + Ao)Ng — 2k if Ng odd,
% (A1 + o) (Ng — 1) if Ng even, k even,
me(A, A2) = ¢ 5 — (A + X2+ 2)(Ng — 1) if Ng even, k odd (7.26)
b= (O +22) (N — 1) if N odd,
'g — o(Ng +1) T
Ce(X2) = ¢ & — (A +1)(Ng +1) if Ny even, k odd,
k—22(Ng+1) if N odd.

The following theorem for three-dimensional Lissajous FFP-trajectory based MPI can

be formulated using the above definitions.
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7 Fourier Representation for Different FFP-Trajectories

Theorem 7.3

The Fourier series coefficients s;: R® — C* of the MPI system func-
tion for a three-dimensional Lissajous FFP-trajectory with the phase shifts
01,92, p3 € [0,27) and k € Z\{0} can be expressed in terms of tensor products
of V, : R — R that are convolved along the spatial dimensions with the spatial

derivative of the Langevin function £ : R3 — R3 by

@)= 3o T sy
S = 3 sgn(G1G2G3)

A1,A\2EZ

63
[821822823 Z(ﬁGZ)

G
Vnk(/\1,>\2) (A_1u1) (7.27)

Z=Tr—u

G G
X mG(h,)\z) (A_zu2> wk(>\2) <A—§’LL3> du,

where ny, : Z X Z — Z, my, : Z. X Z — 7, and ¥}, : Z — 7 are defined in (7.26),
and Qk(Al, )\2) = nk(>\1, )\2)(,01 S mk(>\1, )\2)902 A Ek()\Q)SO?), and

rect (%) (—% Vlf) if |n| >0

In|

R3

Va(§) =
Zsgn(§+1) — rect(g) arccos(§) if n =0,

and U,(&) denotes the Chebyshev polynomial of the second kind with degree
¢ € Np.

Equivalently, the spatial Fourier domain representation of sy (x) can be expressed
by

,?? G Tw,
S (w )_ Z (_1)/\1+1. iek(,\l,,\2)<—6J é
e e et a@] e \Un gy
A1,A2€7Z
A A
X Jmk()‘h)@) (wxz G_Z) JEk(Az) (wxaaz) ) (7.28)

where J,(§) denotes the /-th Bessel function of the first kind and %R —C?

is given by

T||lwg|| + 1) elwall — 1w,

2
lws > (eml=ll — 1)

50y ) — g2
Y (w,) = —4ri Tl

For k = 0 it holds that so(z) = 0 and $p(w,) = 0.
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7.3 Fourier Representation for Three-Dimensional Lissajous Trajectories

The proof of the theorem is divided into several steps. First, the manifold constraints for
the variables m, n, ¢, k, Ng, A1, Ay are given, and then the mapping function P(w,, k) is
derived.

Lemma 7.4. If a three-dimensional FFP-trajectory is used in MPI, there are two different
manifold constraints, depending on Ng € N and k € Z for n,m,{ € 7Z with \y, Ay € Z.

1. If Ny is even, the constraint
k= (Ng+1)(Ng —1)n+ Ng(Ng + 1)m + Ng(Ng — 1)¢ (7.29)

is fulfilled for even k by the line equation

n —k NB 2NB
m|l=%+M|-(Ns—1)|+X|-Ws-1)], (7.30)
4 k 0 —(Ng +1)
and for odd k by
n —k NB 1 2NB
m = g + )\1 —(NB - 1) + <)\2 + §> —(NB - 1)
14 5 0 —(Ng +1)
(7.31)
2. If Ng is odd, the constraint
is fulfilled by
n —2]{3 NB )\ 2]\/vB
m|=| k |+M|-(Nsg=1) |+ 72 —(Ng—1)|. (133
l k 0 —(Np + 1)

Proof of Lemma 7.4. The aim is to prove the constraints on n, m, ¢ for three-dimensional

MPI formulated in Lemma 7.4. For this, different cases need to be distinguished.
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7 Fourier Representation for Different FFP-Trajectories

Case 1: Ny even The following manifold condition has to hold:
n
b= (Ve + D(Ne 1), Na(Na+1), Na(Ne—1) [m], @39
14

with k,n, m, ¢ € Z. This constraint means that all points (n, m, ¢) are lying on a plane

inside a three-dimensional space. We can verify that

n _k NB 2NB
ml=1%5+M|-(Ng—1) |+t a) | —(Ng—1) (7.35)
¢ 5 0 —(Ng +1)

with a € {0, 3} and A;, A € Z is a valid solution that fulfills (7.34) by inserting (7.35)
into (7.34):

(V6 + D)(Ns = 1), Na(Ni +1), No(Ng — 1)) | m
¢

k k
=—k(Ng+1)(Ng— 1)+ 5NB(NB +1)+ ENB(NB -1)

+ A (Mg +1)(Ng —1)Ng + Ng(Ng + 1)(=(Ng — 1))

-
=0

+ (O + )| (N + 1) (N — 1)2N (7.36)
+ No(Np + 1)(= (N = 1)) + No(Np = 1)(~ (N3 + 1))
:—k(N§—1)+§( §+NB)+§( 5~ VB)

(& J/
-

=k

+ (Ao + @) [(N§ — 1)2Ng — (N§ — 1)Ng — Np(N — 1)]

(. J/

~~
=0

=k.

This means that the constraint (7.34) is fulfilled for both even and odd & in (7.30) and
(7.31), respectively. According to (7.35), for even k and o = 0 as well as for odd &
and o = %, we have A\, \s € Z and n,m, ¢ € 7Z. The general case with \; € R can be
expressed as \; = S\Z + 3; with 5\1 € Z and 5; € (0,1). Now, we differentiate between
k € 7Z even and odd.
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7.3 Fourier Representation for Three-Dimensional Lissajous Trajectories

1. keven and o = 0: It is sufficient to check for which (; the following constraints
are fulfilled:

(B1+2B2)Ng € Z, (7.37)
— (B1+ B2)(Ng — 1) € Z, (7.38)
— Bo(Ng + 1) € Z. (7.39)

By adding up (7.37) and (7.38) and rearranging the obtained equation we get

B+ B2(Ng +1) € Z. (7.40)
—_——

€7 by (7.39)

Consequently, only 8; = 0 or 3; = 1 are valid solutions. By subtracting (7.39)
from (7.38) and setting 3; = 0 we get

28, € Z, (7.41)

which only allows a solution with 3, € {0, %, 1}.

Utilizing that Np is even, we have 5, N € Z and consequently we get from (7.39)
—BQ(NB + 1) = —BQNB — 52 cl = —Bg € 7. (742)

This means that 35 = 0 or 35 = 1 are the only valid solutions. Therefore, there is
no Ay, B2 € (0,1) such that n,m, ¢ € Z.

2. koddand a = %: Here, using that % € Z, (7.35) results in the following con-

straints:

(Br+202)Ng € Z (7.43)
— (B +B2)(Ng — 1) € Z (7.44)
— B2(Np +1) € Z. (7.45)

These are exactly the same constraints as (7.37), (7.38), and (7.39). Consequently,

the constraints on (3; and (35 are also the same.
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Case 2: Nz odd To derive the manifold conditions for the case where Ny is odd, we
set

n
14

It can easily be shown that a possible solution is given for n = —2k, m = k and ¢ = k.

The basis vectors are the same as for even Vg, and we can write the possible solutions as

n —2k NB A\ 2NB
m|l=| %k [+x|-(Ns-1) |+ 32 —(Ng—1) | . (7.47)
i k 0 —(Ng +1)

The fact that A\{, Ay € Z holds can be concluded from the three constraints

(AL +X)Np € Z, (7.48)
— (Al + %) (Ng — 1) € Z, (7.49)
— %(NB +1) € Z. (7.50)

By adding up (7.48) and (7.49) and rearranging the obtained equation we get

A
(NB —+ 1)?2+)\1 € 7.

€ Z due to (7.50)

Consequently, \; € Z. By subtracting (7.50) from (7.49) and setting \; = 0 we get

Ay € 7. ]
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Lemma 7.5. The mapping function P : R? x Z — C for the three-dimensional Lissajous
FFP-trajectory xppp : R — R? is given by

i 1,A2 Al A2 A3
P(wm, Z eek (A1, )Jnk(M A2) (wml Gl) Jmk()\l)a) (waG—Q) Jgk (X2) (szG

A1,A2€EZ
(7.51)
with the phase function Oy (A1, o) = ng(A1, Aa)@1 + me(A1, A2)wa + Lp(A2)ps using
the mapping functions ny, . 7. X 7. — Z, my, : . X 7. — Z, and {}, : 7. — 7 as defined
in (7.26).

Proof of Lemma 7.5. To confirm (7.51),

1 " iwy e =) —j
Pwg, k) = %/ e FFP(?“fD>e k2 .z (7.52)

is considered according to (6.7). Inserting the respective Lissajous trajectory from (7.25)
results in the position of the FFP

A1
a sm( El)z + cpl)
o) | B )
LFFp <27TfD) Go S| -2 + oo
é—z sin(f—gz + ¢3>
é—i sin((NB + 1>(NB — 1),2 -+ SOI)
é—; sin(Ng(Ng + 1)z + ¢2) if Np is even,
é—i sin(Ng(Ng — 1)z + ¢3)

- (Vp+1)(N—1) (NB 1) > (7.53)
Np+)(Np=1) + 1

4y sm<NB Notl), | @2) if Ng is odd.

Ng( NB Np(Ng—1)

Z+903>
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With the Jacobi-Anger expansion [8, Ch. 7.2.4, (26)], the term o\ TEEP <ﬁ> is devel-
oped into a series analogous to the two-dimensional FFP and then the integration is
carried out in (7.52). Thus, for Ny, which is even, one obtains

. A A A
_ i(np1+mepa+£Le3) 1 2 3
P(wg, k) E {e Iy (wxl G1) I (wm G2> Jo (wm Gg)

nmlEZ
% i ’ elln(NB—1)(Np+1)+mNp(Ng+1)+¢Np(Np—1) k]2 d2:|
2 ) .
. A A A
= 2 {e“”“‘”*m“’?”*’”Jn (wm—l) Jon (wx2—2> J (wxs—?’)
nmlEL Gl G2 G3

X 5(”(NB+1)(NB—1)+mNB(NB+1)+€NB(NB—1)7 k)} )

while for an odd Ng it is obtained that
) A A A
_ i(np1+mpa+Lps) 1 2 3
Plos. k) = ngez {e T <°””“ Gl) Im (“””2 G2> g (““”3 Gg>

><5((

%n NB+1)(NB—].)'F%mNB(NB+1)+%ZNB(NB—1), k‘):|

. A A A
— i(np1+mpa+Lp3) A1 42 A3
— Z [e prtmegatles) 1 (wzl G1) I (w:@2 G2> Jy (w$3 G3>

nmJlEL

X 6(”(NB+1)(NB—1)+mNB(NB+1)+€NB(NB—1)7 Qk)} :

The argument of the Kronecker symbol follows the constraints in Lemma 7.4. [

The frequency-domain representation in (7.28) can be verified using the same arguments

as in the proof of the Theorem 7.1 (see (7.8), (7.9), (7.10)), while using the additional
relationship (—1)7ArA2)FmeQud)+(2) — (_1)M,
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Using Lemma 6.10 and assuming that |k| > 0, an upper bound for the L'-norm of
S,1(wg) can be calculated. By combining all factors into a constant Cy > 0, similar as

for the two-dimensional excitation, it can be shown that

1
max(1, [ng(Ar, A2)[5) max(1, [my (A, Ao)|5) max(1, |£5(A2)[5)

|Sukl| L < Co Z

A1, 2€7Z

< 00,

(7.54)
where it is used that for |k| > 0 there are no A\, \y € Z such that |[(;()\s)| =
[mi (A1, A2)| = (A1, Az)| = 0.

Similar to the two-dimensional case, by assuming a zero-mean voltage signal, one
obtains so(x) = 0 and Sy(w,) = 0. Overall, the series is therefore well-defined and the

system function 8;(w,) is in L'(IR3), so that an inverse Fourier transform exists.

Analog to Section 7.2, the Lemma 6.11 is used to obtain the inverse Fourier transform of

8k (wg), which is equivalent to the expression in (7.27).
Thus, Theorem 7.3 is finally proven. [

The three-dimensional model is much more difficult to simulate and the representations
of its system function components are not so easily accessible and are therefore omitted
here. However, it should be mentioned that in [80] a connection of the system function
components in (7.27) with tensor products of Chebyshev polynomials of the second kind
was also postulated for the three-dimensional excitation case. The exact connection was
then the first time shown in [F1]. A numerical investigation of the model was carried
out by Droigk et al. in [C1]. There it was shown that the theoretical insight from [F12],
that only a few series terms occur in the two-dimensional excitation case, can also be
transferred to the three-dimensional excitation case. The reason for that, again, lies in the
low-pass characteristic of the three-dimensional Fourier-transformed Langevin function
& : R3 — (3, which can be seen in Figure 6.7. If this function is multiplied by the
tensor products of the Bessel function in the double series in (7.28), only combinations
with small orders for ny, m; and ¢ can contribute significantly to the series, which is

then also transferred to the series in (7.27).
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7 Fourier Representation for Different FFP-Trajectories

7.4 A General Concept for Different FFP-Trajectories

The technique for formulating the MPI system function in the spatio-temporal Fourier
domain presented before can also be applied to other FFP-trajectories. To illustrate the

procedure, it is useful to start with the position-dependent FFP function
LFFP (t) = —G_IHD (t),

which is assumed to be Tp-periodic. Note, G' € R3*3 is diagonal and defined by

Gy, 0 0
G=|0 Gy 0
0 0 Gs

The essential part for the following analysis is the mapping function

1 " iw,x =) —j
P(wg, k) = 2—/ e FFP(?”fD)e "2 dz, (7.55)

™

—T

as introduced in Theorem 6.1. The mapping function in (7.55) together with the function
depending on the magnetization curve, e.g., the Langevin function, plays the central role
for the Fourier series expansion of the system function s;(x). Next, the observation
that P(w,, k) is related to generalized Bessel functions is explained and, subsequently,
P(wy, k) is presented for different FFP-trajectories. The following contains additional

and unpublished findings and, thus, represents an extension of previous works.

7.4.1 Generalized Bessel Functions

With increasing experience of the mathematical structure of the problem, it becomes clear
that (7.55) is highly related to the theory of generalized Bessel functions with several
variables from [21] and the monograph [22]. For two-dimensional generalized Bessel

functions see also [58]. This connection was first briefly mentioned in the conference
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paper [F12] without elaborating on it. Therefore, the generalized Bessel functions will

be introduced here. For this, they are defined via the generating functions of the form

M o)
fm 1 M
G o bnt) = g — ) | = My
(51,52, ,éM, ) exp (mZ:1 5 m n:ZOO (51’527 7§M>7
where M)J, (&1, &, ..., &) defines the M -dimensional Bessel function with the order

n € Z. By setting t = ¢!, the corresponding Jacobi-Anger-like expansion is obtained:

M [e'e)
G(fl) 527 s ana eie) = €xp <1 Z gm Sln(me)) = Z ein@ (M')]n(fla 527 S 7€M)
" (7.56)

n=—oo

Therefore, the M -dimensional Bessel functions can be defined as the integral expression

over the n-th Fourier series coefficient with
1 /7 M
My (€1, &5, ... Em) = 5 /_ _exp (imZ:lgm sin(m9)> e dp

x M
= %/0 cos <mZ::1 Em sin(mb) — n@) de.

(7.57)

According to [22, Ch. 6, (3.4)], the M -dimensional Bessel function can be expressed as
a series of (M — 1)-dimensional Bessel function and classical Bessel functions of the
firstkind J,, : R — R by

e}

(M)Jn(gl, 62, ce ,5]\/[) = Z (]\lejnfM@(fb 527 s 7€M71)JZ(£M)‘ (758)

{=—00

If the rule in (7.58) is applied to all variables &, &,, . . ., €y, it becomes clear that the
series can be explicitly expressed by M -series with tensor products of Bessel functions
of the first kind J; : R — RR. It should not go unmentioned that under certain conditions
the series terms M — oo in (7.56) and (7.57) can be used. This then allows for the use
of functions f(6), which can be developed in Fourier sine series into the expression e/ (?)
in (7.56) [65, 66].
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7 Fourier Representation for Different FFP-Trajectories

Using the previously defined generalized Bessel functions, it becomes clear that P(w,, k)
from (7.55) can be represented in the form of generalized Bessel functions in the case

of two-dimensional (7.11) and three-dimensional (7.24) excitation for H D(t) with

01 =2 = p3 =c3=0.

For the two-dimensional Lissajous FFP-trajectory in (7.17) with ¢; = @y = c3 = 0,
(7.55) is

s

1 .
Plwa, k) = 5 exp<i (wmg—i sin((Np — 1)2) + w, 32 Sin(]sz)))elkz ds.

(7.59)

By comparing (7.59) with (7.57), the relationship

P(wg, k) = (NBZ];.C(O, 0wy ALy @)
G110 %2 Gy
N——
Np—2 times

is obtained. By applying (7.58) twice, one subsequently obtains

Plwa k)= 3 Y vy (0, 0) T (w0, B) T (0,22

nmeZ

(7.57)
= Z 5(NB’ITL+(NB*1)TL7 k)Jn <wx1é—i> Jm (w$22_§> ,

n,me”Z

which accords with (7.15) in Lemma 7.1.

It is also not difficult to check that the following results for the three-dimensional
Lissajous FFP-trajectory in (7.53) with ¢; = 2 = 3 = 0 and an even N,

Plwg, k) = "5 (0,...,0, wey 82 ,0,...,0,w,,21,0,...,0, w,, &2 ),

T T T

ENZ—Ng Enz1 ENZ4 N

where &, is used to indicate the position of the non-zero variable in the multidimensional
Bessel function. The odd case Ng follows similarly. Thus, the generalized multidi-
mensional Bessel function seems to be a promising mathematical framework to study
various typical FFP-trajectories in MPI. Various extensions of the generalized Bessel

functions are also conceivable, so it seems interesting for the purpose of MPI to develop
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7.4 A General Concept for Different FFP-Trajectories

or use an extended model that also inserts an additional Fourier cosine series in the
complex exponent in (7.56) in order to include phase shifts in the model. However, a
complete development of the model itself is beyond the scope of this thesis. It should
not go unmentioned that the author of this thesis was surprised that the connection
through a spatial Fourier transform to series of tensor products of weighted Chebyshev
polynomials of the first and second kind under the conditions derived in this thesis does
not seem to be discussed in the literature, since the relation is quite right for the classical
Bessel functions of the first kind.

An extension of the infinite dimensional theory with M — oo in (7.56) and (7.57) can
allow one to include tri-like FFP-trajectories as in Theorem 2.2. However, a tri-like
excitation leads to a loss of desirable properties due to the convergence properties in the

Fourier sine expansion of a tri-like excitation. For details, see [22, 65, 66].

7.4.2 The Pragmatical Approach

In this section, a more pragmatic strategy for FFP-trajectories consisting of sinusoidal
periodic functions is presented. In addition, the mapping functions P(w,, k) for FFP-
trajectories known from the literature (cf. [F3, 2, 34, 50, 52, 76, 99, 100]) are presented
here for the first time. The general steps of the algorithm, which could be implemented

in a computer algebra system, for example, are as follows:

1. The 27-periodic function prrp(z) = Trrp <ﬁ> with pppp : R — R3 is repre-

sented by its Fourier series

=

N
Zl A7 sin(lz + ¢f) (af sin(Lz) + bf cos({z))
=1

)
1L

Mz

No
/=1

(aj sin(€z) + b} cos(£z))

)
X

&

N3
S A;sin(lz + ) (af sin(lz) + bj cos(£z))
=1

)
X

(7.60)
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7 Fourier Representation for Different FFP-Trajectories

Figure 7.6: Five different two-dimensional FFP-trajectories for N = 17. For all trajec-
tories (1 = @9 = 0 is used.

2. The integral
1 T .
P(wg, k) / olwiprrp(2)g—ikz q (7.61)

:% -

is solved by expanding ewiprre(2) with help of the Jacobi-Anger expansions

eif sin(u) _ Z J, (g)einu’

nez
ei§ cos(u) __ Z inJ. (é—)einu7 (7.62)
nez
elésin(u+) _ Z einQJn (f)einu.
neZ

Note that it can be helpful to use the following identity .J,,(—&) = J_,(§) =
(—1)"J, (&) forn € Z.

3. Find the solution to the obtained linear Diophantine equation.

4. Reduce the number of series terms by using the solution of the linear Diophantine

equation.
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Table 7.2: An overview of different two-dimensional drive fields HP(#) and the required
frequency-ratios, where w; = 2nf; and ; denote the phase shifts. The
frequency f; is chosen in such a way that f; = ]{]—1133, where fg > 0 1is an
arbitrary basis frequency of the MPI scanner. The table was modified obtained
from [2]. The Lissajous trajectory is only included here for the sake of

completeness, for the results see Section 7.2.

Frequency-ratio Trajectory Drive field H ()

—Aj sin(wit + ¢1)
Lissajous — Ay sin(wat + o)
Ng 0

Wo = NB—lwl

— A sin(wst) cos(wat)
Flower — Ag sin(wat) sin(wy t)
0

— Ay sin(wit + ¢1)
Cartesian — Ay sin(wat + ¢2)
0

W — A sin(wst) cos(wat)
Ng—1 Radial —A, Sin(w(g)t) sin(wqt)

Wo =

— Ay sin(wyt) sin(wat)
Spiral — Ay sin(wat) cos(wit)
0

In the following, the mapping function P(w,, k) is examined for various FFP-trajectories
found in the literature [F3, 2, 34, 50, 52, 76, 99, 100]. Among the trajectories examined
in the following, the Cartesian-like trajectory is the most commonly used [31-33, 76].
The Cartesian-like trajectory is commonly used in z-space MPI, which refers to the MPI
reconstruction in the time domain, while the next result refers to the spatio-temporal
frequency domain. In this work, however, a link is thus established between the MPI
in x-space and the representation in spatio-temporal frequency domain. The function
P(wy, k) is now derived using the proposed principle in order to present the corre-
sponding results for MPI for the first time in this thesis. The various two-dimensional
FFP-trajectories are shown in Figure 7.6. Table 7.2 shows the corresponding two-
dimensional drive fields. Please note that the Lissajous FFP-trajectory is included in

Figure 7.6 and Table 7.2 only for the sake of completeness.
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7.4.3 Radial Trajectory

The position of the FFP for the two-dimensional radial trajectory (see Table 7.2) is
defined by

LEFFP (t) == == SiH(UJQt) sin(wlt)

(7.63)

where w; = 27 f; and wo = 27 f5 with f; = ]{,—BB and f; = % The period length

for this trajectory is

N(Np —
M, if Ng is even,
1 2fB
=50 = Mo — 1
b B(f—B_) if Ny is odd.
B

1. The function pgrp(2) is represented as a Fourier series and reformulated as

A . Np—2 z . N, o

Ten [sm(fB—NB(]BVB_l)f—D) -+ Sln<fB—NB(N12—l)f_D>]
— A Ng—2 z N, z

pFFP(Z) - ﬁ [COS(mef—D> — COS <fBW1133—1)f_D>]

0

=

22 in(S522) +sin(222)]
B

2 feos(M2) con(32)] | if N iseven
0
— (7.64)
2%1 [sin((Ng — 2)z) + sin(Npz)]
QATQQ [cos((Ng — 2)z) — cos(Npz)] if Ng is odd.

0
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2. The integral is solved using the Jacobi-Anger expansions for odd Ny by

1 [ |
P("d:l:) k) / elw;pFFP(z)e—lkz dZ

T or

—T
L Ay . Ay .
_ i ol ﬁ sin((Ng—2)z) o1 ﬁ sin(Npz)
2 J .

L Ay L Ag
% el¥r2 3G, cos((NB—2)z)e—1ch2 2, cos(Npz) dz

A A A
. 4o 1 1 2
3 ) () ()

n,m,t,0€Z

A
X J_o| =5 Wa, 5((NB72)n+NBm+(NBfZ)Z+NBo, k)
2Go

and correspondingly for even Ny by

A A A
B 4o 1 1 2
P(wg, k) = 5 e J, (—Qlexl) I (—Qlexl) Jg(—zGme)

n,m,l,0€Z
Ay

X J_o <2_G2wx2) (5((NB—2)n+NBm+(NB—2)£+NB0, 2k)-

3. The following linear Diophantine equations must now be solved:

k = (Ng —2)n+ Ngm + (N — 2){ + Npo, when Ny is odd

(7.65)
2k = (Ng — 2)n+ Ngm + (N — 2){ 4+ Npo, when Ny is even.

However, before solving the systematic linear Diophantine equation for the case of odd

N3, the solution space for (7.65) should be provided.
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Lemma 7.6. The solution space for the linear Diophantine equations in (7.65) with

n,m, o,k € Z and odd Ny is spanned by the linear hyperplane equation

n —% —1 0 NB

k 0 —1 k mod 2 —(Ng — 2
N I I DY + Ao +</\3— e ) (N =2)
/ 0 1 0 2 0
0 0 0 0

with A1, Ao, A3 € Z. If Ny is even, the solution space is spanned by

k 0 -1 Az | — (Ng — 2
" — +>\1 +/\2 +—3 ( b )
l 0 1 0 2 0
) 0 0 1 0

with )\1, )\2, )\3 e 7.

Proof of Lemma 7.6. As an example, the procedure is shown for odd Ny and a fixed
keZ.

Equation (7.65) for N being odd is used. The smallest integer coefficient is Ny — 2, so
the equation (7.65) is rearranged with respect to n € Z and divided by Ny — 2, which

results in
Ng Ng — 2£ Ng n k
n=— m — — )
N — 2 Np — 2 N — 2 Np — 2
9 9 (7.66)
=—11 —(— 11 .
(+NB—2>m <+NB—2)O+NB—2
The term NBk—l is decomposed into its integer part and its remainder part by
k k—(kmod(Ng —2)) N (kmod (N — 2))
Ng—1 Np — 2 Np —2 ’
integ?a? part remai;drer part
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where a mod b denotes @ modulo b between two integer values a,b € Z. Thus, (7.66)

can be written as

k — (kmod (Ng — 2)) N (kmod (N — 2)) — 2m — 20
Np —2 Np —2 .

J/ J/
-~ -~

integer part remainder part

n=-m-—¥{—o+

The remainder is independent on the assignment of ¢ € Z, so £ = )\ is set with \; € Z.

Since the remainder must also be in Z, the remainder must fulfill

- (kmod (Ng —2)) =2m —20 _ (kmod(Ng—2))  2m 20
B Ng —2 B Ng —2 Ng—2 Ng—2
(7.67)

with \ € Z.

The next step is the reordering in relation to a variable with the smallest absolute

coefficient in (7.67), i.e., m and o. Since the variable m is to be used here, the result is

(Ng —2)A  (kmod (Ng — 2))
2 * 2 '

m= —o0—

Here, too, the equation is decomposed into an integer and a remainder part by

is even

——
(Ng—1)A  (kmod (Ng —2)) — ((kmod (N — 2)) mod 2)

m = \—0 — 5 + 5 j
integ::,rpart
N A+ ((kmod (Ng — 2)) mod 2)
5 .

J/

Vv
remainder part

The variable o is independent of the assignment and it can therefore be determined that
0 = \o with \y € Z. The remainder part must also be an integer, so that the following

must apply

kmod (N — 2)) mod 2
A= 2T mO(QB ))mod2)  Lihn € Z.

Rearranging the equation with respect to \ yields

A =2\3 — ((kmod (Ng — 2)) mod 2) .
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Since A1, Ao and A3 can be arbitrary integers, the solution of (7.65) is obtained. The
equations for the hyperplane are obtained by substituting the previous equations in the

opposite direction, which leads to the following results

N, kmod (Ng — 2
n= =i+ ANp — 7 ((kmod (Np — 2)) mod2) - mod (Np — 2)
+k’—(kmod(NB—Z))
Np —2
N — 2) ((kmod (Ng — 2 d2
m:—)\z—(NB—Q)/\g-i-( & ) m02( B )) mod 2)
kmod (Ng — 2)
2
62/\1
OZAQ?

or in vector notation

_% ((kmod (Ng — 2)) mod 2) — kmod (Np—2)  k—(kmod(Np—2))

n 2 Np—2
m| (Ng—2)((k mon(NBfQ)) mod 2) + k mod (QNBfQ)
l 0
) 0
=00
—1 0 Np
0 —1 —(Ng —2
+ + A TV
1 0 0
0 1 0
=No1 =\ov =53

(7.68)

Note that vy can be any vector that is a solution of (7.65). The derived v in (7.68) is
a particular solution. Another particular solution used in Lemma 7.6 when \; = s =

A3 = 0 and with even £ is

S

5 (7.69)

O ~ 3 3
o o wis
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and for an odd k

_ k+Np
2

k+Np—2

= 2 : 7.70
0 (7.70)

n
m
14
0 0

The three vectors vy, v, and v3 are linearly independent. Therefore, a hyperplane is
spanned with A\j, Ay, A3 € Z and vy. Any other particular solution on the hyperplane
defined by (7.65) will span the same hyperplane, therefore v, can be replaced by any
representative on the hyperplane. For an even £, it can be seen that the particular solution

in (7.69) is in Z*. It therefore remains to insert the solution into (7.65), and

(NB—Q)TL + NBm + (NB — 2)£ + NBO

k k
= —(Ng — 2)5 + NB5 + (N —2)0+ Ng0
kNg 2k  kNp
—_ - _— e k
> T2 T

follows. For odd k the particular solution in (7.70) is in Z*, and checking the solution

gives

(NB—Q)TL + NBm + (NB — 2)£ + NBO
k + Ng k+ Ng—2

+ NBT + (NB — 2)0 + NBO

k k Np Ng — 2

— (Np—2)% - NpZ — (N —2)2B 4

(B)2+B2(B)2+B2
kNg 2k kNp

Ty T T

— —(Ng —2)

=k.

The formula for an even Ng follows in a similar way and is therefore omitted here. [

Therefore, the generalized Bessel function P(w,, k) for the radial trajectory can be

formulated in the following corollary.
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Corollary 7.7. The function P : R3 x Z — C for an FFP-trajectory of the radial type
(7.63) reads

A
P(ww, k’) _ Z |: )\1+/\2J_7_)\1+(>\3_km0d2) Ng (2—Gllwxl>

A1,A2,A3€Z
J m = w
X g_)\2_()\3_%)(NB_2) 2G1 T1

A, Ay
Xe])\l <2_G2wm2) Jf/\2 (2—G2wx2>}

for Ny being odd. For Ny being even, the result reads

A
Plwg, k) = EREl A (—1w)
wek)= 3 [ e (0

A1,A2,A\3€EZ
J, AL
X Jk—A3—A3(Ng—2) Wqy
2G4

A,y A,y
XJ)\I (2—%&]@) J,,\Q (2—65(,«}932)} .

It should not go unmentioned that the solution in Corollary 7.7 for the rotated part was
solved by another series, so that the individual terms of the series can be represented
as tensor products of Bessel functions of the first kind with respect to w,, and w,,.
However, the inverse Fourier transform of the resulting function, which yields the spatial
representation, cannot be expressed by simple tensor products of weighted Chebyshev

polynomials.

A Radial Solution

In contrast to the solution in Corollary 7.7, the series terms of P(w,,k) can also

be represented in a radial form. Here the Bessel functions then have the argument

2
\/ w? ) 4(;2 + w2 i 4(;2’ which results using the trigonometric identity

asin(§) + beos(§) = esin(€ + @) (7.71)
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with a, b, c, p € R,
¢ =a*+ b,

and )
arctan(g) ifa > 0,
arctan(2) 4+ ifa <0and b >0,
arctan(%) —7m ifa<0Oandb <0,

¢ = atan2(b,a) =

3 ifa=0andb > 0,
-5 ifa=0andb < 0,
0 ifa=0and b = 0.

\
Note that the case a = 0 and b = 0 is generally undefined, but because of the occurrence

in the complex exponential term €% it is useful to define el = 1.

It should therefore be noted that using (7.64) for odd Ng, the term wIpFFp(z) can be

rewritten using the following formula

Ay Ay
Wy PrFp(2) = Wy 5 5G, sin((Ng — 2)z) + wy, = e sin(Ngz)
Ay Ay
Ng —2 N,
+ Wyy — TR cos((Np — 2)z) — wey = e cos(Npz)
Ay Ay
= Wy, — el sin((Ng — 2)z) + wey == 25 cos((Ng — 2)z)
Ay Ay
+ Wy — e sin(Npz) — wy, —— el cos(Npz)

2

, Al o A
= /w2, 162 + wi, e Sln((NB —2)z+ Q(wzl,wm))

2

A Aj
R -~ :—G(UJml, UJaL'Q)
:A(wml ) UJ.'EQ)

with

A A
O(Wey, Way) = atanQ( & ! ) .

wx22—G2> waQ_Gl
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In the case that Ny is even, one obtains in a similar way

wl:—pFFP(Z) = A(w$17 wxz) Sin( Z+ (9(&.7901,0012))

N
+ A(wyy, Wiy) sin(TBz — G(wxl,wm)).

The solution of the integral in (7.61) using the Jacobi-Anger expansion (7.62) for odd
Ny gives

1 [ .
Pl k) = o [ eeremdeea;

_ Z ei(nfm)9(wml,Wzg)Jn(A(wxl’wm2))Jm(A(mew:m))

nme”Z

—T

X O((Ng—2)n+Ngm, k)s

and for even Np

P(wg, k) = Z ei(”’m)e(wl‘l’WZQ)Jn(A(wII,wm))Jm(A(wml,wm))

nmezZ

X O((Ng—2)n+Ngm, 2k)-

The constraint
k= (N —2)n+ Ngm

for an odd Vg is solved by

(;) _ (‘5) + (,\ _ km20d2) (—(N]ZB— 2)) . A€z,

with k,n, m € 7Z and for an even Ny the constraint

2k = (NB — 2)n + NBm

n —k A Np
() ()3 () e

is solved by
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with k, n, m € Z. Both solutions can be deduced from Lemma 7.6. Finally, the following

corollary can be formulated similarly to Corollary 7.7.

Corollary 7.8. The function P : R® x Z — C for an FFP-trajectory of the radial type
(7.63) is

P(wm, I{J) _ Z ei[nk()\)—mk()\)}e(wzl, wzg)Jnk(A) (A(wm , wm)) Jmk(/\) (A(Wzl , wg@))7

ANEZ
where
A? A2
A(wml’wx2> = \/wglll_Gl% +w%2@7
A A
e(wx1>wx2) — atan2 (wg@ﬁ’wxlﬁ) ,
2 1
nk(A) = —5+ (A= ) N, if Np is odd,
—k + 3 Ng, if Ny is even,
and
5 — (A —E92) (Ng —2), if Ny is odd,
mp(\) = ¢ 2 g 542) (Vg —2) 'fB'
k—5(Ns—2), if Ny is even.

It should be noted that the complex exponential term in Corollary 7.8 could also be

rewritten as M N
. Wy, b 4+ 1w, =2
ele(wzl, wey) . _T12GH + 1w, 2G2 :

AWe, , Way)

which allows for an alternative expression of P(w,, k).

The inverse spatial Fourier transform of P(w,, k) in Corollary 7.8 is not easy to specify
because there is no Chebyshev polynomial correspondence as in the case of the fully

separated solution in Corollary 7.7.
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7.4.4 Spiral Trajectory

The spiral trajectory (see Table 7.2) is

Ay

o sin(wi?) sin(wat)

xprp(t) = é—z sin(wyt) cos(wit)
)

)

0

=| & [sin((ws — wi)t) + sin((ws +wi)t)] | (7.72)

where wy = 27 f1, wy = 27 fo, f1 = ]J:,—f;, and fo = % The period length for this
trajectory is

Ng(Ng — 1
M, if Ny is even,
1 2/

fD NB(NB — ].)
fB ’
For the spiral FFP in (7.72), the function pggp(2) is given by

if Ny is odd.

A 2—N; z N, z
ﬁ [cos(fB—NB(NBB_l)f—D) — Cos(fB—NB(Ni_l)f—Dﬂ

— A : 2— N, z . N z
pere(2) = | 3 [sin(for2Rin 7 ) +sin( ot )|
0

sch [cos(5722) — cos(5p2)]

(22 in(32) —sin(¥22)] |, if Naiscven
0

(7.73)
2%1 [cos((Ng — 2)z) — cos(Npz)]
2‘4—22 [sin(Npz) —sin((Ng —2)z)] | . if Ngis odd,
0
\
where sin(—¢) = —sin(§) and cos(—¢) = cos(§) were used in the second equation.
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Therefore, the integral can be solved using the Jacobi-Anger expansions in (7.62) for an
odd Ng as follows,

A A A A
_ l4o 1 1 2 2
P(wg, k) = E i JZ(QG wm) J_ (2G1 ) J_n (2G2 ) Im (—2G2w$2>

n,ml,0€Z

X 5((NB—2)n+NBm+(NB—2)e+NBo, k)
and for an even Ng by

A A A A
B 4o 1 1 2 2
P(wg, k) = E 1 JE(QG wx1> J_o (—Zlexl) J_n (—2G2wx2> I (_26‘20%2)

n,m,l,0€Z

X 5((NB—2)n+NBm+(NB—2)Z+NBo, 2k)-

This results in the same condition as for the radial FFP-trajectory in (7.65), which means
that the result from Lemma 7.6 can be used. Note that the indices n,m,¢,0 € Z are
deliberately chosen so that the complex phase term 1" behaves in a similar way to step 2
in the radial FFP-trajectory case. Consequently, the corollary is formulated equivalently
to Corollary 7.7.

Corollary 7.9. The function P : R® x Z — C for an FFP-trajectory of the spiral type
(7.72) with odd Ny reads

) A A
e 3 ) )
A1 A2, A3 EZ 1 1
Ay
XJ%‘F)\l—()\S_kaOdZ)NB 2_G20Jx2

A
XJ%—)\Q—(Ag—km;dz)(NB—Q) 2—6;20012 .

If Ny is even, the result is

) A A
P(wm, k‘) = Z |:1/\1+>\2J)\1 (2—651(«0;51) J_Ag (25 )

A1,A2,A\3€EZ
J A2
XJk+M=AsNg | 5~ Wao
2Go

A
X Jk—xg—X3(Ng—2) Q—szzz .
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A Radial Solution

The radial solution can be derived in a similar way as for Corollary 7.8, therefore it is
formulated below without derivation.

Corollary 7.10. The function P : R? x Z — C for an FFP-trajectory of the spiral type
(7.72) is

P(way, k) = Z lei[nk(k)é(wzl, —Wig)+mE(NO(—wey, way)] A (A(%“wm))

AEZ

X Jmk()\) (A(le ) ng)):|

= Z {(_1)11/9()\)6i[nk(/\)erk()\)]é(wzp sz)Jnk(A) (A<Wx1 ’ wl‘g))
AEZ

X Jim(n) (A<wx17wx2))] )

where
A? A2
Alwey, wry) = \/@14—5% +w§24—G2%,
) A A2>
0wz, We,) = atan2 | Wy, ——, Wy, —— |,
( ) ( 2G4 2G,
nk(A) = —5+ (A= E92) N, if Np is odd,
—k+ 5 Ns, if Ng is even,
and
5~ (A= 592) (N5 —2), if Ngis odd,
mp(\) = { 2 /(\ 742) (Vg —2) 'fB.
k=g (Np—2), if N is even.

The exponential term eif(@s @) can be rewritten equivalently to the radial FFP case

as
ei9(wx1 Wag) _ T2 2G5 T12G

B AWy, Wr,) 7
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so that the exponential term in Corollary 7.10 can also be expressed by

Ay A\ Tk Ay AL\ T
ei[nkﬁ(wzl, —Wag )FMpO(—wzy s way)] ( Wrs 56, + Wz, 5o 2G1 ) (Wgc2 2G5 — Wy, 54~ 2G1 )

A(wmuwwz) A(Wmu"‘}m)

+
n Wy 2%?2 10']951 QAGl e
=(-1)
A(Way, Wi, )

_ (_1)nk e*i(nkerk)é(Wzl: wgg2)7

where )\ has been omitted for the sake of simplicity.

7.4.5 Cartesian-like Trajectory

In two-dimensional MPI the position of the Cartesian-like FFP-trajectory (see Table 7.2)

reads v
ot sin(wit + ¢1)
LEFFP (t) = é—z sin(wgt + 901) ) (774)
0
where w; = 27f1, wo = 27 fo, f1 = J{T_BB’ fo = m and 1,y € [0,27). The

period length for this trajectory is

1 Ng(Ng — 1)
Th=—=———-
/o /B
For the two-dimensional Cartesian drive field in (7.74), the position of the FFP prpp(2)
is A
ren sin((Ng — 1) z + ¢1)
pFFp(Z) = é—z SiIl(Z + (,02)

0

To obtain the mapping function P(wy,, k), the integral in (7.61) is evaluated and results

in

i(ng1+mea) 7 [ A1 Ay
w:m Z e'\"? me (G_l > Jm <G_2wm2> 5((NB—1)n+m, k) (775)

n,meZ

with the help of (7.62). The following corollary holds.
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Corollary 7.11. The function P : R? x Z — C for an FFP-trajectory of the two-dimen-
sional Cartesian-like type (7.74) with Ng € N is

i(Ap1+(k— - 2 Ay A,
P(wm, k) = Ze A1+ (k—A(Ng—1))¢p )J)\ (G_lw“) Jk—/\(NB—l) (G_me) )

AEZ

Proof of Corollary 7.11. The constraint that have to be fulfilled is
k= (Ng—1)n+m

with k,n, m € Z. By rearranging this equation with respect to m one obtains
m=k— (Ng— 1)n,

which is the solution to the constraint. Inserting this solution in (7.62) completes the

proof of Corollary 7.11. [

For three-dimensional MPI, the Cartesian FFP-trajectory position reads [53]

% sin(wit + 1)

LFFP (t) = é—z sin(wgt + (,02) (776)

£2 sin(wst + ©3)

with w; = 27 f;,i € {1,2,3} and fg = f1 = Npfo = N3 f3. With such a choice of the

frequency dividers, the period length results in

_ Mg
fs

Consequently, the three-dimensional Cartesian FFP in (7.76) results in the function

Tp

2 sin(Ngz + 1)
pFFp(Z> = é—g Sil’l(NBZ + QOQ) . (777)

é—z sin(z + 3)
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The integral in (7.61) is evaluated with the help of (7.62) according to

) A A A
_ i(np1+mepa+Les) 1 2 3
Plwg, k) = E e'\p1Tmpa Tl Jn(lezl) J,n(GwaQ) Jg(G3wx3>

n,mlEL
X (5(

NZn+Npm+e, k)

The related constraint is
k = Njn + Ngm + /

with k,n,m,{ € Z. The subsequent rearrangement of the constraint with respect to ¢
results in
¢ =k — Njn — Ngm

and, thus, the following corollary can be formulated.

Corollary 7.12. The function P : R3 x Z — C for an FFP-trajectory of the three-
dimensional Cartesian-like type (7.76) with Ng € N reads

. A A
Plws,k) = 3 el[nk(Al)vﬁmkwmﬁk(AI’AQWJnk(m(G_iwxl) T (32) (G_z%)

A1,A2€Z
J, As
X J (A A2) Was |
Gs

where nk()\l) = )\1, mk()\g) = )\2, and gk’()\la )\2) =k — )\1N§ — )\QNB.
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7.4.6 Flower Trajectory

The position of the two-dimensional flower trajectory (see Table 7.2) is defined by

% sin(wit) cos(wat) 2%1 [sin((w1 — wa)t) + sin (w1 + w2)t)]
xppp(t) = é—z sin(wst) sin(wyt) | = 2‘%22 [cos((w2 — w1)t) — cos((wa +wi)t)] |,
0 0

(7.78)
where wy = 27 f1, wo = 27 fs, f1 = ]J\C[—i and fy = Né‘il. The period length for this
trajectory is

1 Ng(Ng—1)
Tp=— =B
/o /B
The rescaled FFP position function is
2‘% [sin((2Ng — 1)z) — sin(2)]
prrp(z) = QATQQ [cos(z) — cos((2Ng — 1)2)] | - (7.79)

0

The mapping function P(w,, k) in (7.61) is evaluated with the help of (7.62) according

to

. A1 Al AQ A2
— l+o ket g L g 2
P(wyg, k) E i Jn<201wx1) J m(2lem) J Z(QGQL%Q) JO<2G2wx2)

n,m,t,0€Z

X 5((2NB—1)n+m+(2NB—1)z+o, k)-

The solution of the linear Diophantine equation finally leads to the following corollary.

Corollary 7.13. The function P : R® x Z — C for an FFP-trajectory of the two-dimen-
sional flower type (7.78) with Ng € N reads

) , A A
Plwg, k) = Z P2t 7y <2—G11wx1) J k- (2Ng—1) (A 4+22)+ s (Q_C;lwxl)

A1,A2,A\3€EZ
Ay A,
Sl 57 Was | Ias | 574 Was | -
8 A2(202”2) A3(2(;2“ >
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A Radial Solution

Like the radial FFP in Corollary 7.8 and the spiral FFP in Corollary 7.10, the flower
FFP mapping function P(w,, k) can also be formulated in a radial form. Therefore, the

scalar product between w, and prrp(2) is calculated first, resulting in

Ay A
W PrFP(2) = Wey 5o G, sin((2Ng — 1)2) — wyy =~ e sin(z)

As Ag
2Ng — 1
+ Wy — TR COS(2) — Wyy —r 20 Cos(( B )z)
Ay Ag
= Wy, —— el sin((2Ng — 1)2) — wyy = 205 cos((2Ng — 1))
As
— Wy —— el 8in(2) 4 Way——r el cos(z)

= AWy, wy,) sin((2Np — 1)z + 0(wy,, —ws,))
+ AWy, Wa, ) sin(z + 0(—wy,, wm))

with

Al A3
A(w$1 ) wa) = \/wgl 4_G«% + ng 4_G%
and

A A
0wy, wWay) = atan2( 2 ! )

Y9G, PG,

The evaluation of (7.61) results in

P(wy, k) = Z eilnd(@ey, —wey)+mb(—wsy, way)] 7 (A(wm , wm)) I (A(w:cl 7 wm))
n,me”L
X O((2Ng—1)ntm, k)-
The reformulation of the complex exponential, as carried out for the radial FFP and the

spiral FFP, finally results in

Wy AL g, A2\ g 1+1cu A\ ™
ei[n@(cu,;17 —Wag ) +ml(~way , Way)] 126G, 222G, Z12G 292Gy

A(Wgy, We,) A(wm , Way )
A Lo Ay \ VT
_ (_1)m wzl 2Gl lwa 26'22
A(wl‘l ) wﬂm)

o (_ 1)me—i(n+m)9(wzl ) Wao) )
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Thus, the corollary that summarizes the previous result can now be formulated.

Corollary 7.14. The function P : R® x Z — C for an FFP-trajectory of the flower type

(7.78) is
P(wa:’ k) - Z |:(—1)mk()\)e_i[)\+mk()‘)]9(wzl, wzQ)J)\ (A(le 9 sz))
AEZ
X Jm(n) (A(wzl,wm))},
where
A2 A2
Alwg, s wey) = \/(*%%14_67% + w:%24_G%7
A2 Al
0(wz,, we,) = atan2 (w@Q—%,wle_&) ,
and
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8 Conclusions & Outlook

In this thesis, a general mathematical framework based on the Langevin model of
paramagnetism was introduced to describe the mapping of magnetic particles in the
spatio-temporal Fourier domain for arbitrary periodic FFP-trajectories. For this purpose,
the multidimensional Fourier transform of the Langevin function (see Theorem 6.5)
was derived and combined with a concept of the FFP-trajectory-dependent mapping
function of (6.7). It was also pointed out that the Langevin function can be replaced by
other magnetization curves given by the anisotropic equilibrium model and its series

representation in (3.39).

To illustrate and verify the obtained expressions, simulations were performed that enrich
the results presented in [F1]. In addition, expressions for the corresponding mapping
function (6.7) for the flower, Cartesian, radial and spiral FFP-trajectories were derived

for the first time in this thesis (see Figure 7.6).

The results presented are of great importance for a deeper theoretical and mathematical
understanding of MPI. Many observed phenomena in MPI can be explained or proven
using this model. For instance, the formulation helps to validate reconstruction strategies
based on Chebyshev polynomials and matrix compression strategies [F2, 57, 60, 91] and

explains the frequency mixing between spatial and temporal frequencies.

A major problem, as mentioned in this thesis, is the lack of a good model for the system
function in MPI, i.e., the system function is usually measured in a time-consuming
procedure that, for example, takes up to three days for a three-dimensional system
function of size 64 x 64 x 64 [40]. During this time, the MPI scanner is blocked and
cannot be used for clinical measurements, which would not be acceptable in clinical
routine. The situation is even worse, as small changes in the measurement procedure,

such as using a different SPIO tracer or changing scanner parameters, mean that a
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completely new calibration scan is required. A suitable mathematical model that can be
simulated in an acceptable time is therefore of utmost importance and can help to reduce
the calibration effort. The spatio-temporal Fourier representation of the MPI system
function is a suitable candidate for such a model as it allows for the decoupling of the
SPIO magnetization behavior from the excitation sequence, i.e., it enables the separation
of particle and scanner parameters, which is desirable as it allows for the independent

optimization and calibration of the two.

Nevertheless, many physically relevant aspects are not captured by the Langevin model
of paramagnetism, such as relaxation effects and particle anisotropies. However, the
use of the anisotropic equilibrium model presented in Section 3.1.2 and Section 3.1.3
seems to be a good candidate for the introduction of particle anisotropies. The use of the
extended model was proposed in [F5, F7, 3] and recently experimentally validated in [F6].
Compared to the stronger differential equation-based approaches [48, 49, 86, 111, 112],
which can also model SPIO distributions with relaxation effects, it is much faster to
simulate [F6].

One point that has not yet been fully discussed in this thesis is the transfer function
in (2.5) and (2.38). It is usually estimated using a least squares method, in which
some calibration scans of SPIOs in an MPI scanner are used and compared with the
simulated results of the system function model [51]. Alternatively, the use of a measured
transfer function was also recently demonstrated [6]. Here, only the receive path of the
scanner is measured without using SPIOs. In [6], however, a model based on partial
differential equations was used to simulate the polydisperse SPIO distribution, which is
computationally demanding. A combination of [6] with the extended model in [F5-F7]
seems to be the next step towards a fully-fledged mathematical MPI model that can be

evaluated quickly.

At the moment, the lack of relaxation effects seems to be the main drawback of the
model (cf. Theorem 6.1) presented in this thesis, although it was shown in [F5-F7]
that the relaxation behavior due to Néel rotation is negligible for the Lissajous FFP-
trajectories and typical MPI tracers. To consider one kind of relaxation effects in a first
approximation, the model could be combined with the Debye model, which is often
used to model relaxation effects in MPI systems with one-dimensional excitation and

is described by temporal convolution with an exponentially decaying kernel [10, 20].
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Note that when fitting the transfer function, as proposed in [51], the Debye model is
basically included, since the Debye model is only described by a convolution in time.
In order to increase the modeling power of the mathematical model presented in this
thesis, a relaxation model should therefore be developed in the future that exhibits spatio-
temporal relaxation effects but is not as complex to simulate as differential-equation

based approaches.

Another aspect that is not taken into account in the spatio-temporal frequency model are
magnetic field inhomogeneities. It is to be expected that a field inhomogeneity in the
drive field HP(t) leads to a different FFP-trajectory. However, such inhomogeneities
can be explained within the mapping function by a probably more complicated FFP-
trajectory. The assumption of a linear gradient field for the selection field HS(x) is
more delicate, but despite the incorrect assumption, with the proposed theory the field
inhomogeneity could be interpreted as a spatially dependent change in the magnetization
curve (cf. (2.18) and (2.27)). Therefore, the problem of field inhomogeneities can be
solved by a spatially dependent magnetization model, which was basically done for the

anisotropic equilibrium model with varying kernel in [F5, C3].

It should also be mentioned that the developed mathematical descriptions have pro-
vided new insights into the MPI imaging process and that a direct Chebyshev re-
construction could be obtained for multidimensional MPI based on the Lissajous
FFP-trajectories [C1, C3]. This reconstruction method works system-matrix free based
on series expansion and only one deconvolution step has to be performed with respect to
the assumed SPIO magnetization curve. Furthermore, the close relationship between
the weighted Chebyshev polynomials and the Bessel functions may allow for the de-
velopment of a direct reconstruction approach based on the Bessel functions in the
spatio-temporal frequency domain in the future. A first step in this direction was made
for the one-dimensional excitation in [F4]. Such a multidimensional method directly
reconstructs the Fourier-transformed SPIO distribution. Since the deconvolution usually
takes place in the frequency domain, a reconstruction method in the frequency domain

would be well suited.

Also worth mentioning is the convolution structure in (6.57), which was formulated
more explicitly in this thesis than in previous publications. For example, with its help, it

can be justified that a combination of Chebyshev polynomials of the first and second
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kind is better suited to compress a system matrix than only with Chebyshev polynomials
of the second kind [C2]. The clou of (6.57) is that the derivative between the Chebyshev
polynomials and the magnetization curve can be exchanged arbitrarily, which could
possibly be used in the future to further optimize the direct reconstruction algorithm
in [C1] and also offers advantages regarding the numerical simulation of the system

function.

Besides, it was shown in [59] that using sinusoidal excitation with variable DC offsets and
the techniques developed in [F1], i.e., using Bessel functions and Chebyshev polynomials,
a static nonlinearity in a Wiener-Hammerstein cascade can be identified, suggesting that
some of the results developed in this thesis may have a much wider range of applications
beyond MPI. An investigation of the relationship between the FFP mapping function
and the generalized Bessel function, as shown in this thesis in Section 7.4.1, seems

interesting for future research.

For a more general theoretical description of MPI, the inclusion of an FFL in the
mathematical framework presented is also of interest, but this is not simple to realize,
since the FFL is generally described by a gradient matrix for HP(¢), which is not
invertible. The invertibility of the gradient matrix is used in (2.25) to define the function
xrrp(t), which is then used to define the mapping function. Whether this is possible
with the concept of generalized functions is an open question, as this point has not yet

been investigated.
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Acronyms and Notations

A/D Analog-to-digital

FFL Field-free line

FFP Field-free point

FOV Field of view

MPI Magnetic particle imaging
FFL Field-free line

PDF Probability density function

SPIO Superparamagnetic iron oxide nanoparticles

Notations
Symbol Description
N Set of natural numbers without zero
Ny Set of natural numbers including zero
) Set of integer numbers
R Set of real numbers
R, =[0,00) Set of non-negative real numbers
C Set of complex number
N, M eN Sizes of the dimensions
Co(RY) Space of functions which are continuous and vanish at infinity
LP(N) Set of functions on ) C RY with finite LP-norm
Lp Shorthand for L”(0)
S? Cc R3 Surface area of the unit sphere
||, Vector-valued p-norm with 1 < p < oo and € CV
|| = ||z Euclidean vector norm
| fl e LP-norm of function f : ) — C with 1 < p < o0
x', AT Transpose of the vector z € CV and matrix A € CM*V
fT(x) = (f(x))" Transpose of vector-valued function f : ) — CV
AT=AY Shorthand for inverse and transpose of a matrix A € RV*¥
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