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Abstract

In this thesis, we introduce a stochastic model for the invasion of a parasite pop-
ulation in a spatially structured host population, which includes an individual-
based adaptive immune response. We will call this the "Spatial Infection Model
with Host Immunity" or SIMI for short.

In the SIMI, parasites move as independent simple random walks on a graph
until they meet a vertex that is inhabited by a host. With a given probability,
the host repels the infection, kills the parasite, and adapts its probability to
repel the next infection. After a successful infection attempt, both the host and
the attacking parasite die, and only the parasite leaves a random number of
offspring.

We study the SIMI on the integer line Z and show that parasites have a posi-
tive survival probability if and only if the mean offspring are greater than the
mean number of needed infection attempts. Furthermore, we study the speed
at which the parasites invade the host population. If the probability of a host
after repelling an infection, to also repel the next one does not grow fast enough,
then parasites propagate across the host population at a linear speed. However,
if that probability grows quickly enough, the propagation speed is polynomial
with exponent < 1.

Finally we investigate the SIMI on higher-dimensional graphs with hosts that
are either totally immune and never get infected or get infected in the first at-
tempt. We show that the survival probability undergoes a phase transition in

the frequency of totally immune hosts.






Zusammenfassung

In dieser Arbeit fiihren wir ein stochastisches Modell zur Beschreibung der In-
vasion einer Parasitenpopulation in eine rdaumlich strukturierte Wirtspopula-
tion ein, wobei die Wirtspopulation iiber einen individuenbasierten adaptiven
Verteidigungsmechanismus verfiigt. Wir bezeichnen dieses Modell als ,Spatial
Infection Model with host Immunity", kurz SIMI.

Im SIMI bewegen sich Parasiten als unabhéngige zuféllige Irrfahrten auf einem
Graphen, bis sie auf einen von einem Wirt besetzten Knoten treffen und diesen
zu infizieren versuchen. Der Wirt wehrt mit einer gegebenen Wahrscheinlichkeit
den Infektionsversuch ab, totet den Parasiten und verdndert seine Wahrschein-
lichkeit, den néchsten Infektionsversuch abzuwehren. Ist ein Infektionsversuch
erfolgreich, so toten sich der Wirt und der angreifende Parasit gegenseitig und
nur der Parasit hinterldsst eine zuféillige Anzahl an Nachkommen.

Wir betrachten das SIMI auf dem Graphen Z und zeigen, dass die Parasiten
genau dann mit positiver Wahrscheinlichkeit fiir immer {iberleben kénnen, wenn
die mittlere Anzahl an Nachkommen grofer als die mittlere Anzahl an noti-
gen Infektionsversuchen ist. Weiterhin analysieren wir die Geschwindigkeit,
mit der Parasiten in die Wirtspopulation eindringen. Wachst die Wahrschein-
lichkeit eines Wirts nicht schnell genug nach einem abgewehrten Infektionsver-
such, auch den néchsten Versuch abzuwehren, so konnen die Parasiten sich mit
linearer Geschwindigkeit in der Wirtspopulation ausbreiten. Fallt die Infektion-
swahrscheinlichkeit hingegen schnell genug, so ist die Ausbreitungsgeschwindig-
keit nur polynomial schnell mit einem Exponenten < 1.

Abschliefiend betrachten wir das SIMI noch auf héherdimensionalen Graphen
mit Wirten, die entweder vollstdndig immun sind und nie infiziert werden oder
direkt beim ersten Versuch infiziert werden. Wir identifizieren in dieser Situ-
ation einen Phaseniibergang in der Uberlebenswahrscheinlichkeit der Parasiten

in Abhéngigkeit von der Haufigkeit vollstindig immuner Wirte.
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E[X] Expectation of the random variable X.
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x<y X and Y are equal in distribution
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NOI{O,LQ,...}
Z=A4...,-2,-1,0,1,2,...} Set of all integer numbers
Zew=A{ ..,0—1x}
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n] ={1,...,n}
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]

Smallest integer bigger or equal than x.

f=0(g) g is an asymptotic upper bound for f.

f=o(9) f is asymptotically negligible with respect to g.
=) g is an asymptotic lower bound for f.

f=06(9) g is an asymptotic lower and upper bound for f.
ii.d. independent and identically distributed.

12



Chapter 1

Introduction

1.1 Introduction

For a long time, researchers have been actively studying individual-based epi-
demiological models with a host and parasite dynamic (c.f. [3],[37],[9],[10],[34]).
The purpose of this study is to explain how a population of parasites spreads
among and infects a spatially structured population of hosts, where parasites
require interaction with the hosts in order to reproduce and hosts have a re-
sistance to parasite infection. There has been much research into the creation
of mathematical models that capture a wide range of phenomena seen during
the infection process while remaining sufficiently simplified to allow for rigorous
treatment (c.f. [12],[42],[48]).

Building an interacting particle system that depicts the interaction between
hosts and parasites at the micro-level is a common mathematical method for
incorporating the spatial structure of the host population. In other words, it
views each host and parasite as a distinct (discrete) entity, referred to as a parti-
cle of type H (resp. P), and it explains how each particle moves, interacts with
other particles, reproduces, and dies. Liggett’s books [30] and [31] are standard

references for the construction and analysis of interacting particle systems.

The spread of a parasite population in a population of immobile hosts living
on Z* d > 1 can be described by a discrete time model that Telcs and Wormald
introduced in [19]. They dubbed this model the egg model. To our best knowl-
edge, Richard Durrett is credited with coining the term "frog model," which

is the most common name for this model today ([39]). Renaming the terms
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"active" and "sleeping" frogs to reflect our perspective of parasites and hosts,
the model works as follows. One host is placed on each site z € Z¢\ {0}, and
one parasite is placed at the site 0 € Z?. Until they are taken out of the system
after getting infected, hosts stay in their starting position and don’t move at
all. All parasites move to a random, uniformly chosen neighboring site at each
time step. Nothing more occurs if this site is occupied by other parasites or is
empty. If a host lives on the site, however, the host gets infected, perishes, and is
eliminated from the system forever. Additionally, the parasite that is infecting
produces 2 new parasites at this vertex before dying. A later work by Popov,
Alves, and Machado [2] expanded this model to include a random number of
offspring, distributed as some A > 1 and independent of everything else for each
infection. They demonstrated that the set of infected hosts satisfies a so-called
shape theorem and grows linearly in time. Later, Ramirez and Sidoravicius
in [10] modified the model and the shape theorem result to a continuous time
setting, in which each parasite moves as a simple symmetric random walk in
continuous time rather than moving all parasites at once. These results will be
presented in a short survey in Section 2.1.

In these models, whenever a parasite attacks a host, the host immediately
becomes infected and dies. This is obviously not a realistic assumption, as the
host may have an immune system that can fend off a parasite infection and kill
the attacking parasite without reproduction. In this thesis, we examine a simi-
lar host-parasite model as the frog model but with the addition that hosts have
an immune response and might repel an infection attempt. Here is how we take
this immune response into account. We consider a sequence (py,)men C [0, 1]
and assume that every host can react to the occurrence of its previous parasite
attacks. In the event that a parasite attacks the host at site z € Z¢ for the m-th
time, the infection is prevented, independent of everything else, with a proba-
bility of 1 — p,,. In this scenario, the parasite is eliminated and permanently
removed from the system. With probability p,,, the infection attempt is suc-
cessful, and a random number of parasites, independent of everything else and
distributed as some A, which we may allow to be 0 with positive probability, are
placed at site x. After a successful infection, the parasite kills the host, which
is then permanently removed from the system. We call this model the Spatial
Infection Model with host Immunity, or SIMI for short.

14



This mechanism brings the new issue of spatially dependent parasite deaths;
hence, in this thesis, we will investigate, besides the speed of parasite spread,
also the survival probability of the parasite population, i.e., the probability that
at least one parasite remains alive at any given time. In [1]|, Alves, Machado,
and Popov presented an alternative death mechanism for parasites, where at
each step a parasite dies with probability p. We highlight the essential fact
that, in their model, each parasite walks a geometrically distributed number
of steps before being destroyed, so the routes taken by different parasites stay
independent. This is no longer the case in our model, because knowing that
a parasite has previously visited a specific vertex and successfully infected the
host on that site affects the outcome of the next parasite that visits that site.
In [1], they study parasites’ survival and transience. For further information,
see Section 2.1. In Chapter 5, we prove comparable results for our model in the
particular case p,, = pdi(m), which means that either a host is infected the first
time it is attacked with probability p or it is entirely immune and never gets

infected.

The main focus of this thesis will be on examining the situation of the under-
lying graph Z and for which (moderate) assumptions on (p,,)men the behavior
of linear growth, that is examined in the frog model, remains unaltered and
under what assumptions on (p,,)men the system exhibits sublinear speed.

An important quantity is the number of parasites killed by a specific host, which

is independent from everything else and distributed as
I:=1inf{m > 1: B,,(pn) = 1},

where {B,,(py) : m € N} are independent and B, (p.,) has a Bernoulli distribu-
tion with success probability p,,. Our first basic result demonstrates that a finite
parasite population survives with positive probability if and only if E[/] < E[A],
which means that on average more offspring are generated at an infection than

are needed for the infection to happen. In Chapter 3, we demonstrate that if
E[I*"] < o0

for some £ > 0, the set of infected sites expands on a linear scale in time, con-
ditioned on parasite survival. Also, for stronger moment assumptions on I, we

derive a shape theorem.
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In Chapter 4 we assume that [ has a heavy tail, in the sense that for some
a € (1,2) and all o > « there is a ¢ > 0 such that

/

P(I>n)>cn™°

for all n > 1. In this setting we show that the set of infected sites exhibits

sublinear growth.
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Chapter 2
Related work and main results

In this chapter, we lay out the thesis’s main results, as well as provide a brief

summary of related results from the literature.

Section 2.1 provides an overview of the frog model, which our SIMI gener-
alizes. We will additionally emphasize how the strategies utilized may and will
be applied to our model.

The results and proofs of the model evolving on the integer line Z, which are
included in Chapters 3 and 4, will be summarized in Section 2.2. The results
in Chapter 3 have been obtained in collaboration with Cornelia Pokalyuk, and
the results in Chapter 4 in collaboration with Matthias Birkner.

The scope of Chapter 5, which discusses the model with a particular choice of
immunity distribution for different underlying graphs, will be finally outlined in

Section 2.3.

2.1 A short survey on the frog model

The literature on the frog model that is relevant to the subject of this thesis
will be briefly reviewed and discussed in this section. We will also demonstrate
the extent to which we can utilize the approaches that have been provided in
the literature for our model. We note that there is a vast literature regarding
the frog model and its variants ([14],[36],[17],[20],[5],[18]), and, in this survey,

we only discuss a selection of results that are in direct relation to our model.

To begin, we formally introduce the frog model described in the introduc-
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tion. We consider the d-dimensional lattice Z? with edge set {(z,y) € Z? x Z% :
d
|z —ylly = 1}, where [[(21,..., za)ll == D25 |-

Remark 2.1. In this section on the frog model, we shall somewhat change (in
comparison to the SIMI) the interpretation of how reproduction occurs following
a successful infection for the sake of notation. As stated in the introduction, a
random number of offspring are born following a host infection, and the infect-
ing parasite dies. Since the amount of parasites in the frog model only grows,
this would require the assumption that at least one offspring is produced in each
infection. But because we intend to label every parasite in the subsequent con-
struction, this interpretation would eliminate the label for the parasite that is
causing the infection, needlessly complicating the notation. For this reason, in
this section, we suppose that the infecting parasite survives the infection and
we allow for the production of 0 offspring, which corresponded to 1 offspring in
the previous interpretation. These two perspectives obviously result in the same

process, which we now explain.

Let the index set S be either Ny or [0, 00), and let A be a random variable that
takes values in Ny with P(A > 1) > 0. Since parasite death is not included in the
conventional frog model, as was previously mentioned, the variable A represents
the number of parasites that will be created during an infection, in addition to
the infecting parasite. Let A = {A, : © € Z} and {(Y;")es : i € N,z € Z}

be independent sets of random variables so that

e the number of offspring produced after the host at x is infected is described
by the variable A, which is distributed as A for each x € Z¢. As a result,

there will be A, + 1 parasites at site x following the host’s infection.

2

e according to S = Ny or S = [0,00), the variables (¥;"");cs are a simple
symmetric random walk beginning in x in discrete (or continuous) time
for every x € Z%,i € N. The trajectory of the i-th parasite born on z will
be defined as (Y;x’i)tes for x € Z¢ and i < A,. Again, we note that after

a parasite is generated, its path is independent of everything else.

With inf @ := oo, we set t(z,y) = inf{t € S|F1 < i < A, : "' = y} for
x,y € Z%. If initially just the host at = gets infected, and every other host is
still in the system, then, conditionally on {A, > 1},

18



T(x,y) := inf {t(xo,z1) +t(x1, 20) + ... t(Tp_1, Tk) }
keN,xg,x1,...,x, €24
To=a, =Yy

is the time that the host at y gets infected. When just the host at z is initially
infected and the offspring are determined by A, we denote by

T(z,A) :={y € Z: T(x,y) <t}

the set of sites that are not occupied by a host at time t € S, i.e., the set of
already infected sites.

We denote the frog model on Z¢ with offspring given by A = {A, : x € Z%}
and having the infecting parasite survive as FM(Z9, A). Keep in mind that
collections A that are not i.i.d. are permitted by this definition. The definition
of FM(G, A) for any graph G = (V, E) is also evident.

2.1.1 Recurrence and transience

The recurrence and transience of parasites are the subjects of the first precise
results on the frog model. A graph G = (V, E) is referred to as vertex-transitive,

as we recall, if for every x,y € V there exists a bijection ¢ : V' — V such that

¢(z) =y and
{op(u),9(v)} € E <= {u,v} € E.

This just means that the graph looks the same if viewed from different vertices.
Definition 2.2. Let G = (V, E) be a vertex-transitive graph, ) € V' be a dis-

tinguished vertex, and A = {A, : © € V'} a collection of Ny-valued random

variables. If
P(if initially () is infected, then it is visited infinitely often by a parasite) = 1.

then the frog model FM(G, A) is referred to as recurrent. If not, it’s referred to

as transient.

Kosygina and Zerner demonstrated in [28, Theorem 1] that the probability
above fulfills a zero-one law if A is an i.i.d. collection. For an explanation of

their rather different notion of recurrence, see specifically Appendix A of their

paper.
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Going back to the frog model on Z¢, we observe that even a single random walk
is recurrent on Z? for d = 1,2. Because parasites remain in the system forever,
the frog model’s recurrence is trivially true. Higher dimensions, however, are
more involved. In [19], Teles and Wormald provided an answer to this question,
demonstrating that if d > 1 and A, = 1 almost surely for all z € Z?, then
the frog model is recurrent. We point out again that in the classic frog model,
A, = 1 means there are 2 parasites on the site x following the host’s infection
at site . Popov later refined this result in [38] for a collection of offspring that
is, in particular, not independent and identically distributed. For each z € Z¢,
he assumed that
P(A, = 1) =1 - P(4, = 0) = p(x)

for some function p : Z¢ — [0, 1] and that {A, : x € Z%} is still independent. He
determined the decay rate for p in this context, which separates the transient

and recurrent phases.

Theorem 2.1 (|38] Theorem 1.1). Let d > 3, p : Z% — [0,1] and A = {A, :
x € Z4} be an independent collection with P(A, = 1) = 1 — P(A, = 0) = p(z)
for all x € Z4\ {0} as well as Ag = 1 almost surely. There exists a.(d) € (0, 00)
such that

e If a < a.(d) and p(z) < 25 for all x large enough, then FM(Z®, A) is

1

transient.

o If a > a.(d) and p(x) > 25 for all x large enough, then FM(Z4, A) is

= ll=l?

recurrent.

In particular, if A is an i.i.d. collection, then the frog model FM(Z, A) is

recurrent.

We note that since the collection A considered in [38] is a priori not identi-

cally distributed, we cannot conclude that
[P(0 is visited infinitely many times) = 0

in the transient case. In fact, in |38, Theorem 1.3] Popov constructs an example

where this probability is strictly between 0 and 1.
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2.1.2 Shape theorem on Z¢

After being rescaled by time, the set Z,, of infected hosts at time step n converges
to a convex set. Alves, Machado, Popov, and Ravishankar initially proved this
so-called shape theorem in [2] for the situation of A = 1 almost surely. Later,
in [3], they extended it to any i.i.d. offspring collection A. Recall that when we
start with only the host at x infected, we denoted by T'(x,y) the time that the

host at site y is infected, and
T.(z,A) = {y € 2% : T(x,y) < n}.
We set
- 1177 .
Zn(x,A) =< y+ 55| ¥ €Z.(x,A) p CR%
The shape theorem now states the following quenched result.

Theorem 2.2 (3] Theorem 1.1). For any d > 1 and any i.i.d. collection A =
{A, : © € Z%, there is a non-empty convex symmetric set Aga C R such
that conditionally on Ag > 1, for almost all realizations n € N%d of A and any
e € (0,1) we have

7,(0,7) c(

(1—¢e)Aga C = - 14+¢e)Aga

for all n large enough P,-almost surely. Here P, = P(-|A =) is the conditional

measure for a given offspring configuration 7.

This theorem was later adapted by Ramirez and Sidoravicius in [10] to con-
tinuous time and A = 1 almost surely. In both cases the proof relies on Liggett’s

subadditive ergodic theorem [32] and that
T(z,y) <T(z,z) +T(z,y) (2.1)

for any x,y,2 € Z% The inclusion of parasite death eliminates this almost
sure inequality in our model, the SIMI, as we will see in Chapter 3. This will
occur because the parasite’s path Y*# is only utilized until it encounters a host
and fails to create any offspring, be that due to the host’s immunity or due to
an infection with 0 offspring. But the hosts that remain in the system and,
consequently, the routes taken by other parasites determine when this occurs;

see specifically Example 5.5. Additionally, such an almost sure coupling will be
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prevented by the requirement to condition on the parasite population’s survival
in the SIMI. Because of this, even in the apparently simple situation of the
underlying graph Z, we will need to rely on an alternative construction that
draws inspiration from the works [16],[15],[13] of Ramirez, Quastel, Comets,

and Bérard and are discussed in the following section.

2.1.3 Renewal structure on 7

A series of publications by Ramirez, Quastel, and Comets, as well as Ramirez
and Bérard ([16],[15],[13]), established more detailed results using a renewal
structure and the simple geometry of Z. In their model initially one host on
each x with x > 0 and 7(x) parasites on each x with z < 0 for some 7 € Nfﬁo

are placed so that

> () e’ < oo (2.2)

2<0
for some 6 > 0. Due to the geometry of Z, they can identify the state of the
system by a tuple (14, ;) with ny = n and ro = 0. The quantity r; € Ny, which
they call the front of the process, represents the site that is infected at time
t that is farthest from 0 in the positive direction, and 7, € NJ represents the
number of parasites at time ¢ on each x with < r;. They examined a strong
law of large numbers, a functional CLT, and large deviations for the process

(r:)e>0 as well as invariant distributions of 7, viewed from the front.

In Chapter 3 and Chapter 4, we will adopt initial configurations of type n on
Z, where only one half-line is filled with hosts and the other is filled with empty
space or parasites. Their results rely on the construction of renewal times, which

are as follows.

Theorem 2.3 ([15] Corollary 1). For 0 > 0 small enough and any n € N%SO

satisfying (2.2), there is a sequence (K, )nen of random times such that
® Ki,Ko — Ki,K3 — Ko, ... are independent, and
{Kns1 — K :n > 1}

are identically distributed.
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® (Ttnm1 )105 (T(er+t)Ake — Th1 )10, - - - are independent and

{(T(nnth)/\nn_,_l — Ty )tz0 i > 1}
are identically distributed.
Furthermore E||kp41 — knl?] < 00 and E[|ry, ., — 1, |*] < 0.
Using this renewal structure, they showed the following results.

Theorem 2.4. [[15] Theorem 1] For § > 0 small enough and any n € N%SO
satisfying (2.2), there exist v,0? > 0 such that

almost surely and

converges in law as € — 0 to a Brownian motion with variance o>.

ZSO

Theorem 2.5 ([15] Theorem 2). Let § > 0 be small enough and n € Ny
satisfying (2.2). Fort > 0 denote by 7_.,1m; € NOZSO the function

T_pi(z) =z + 1), (z<0).

Then (T—r,Mt)e>0 s a Feller process on the space of functions NOZSO satisfying
(2.2). Also, there are exactly two invariant distributions . and &, where 05 is
the point mass in the function 0 : x + 0. For anyn € N(Z]SO satisfying (2.2) that

is not the function 0, 7_.,n; converges in distribution to pi. ast — oo.

Since any parasite at a site x with x < r,, at time x, moves diffusely, the
renewal structure depends on establishing a lower growth bound for the front
(Ti,+t)t>0 that moves with linear speed using only newly (after time k,,) gen-
erated parasites. In this way, only the newly generated parasites contribute
to the front, because the old parasites cannot catch up to the linearly moving
front. A comparable lower growth bound structure, which only takes into ac-
count parasites generated close to the front, is used in Chapter 3 and Chapter 4.
We will establish a weakened version of the renewal structure, in which we can
only demonstrate that the renewal times are almost surely finite, rather than

that they have (certain) finite moments. Using this structure we show (only)
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ergodicity of the process (r;);>0. Together with some conditional subadditivity
property similar to (2.1), which, in particular, does not hold almost surely, this
yields a strong law of large numbers (but no central limit theorem).

In a further work, Bérard and Ramirez obtain a large deviation principle based

on a refinement of this renewal structure.

Theorem 2.6 (|1 3] Theorem 1). There exists a rate function I : [0,00) — [0, 00)
such that for every initial configurationn € NOZSO that satisfies (2.2) for all 8 > 0,
we have

1
limsup — log P (% € C') < —inf I(b), for all closed C' C [0, 0)

o0 L beC

and

.1 Tt .
— — >
htm inf ; log P ( , € G) ggé](b), for all open G C [0, 00).

Also, with v > 0 as in Theorem 2.4, I is identically zero on [0,v], and it is

positive, convez, and increasing on (v, 00).

This result requires even finer control of the renewal structure than the

functional CLT and thus is currently out of reach for our model.

2.1.4 Threshold frog model

In [26], Junge, McDonald, Pulla, and Reeves presented a variation of the frog
model that also takes into account an immune response of hosts. Like our model,
each host must be attacked a random number of times, i.i.d. over all hosts and
according to some distribution, which they denote by 7. We note that, as de-
scribed in the introduction, this viewpoint is equivalent to our viewpoint of
having a sequence (py,)men C [0, 1] of success probabilities for the m-th infec-
tion attempt. In their model, however, in the event of an unsuccessful infection,
the hosts do not eliminate the attacking parasite. Alternatively, the parasites
can just sit on top of hosts, and once a parasite is generated, it is never taken
out of the system. Therefore, by slightly modifying the proofs, the results on Z¢
mentioned in Subsections 2.1.2 and 2.1.1 can be established. Consider the fol-
lowing construction to see this. Let m := inf{k > 1:7(k) > 0}, {4, : v € Z%}
be independent, and {I, : * € Z} be i.i.d. according to 7. We first put 1
host on each x € Z\ {0} with I, = m and Ag parasites on site 0. All other
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sites remain empty. The ¢-th parasite generated on site x travels according to a
simple symmetric random walk (Y;"");cg. Whenever a parasite, say with label
(y,7) € Z¢ x N, jumps onto a site x € Z? with a (unmarked) host, it marks the
host such that only the parasite with label (y, j) can interact with it. The host
only becomes infected, and A, many new parasites are created on site x, if the
parasite with label (y, j) performs exactly 2(m — 1) jumps back and forth be-
tween the site from whence it jumped onto x and the site z. If not, the host dies
and is eliminated from the system without any new parasites getting generated.
The threshold frog model, with immunities distributed as 7 and offspring given
by {4, : x € Z¢}, clearly dominates this model. On the other hand, this model
dominates a (possibly time-changed if m > 1) frog model where the offspring
are i.i.d., and the offspring at x are with probability (2052(% distributed as A,
This implies that the results found on

(m)
(2d)2(m—1) .

Z4 also apply to the threshold frog model, as they were valid for any offspring

and equal 0 with probability 1—

distribution.

The threshold frog model is analyzed in [20] on the d-ary rooted tree T<. The
aforementioned construction is not applicable because results for arbitrary off-
spring distributions are not available in this setting (c.f. [22],[21]). The thresh-
old frog model on T with i.i.d. thresholds distributed as 7 and ii.d. offspring
distributed as £ is denoted by denoted by TFM('TFd,T, ¢). They make the as-
sumption that the offspring are Poisson distributed and i.i.d., with a parameter

i > 0 and obtain the following result on the recurrence of parasites.

Theorem 2.7 ([26] Theorem 1). Let 7 be any distribution on N and let §) € T¢
be the root.

f1o(7, T%) = inf {u . inthe TFM(T, 7, Poi(p)) with O initially infected,}.

0 is visited by infinitely often by parasites a.s.

Then for all d > 2 we have

pie(7, T%) € (0, 00).

2.1.5 Frogs with geometric lifetime

Giving each parasite a geometric lifetime is one method to include parasite death
that was introduced in [1| by Alves, Machado, and Popov. Every parasite in
this discrete time model has a 1 —p € [0, 1] chance of dying before taking a step.
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Letting {D*" : x € V,i € N} be an i.i.d. collection of Geom(1 — p)-distributed

random variables, we thus substitute the stopped random walks
{(Y;7i>0§n<Dz,i xeV,ie N},

for the trajectories
{(Y"")ten, : x € Vi € N},

On the graph G = (V, E), with offspring given by A = {A, : * € V}, and
the probability p of surviving a step, we denote the frog model with geometric
lifetime by FM*(G, A, p).

This model was introduced by Alves, Machado, and Popov in [I| and later
studied more extensively by Lebensztay, Machado, and Popov in [29] and by
Rontes, Machado, and Sarkar in [19]. We present some of the results from |[I],
which in Chapter 5 will be (partially) adapted to our model.

To begin with, we note that using the construction from the introduction in
this Section 2.1, that is, assigning each parasite its entire trajectory, it is not
difficult to see that the system can be coupled in such a way that the event of
survival parasites and the event of visiting 0 infinitely many times is monotone

in p. As a result, we may provide the following definition.

Definition 2.3. Let G = (V, E) be a vertex-transitive graph and A = {A, : z €

V'} an i.i.d. collection of Ny-valued random variables. We define
(G, A) :=1inf{p € (0,1] : P(the FM*(G, A, p) survives) > 0}

and pL(G,A) as

g {p c(0,1]: P ( if inatially () is infected in the FM*(G, A, p), ) - O}

then it is visited infinitely often by a parasite

The first result in [1] states that survival in this model on Z is almost surely
impossible as long as the offspring numbers are not very high. In the SIMI con-

sidered in Chapter 5, this result will hold regardless of the offspring distribution.
Theorem 2.8 ([!| Theorem 1.1). If E[max{0,log A}] < oo, then p.(Z,A) = 1.

For higher dimensions they obtain a phase transition under some mild con-

ditions.

Theorem 2.9 (|!| Theorem 1.3 and 1.4). Let d > 2 then
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o if P(A>1) >0, then p.(Z%, A) < 1.
e if Elmax{0,log A}?] < oo, then p.(Z¢, A) > 0.

These two results will also apply to our model in Chapter 5, where the posi-
tivity of the critical parameter even holds regardless of the offspring distribution.
Also, they obtain the following asymptotic results for large dimensions, which

we so far cannot show for our model but conjecture to be true as well.

Theorem 2.10 (||| Theorem 1.8). It holds that

1
lim p(Z%A) = ———
Jim p (2%, A) T EA

where é = 0.
Regarding recurrence on Z?, they obtain the following result.

Theorem 2.11 ([!] Theorem 1.10 and 1.12). For any d > 1 we have the fol-

lowing:
e [f E[max{0,log A}¢] < oo, then pl(Z%, A) = 1.
o IfP(A>n)> (logn)=? for some 8 < d, then p.(Z¢, A) = 0.

In Chapter 5 we obtain a similar result, namely that recurrence cannot
happen, i.e., p, = 1 on any graph, if E[A] < co.
They also study this model on the d-regular tree T? for d > 3 and obtain the

following results.

Theorem 2.12 ([!] Theorem 1.2, 1.5 and 1.6). Let d > 3, then
e if there exists 0 > 0 such that E[A°] < oo, then p.(T? A) > 0.
o if E[A°] = co for all § > 0, then p.(T¢, A) = 0.

Also,
o if P(A>1) >0, then p.(T4 A) < 1.

The phase transition result will also apply to our model in Chapter 5, and
on the tree T? we are also able to show a similar result for the asymptotic of

the critical parameter.
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Theorem 2.13 (||| Theorem 1.7). It holds that

1
lim po(TA) = ———

where £ := 0.
oo

Finally, they show the following results for the recurrence on T¢ which in
our model are already encapsulated by the result of no recurrent phase on any

graph described above.
Theorem 2.14 ([1| Theorem 1.9 and 1.11). For any d > 3 we have the following:
o IfE[A%] < 0o for all 6 € (0,1), then p,(T¢, A) = 1.

o IfP(A>n)>nP for some B < log(d 1 ) then p.(T?, A) < 1.

2.2 Infection on Z

This section summarizes the results and proof strategies from Chapters 3 and
4. We consider the following scenario. The underlying graph is Z, and initially
only sites x with x > 0 are occupied by a host, and there is a possibly random
RS N?SO such that each site z with x < 0 has n(x) parasites. Because of the ge-
ometry of Z, each host gets attacked separately. In particular, given the process
is well-defined, for any ¢ > 0 there is a site r;(n) such that there are no hosts on
any site x with < r,(n) and a configuration 7,(n) € N?S”(’” such that there
are 1;(n)(x) parasites on each x < r(n). This site r(n) is referred to as the
front of the process, while 7,(n) represents the current parasite configuration. In
Chapter 3, we analyze which conditions on 7 produce a well-defined process and
prove that it is a strong Markov process. Furthermore, assuming E[A?] < oo, we
are able to show that it has the Feller property. To construct the process, we ap-
proximate the initial configuration n by a sequence (n');en with suppn' C (=, 0]
such that ' — 7 in an appropriate Polish space. Using a collection of inde-
pendent random walks, we can construct the process starting with only finitely
many parasites given by n'. Then we show that for any 7' > 0 almost surely,
uniformly over ¢ € [0, 7], the sequence (r¢(n'));en is constant for large enough I
and ((n5(n'))sejo.r)ien converges in the uniform topology to some limit process.

By construction, the resulting process will have cadlag sample paths, because
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it is almost surely a uniform limit of a sequence of cadlag paths. The strong
Markov property will follow by showing that the corresponding semigroup pre-
serves the bounded and uniformly continuous functions. The Feller property is
obtained through calculating and bounding the quadratic variation of the mar-
tingale corresponding to the norm function on the state space. With that we can
show that the norm of the process does not fall too fast with high probability,
and hence for any compact set K there is a larger compact set K, such that

starting outside of Ky we enter K until time ¢ only with small probability.

To explain the dynamics of the process, it is easier to think of the sequence
(Pm )men of success probabilities for the m-th infection of a host. However, when
analyzing the behavior, it is useful to count for each host how many infection
attempts are needed before this host gets infected. We assume that the host at
site x needs to be infected I,-many times before it is infected and note that the

collection (I,),>1 is i.i.d. and distributed as
I:'=inf{m >1: B,,(pn) = 1},

where {B,,(p,) : m > 1} is an independent collection and B,,(p.,) is Ber(py,)
distributed for each m > 1. Also, we assume that after the host at site x
with © > 1 is infected, there are A, parasites born at site =, where (A4,),>; is

1.1.d. distributed as some A.

Remark 2.4. We point out that in contrast to the frog model in Section 2.1,
we returned to the viewpoint of the infecting parasite to die even at a successful
infection. Thus, after an infection at site x, there will be only A, parasites

sitting on vertex x, and we allow the case that A, = 0 with positive probability.

Because each host is attacked one after the other, we can directly calculate
how many parasites need to die before the host at site z with = > 0 is infected.

Namely, there are
x
> 1y
y=1
many parasites needed to infect the hosts at 1,2,...,x. Since each infection of

asite y € {1,...,x} sets free A, many new parasites, we obtain that the event

of survival is given by

N {Zn(yHZAy > Zly}
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and thus has positive probability if and only if

max {E[A —1I],P (Zn(y) = oo) } > 0.

y<0
To analyze the speed of infection, we apply the following heuristic to explain the
different behavior for finite and infinite second moments observed in Chapters
3 and 4. A typical random walk is at time ¢ at a distance at most v/¢ from its
origin. Hence, to infect a host at some site x, only the parasites at a distance of
at most /¢ participate in the infection with high probability. Since E[A] < oo,
the law of large numbers implies that for large distances k, there are roughly
O(k) parasites born inside [z — k, z]. Thus, in order to infect the host at x from
site z — 1, it takes roughly ©(I2) time units. See in particular Theorem 4.2 for

a precise statement in this direction. In other words, the infection of site n > 0

°(57)

time units and thus grows linearly in n if I has finite second moments. If on

takes roughly

the other hand [ has a heavy tail, then the infection time of site n will grow

superlinearly, which takes the speed of infection to a sublinear order.

2.2.1 Immunities with finite variance

In this section we consider the case that the variance of I is finite and will
describe how we will, in Chapter 3, construct a lower bound for the front that
is used to show linear growth. Assuming we are in the supercritical regime
E[A] > E[I], we will use tail bounds on the distribution of I to show that an
auxiliary process, that is fed only from parasites born close to the front and
lower bounds the actual process, already exhibits linear growth. Assuming for
now that the initial configuration 7 is such that (n(z)).<o is i.i.d. distributed
as A, it works as follows. Consider some interval [m,n) and note that until the
time p,, at which the front leaves that interval, i.e., the first time that r,, = n,
the parasites born at some site inside [m,n) can only die at the hosts inside
(m,n]. Hence, at time p,, the amount N,,,, of living parasites that were born
at some site x € [m,n) is at least

n—1

r=m
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Fixing some E[A] > f4 > (; > E[I], we obtain that for any n > 1 there is some

random distance K,,, such

n—1 n
Z Ax Z BAKTL and Z Iz S BIKnu
z=n—Kp z=n—Kp+1

and thus N,_r, , > (84 — Br)K,. Because living parasites cannot sit on top
of hosts, this means that by the time that ;K of the parasites born inside
[n — K,,n) reached the site n, the infection of site n must have already hap-
pened, which will give us the needed upper bound on the jump times of the
front, and we will denote this auxiliary jump time by v,. Returning to arbi-
trary initial configurations, we find some random site M > 1, such that for any
n > 1 we have M +n — Ky, > M. Thus, (2.3) is a valid lower bound for
N yn—Kyrw,M4n, and variy, is a valid upper bound for the jump time of the
front onto site M + n.

Assuming that the tail of the immunity I falls fast enough, by supposing that
E[I**¥] < oo for some & > 0, we will show that the distance K, is small with
sufficiently high probability such that the auxiliary jump times have finite expec-
tation. By construction, two auxiliary jump times are independent conditionally
on having disjoint intervals of influence [n — K,,, n]. Again using a small enough
tail of I, we obtain that the sequence (Vasin)nen 18 ¢-mixing. This allows us to
show that the auxiliary jump times satisfy an almost sure law of large numbers
and thus the front of the process moves at least linearly fast. Coupling with a
branching random walk shows that it, on the other hand, does not grow faster

than linear. Precisely, we obtain the following.

Theorem 2.15. [Theorem 3.2 in Chapter 3] Assume E[I] < E[A] and that
E[I?*¥] < oo for some € > 0. Then for any initial configuration of parasites
n e N?SO, such that the process is well defined, we have conditioned on the

survival of parasites

... T . T
0< () < lim inf — < hmsup—t <Oy <
t—ro0 t—o00

almost surely for some (deterministic) constants Cy, Cs.

Assuming smaller tails of I, we can also obtain estimates on the probability
to move slower than linearly, which corresponds to a large deviation of the

auxiliary jump times. This will allow us to construct a renewal time as in
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Section 2.1 that we can show to be finite almost surely. In particular, this
implies that the sequence of jump times of the front has a trivial tail sigma field
and thus the limits considered in Theorem 2.15 are deterministic on the event
of survival. Together with a subadditivity property of the front, we can show a
law of large numbers for the front on an event with positive probability, which,
by the non-randomness of the limits, then implies the law of large numbers on

the whole event of survival. Precisely, we will show the following.

Theorem 2.16 (Theorem 3.3 in Chapter 3). Suppose that for some o > 3*;/ﬁ

and €4 > 0 we have
E[A] > E[I], E[I**] < 00, E[ATa=3"4] < 00 and P(A>T+4) >0

and initially there is only an amount of parasites distributed as A on vertex 0.

Then there is a v > 0 such that conditioned on the survival of parasites

almost surely.

2.2.2 Immunities with a heavy tail

In this subsection we summarize the results and techniques used in Chapter 4.

We assume that for some « € (1,2) we have
P(I>n)=In)n"“ (2.4)

for all n € N and some slowly varying function .

Under the assumption E[A] > E[I], we can repeat the construction from the
previous Section 2.2.1 and again obtain a site M > 1 and sequences (Kpsip)n>1,
(Var4+n)n>1 s before. However, the auxiliary jump times will no longer have finite
expectations but only have finite moments of any order ¢ < 5. Hence, using this
lower bound for the front, we will show that r; grows faster than any function
t? for ¢ < 5. On the other hand, for any ¢ > 5, we will be able to show that it
grows slower than ¢7, in particular that it exhibits sublinear speed. The idea is
the following. As described in the introduction of this section, to overcome an
immunity of height h > 1, it takes ©(h?) time units. Now observing that an
immunity of at least height h appears with probability I(h)h~ and immunities
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are independent, this means that asymptotically, there always is an immunity
of height na—¢ before site n for any € > 0. This barrier alone will slow down

the time till infection of site n to the scale na—<. This will imply the following:

Theorem 2.17 (Theorem 4.1 and 4.5 in Chapter 4). Suppose that I satisfies
(2.4) for some a € (1,2). Then for any q > § we have
o,

t—oo 14

Also, for any q < 5§ we have conditioned on the survival of parasites

In Chapter 4, we present a refinement of this theorem, where we bring the
scale down to t21(t) for some slowly varying function [.
As part of the proof, we obtain a result that might be of independent interest. It
is a refinement of the heuristic that it takes ©(h?) time units to infect a barrier
of height A > 1.

Theorem 2.18 (Theorem 4.2, 4.3, and 4.4 in Chapter 4). Let E[A?] < co and
suppose that initially each site x with x < 0 is inhabited by an i.i.d. number
of parasites distributed as A. For + € N let X, be the infection time of site 1,

conditioned on Iy = v and set

2 (www

VT

2@—2)
==

Then

2
K, = m % N(0,1).

deq 3 1200

If in addition Elexp(AA)] < oo for some A > 0, then for any monotone function
f € o(y/1) there are constants Cy,c; > 0 such that for all © > 1 we have

P(IK.| > f(1) < Crexp(=erf(1)) -

Also, in this case there is a constant c3 > 0 such that for any ¢« > 1 and any
0<w< 03L% we have
P(K, > w) 1+ w? P(K, < —w) 1+ w?
ey~ 1o (F) e BGET = (5).

where ® is the cdf of the standard normal distribution.
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In particular, the second part of this theorem implies that if I has a regularly
varying tail with index « € (1,2), then X; = p; has a regularly varying tail

with index %

2.3 Infection on different graphs for a two-type

host population

In this section we summarize the results from Chapter 5. We assume that there
are only two types of hosts: susceptible hosts, which appear with probability p
for some p € (0, 1], and completely immune hosts, which appear with probability
1 — p. This corresponds to taking the sequence (py,)men of success probabilities
as Py, = pdy(m) for m > 1. This process is quite similar to the frog model with
geometric lifetimes introduced in Section 2.1. In fact, some of the results and
proofs can directly be translated to this model.

An important aspect is that, under the assumption that every infection produces
at least one offspring, we can again take the viewpoint from Section 2.1 that
the infecting parasite survives the infection. In that way, we can, for each site
x, assign the set R, of sites that will be visited by some parasite that was born
after the host at x is infected. The collection of these sets is then condition-
ally independent, given which hosts are susceptible and which are completely
immune. Also, in this way the infection process actually turns into a percola-
tion problem, where a site y is reachable from x if y € R,. Questions like the
survival of frogs or the recurrence to the origin can then be expressed in terms
of this percolation. For example, the survival of parasites is equivalent to the
existence of a pairwise distinct sequence 0 = g, xy,... such that z,.1 € R,
for all n € Ny. Recurrence to the origin would just mean that also 0 € R,,, for
infinitely many n € N.

Using this approach, we will analyze this model on general graphs and specifi-
cally show that the survival probability of parasites undergoes a phase transition
on the integer lattice Z¢ and the d-regular tree T,. Also under the mild assump-
tion that E[A] < oo, we show that this model is never recurrent on any graph,

because the completely immune hosts remain in the system forever.
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Chapter 3

Infection on 7Z: the finite Variance

regime

3.1 Introduction

We are interested in the spread of a parasite in a spatially distributed host pop-
ulation. We model this scenario by placing susceptible (immobile) hosts on the
vertices of a graph G. Later we will consider mainly Z, that is, G = (V, E') with
vertex set V = Z and edge set E = {{z,y} : ||[x — y|l; = 1}. Parasites infect
the hosts and move on the lattice according to symmetric simple random walks
in continuous time. As hosts often have an immune response against infections,
we assume that whenever a parasite tries to infect a host, parasite reproduction
might be prevented, and the parasite gets killed. In the case of a successful
infection, the parasite kills the host and sets free a (possibly random) number
of offspring. For simplicity we assume that hosts do not reproduce.

We can view this model as an extension of the frog model that has been in-
troduced by Telcs and Wormland (1999, [19]). The classical frog model is an
interacting particle system on some graph G = (V, F), which evolves under the
following dynamics. There are two types of particles, which are usually called
active frogs and sleeping frogs, and each site v € V' can host a finite number of
frogs of the same type. Active frogs, independently of everything else, perform
simple nearest neighbor random walks on G, and sleeping frogs do not move at
all. Whenever an active frog jumps onto a vertex v € V', all sleeping frogs on v

immediately transform into active frogs and start performing their own simple
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nearest neighbor random walk, starting at v. The model can be formulated
both in continuous and discrete time; however, we focus on the continuous case
here. Interpreting active frogs as parasites and sleeping frogs as the offspring
produced at an infection, in the classical frog model, an infection is always suc-
cessful, and infecting parasites survive the infection. Therefore, in particular,
the population of frogs can only grow larger.

In [2], Alves, Machado, and Popov showed a shape theorem for the set Sy(n)
of vertices visited by some active frog up to time n when G = (Z¢,{{z,y} :
|t —y|l1 = 1}) and at n = 0 there is one active frog in 0 and one sleeping frog
on each other site z € Z%\ {0}. Precisely, they showed that there is a convex
(deterministic) set A, such that for any € € (0,1)

(1—e)Aq C Sdé") C(1+¢e)Aqg

for all n large enough almost surely. In [3] they improved this result to hold
for random initial configurations, placing an i.i.d. number of sleeping frogs on
each vertex. For the frog model in continuous time, Ramirez and Sidoravicius
showed in [10] the shape theorem on Z? with one sleeping frog on each site.

In the one-dimensional, time-continuous case, Quastel, Comets, and Ramirez
improved upon this result in [15] and obtained a central limit theorem for the
fluctuations of Si(t) around A;t, and a large deviation principle was shown by
Bérard and Ramirez in [13].

Next to the trivial survival of the frogs in the classical model, another main
difference is that in the classical frog model, using a collection of independent
simple symmetric random walks to assign each frog its trajectory after waking
up yields an easy way to couple initial configurations in a monotone way. How-
ever, doing this in our model will not be a monotone coupling because when
and where a specific parasite dies depends on the location of hosts that are still
asleep; see Example 3.51. Hence, the trajectories of parasites will no longer
be independent in this coupling. In particular, this means that the techniques
relying on this monotone coupling, such as the sub-additivity arguments used
in Ramirez and Sidoravicius ([10]) to show a shape theorem, cannot be applied
to our model.

Importantly, techniques used by Quastel, Comets, and Ramirez in [16],[15] do
not rely on this monotone coupling of the frog model but on the construction of a

renewal structure. Inspired by these methods, we investigate our model by con-
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structing a sequence of sites, from which the environment of future immunities

and offspring numbers guarantees linear growth.

3.2 (Informal) model definition and main results

3.2.1 The spatial infection model with host immunity

Consider the graph G = (Z,{{z,y} : ||z — y|ls = 1}) and consider two sites
¢ < rwith ¢ € ZU {—o0} and r € Z. Place one host at each vertex x with
x ¢ [¢,r]. Equip each host with an immunity and denote the immunity corre-
sponding to the host occupying the vertex x (if there is one) by I,. We assume
that (I;)u¢[er is an ii.d. sequence of N-valued random variables, distributed as
some [, and that [ has a finite expectation, which we denote by p;. Further-
more, let n € N with suppn C [(,7]. Place on site x € [¢,r] initially n(z)
parasites. Fach parasite performs independently of all other parasites a time-
continuous symmetric random walk with rate 2. Whenever a parasite jumps
onto a vertex that is occupied by a host, the parasite attacks the host. If the
initial immunity I, of the host at site x is equal to ¢ and the host is attacked for
the ith time, the host and the parasite die, and A, parasites are released at =z,
where (A, )zez is an ii.d. sequence of Ny-valued random variables, distributed
as some A, independent of I, (1;).¢) and A has a finite expectation, which we
denote by pa. Otherwise, if the host has been attacked less than ¢ times, only
the parasite dies and the host survives. If a parasite jumps to an empty site,
the parasite survives. In Section 3.5 we give a rigorous definition of the process
on a state space that contains the position of the sites occupied by parasites or
hosts as well as the remaining immunities of the hosts at sites next to sites free
of hosts and show that it is a well-defined strong Markov process if the initial
distribution of parasites is sufficiently well behaved. We call the corresponding
process the spatial infection model with host immunity (SIMI, for short) with
initial condition { = (¢,7,n). If { = —o0, only to the right of r hosts are placed.
We call this case a one-sided host population and correspondingly the case ¢ € Z
a two-sided host population.

Given the process is well defined, we can determine at each time point ¢ > 0

the largest subinterval of Z which is not occupied by any host. We denote the
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boundaries of this interval by

In the SIMI with initial configuration ¢
ri(C) :=supRx >r:

at time ¢, there is no living host at site x

and call it the right front of the process and call (in the case ¢ € Z)

0,(¢) = inf {x <. In the SIMI with initial configuration ¢ }

" at time ¢, there is no living host at site

the left front of the process. Similarly, we denote by 7,(¢) € N5 the amounts of
parasites on each site at time ¢, by ¢{(¢) the remaining immunity of the host at
site £4(¢) — 1 at time ¢, and by ¢} (¢) the remaining immunity of the host at site
r¢(¢) + 1 at time t. Then (€, 74, m, tf, 1) is enough information to describe the

SIMI as a Markov process, and we obtain the following theorem.

Theorem 3.1. There is a probability space Q' = (U, F',P’) such that for any
(possibly random) initial placement of parasites and hosts given by ¢ = (¢,1,1n)
defined on some probability space Q" = (Q", F", P") and fulfilling the condition

Z n(x) ee(x_r)] < 0

TE€EZ

E"[f5(¢)] := E

for some 8 > 0, the SIMI with wnitial configuration ¢ can be constructed as a
strong Markov process on the state space (Sg, dy) with cadlag paths on the product
probability space Q = (2, F,P) of Q" and Q", where the state space Sy is given
by

(< ¢
{CZ (Lrym,f07) € (ZU{—00}) x Zx NE x Nx N:© = WP | ’ﬂ}

fo(¢) < o0

and
do(C, ) = lr =7/ [+ [0 =]+ 1 = ()] + ] = ()]
+ ) In(x) =1 ()] e A

TEL
If in addition E[A?%] < oo, then this Markov process possesses the Feller property.
Remark 3.1. In Section 3.5 we actually not only construct the process on Sy but
also on a larger state space, which tracks additional information of the individual

parasite trajectories. This will be helpful in the proof of our main results. In

Section 3.5.2 we will construct the process carrying only the information above.
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Remark 3.2. Via the distribution of I it is possible to model different responses
of the hosts to a parasite. Taking any sequence (Py)men C [0,1] and an inde-

pendent sequence (By,)men with B, ~ Ber(p,,), we can set
I'=inf{meN: B, =1}.

This means that the m-th infection attempt is successful with probability p,,. In
the case that p,, = p, this corresponds to no response of the host to previous
infection attempts and a geometrically distributed I. However, taking p,, | 0
corresponds to hosts building up an immunity against infections each time that
they successfully defend against an infection attempt. Taking on the other hand,
Pm T 1 corresponds to parasites continuously damaging the host’s defenses until
they eventually succeed in infecting it. Controlling the speed at which p,, goes
to 0 (resp. to 1) corresponds to how fast this immunity builds up (resp. how
quickly the host gets damaged). For evample, the choice p,, = —S— with some

+a
a > 1 yields the behavior P(I > m) ~ Cm™* for some constant C' = C(«).

3.2.2 Main results on survival and speed of spread

Next we come to our main results concerning the probability of survival of the
parasite population as well as the speed at which the parasite population spreads
in the host population when we condition on survival.

For the rest of the chapter we fix some initial configuration ¢ defined on Q"
as in Theorem 3.1. We note that by construction the initial configuration ( is
independent of the immunities, the offspring numbers, as well as the trajectories
of parasites that are used in the construction of the process, which are defined
on €. The SIMI with this random initial configuration is constructed by first
sampling ¢ and then constructing the process conditionally on the realization.
The first results concern the probability of survival of the parasite population

for infinite time, i.e., the following event:

S(¢) =

ﬂ In the SIMI with initial configuration ¢,
there is at least one living parasite at time ¢ [

>0

One-sided host population

In this subsection we consider the case / = —oo and assume w.l.o.g. r = 0,

that is, initially all sites to the left of and including the origin are either empty
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or occupied by parasites, and hosts are placed on all sites to the right of the
origin. Since the initial condition is in this case always of the form { = (¢,r,n) =
(—00,0,7n), we shortly write n for the initial condition instead of .

Since random walks are recurrent on Z, as long as the parasite population
is alive, at least one parasite will hit the front in a finite amount of time. Thus,

the event of survival only depends on (A;),~o and (I,).>¢ and is given by
00 n—1 n
S()=8m =) {ZU(SU) + ) Ap > Zfa} :
n=1 <0 k=1 j=1

This is just the event that a random walk with step distribution A — I and
starting at >, n(x) — I stays non-negative. Hence, we can infer the classical

result from [17, Lemma 6.1.3] to obtain the following

Lemma 3.3. Assume g = E[A] > pu; := E[I], and the initial configuration n

satisfies

P (Zn(:p) 2[) =:00 >0

then

then
P(S(n)) = exp <— Z %P (Z Ap-r1 < Z[j)> .

Also, trivially, the inclusion

holds.
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In the following, we sometimes drop the reference to the initial configuration
and just write S instead of S(n) and assume we fixed some initial configuration
7.

If the random variables (Ij)xez are geometrically distributed for some pa-
rameter p with 0 < p < 1, the survival probability is given by the survival
probability of a Galton-Watson process.

Lemma 3.5. Suppose that I ~Geom(p) for some p € ( 1 1] andn(x) = Adz o,

H_A7
where Aq is distributed as A conditioned to be > 0. Then

P(Q\S) = iiP(AozmMo >0)%P (m+zn:[1k3k :n> <1

m=1 n=1 k=1

where (Bg)k>1 is an i.i.d. sequence of Bernoulli variables with parameter p,
independent of (Ap)is1, and (Ap)r>1 are independent and distributed as A,. If,

for some a € N, A = a almost surely, we get the explicit formula

1/ an B nla—
P(Q\S>:Zﬁ<n_1>pn L(1 — p)nle-DH1
n=1

which is the unique solution y € (0,1) to the equation

y=(py+1-p" (3.1)

Proof. Since the random variables (i), are geometrically distributed, the num-
ber of parasites that are generated in n infection events (or attempts) is dis-
tributed as >, B;A;. At the onset of the infection process, A, parasites are
generated. Since at each infection event, the infecting parasite dies, the parasite
population gets extinct at the infection event, at which for the first time the
number of parasites equals the total number of happened infection events, i.e.,

at the 7-th infection event, with
7 = inf{n|Ay + Z B:A; = n}.
i=1

This number is the first generation at which the position S, = Xo+ -+ X,,
of a random walk (X;);>o with step sizes X; — X;_; = B;A; — 1 and started in
Xo = Ap particles is 0. By the hitting time theorem [50],

P(r = n|Ay = m) = %P(Sn = 0|Sy = m).
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Summing over all possible values for Aq yields the first statement.

For the second statement, i.e., if A = a almost surely, we calculate

P(Q\S) =

K
NE

1
ot al —a
P pu—
k=1
al pé—l(l _ p>e(a—1)+1
(-1 '

Renaming ¢ into n yields the statement.

k=1

3
I
3
I

[
WE
2=

(=1

I
WE
~| =

~
Il

1

For the last statement, i.e., that the extinction probability solves equation (3.1),
note that the extinction probability of the parasite population is equal to the
extinction probability of a branching process with an offspring distribution with
probability weights pg = 1 — p, p. = p, and p; = 0 for all ¢ # a started
with a individuals. The generating function of this offspring distribution is
f(z) = (1—=p+pz*). Hence, a branching process with this offspring distribution

started with a single individual dies with probability z, where z € (0, 1) solves
z=(1—p+pz%).

If the branching process is started with a individuals the extinction probability

y solves
y=2'=1-p+pz*)"=(1-p+py),

which yields the claim. O]

Remark 3.6. For geometrically distributed immunities, each infection attempt
is successful with probability p, independent of how many attempts were already
made at this host. Thus, the extinction probability is bounded by the expression
above for any underlying infinite graph (V, E) on which the SIMI evolves and
any initial host configuration. For recurrent graphs and infinitely large host
populations, the extinction probability coincides.

For immunity distributions that are not memoryless, each infection attempt’s
success depends on the number of previous infection attempts; thus the extinction
probability cannot be bounded independent of the trajectories of parasites and

hence depends on the underlying graph structure.
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Definition 3.7. For some fixed random initial configuration n such that
P(S(n)) > 0 we denote by
P7:=P([S(n))

the measure, conditioned on the survival of the parasites for infinite time. Sim-
tlar to for S, we often drop the reference to the initial configuration and just
write P instead of P". Also, we denote by E" (resp. just E) the corresponding

expectation operator.

Given survival, we are interested in the speed of growth. Under mild condi-

tions on the distribution of I, we obtain that (r;) exhibits ballistic growth.

Theorem 3.2. Assume that the distributions A, I fulfill the following condi-
tions:

E[A] = pia > pr = E[I] (32)
and there is an

a>1 suchthat E[[*"] < cc. (3.3)

Let n be any initial configuration such that the SIMI is well-defined in the sense
of Theorem 3.1 and satisfies P(S(n)) > 0. Then there are constants Cy,Cy such
that conditioned on the survival of the parasite population, i.e., under P", almost
surely the following holds:

0<C; < litminf% < limsupE < (05 < 0.
—00

t—o00

In Figure 3.2.2 below we depict a simulation of the process (r;);>o for a close

to the boundary of the parameter range in Theorem 3.2, namely o > 1.05. We
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Figure 3.1: (r¢)eso for P(I > n) = (251 + 1)_2'1 and A =4 a.s.

give a formal proof of Theorem 3.2 in Section 3.4. The main steps of the proof
are as follows.

Sketch of the proof of Theorem 3.2
The upper bound follows by simply coupling with a branching random walk.

For the lower bound, a key observation is that only parasites quite close to
the front push the front further. The reasons for this are that a) parasites can
generate offspring only at the front, b) parasites move diffusively, and c) the
tail of the immunity distribution falls so fast that sufficiently high barriers of
immunities appear so rarely.

This structure motivates the construction of auxiliary jump times that upper
bound the actual jump times from above but are based only on parasites born
relatively close to the front. More precisely, to estimate the jump time from site
n—1 to site n, we consider a small neighborhood left to n of random size K,,. The
neighborhood is extended to the left until the number of parasites accumulating

in the neighborhood is lower bounded by a number that grows linearly with the
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distance to the front; see Definition 3.8. Since by assumption the accumulated
number of parasites grows on average faster than the accumulated number of
immunities, one can show that the tail of the size K, of the neighborhood falls
quickly as long as the neighborhood does not cross the origin; see Lemma 3.15.

To control the movement of the front at sites whose corresponding neighbor-
hoods would cross the origin, we proceed as follows. We show that there exists
a site M from which on, the neighborhood of each site M +n does not cross M
for n > ko (with ky € N depending on the tail of the immunity distribution as
well as (inversely proportional) on the difference between the average number
of parasite offspring numbers and average immunities, see (3.5)). This site M
has a.s. a finite distance to the origin, and hence M + kg is reached a.s. in finite
time; see Definition 3.11 and Lemma 3.14.

For sites n > kg we show by using results on collections of random walks

hitting a one-sided barrier that the jump times from M +n to M + n + 1 have

(4no)+1
2

sites sufficiently far apart do not overlap with high probability, the correspond-

¢-th moments for any ¢ € [1, ), see Lemma 3.17. Since neighborhoods of
ing auxiliary jump times only weakly depend on each other. More precisely, we
show that the sequence of jump time (vp;1p)n>k, forms a ¢-mixing sequence, see
Lemma 3.19, which allows us to conclude a law of large numbers for (Varin)n>k,

and show the claimed lower bound.

Under some stronger assumption, which we do not believe to be optimal, we
can show the stronger result that the front satisfies an almost sure law of large

numbers.

Theorem 3.3. Suppose that for some a > “%m and some €4 > 0 we have

o E[|I]**] < 0o, E[AT54] qnd P(A — I > 4) > 0.
Then, there is a (deterministic) v € (0,00) such that, starting in the initial

configuration given by n = Ady and conditioned on the survival of parasites,

almost surely

As for Theorem 3.2, a proof of the theorem can be found in Section 3.4.
Sketch of the proof of Theorem 3.3

The approach is similar to the proof of Theorem 3.2. We also consider for each

45



site n a neighborhood of size K, to the left of this site. However, to arrive not
only at a lower bound but also on the convergence of 7/, it is not sufficient to
construct a single site M. Instead, in Definition 3.12, we identify a sequence of
sites (M");>o such that the upcoming births and immunities after each site M®
have the same properties as the site M, that is, the number of living parasites
grows linearly in the distance of the front from each M?, and in addition, even
for small n < ky, there are enough parasites born between M* and M* +n — 1
to ensure a fast infection of site M* + n with sufficiently high probability.

Then, in Lemma 3.37, we show a subadditivity property of the front in between
reaching these good sites, conditionally on the event that the initial configuration
of upcoming offspring and immunities is already good, i.e., {M° = 0}. In
particular, we will use approximating jump times 7, = v, defined similarly
as Vpyar (here defined to the right of M* instead of M), which will be a ¢-
mixing sequence with sup,»; E[|77,]1] < oo for all ¢ € [1, %) With these
approximating jump times, we show, in Lemma 3.21, that moving from one site
M to the next M*™! happens with finite expectation, which yields the claimed
convergence, conditionally on {M° = 0}, after noting that (M — M");50 will
be i.i.d. Finally, in Proposition 3.22, we construct a sequence of renewal sites
from which on the front becomes independent of the past. This allows us to
conclude that the limit of “* cannot be random, conditioned on survival, and
thus, the limit of “* we obtained with positive probability must already hold

almost surely.

Two-sided host population

In this subsection we investigate the survival probability in the two-sided model.
We use the results on the one-sided model to obtain the following result on the

positive probability of survival and linear spread.

Theorem 3.4. Consider a two-sided host population with initial configuration
¢ = (0,0, Agdy). We make the same assumptions on A, I as in Theorem 3.2, but
now further restricting

a > 3.

Then there is a positive probability for the parasites to survive for infinite time,
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and there exists a v > 0 such that for any 0 < A < v, we have

P (ﬂ{all hosts inside {—|At],..., |t} are infected at time t}) > 0.

>0

Sketch of the proof of Theorem 3.4 We construct an event of positive prob-

ability in which the right front is only driven by parasites born on a site x with
x > 1, while the left front is driven only by parasites born on a site x with
x < —1. We do this by showing that in the one-sided model started with a sin-
gle parasite, there is a positive probability that the front always stays above | At]
and that for any time ¢t > 0 there is no parasite on any site z with z < —1—| At].
Imposing this event on both the right and left fronts, after they reach 1 and —1,
respectively, then yields that the two sides evolve as independent copies of the
one-sided model, because parasites born on the right side never reach the linear
line —1 — | A\t|, while the left front is always below this line, and vice versa for
parasites born on the left side. This then yields the claim.
To show the result on the one-sided model, we first note that because in the
one-sided model the new parasites get only added on the right front, the speed
in the negative direction is bounded by the speed of random walk, which is on
the scale v/t with high probability. Hence, with positive probability for all ¢ > 0,
there are no parasites to the left of —1— | A¢] at time ¢. To see that with positive
probability the front moves with linear speed, we use that a > 3, which implies
that for any ¢ € (2, %) we have E[|1,|?] < oo for n > 1. This will allow us to
obtain better estimates on the fluctuations of

1 n
~>
n
k=1
around its mean v. We then show that the event

GkO::{Mzo,V1§n<k0:pn§;}

has positive probability, and that on the event Gy,, by using tail estimates for

sums of ¢-mixing series, we also have

n
pn < Pro1+ D vk <
k=ko

>3

for all n > ko with positive probability.
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3.3 Good sites and auxiliary jump times

We consider here mainly the case of a one-sided host population with initially
r = 0. Also, w.l.o.g., we assume a random initial configuration { = (—o00,0,7)
such that 7(0) LA T not, we can simply shift the process to 0 after the first
jump, where, by definition of the process, 1,, (1) 4 A, and use the strong Markov
property.

In this section we construct the auxiliary jump times {v, : n € Z}, see Definition
3.8, that will be used in the construction of a lower bound for the actual jump
times of the front. We will also analyze the tails as well as the mutual depen-
dencies of these jump times in Lemma 3.17 and Lemma 3.19. Furthermore, we
will define the site M and the sequence of sites (M*);>, see Definition 3.12, and
analyze their properties. As explained in the sketches of the proofs for Theorem
3.2 and Theorem 3.3, we will use slightly different lower bounds for the jump
times to show Theorem 3.2 than the one we are using to show Theorem 3.3.
This difference appears only at the first kg sites after M and M?, respectively.
After that, vy4, and vy, are defined analogously as upper bounds for the
jump times for n > k.

The formal construction of the process will be given in Section 3.5. We shortly
summarize some of the notation that will be introduced there, because we need
it for the construction of the lower bound. We keep not only the current posi-
tions of parasites but also the places at which each parasite entered the system.
Therefore we give each parasite a label (x,i) € Z x N, where z is its birthplace
and ¢ numerates all parasites that were born on that site. Also, as will become
clear in the construction of the times {v, : n € Z}, we need to follow the virtual
paths of parasites after their death. The state space will hence be given by a
5-tuple w = (r, £, G, F, 1) with

reZ,LCZxNGCZxNF:LUG— Z,.€N.

The entry r is the current position of the front, and ¢ is the current remaining
immunity of the host at site » + 1. The set £ consists of the labels of parasites
that are currently alive, called living parasites, and G consists of the labels of
parasites that already died (but were alive at some point in the past), called
ghost parasites. The map F' then assigns a current position to each parasite.
There are, of course, some technical restrictions we need to make on these

tuples to obtain a strong Markov process on this state space (see in particular
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the assumptions in Theorem 3.1), which we defer to Section 3.5.

We now explain how we can think of our initial configuration ¢ = (—o0,0,7)
as an element of this state space that keeps track of more information. First,
to obtain a Markov process, we need to keep track of the current remaining
immunity and thus will extend our random initial configuration to (—oo, 0,7, I1).
Also we keep track of the position where a parasite entered the system instead of
only following all actual parasite positions with 7. We extend the configuration
(—00,0,m,11) to an element of this new state space by assuming that every
parasite is occupying the site on which it was born and there are no initial

ghost parasites, i.e., to the configuration
(0,{(x,i)) € ZxN:2<0,1<i<n(x)},0,(x,i)— z,1).

With this identification we can assume to have a random initial configuration
w = (0,L,0, F, I) defined on . When the initial configuration is given by w,
we denote by

wt(w) = (Tt<w)7 Et(w)v gt(w)v E<w)v Lt(w))

the configuration of the process at time ¢, by S(w) the event of survival of
parasites for infinite time, i.e. L£;(w) # @ for all ¢ > 0, and by P* the measure
conditioned on this event. For the rest of this chapter we drop the reference to
the initial configuration, by only writing P, S, w; instead of P¥, S(w), wy(w).

Also, we assume that there are independent collections
Y={Y®.2ecZiecN}={(Y )0 :2x€ZicTZ}

of i.i.d. continuous time simple symmetric random walks with rate 2 and starting
at 0 as well as
I={l,:z€Z}

of i.i.d. random variables distributed as I and
A={A,:z€Z}

of i.i.d. random variables distributed as A. For some label (z,i) € Z x N, the
path that the parasite with this label takes after it enters the system at some
site y € Z will be given by y + Y®!. We note that for z > 0 we will have y = x,
but if the parasite was already alive in w, then it may be at a different site than

its birthplace. Also for x > 0, the initial immunity of the host at x will be given
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by I, and the number of parasites that will be produced after the host at site
x is infected will be given by A,. Finally we denote by

P =1inf{t >0:1 >n}

the time, when the front reaches site n > 0, i.e., when the host at site n gets

infected.

With all the notation introduced, we now lay out the general approach. We
identify a site MY such that from that site on, the upcoming births and deaths
are in a good configuration, in the sense that the amount of living parasites
grows linearly in the distance of the front to M and the linear growth has
some high enough slope. Why these properties are useful will become clear
after we introduce the jump times {v, : n € Z} in Definition 3.8 that will
be used to lower bound the front, which is also why we start this section by
constructing these times before constructing (M*);>o. The constructed lower
bound in particular will only use parasites born to the right of the site M°, and
hence not depend on the initial configuration anymore. After reaching the good
site M°, we simply repeat the procedure to find the next site M > M°, which
has a good configuration of upcoming births and deaths. Iterating this yields a
sequence (M?);>q of good sites, such that even ignoring any parasites that were
born before reaching M* and only starting with A,;; parasites at site M has a
linear speed with high probability.

Then we establish a subadditivity property of the front that holds if we start
with only Ay parasites on 0 and no other parasites in the system and the first
good site M® = 0. This allows us to prove the law of large numbers in the event
that M° = 0, by controlling the tails of the hitting times of M?. Then, showing
that the limit of % is not random, conditionally on survival, will show the strong
law of large numbers in Theorem 3.3. For arbitrary initial configurations, this
approach, however, does not work, and we will only show the weaker result of
ballistic growth in Theorem 3.2.

In Definition 3.8 we will construct random times {v, : n € Z} on €2 that will be
used as the jump times for a lower bound of the front. Precisely, we will show
that in the event that {M’ = k}, the time v4y, only depends on A,1,Y with
an index inside k + n — Ky, for some random distance K., < n and is given

by the first hitting time of a one-sided barrier by a collection of random walks.
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In Lemma 3.15 we will show that this distance Ky, does not become too large
with high probability. In particular, this will show that on one hand the tails
of vy fall fast enough in Lemma 3.17 and on the other that the sequence
(Varisn)n>1 1s weakly dependent, specifically that it is ¢-mixing in Lemma 3.19.
Also, in Proposition 3.10 we show that, still on the event {M® = k}, we have
Vkan = Prkin — Prin—1 for any k > 0,n > 1. The definition of M that is used
in the proof of Theorem 3.2 will be slightly different and only yield that on the
event {M = k} we have Vg1, > pran — prin_1 for all n > ko with some explicit
constant £y € N. The different treatment is due to the reason that we want
every jump time above M to have a small tail, while for M we only need this
eventually, i.e., for n > k.

We set 7% := vyii,, and using the tails of v, as well as their dependence, we

want to obtain good bounds on
> v (3.4)
j=1

which is an upper bound for ppsiy, — pyi. The tail estimates and the weak

dependence, using standard results for ¢-mixing sequences, allow us to control

the moments of their partial sums (3.4) and in Lemma 3.20 show that the ¢-th
(4na)+

moment only grows like O(n%), if a >3 and ¢ < Tl, which will be useful

in proving that moving from M?® to M**! happens with finite expectation.

3.3.1 Construction and basic properties of auxiliary jump

times and good sites

Before constructing the good sites (M*);>o, we want to analyze a candidate for
an upper bound of the jump times and under which conditions this actually is
an upper bound and what tails these candidates have. These conditions then
naturally lead to what properties the good sites (M?);>q should satisfy in order
to be able to define the jump times (7),>; as an upper bound for the jump
times pasitn — Paizn—1 that have the needed tail behavior of their partial sums
(3.4).

The key idea in defining {v, : n € Z} is to obtain estimates on the number
of living parasites when the front is at a certain position z, independent of the
paths Y, only relying on the random variables A, I. Then we estimate the time

that these parasites would need to push the front further by establishing results
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on first hitting times of a one-sided barrier by a collection of simple symmet-
ric random walks. Combining these two estimates, using the independence of
A.1,Y, we then obtain an upper bound, denoted by v, for the times the pro-
cess (r¢)p>0 takes to jump from n — 1 to n, which was denoted by p, — pn—1.

First we observe that for any n > 1 the number of parasites that die at site n is
given by I,,, and the process (r;);>o advances exactly when this many parasites

have died. Hence, we have
pnt1 =1nf{t > 0:r, > n+ 1} =inf{t > p, : |G| — |G, | = Lns1}

and thus

n+m

|gpn+m‘ - |gpn| = Z Ik?

k=n+1
for all n > 0,m > 1. In words, the amount of parasites that die during the
time that the front needs to advance from site n to site n +m is given by the
sum of the immunities between n 4+ 1 and n + m. Because for x > 0, exactly
A, new parasites are added at x whenever the front jumps onto x, the number
of living parasites at time p,.,, that have been generated at one of the sites

{n,...,n +m — 1} satisfies the inequality

n+m—1 n—+m
1L, N({n,...,n+m—1} x N)| > Z Ay — Z[k,
k=n k=n+1

This gives us a lower bound on the number of living parasites at time p,ymn,
independent of the paths Y, and leads to the following definition.

For the rest of this chapter we fix some

Ba € (ur, pra), Br € (1, Ba)-

Furthermore, we set

ko = Mi i H . (3.5)

Definition 3.8. For any k > 0 we define
m(A k) :=inf{j > k: P(A=j)>0},m(l,k) :=inf{j > k:P(I =j) > 0},

and set my == m(I,1),my == m(A,BaV (4 +m([,1))). Forl < k < ko we
define
AU k) = {(ar,...,ax) EN§IVI < j < k:a; >ma},
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and
19°Uk) = { (i1, ..., ix) ENFIVI < j < k:ij=my}.
For k > ko we define

k
A9 (k) = {(al,...,ak) c Nk Zaj > BAk},

and
lgwd(k}) = {(7:1, R 7ik) S Nk : ZZ] < B[k’} .

For1 <k < kg the set Ag‘”d(k) are the offspring constellations of length k such
that on each vertex there are born at least 4 parasites more than the minimal
immunity, and I9°°(k) are the immunity constellations of length k such that
each immunity has the minimal possible value. For k > ko the set A%°%(k)
are the offspring constellations of length k with on average at least 4 many
parasites per site, while 19°°*(k) are the immunity constellations of length k with
on average a strength of at most B; per site. For n € Z we now go backwards
from site n, starting at ko steps, until we find two good configurations in both

offspring and immunities. Precisely, we define
Ky =inf{k>1:(Ap1,...,An_p) € A%Uk), (In, ..., Ln_41) € IY(k)}

as the smallest distance greater than or equal to ko where both the offsprings and
immunities between n— K" and n are good, in the sense of the just defined sets.
For k € N and a good offspring constellation a € A%*“(k) we define the corre-

sponding labels of parasites below site n as
Vool a):={(r,i)) €ZxN:n—k<z<n—1,1<i<a, .},
and define the random label set
Wy = VIU K, (A1, .., An_k,)).
For (x,i) € Z x N and k € Z we define
o= inf{t > 0: Y =k},

the first time the parasite with label (x,1) has reached the site at distance k to
the right of its birthplace, and

miK,, ifl<K,<k
v, :=Iinf<t>0: g 1ei o, > ! / 0
@i)ewn BrKn, if Ky > ko
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as the first time at which at least a number equal to at least the accumulated
sums of immunities between n — K, + 1 and n of parasites born between n — K,

and n — 1 reached site n.

Remark 3.9. The role of the specific choice 4 will become clear in the proof
of Lemma 3.17 and is just that 4 is the smallest integer that guarantees high
enough moments.

Because clearly (vy)nez and (K, )nez are stationary under the unconditioned law
P, we set v := v, K := K, to simplify notation when only stating properties

depending on the distribution of a single variable.

The idea behind the definition of v, is the following. First, we ignore the
deaths of parasites and use the collection Y to follow the (potentially virtual)
paths of each parasite. We then want to distinguish which random walks cor-
respond to living parasites and which correspond to ghost parasites at time
t = pn—1. The real process jumps to site n, when I, many parasites, that were
alive at time p,_1, reached site n. Firstly, we note that placing these parasites
back on the site where they were born and then following their trajectory only
increases the first hitting time of site n. Hence, given F, _, the time p,, — p,—1
is smaller than the first time I,, many random walks, corresponding to parasites
alive at time p,,_; and starting from their birthplace, reached site n. However,
deciding which specific labels correspond to living parasites depends on the tra-
jectories of all parasites before time p,_; and thus is too complicated. Hence,
for any £ > 1, we only bound the amount of ghost parasites at time p,,_; that
were born inside [n — k,n — 1]. Once this amount of random walks and at least
one additional random walk, all with labels in [n — k,n — 1], have reached site
n, at least one of those (but we do not know which one) has to correspond to
a parasite that was alive at time p,_;. Thus, this gives an upper bound on
the jump time from n — 1 onto n. We will make this reasoning precise in the
upcoming Proposition 3.10.

We note that if n — K, < 0, then the labels W,, are not necessarily correspond-
ing to real parasites, depending on the initial configuration. But if n — K, > 0,
then W, are exactly the labels of parasites that were born during the time
[Pn—K, > pn_1]. Because parasites can only die at sites to the right of their birth-
place, an upper bound for the number of ghost parasites at time p,_1, born

inside [n — K,,,n — 1], is given by I,,_g,+1 + -+ + I,—1. The first and second
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conditions in the definition of K, exactly guarantee that the sum of immunities
in [n— K,,+1, n] is much smaller than the sum of parasites born in that interval.
This will ensure that there are enough random walks corresponding to a para-
site born in [n — K,,,n — 1], such that the time it takes for I, 1+ -+ 1
many of those random walks to reach n has finite moments up to some high
enough power, depending on the parameter «, which was chosen such that
E[/?*] < co. The different treatment for k& < kg and k > ko comes from the
fact that for k > kg, the condition on the sums already guarantees a surplus of
(Ba — Br)ko > a+ 1 parasites, which will correspond to certain moments of v,
conditionally on K,, > kq; see the proof of Lemma 3.17. To also obtain moments
estimates conditionally on K, < ko, we need to make the surplus of parasites
for k < kg large enough and note that the definition of K, makes this surplus
at least k(my —my) > 4k.

We formalize the reasoning above in the following proposition, showing that v,

is a lower bound for the jump time p,, — p,_1 of the real front, if K, <n.

Proposition 3.10. For all n > kg we have that

]lKngn(pn - pnfl) S Vp

Proof. Clearly the right-hand side is non-negative, and hence it suffices to show
the inequality on the event K,, < n. By definition of the process, placing all

parasites alive at time p,, back to their birthplace, we obtain
pn < poa+inf{t>0:0 Y D, >,
(x,d)€Lp,, 4

and hence will show that, on {K,, < n}, the second term is smaller than v,.

At time v,, we have that

m[Kn, ifl1< K, <kg
[B1K,], if Ky > ko

many random walks (z 4+ Y;"");>¢ with birth label
(,0)) W, ={(2,i)) €eZxN:n—K, <z <n,1<i<A,}

have reached site n, and since we are on {K, < n}, these random walks corre-

spond to parasites that were alive in the real process. Let us denote by B C W,
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the labels of the Z,, many parasites having reached site n at time v,,. Since par-
asites can only die when jumping to the right of the front, and only I, parasites
die at each site z, we have that out of the parasites with labels inside W,,, only

Z]K:”fl I,,_; many can be ghosts at time p,,_;. In other words

Kn Kn—1 Kn Kn—1
Wa N Ly, | 2 ZAn—j - Z Inj = Z An—j+1In — Z Inj
sy oy o s

Ky
_ZATL j+[ ZIn j+1ZZAnfj+[n_Zn-
j=1 j=1

In particular, since |B| = Z,,, this implies

|B N Epn71| = |Wn N 'Cpn71| - |(Wn \ B) N £Pn71|
K’n
> Auj—Zu+1,— W, \ B

j=1
Kn Kn

- ZAW- — 7+ 1, — (Z Anj — Zn) > I,
j=1 Jj=1

Hence |BNL,, ,| > I, living parasites reached site n at time v, and thus

v, >inflt>0: Z 1 .,

TLL—

> 1,

(m7i)eﬁpn71

This already concludes the proof. O

This proposition motivates the definition of the good sites (M?);>o and M
that will be used to prove Theorems 3.3 and 3.2. Namely, we want to define
(M");>0 and M in such a way that

Vi>0,n>1: Kyiy, <n and Vn > ko: Ky < n. (3.6)
Because then, by Proposition 3.10, we have
Vi > Oan >1: VMitn > PMitn = PMitn-1 and

(3.7)
Vn > ko @ Unign = PM4n — PM4n—1-

Also, in this way, for any i > 0, the sequence {vyri,, : n > 1}, respectively
{Varin : m > ko}, conditionally on M*, respectively conditionally on M, only

depends on

{A,, L, Y™ co > M',j €N} resp. {Ay, Ly1, Y™ 12> M,j € N},
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and in particular will be independent of the initial configuration.

The treatment of the first kg sites after M® will be slightly different from the
treatment of the first kg sites after M, because in the former case we need
even the jumps to these sites to have sufficient moments, while only relying on
parasites that are born above M. In the definition of M, however, we can argue

more simply and can define M as follows.
Definition 3.11. Set Lo =0 and for k > 0, define
Lk+1 = mf{l > L+ k’g K > [ — Lk}

and let
N :=inf{k >0: Ly =0}, M := Ly.

Furthermore, we set
T:=inf{t >0:7r, > M+ ko}.

To define M* we introduce some notation to treat the first k sites differently
than the other sites. We define

G: N xN"— {0,1},

neN

such that for n € N and a = (ag,...,a,-1) € N§,i = (i1,...,4,) € N* we have
G(a,i) = 1 if and only if

e forall 1 <j < (n+1)A kg it holds that

i; =inf{l >1:P(I =1) > 0},

(3.8)
aj_1 > inf{l > BaV (i;+4) : P(A=1) > 0}.

Note that this is just the condition of a good configuration of length j < kg
in Definition 3.8.

o for all ky < 7 < n there is some kg < i < j such that

(Clj_i, ce ,Clj_l) € AgOOd(i) and (ij—i—i-la N ,ij) € lgOOd(i>.

Definition 3.12. Let L) := 0 and recursively for k > 0 set

LY, = inf {z > L0 G(Apg, o Ait) (T, 1) = o}
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and define
N®:=inf{k >0: L) ; =occ}, M":= LY.

Then we set, recursively for i >0, Li™ := M*+ 1 and for k >0
Lit! = inf {l > L G((Apn, o A), (T, D) = 0}

as well as
N i=inf{k > 0: Li}| = o0}, M := L.

For j > 0,k > 1 we define the event

k
Gijwr = [JAG((Ajs - Ajrm—r), g, - L)) = 1}
m=1
of good configurations between j and j + k and set G; := G; . Also, we set
T :=inf{t >0:7, > M'}
and V' := vy, forn > 1.

Remark 3.13. We note that for all j > 0 we have

{M"=j}cCg;C ﬁ{ij <n}

n=1
and

M =jbc N {K;m < n},

n=ko

To begin, we verify that the definitions above are actually well-defined and

establish the following lemma.

Lemma 3.14. We have N < oo almost surely. Also, if P(A—1 > 4) > 0
(c.f. (3.8)), then for any i > 0 we have N* < oo almost surely. In particular,
(M%);>o and M are well-defined, and T,T°,T",--- < oo almost surely under P.

Proof. We recall G; from Definition 3.12 and set G := G,. We give the proof
only for (M?");>¢ and note that, using Remark 3.13, the results for M follow
analogously.

For any Ny-valued random variable X on €2 and any k& > 0, we recall

m(X, k) :=inf{j > k: P(X =j) > 0}
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and my = m(I,1),mg = m(A,BaV (44 m(l,1))) from Definition 3.8. Since
my is the smallest value that I can take, the assumption P(A — 1 > 4) > 0
together with 54 < E[A] implies that m 4 is well defined. Then, by definition,
for 1 < k < kg we have

{G((Ao, ..., A1), (I, 1) = 1} = (V{Ajo1 = ma, [ = my ).

J=1

We observe that 8; > E[I] > m; and by definition
maq = m(A,ﬁA V (4 + m(], 1))) Z ﬁA-

We obtain that the event

ko 00 m m
A1 >mag,
ﬂ { it =T } N m { Apotri—1 > Bam, E Tioti < 51m} (3.9)
k=1 k=1

o U L= m=1

is contained in G. The right event is that two independent random walks with
step distribution A — 54 and B; — I stay non-negative for all times, which has
positive probability, since E[A] > 4 > 5; > E[I]. By assumption, the left
event also has positive probability. The independence of the two events shows
that P(G) > 0.

Analyzing N°, we see that, by definition, we have that for k,m > 0,n > ky the

event {L) =m, L), , = m+n} is given by

{LY =m}n (ﬁl {Am“"l - m""}) n (ﬁ{Km+j < j}) N {Komin > n},

j=1 Iopij =my j=ko

using the definition of K,, given in 3.8. For 1 < n < kg the event {L? =

m, Ly, =m+n} is just given by

]m+j =my

{LY =m}n (ﬁ {Amﬂ"l = mA’}) N {Aminet < ma} U {Lpin #mz}).

Jj=1

In particular, going inductively through k, the event {L} = m} only depends
on Ag,..., Ay and I, ..., I, and the increments L9 — L3, . .. ,L2+1 — LY are
independent under P conditionally on LY < co. Also, under P conditionally on
LY < oo, the increments LY — LY, ..., LY — L} | have the same distribution. This
yields that under P, N has a geometric distribution with success probability

P(G) > 0 and is thus almost surely finite under P and hence also under P.
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An analogous argument, where in view of Remark 3.13 we only need to show
the positive probability of the second event in (3.9), which holds with only
the assumption E[/] < E[A], shows that also N, under P, has a geometric
distribution with positive success probability and thus is almost surely finite.

We now investigate N**! for i > 0. Since by definition we have
(WG((Arres - Anriggr), (st - Do) = 13,
j=1

the offspring after M tend to be larger, and the immunities tend to be smaller.
Hence, for any site Lﬁjl > M?", it becomes more probable to never find a bad
configuration above L}, i.e., achieve the event {L} = co}. We see that N*!
is stochastically dominated by a geometric distribution with success probability
P(G) and is thus also almost surely finite under P and thus also under P.

We now show that also TV is almost surely finite under P. We saw above that
M° < oo almost surely, and on the event {M® = k}, the time 7° is bounded by

the following random time o*. For j > 0 let
S ::inf{t20|‘v’0§x§j‘v’0§i§Am:gaénx’i+x2j+l}

be the time until all parasites that have been born on the first j sites reach site
7+ 1 and

e

~1
k. A
o' = S

<.
Il
o

be the accumulation of these times.

Conditioned on parasites’ survival, the time p;;1 — p; that the front needs to
jump from j to j + 1 is at most S;. In particular, this implies that the time 7"
to reach site M? is bounded by

Ti S Z ]lMi:kO'k
k=0
P-almost surely. Analogously, the time T" to reach site M + kq is bounded by

9]
T < Z ]lM:kO_k—l—ko
k=0

P-almost surely.
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Using [10, Theorem A.1]|, we can estimate the arrival times 7, " of random

walks and derive for large enough ¢

j llogt]
<P (Org?é(j A, > log t> +P Jnax Ay <logt, LLJO L_Jl {mii-e >t}

— 0 (t — 00),

and hence S; < oo P-almost surely and thus also 0% < co P-almost surely.

Consequently, also T; and T are P-almost surely finite. O

3.3.2 Auxiliary results

A key for analyzing the sequences (M");>o and (v, )nez is an estimate of the
tail of K. Using the moment assumptions on I and A > 0 a.s., we obtain the

estimate for the probability of a bad configuration of length k& > kg
P((Ap_1,..., An_g) & A%°YE) or (I, ..., In_iy1) & I5°°Y(K)) = O(k™).

Since K is the smallest distance at which a good configuration occurs, the
event {K > n} is contained in the event that all configurations with length
k = ko, ko + 1,...,n are bad. Using classical results of Sparre-Andersen (c.f.
[15]) on exactly these types of probabilities will allow us to improve the just-

obtained estimate and give the following lemma.

Lemma 3.15. For alle > 0 there is a Cx = Ck(g) > 0 such that for all n > kg
we have
P(K >n) < Cgn~ @179,

The proof will be given in Section 3.3.3.
With the tail of K at hand, we can begin to analyze the sequence (M?);>o.
As seen in the proof of Lemma 3.14, the number of trials N° stochastically
dominates the amount of trials N? for ¢ > 1. Hence, the increments Mt — M’
should be stochastically dominated by M°. In addition, the event G,i+1, that

is, the condition of only good offspring numbers and immunities configurations
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after M1 overrides the condition G, of the previous good site. This means
that the distribution of offspring numbers and immunities after M? is the same
for all 7 > 0, implying that (M ™! — M?),5 is i.i.d. under P. Using the tail of K,
we can also bound the tail of M and thus the tail of (M*™! — M?");5o. Precisely,

we have the following lemma.

Lemma 3.16. The sequence (M — M?");>q is i.i.d. under P, and for any e > 0
there is a C' > 0 such that for all | € N we have

P(M™* — M > 1) <P(M°>1) <l

The proof will also be given in Section 3.3.3. Our estimate of the tail of
Mt — M is by a factor of order } heavier than the tail of K because the event
{oo > LY > 1} is contained in the event that {K; > j} for some j > [. A union
bound over these events yields the estimate.

Next, we consider the sequence {v, : n € Z}. By construction, each jump
time v,, only depends on random variables with indices inside [n — K,,,n]. We
will make use twofold of the just-obtained tail estimates for K. Firstly, we will
establish tail estimates for v by showing that if K is not too large, the surplus
of parasites reaches the boundary sufficiently fast. Secondly, the tail estimates
of K allow us to control the dependencies among the jump times (v,)nez, since
conditionally on K, < k, the variables v, and v, depend on different sets
of independent random variables. We begin by stating the former result, which

reads as follows.

(4N

ﬁ, there is a C' > 0 such that for allt > 0 we

Lemma 3.17. For any q <

have
P(v>1t)<Ct.
In particular we have v € LY, F,P) for all ¢ < %.

The proof will be given in Section 3.3.3. We note that the exponent in the
tail of v is half as large as in the tail of K, because a typical random walk is at a
distance of v/t at time ¢. Hence, the event {1, < t} is only likely if {K,, < v/t}.
On the other hand, the different treatment of distance ky in the definition of
K can be explained as follows. On the event {K, = k} with vt > k > ko,
at most |5rk| parasites out of a set of at least [Sak]| independently moving

parasites need to reach a one-sided boundary, which is at a distance at most
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k from their starting point. At time ¢, a single parasite has not reached the
boundary with probability O (%), and thus, by independence, the probabil-
ity that at least (54 — Br)k parasites do not reach the boundary is of order

W). Using k < v/, this expression will be maximized in k = kq,
and choosing kg = [ B‘jflﬁl—‘ yields the desired tail. For {K < ko} we can use the

strong condition on the offspring and immunity configurations in the definition
of K, to obtain that there are at least K'm, parasites, and we wait for Km;y
many to reach a one-sided boundary at a distance at most ky — 1. By definition,
we have Km 4 — Kmj; > 4, which, analogously as above, gives that the proba-
bility of less than K'm; parasites having reached the boundary is bounded by
0 (i)

Next, we deal with the sequences (7¢,),,>1 and (Var4p)n>1. By Lemma 3.16, each
sequence (V',),>1 has the same distribution, and thus it suffices to analyze the
case i = 0, and we abbreviate 7, := 7 for any n > 1. Also, we only perform
the arguments for (7,),>; and note that similar results, with identical proofs,
hold for (Varin)n>ke-

By definition, the offspring and immunity configurations above M° are always
good in the sense that G((Apo, ..., Aporn_1), Lpros1, .., Ipyo4y)) = 1. Clearly,
this restriction affects the distribution of 7,,, and therefore the distribution of
U, differs from that of v,,. However, this difference diminishes fast as n tends to
infinity. A key observation is that the condition of having only good configura-
tions above MV is, in fact, only a restriction on the first few sites after M°. For
large n, a bad configuration between M® and M® + n would be a large devia-
tion for (Appo, ..., Apoyn_1) or (Injoyq, ..., Iy, ), which is unlikely to happen.
Because 7,, only depends on variables with an index greater than n — K, this
means that the distribution of 7, is only influenced by the restriction that all
configurations above M? are good, by ruling out the anyway unlikely event of

a large K,. We thus obtain the following lemma.

Lemma 3.18. The joint distributions of ({Un,VUni1, ... })n>1 under P converge
to the joint distribution of {v1,v,...} under P. In particular, for any € > 0
there is a C' > 0 such that

|P((Dn,ﬁn+1, .. ) S E) - P((Vl, Vo, .. ) S E)| S On_a+€

for allm > ko, E € B([0,00)N).
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The proof will be given in Section 3.3.3, and we note that the same result
holds for (vas4n)n>k, With the same proof. The upper bound is derived from
estimating the probability of a large K,,;; > n + j for some j > 0 with a union
bound.

Finally, we need to establish a weak dependence among the random variables
(Tn)n>1- As we will see, they form a ¢-mixing sequence. This is not surpris-
ing because for 7, to be influenced by 7,,, we must have K, ., > k, since
otherwise the two variables use different parts of A,I,Y. However, because
the variables are defined above M°, the immunities and offspring numbers used
are not i.i.d. Similarly as in Lemma 3.18, we show that this restriction also

diminishes for large k, which yields the following lemma.

Lemma 3.19. For any € € (0,«a) the sequence (Vy)n>1 is ¢-mizing under P

with rate
sup  |P(B|E) —P(B)| < ¢(n) := Cn~",
E€F<m,P(E)>0,
B€f2m+n
where

Fem =0;:1<j<m), Fop:=0(7;:7>m).

The proof will be given in Section 3.3.3. There are two effects that make the
events B and F depend on each other. The first is that every configuration of
offspring numbers and immunities to the right of M is good. The second effect
is that B € F>,,+n depends on all random variables from A, I,'Y with index less
than m + n, in particular the same variables on which £ € F<,, depends. To
deal with the first effect, for some large k = O(n) we split the event of having
only good configurations to the right of M* into the event Gy, that there are
only good configurations between M and site M +m + k and the complement
in Go m+r of the event By, that for some j > k there is a bad configuration
between M* and M* +m + j. Using a union bound, the event By, happens
with probability O(k~*). To deal with the second effect, we split the event B
into B intersected with the event that B is using variables with index less than
m + k and B intersected with the event that B uses only variables with index
greater than m + k. Again using a union bound, the former event happens with
probability O((n — k)~**¢). Now the remaining event B intersected with the
event that B uses only variables with index greater than m + k and the event

Go,m+xNE are independent, which will make the probability of their intersection
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close to P(B)P(E).

Given that the sequence (7,),>1 is asymptotically stationary and has weak
dependence, we can obtain a strong law of large numbers for it. To better
control the fluctuations around the mean, we then use classical results on the

tails of sums of ¢-mixing sequences to obtain the following estimate.

Lemma 3.20. If o > 3, then for all2 < g < %, there exists a Cq > 0 such
that for all n € N we have

> (@ —Em)

k=1

[S]<}

E

max

< Cyn.
1<i<n

The proof will be given in Section 3.3.3.
We will make use of this result twofold. The first application is to control the
time the front needs to travel from one good site to the next and show it has
a finite expectation. The other application will be to show that with positive
probability the front moves at linear speed after a good site, which we will use
to construct the almost surely finite renewal sites (R');>¢ in Proposition 3.22.

Coming to the first application, we have the following.

Lemma 3.21. Let T! be as in Definition 3.12. If o > %ﬁ, then
E[T"[M° = 0] < oo.

The proof will be given in Section 3.3.3 and relies on controlling large devi-
ations of the sum of (7)g>1 by using Lemma 3.20.
Furthermore, after a good site M* is reached, we will show that with positive
probability the front grows linearly fast at a certain small slope A > 0 after a
good site M is reached. At each good site M?, the parasites that were generated
to the left of M have a positive probability of never catching up to the linearly
moving front. Iterating this procedure yields an almost surely finite renewal site
R = M7", such that the front after reaching this site is only fed from parasites
that are generated at a site x with > R!. Again, iterating the construction
of R! will lead us to the following renewal structure that splits the jump times

into independent epochs between these renewal sites.

Proposition 3.22. Let a > 3, E[[??] < oo,E[AM;lfS“A] < 00 for some ey > 0

and assume the initial configuration of only Ay parasites placed at vertex 0.
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There is a sequence (R");>o of P-almost surely finite renewal sites, such that

R° = 0 almost surely and

{(Ri—‘rl — Ri7pRi+1 — PRiy .-y PRI+ — ,ORH'I—I) Tl Z O}

s an independent collection. The collection starting with i > 1 is also identically
distributed.

The proof will be given in Section 3.3.3 and will make the construction
described above rigorous.
In the proof of Theorem 3.3, we will make use of this renewal structure to
obtain a zero-one law under P for the limit “, which will allow us to transfer a
convergence with positive probability (on the event { M° = 0}) obtained through
Liggett’s Subadditive Ergodic Theorem [32] and Lemma 3.21 to a P-almost sure

convergence.

3.3.3 Proofs of auxiliary results
Proof of Lemma 3.15

We begin by establishing the following result on the asymptotic for coefficients
of a power series. This will be useful because the probabilities we are interested

in are given by such series; see Corollary 3.25 (cf. [15, Theorem 1]).

Lemma 3.23. Let (w,)peny € O(e7"n™) for some 6 > 0,4 > 1. Then,

defining (¢n)nen, as the coefficients of the power series

icns" = exp (iwm”) (Is| <1),
n=0 n=1

we have (¢p)nen, € O(e™n™7).

Proof. Let C,, > 0 be such that |w,| < Cy,e " n=7 for all n € N. We begin by

investigating the coefficients of the power series defined by

> ba(k)s" = (ans") (Is| < 1),

and show by induction over k € N that, setting C := 21+ Z;; J77, we have

b (k)| < CECEF e ™ n™  foralln € N. (3.10)
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The induction root £ = 1 holds by assumption, so we continue with the induction
step. Let £ > 1 and assume (3.10) holds; then for |s| < 1 we have

S () () (£ )

co n n+1
_ +1 n—j+1 __ n+2
=) D> wins b g (k)s" E E Wjbn—j12(k
n=0 j=0 n=0
0o n—1
_ n
= § :5 w;bn—; (k)
n=2 j=1

Now for n > 2 we obtain

n—1 n—1
> wib,_j(k)| < CuChCEY e j77 e ) (0 — j) 7
j=1 Jj=1

1)
<2050 e Y (i = )

j=1
— 9Ok k=1 o=0n ) = Z jl1- l -
w 1 n
-
< QC’Z‘ZHC’{“_l e (j . 1)

< 205)—1—105—1 <272j—7> —0n n~Y = C«k—l—lc«k —6n
j=1

(3.11)

This finishes the induction and shows (3.10) holds for all £ € N. Noting that

> o= b (k)
exp(leHS")—leZk' (an ) :1+;Zl¥

k
00 Oobnk
:1+an k(‘>

1 k=1

n

we estimate

= by (k 1 eCuCt 1
Z ]g' ) < —9n Z k_ Ok 1 _ . e—9n nY = O(e—ﬁn TZ_V),
k=1 k=1 1

which finishes the proof. m
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Definition 3.24. We adopt the notation of [/5] and, for n € N, denote by N2
the amount of partial sums

n

S B4 =AY (Ba— Aw)s- Y (Ba— Ap)
k=1 k=1

k=1
that are positive, and similarly we denote by NI the amount of partial sums

n

D = B1)s- Y (I — Br)

k=1

that are positive.

Corollary 3.25. There is some 6 > 0 such that
P(N/=n)=O(n ), P(Nf=n)=0 <—6Xp(_9”))

Proof. As shown in [15, Theorem 1| we have

~ P (Z?Zl A < BAn>

ZP )s" = exp Z - s" |,

n=1

Noting that A > 0 almost surely allows us to apply |/, Theorem 1| with

Xj=—Aj+pa,  a=pa—PBa>0

P (i Aj < 6,471) -0 (—eXpi_Q"))

for some § > 0. If P(A < B4) = P(X; > a) > 0, the assumptions of |4,
Theorem 1] are satisfied as explained before the theorem there, and if P(A <
Ba) = 0, then the left-hand side is just 0 and thus trivially the estimation
holds. Now applying Lemma 3.23 yields the second claim. The first claim

and conclude

N

follows analogously from Lemma 3.23 and an application of Markov’s as well as

Rosenthal’s inequality. Since, by assumption (3.3), E[I?%] < co, we have

" " B|I35 b — ™
P 1 =P I — —
(; k> ﬁm) (; k=t > (Br MI)”) < (Br — pr)ena

- CoEllL — prlPlon® _ CoaB(I — purP]*
— (Br—p)ene (Br — pr)*
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Now we have all the ingredients to estimate the tail of K.

Proof of Lemma 3.15. First we observe that for n > kj large enough

P(K > TL) <P (ﬁ <{i141_j < BAI{I} U {il2_j > B]k}))

<PN} 4+ N >n—ko+1)
<P(N! > [Aogn]) + P(N! >n — kg — [Nogn])
for any A > 0. Now using [0, Theorem 1, (3.3)] and then Corollary 3.25, we
obtain for any 1 < k <n
P(NA=k) <P(NA=Fk) =0 <e*9’f /f%>
and
PNl =k) <P(N]/ =k) =0 (k~V).

Setting A\ = ‘“TH, we have
n

PN/ > Alogn])= Y PWA=k< Y Cae ke

k=[Alogn] k=[Alogn]
n —0[Alogn] _ ,—0(n+1)
—0k _ e (§]
= Z Cae =Ca 1—e—"f
k=[Alogn]
OA —02tL logn —(a+1)
ST o0¢ o %" =0 (n )
and
P(N! >n—ky— [Alogn]) = > P(N! = k)
k=n—ko—[Alogn]+1
< Y awes

k=n—ko—[Alogn]+1
< Ci(ko + [Mogn])(n — ko — [Mogn] + 1)~ @D

logn
(1 . 2)\10gn)a+1

=0 (n"“Plogn),

S 201)\n_(°‘+1)

using that 2\logn > ko + [Alogn] for n large enough. In particular, for any

e > 0 we have
P(K >n) <P(N* > [Alogn]) + P(N! >n — kg — [Alogn])
=0 (n_(‘“'l)) +0 (n_(aH) logn) = O (n_(a+1)+5)
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which finishes the proof. m
Remark 3.26. As seen in the proof, we actually obtain the better estimate
P(K>n)=0 (n_(o‘+1) logn),

but in the proofs of Lemma 3.16 and Lemma 3.17 we will lose an n® factor

anyway.

Proof of Lemma 3.16

Proof of Lemma 3.16. Clearly
, . I— . .
P(M™H — M > 1) = 6] > P(M =8, M > j+1)
=0

The event {M* = 5,8, Mt > j + 1} is given by the intersection of an event
B<J depending on (Ay,...,A;1) and (Iy,...,I;) defined through the event S

and the event {M® > j}, as well as the intersection of the event
G = (VGUA . Ajm), g1, L)) = 1}
m=1

as also {M" = j} should be fulfilled and finally the intersection of some event
B-.; depending on A;4,... and on [, ... defined through the event { M1 >
j +1}. Precisely, B, is the event that for some

k>0andlp=0<l; <--- <}
such that {; > —2 > [;,_; we have

[ all configurations from j + 1+ ly up to j + 1+ [y — 1 are good
and the configuration from j 4+ 14 [y to j + 1 4 [; is bad,

all configurations from j + 2 +[;_; up to j + 1+ [, — 1 are good
and the configuration from j + 2+ 1,1 to 7 + 1+ [; is bad.
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Using that A, are i.i.d. under P, we obtain that

P(M* — M > 1) ZP (B)P(G;, B;)
50 o) gy L P(3)
(G0 B s, in@)iggﬁ
(90 B0 557 (go)ngq G,
(G0 B0 5757570 gP(M’ —5,8)
= P p(5ala)

This yields that (M —M?);>¢ are identically distributed. To see that P(M*!—
M? > 1) is dominated by P(M° > [), note that the event Bso (which we just

defined) is more likely to happen conditioned on survival, i.e., on the event

ﬂ {ZAk 1—1k>o}

m=1

rather than conditioned on Gy, i.e.,
P(M° > 1) = P(Bs¢|S) > P(Bso|Go) = P(M™ — M* > 1).

The independence follows similarly after noting that
k
G NGik = Gix N (VG As - Ajpm ), i, - L)) = 13, (3.12)
m=1

and the two events G and N _ {G((A;, ..., Ajem—1), Ljs1s -+, Livm)) = 1}
) on the right-hand side are independent.

To obtain the tail estimate, we proceed as follows. We set §; := P(Gp). Then
for any m € N and [ > 0 we have

P(M° > 1) =P(N">m,M° > 1)+ Y P(N°=n,L) > 1)

n=1

<P(N">m)+ > P(l <L) < ).

n=1
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As seen in the proof of Lemma 3.14, N is geometrically distributed under P,
and hence the first part is equal to (1 —9;)™. For A € (0,1) and n € {1,...,m}

we define the event
EX={L9—-Ly<* .. L0 —L°  <I*}
such that on E> we have LY < nl*. For [ > mT™> we thus have
EXn{l < L° < oo} = 0.
Lemma 3.15 gives us that, fixing some ex € (0,¢), thereisa C; = Cy(a,ex) > 0

with

P(l < L) < 00) =P((E))°, 1 < L) <o0) <> P(LY — LYy > "1 < L) < o0)
k=1

P(* <L) — LY | <o00)=nP(I* < LY < o)

U (K; > j} | <Ol Meex)
J=1*

),Cy = Mazex) and m = [Cylogl], then for [y large

log 1751

Now we choose A € (
a— 8K

enough such that
lo > (1+ Cylog lo)ﬁ

there is a C5 > 0 such that for all [ > [y we obtain

2+ 3Cylogl + (Cylogl)?

5 l*/\(a*EK) < CglfaJrs.

P(M° > 1) < 17Me—=w) 1 )

Possibly increasing the constant Cf, this estimate also holds for any 0 <[ < [,
which finishes the proof. 0

Proof of Lemma 3.17

Now having a good control on the tail of K, we can use it to control the tail of v.
We split the event v > t into the parts where K < A(¢) and where K > A(t), for
some suitable function A\(t) < v/#; see (3.14) for a definition. We treat the first
part by applying large deviation results on random walks and the second part
by ignoring the random walk part and just estimating K > A(¢) with Lemma
3.15.
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Proof of Lemma 3.17. We recall the notations
i, moa, ARO4(R), 18204 () VEod (& a) and T]zn,z'
from Definition 3.8 and define for
keNa=(ay,...,a;) € AYk)

the quantity
mrk, if1<k<k
Brk, itk > ko

and random time

po(kya) =inft>0: > L., > Z(k)

(1) €V (k.a)

Adopting the notation p(k,a) := pi(k,a), we observe

k
V=1 = Z Z )]lekH]lAl,j:aj-
j=1

k=1 ac Azood (k)

Since p(k,a) only depends on Y, we obtain

k
P (K = k‘, ﬂ{Al—j = ij},l/ S B)
j=1

) (3.13)
=P <K =k [ A = aj}) P(u(k,a) € B)
j=1
for all k> 1,a € A2°(k), B € B([0,00)). In particular, setting
A(t) == [tz ] (3.14)

for some £, > 0 to be fixed later, we can bound P(v > t) by

P(v >t K > \{) +Z Z P<V>thﬂ{A1j_a]}>

k= 1a€Agood )

< O A(t)~lettex) 4 Z > P > t)P (K =k, ﬂ{Al_j = aj})
j=1

k=1 ac Asood (k)

< (a+1l—ek)
< CrA(t)” + o Jnax P(u(k,a) > t)

aEAgOOd(k‘)

(3.15)
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for any ex > 0 and Cx = Ck(ek) as in Lemma 3.15.
First we will show that for large enough ¢, the maximum over ky < k < A(¢) is

attained in kg and is in O (t_ e ) Then we will show that the maximum
over 1 <k <kyisin O <t_%), which for large ¢ yields the desired tail behavior.
Clearly for any k > ko, a € A2°°Y(k) using a simple coupling argument, placing

all walkers at the maximal distance shows

P(M<k7 a) > t) < P(:u(kv (07 0, [BAI{;I)) > t)
[Bak]

=P 1awio, = |[Bak] — |Brk] +1
D a2 [0~ [ -

[Bak]
Py } [Bak] — [Bik] +1
= P p 17_]1*’“7]>t Z IV/BAk‘—I I_BAk-I

The last line of (3.16) is just the probability of a binomial distribution with
success probability
m(t) = P(r0" > t)

and [Sak| trials to be larger than by |54k, with

[Bak] — [Brk] +1
[Bak] ‘

Thus we can apply [I1, Eq. (5)], using as their parameters n,r, k the values

bk =

n = by|Bak],r = i, k = 0 and noting that the error term R, is non-positive,
to bound the last line of (3.16) by

( [Bak] )Wk(t)bkwm(l ()[R e84k (1_—”%)) , (3.17)

bi[ Bak] 1— 20

Next, we estimate the success probability using [0, Theorem A.1] and obtain a
constant Cy > 1 such that for any ¢ > 0 and k£ < 2751 we have

me(t) < 00%. (3.18)

1

Taking t >ty := (%) I and any k < 3751 we arrive at

Ba— Br

< L
ﬂk(t) ~ Cot ~ 25A

< by. (3.19)

74



To further bound (3.17), we estimate the binomial coefficient by the central

coefficient and Stirling’s formula, which gives

— ] [2441]
) g [k o122 4] \/271' (2[[5;"“}) l E W |
o) = (L‘s’ﬂb (ks izga] (ng’ﬂ() WW)Q
< 4Pak,
(3.20)

Next we estimate both 1 —m(t) terms in (3.17) by 1 and note that by the choice

of tg, using (3.19), we can bound

1 1
< =2. (3.21)

7 ()
1— ’Zk

Noting that by [Bak] = [Bak] — [Brk] + 1 > (B4 — Br)k, t > to, and combining
the estimates (3.20),(3.21) and (3.18), we can bound the term in (3.17) by

k (Ba—=B1)k
) . (3.22)

2 - 404k (C—
Vi

We want to show that there is a ¢; > ty such that for all ¢ > ¢; the maximum of
(3.22) over kg < k < #37¢1 is attained in ko. To do so we treat k as a continuous
variable and take the derivative with respect to £ to show that it is negative.

By a straightforward calculation we find that the derivative is given by

W (k,t, Ba, Br) - (C(ﬁmﬁf) + (Ba = 1) log (%»

for some positive expressions W and C. Explicitly,

k (Ba—Br)k
W(ka t7 6147 /BI) =2 4ﬁAk (00%>

and

C(Ba, Br) = (log (Co) + 1) (Ba — Br) + 2B4log(2).

This means that the sign of the derivative is determined by the term in the
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brackets and calculating
k
{6, 00) + (6~ B 1og (1) <0

s (B — 1) log (%) < —C(Ba. B)

C(Ba, Br) )
(Ba — Br)

yields that the derivative is negative if k is small. In particular, the expression

n (3.22), for fixed ¢, is decreasing in k up to v/t exp <—%> Now taking

11 1= max {to’ xXp (%) }

we have 21 < Vtexp ( ((ﬁ’BA ) ) for any t > t; and thus

— k<+texp (—

aGAgOOd(k)
- Cl<k07 ﬁAa 5])1;_

(Ba—B1)ko
2

with C1 = C(ko, Ba, B1) := 2 - 4Pako (Coko)(BA_ﬁf)kO. Next, we estimate that for
1 <k < koand a € A%°°(k) we have at least aj > my > 4+ m; parasites on
each site for 1 < 7 < k and thus, again by a coupling argument, obtain

P(u(k,a) >t) <P <Z§A:]l @i g <m1k>

z=1 i=1

km 4
<P <Z ]ng,iSt < km1>
=1

kmp—1 km,
D I e e
Jj=0 J
< oM o]
for some constant Cy > 0 independent of k, t.

In particular, this implies that for large enough ¢ > ¢; we have

B 5 )k
max P(u(k,a) >t) < max{C’lt_ = O,C’Qt_g}
1<k<A(D),
aEAgOOd(k‘)
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Choosing some ¢ < % and plugging this into estimate (3.15), fixing some

g € (O, % — QLH) and e i=a+1— %351’ we obtain a constant C' > 0 such that

for large enough t > t; we have

P(v > t) < Ot~ GeD)(o+l-ex) P(u(k,a) >t
(v >1) < Ot + Jnax Pu(k,a) > 1)
aEAgOOd(k)

(Ba—=Br)ko

< Ot~ + max {Clt‘iz ,Cgt_%} <Ot

where we used that €1, ex were exactly chosen in such a way that

(%—51)(a+1—€;{):q

and by definition

, — D 4Na)+1
mln{k:oﬁA2 51,5} > % > q.

This shows the claimed tail behavior by possibly increasing the constant C' for

small ¢ < t;. Furthermore, by the layer-cake formula we obtain, fixing some
q € (q, %)

E[\V\Q]:/O gt 'P(v > t)dt

t1 [e%¢]
g/ qtq_ldt—l—/ gt ot dt (3.23)
0 t1
thfq’
=11+ L0 <o
¢ —q
O

Proof of Lemma 3.18
We start by showing that (7,),>; is independent of M?°.

Lemma 3.27. For E € B([0,00)Y) we have
P((71,72,...) € E) =P ((v1,1n,...) € E|M° =0).

Proof. The claim follows analogously to the proof for Lemma 3.16. Using the

notation used in that proof, we see that
P((71,72,...) € E)

 — .
= —P(S) Z P(B<J, gj7 (I/j+1, ey Vitko—15 Vitkos Vi+ko+15 - - ) = E)

Jj=0
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and then we can perform the same steps as there, because

G OV {(Vja1s - -+ Vitko—1 Vitho Vithot1: - - - ) € B}

only depends on variables with index above j and B</ depends only on variables

with index below j. O]
Corollary 3.28. For any q € [1, %), we have E[|7,]1] < co.

Proof. For n > 1 the claim follows directly by Lemma 3.17 and Lemma 3.27,

noting that
P(v, > t)

P, >t) =P, >t|M°=0) < ——=2— 7
(70 > 1) = P(vu > 1| )< B0 =0)

[]

With this characterization of the joint distribution of (7, ),>1 for any start-
ing point £ > 0, we can show that their joint distribution converges to the

distribution of (v,),>1 for k — oc.

Proof of Lemma 3.18. For shorthand we write
{v, € E} := {(vk, Vk21,-..) € E} and {¥, € E} := {(Vk, Vss1,...) € E}

for any k > 1. First we observe that by Lemma 3.27, for n > ky we have

P(y, € E,M°=0) — P(M° = 0)P(y, € E)

Pz, € E) — P(y, € E)| = BaF = 0)

Hence it suffices to show
P(y, € E,M°=0)-P(M°=0)P(y, € E)| < Cn *"*

for large n. We observe that for all m > ky we have
{M° =0} =Gom \ (go,m N U {K; > J})
j=m+1
and hence
P(M" =0)=P(Go,n) — P (go,m, U {K; > j}) : (3.24)
j=m+1

In particular, we note that Gy, only depends on Ay, ..., Ap—1, 11, ... L.

Next, we denote by

K, =inf{n — K,,n+1—K,1,...}
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the smallest site, which is used to determine if v, € E. In particular, because
for any m > 1 the event {K,, < m} only depends on A, ,,1,..., 4,1 and

Ly_m,...,I,, the event
{K,>n—kuv, € B} €o(Ay, I11,Y™ :2>n—k,icN).

For kg < k < n — ky, we estimate, repeatedly applying (3.24) and using the

dependencies written above
[P(v, € B,M" = 0) — P(M" = 0)P(y, € E)|
<P(v, € B, K, <n—k M°=0)
+|P(y, € E,K, >n—k M°=0)—P(M°=0)P(, € E)|
<P(K,<n—k)+P (yn €EKy>n—kGour |J {K> j})

j=n—k+1

4_’P)(yn S Ehj%n;27l__k>an—k> __I?(AIOZZO)PKEQ EJE)’

gP(f(n<n—k)+P< G {Kj>j}>

j=n—k+1

+|P (v, € B, Ry = n = k) P(Gont) = P(Goni) Pl € E)|

+P<go,m, U {Kf°>j}) P(y, € E)

j=n—k+1

gP(f?n<n—k)+2P< O {Kj>j})

j=n—k+1
—l—‘P(gnEE,RnZn—k)—P(anE)’

<2P(K, <n—k:)+2P< G {K; >J}>

j=n—k+1
<2y P(Kpyy>j+k)+2 Y P(Kuy>j)
j=0 j=n—k+1
oo
S2ZC’(]’+/€)7(QH)+E+2 Z Cj—(a+1)+s’
j=0 j=n—k+1

for any ¢ > 0 and some constant C' > 0, using Lemma 3.15 in the last line.

Now for n > 2k, plugging in k& = [ %], we obtain a constant C' > 0 such that

B(Z, € E) ~ Py, € B)| < Cn """,
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which concludes the proof. O]

With this convergence we can easily show that (7,,),>, has asymptotically

the same moments as (v,)p>1.

Corollary 3.29. Forall1 < g < % we have
lim E[|7,|Y] = E|[|v|Y].
n—o0

Proof. The layer cake formula yields
E[7,]7] — Bl|v]7)| = ‘/m (5, > 1) di — /oo Py > 1) dt
0 0
< /Ooo gt NP7, >t) — P(v > t)|dt.
Because

gt P, >t) - Py >t)| < gt P(v>t) € L'([0,0))

P(M°=0)
we can interchange the limit n — co with the integral and obtain from Lemma
3.18 that
lim [E[[7,[*] = E[Jv|*]] = 0. O
n—oo
Proof of Lemma 3.19

We need to introduce some additional notation to make precise the reasoning
from the sketch of the proof.

Definition 3.30. For m € N we define the index set
C(m) = {(a,i) € NJ* x N™|G(a,i) = 1}

of all possible good configurations ((Ag, - - ., Am_1), (I1, ..., Ly)) given {M° = 0}.
For m € Ng,n € N, (a,i) € C9m) we define the event that (Ay, ..., Ap_1)

equals a and (I, ..., I,,) equals i, i.e.,
m—1 m
{An =a}:= ({4 =a;} {In =i} = ({T = ix}
=0 k=1

Also, we define the event that, given m > 1 and some (a,i) € C9%(m), also

the upcoming random configuration after site m is good

((al, c. ,am,Am, e 7Am+n71)7 (ila c. 7im7 [erl; . 7[m+n)) € Q900d<m + n)
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That is, Gyn(a,i) is the event

m-+n

(N (G0, amr, Ams oo A1), (i Tt -y Ingn)) = 1}

r=m-+1

with the obvious extension to G, ~(a,1). We note that this is just an extension
of the definition G, from 3.12, where we fized the first m entries. We observe

that because the first m entries are fized, the event G, ,(a,i) only depends on

Am’ .. ’Am+n71’ [m+1, “ e 7[m+n.
Also, we define the event B, ,(a,i) that

(a1, oy my Ay oo AL, (01, oy Doty -, L)) € QQOOd(m+Q:)

for some x > m +n. That is, By, n(a,1) is the event

o

U {Gao,- - amr, A, Ad), (i, iy Lo, - 1)) = 0}).

r=m-+n+1

Again, By, n(a,1) only depends on Ap, Apity -y Ingty g2, - - - -

Proof of Lemma 3.19. Using Lemma 3.27, we only need to show

P (E, B|]M° = 0) o ‘
—P(B|M" =0
P(E, B, M° = 0) o Cor '
et i — < (6% i)
‘ BB 30 =0) P(B|M" =0)| < Cn

for some C' > 0, all m > kqg,n € N and
Eco(v,...vp),P(EIM°=0)>0,B€o(v:k>m+n).

The idea is to split up the probability into different events, similarly as in the
proof of Lemma 3.18, where one event is unlikely and on the other event we
can use independence. Then, given M° = 0, we estimate how far above m the
event F influences A, I and how far below m +n the event B influences A, 1,Y.
Making the distance n large, these areas of influence will be disjoint, and the

two events will become independent, except on some unlikely event. We recall
Ky =inf{m+j — Ky :j >0}
and that

{Kmin >m+k BY € o(Ay, L1, Y™ 12> m+k,ieN).
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We also recall that, for any | > kg, we have
{M° =0} =Gos \ (Go, N Bog) = Gou \ (g(),l N U {K; > J}> -
j=I41
With this in mind, we compute that for any n > 2ky and kg < k < n — kg, the
probability P(E, B, M° = 0) is equal to
P (BB, Ky > m+k Gomir)
—P (B, B, Kyan > m + b, Gonin Boe )
+ P (E> Ba [?ern <m—+ k, gO,erk)

~ P (BB, Ky <m0+ k, Goneis Bom i)
The first probability contains independent events and thus is equal to
P (E,Gom+r) P <B7 [N(ern >m+ k)

Now to estimate (3.25), we use the triangle inequality, putting together the first
term with —P(B|M° = 0) and then each other term for itself. This gives that
the term in (3.25) is bounded by

P (B, Gomsr) P (B, Kyin = m + )
P(E, M° =0)

— P(B|M° = 0)

P (B, B, Kyupn > m+ b, Gonri B
P(E, MO = 0)
P (E B, Ky <m+k, go,mM)
P(E, MO = 0)
P (E B, Kpsn < m + k, Gomsr Bovm%)
P(E, MO = 0)

_|_

+

_|_

To estimate these terms, we observe that for (a,i) € C®°!(m) and [ > ko,

possibly | = oo, we have

P<Am = Qq, Im = i> E7 gO,m+Z) =P (Am = a, Im = i7 E7 gm,m+l(av l))
=P(A,=2a1,=1E)P(Gnu(ai).
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We note that

o

gm,m+l(a 1 ﬂ {ZAm-‘r] 1 > 614” Z[m-i-j < /Bln} (326>

n=1

for any (a,i) € C%°%(m). Because u; < 87 < Ba < pa, the right-hand side of
(3.26) has positive probability, which we denote by §.
We compute

P (E,Gomrr) _ 3 P (A, =al, =i FE Gomir)
].:)(.E‘7 MO - 0) ) Z(al)ecgood( )P ((Am = a, Im - i, _E7 MO - 0)

(a,i)eCe°d(m

_ Z P((A,=alL,=1FE)P(G,r(ai)
E (ai) 0% (m) P(A,=al,=1F)P(G.«(a,i))

(a I)ECgOOd

P((A, —a T, —iF) B
< X >, P((A,—al,—15)5 o

good
(ai) ECgOOd(m (a,i)eC (m

(3.27)

Hence, using the uniform bound (3.27), we can show for kg < k' < k < n — ko
that

P (E7 gO,m—I—k)

P (E,Gomr) — P(E, M° = 0)
P(E, M°=0)

P(E, M°=0)

_ 1' _

P (Ea gO,m—Hm BO,m—i—k) o P (E’ g07m+k7 U;.;m+k+1{Kj = ‘]}>
P(E,M°=0) P(E,M°=0)

P (8. Gomsto: U {6 > j = m = '}

- P(E, M°=0)

P (E,Gomiw) P (U;im—i-k—i-l{Kj >J—m— k/})
P(E, MO = 0)

(3.28)

—_

SZ Kipmer > j+k—K) < Ci(k—K)",

for any € € (0, @) and some Cy = Cy(g) > 0, using Lemma 3.15. With this we
can now begin to estimate each term of the triangle inequality used for (3.3.3).

First, by an analogous argument as we used starting from the second line of

(3.28),

P (BB, Kpin = m+ k. ok Boms )
P(E, MO = 0)

_ P(B,Gomir Bomir)
= P(E,MY=0)

< Cy(k — K)ot
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Similarly,

P (E. B, Kyin < m+ k. Gonin Bomi)
P(E, M° = 0)

_ P(B,Gomir Bomsr)
= P(E,MY=0)

< Cy(k — K)ote.

Next, using (3.27), we find

P (Evg[),m+k7 B>I?m+n <m+ k) P (Eago,m+k7[?m+n <m+ k)

<
P(E, M° = 0) = P(E, M° = 0)
P(E;g0m+k) _ P(Km+n<m+k:> o
— ) < < _ QT
P(EjMO_O)P<Km+n <m+k> < - < Cy(n — k)

for some Cy = Cy(e), using Lemma 3.15. Finally, to estimate the first term of
(3.3.3) minus P(B|M° = 0), using the same split up as for (3.3.3) but now on
P(B, M° = 0) (that is, with E replaced by ), we compute

P(Eag(),m )

\P@,Mo =L
) _
)

(B,ffmm > m 4 k) _P(B|M° = 0)‘

P (E, Gomik P (Gom+k)

P(B,M° = P(M° = 0)

P <B, -f(/m-kn Z m + ka go,m-‘rk‘a BO,m+k>

P(M° = 0)

P (B,f?m+n <m+k MO :o)
P(M° =0)

< P (E, go,m+k) . P (g07m+k>

= |P(E,M"=0) P(M°=0)

< P (E, 907m+k) P (g(),m—I—k;)

= |P(E, M° =0) P(M° = 0)

<3C1(k — k)™= + Cy(n — k)~+e,

g‘ P(B,I?m+n2m+k>

+

+

+ Ci(k — k)70 + Cyn — k)o*

T+ Cylk — K) ™ + Cyn — k)~

~1[+]i-

Now plugging in k£ = (%nw K = (%n] and combining all estimates, we find a

constant C' = C(e) > 0 such that

’P(E,B,MO = 0)

—P(B|M° =0)| < Cn=t¢
P(E, M° = 0) (B] )‘— "

for large enough n € N. Possibly increasing this constant C, the estimate holds
already for all n € N, which finishes the proof. n

84



Proof of Lemma 3.20

First, we establish that the variance of the partial sum grows only linearly in n,

given that the variance is finite.

Lemma 3.31. If a > 3, there is a C' > 0 such that for all n > 1 we have

n 2

> (@ —E[m))

k=1

E < Cn.

Proof. We set Q. := 7, — E[7] and note that because v > 3 we obtain from
Lemma 3.17 that (Qp)rez C L*(€2). Now a classical result of Ibragimov |23,

Lemma 1.1] states that ¢-mixing implies weak correlations, in the sense that

E[QuQuen] < 2¢/6(0)EIQ2|E(Q2 ).

Using Corollary 3.28 and Corollary 3.29, there is a constant Cg > 0 such that
E[Q?] < Cq for all n > 1. With this, we compute

(Z @k> <Y Y EQRQ =D D IEQQ;] + Z E[QrQ]]

k=1 j=1 k=1 j=k k=2 j=1
n n—k n n—j
= Z Z IE[QrQrs]| + Z Z E[Q; Q]|
k=1 7=0 7j=1 k=1
= ( Q7] + 22 E QkaﬂH)
B n—1 n—k
<nCq+2) > 2/6(j)Cq
k=1 j=1
n—1 n—k
< Cq <n+4CZZj_a5€>
k=1 j=1
n—1 oo
< Cq <n+4022j_a25)
k=1 j=1
< nCy (1 +402j—“?) :
j=1

where we used Lemma 3.19 for some ¢ € (0,1) and note the sum is finite, by

the assumption o > 3. O
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Now it follows from classical results that the bounds on the second moments

transfer to higher moments.

Proof of Lemma 3.20. Using the estimate in Lemma 3.31, we can conclude by

a classical result for ¢-mixing sequences from Ibragimov [23, Lemma 1.9] that

> v —E[m]

for some constant C'; > 0. Thus, using another classical result of Serfling |11,

q

E S C!ng

Corollary B1|, we already have

q

E S Cn%

max
1<i<n

Y U — E[7]

for some constant Cy > 0. O

Proof of Lemma 3.21

Proof of Lemma 3.21. We can make use of the variables (7,,),>1 = (72),>1 to

bound the time 7" almost surely, namely

M1—M0O
T! < Z Uy..
k=1

Hence, we can estimate for any § € (0,1),¢ € (0,«) and C. as in Lemma 3.16
that
[t°]
P(T' > t|M° =0) <P(M' > '|M° = 0)+P | Y 7, >t
k=1
[t°]
< Ct?C D 4P 7 — Elwi] > t — [¢°] sup B[]

k=1 k1

For ¢ large enough it holds that ¢ — [¢°] sup;>, E[7g] > L.

Markov inequality, we can estimate the probability in the last line by

Hence, using the

] I ‘ —q

t
E ka — E[7y]
k=1

2
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(aAd)+1
L=

that for large enough ¢

for any ¢ € [ ) Using Lemma 3.20, we obtain a constant C' > 0 such

[0 1

E|D m—-Em]| | <ct’s.
k=1

Now all that is left to check is that taking o > é close enough to é and a small

1+(and)
2

€€ (0, o — %), we can take ¢ < large enough, such that we also have

q (1 — g) > 1. The condition for that to be possible is that

a+1> 2
2 2—1

which is equivalent to
20 —3a—1> 0.

Solving for « yields that we must make the assumption

3+ vI11
>

@ 2

noting that this is also the reason why we chose the parameter 4 = [

the definition of good configurations 3.8. n

Proof of Proposition 3.22

In this section we will show the existence of the renewal sites claimed in Propo-
sition 3.22. The key idea is to observe that for each good site M® there is a
positive probability that the front grows linearly fast, and if it does not, then
the probability that it falls below linear speed only at a large distance to M®
decreases sufficiently fast. Also, retrying for this linear growth at the next good
site is independent from the last attempt. On the other hand, each parasite that
is already generated before reaching the good site M only moves diffusely and
thus has a positive probability of never catching up to a linearly moving front.
Then for each parasite, we can repeat this trial until at some point none of the
parasites generated below a certain good site will interact with the front after
that good site is infected. This approach of a renewal-time point is inspired by
the work of [15], in which, by showing finite moments of this renewal-time, even
stronger results can be deduced.

We begin with establishing that the front can grow linearly fast after a good
site with high probability.
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1

Lemma 3.32. Assume that o > 3 and N\ < ———.
Sup;>1 ]E[Vj]

that

There is a 61 > 0 such

Also, for n € N, we have

(353 ol )

1+a/\4

for any q < and some C > 0.

Proof. The first claim follows from Lemma 3.46 and will be shown in Section
3.4.3. The second claim can be seen as follows. For A\ < W we have by
Lemma 3.20 for any ¢ < # that

(et} ol s el )

7j=1 m>n \ j=1 7j=1
- 1 o 1
< P sup — 70> =
kZ:O <2kn§m<2k+1n 2%n = ! /\>
00 1 —q 2k+1p e
< Z ((X — sup E[ﬂ?]) 2’%) E 7) —E[)]
k=0 j=1 j=1
< 202_%]%_% < Cn~%
k=0
for some C' > 0 that may vary from line to line. O]

We cite the following well-known fact about a simple symmetric random

walk not moving ballistically with high probability.

Lemma 3.33. Recall that (Yi)i>o is a simple symmetric random walk starting
in 0. For any X\ > 0 there is a 0o > 0 such that

P (ﬂ v, <1+ LAtJ}> > 6.

t>0

Also, there are C,co > 0 such that for any n € N we have

((i] {Tk > —} U {Tm < m; 1}) < Oy exp(—can).

m>n

where
7 =inf{t >0:Y; > k}.
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Proof. This is a classically known result for random walks. A proof can be found

in [16, Lemma 8§]. O

To construct the renewal sites, for any j > 0 we want to find a renewal site
J < Rgood(j) < o0, such that the front after reaching Rgooa(j) only depends
on the parasites born at a site  with & > Rgyp0a(j), and we can uniformly in j
bound the tail of Rgo0a(j) —j. Then we can iteratively define R™™ := Rgp0a(R").
To begin the construction, we first consider a single parasite (x,1), and we will
show that there is an almost surely finite good site M7s0d(®%) > 2 such that
after T”e0d(?) the front moves linearly fast and the parasite (z,4) will be either
dead or it will never reach the linearly moving front again. Then we will show
that if we define

Rl (]) = Mngood(j) = sup MJgood(w,i)
0<2<j,1<i<Ag

for 5 > 0 we have
lim supP(R;(j) —j >n) =0.

o0 >0

In particular, none of the parasites born between 0 and j will catch up to the
front after time 7T7zea?).

Next, we observe that for some fixed § > 0, there is a probability of at least §
that also none of the parasites born between j and R;(j) catch up to the linear
moving front after T7s00a@)  If this happens, we have found the renewal site
Ryood(j) = M Tgooald), However, if some parasite born between j and R;(j) does
catch up to the front after T‘]glood(j), arguing analogously as before, this does
not happen too far away from R;(j). In particular, we can find another almost
surely finite good site Ry(j) = M7500a9) such that P(R2(j) —j > n) goes to 0
uniformly over all j > 0 as n — oo and none of the parasites generated between
j and Ry(j) catch up to the linearly moving front after T75004%) . Again, there
is a probability of at least 0 that none of the parasites born between R;(j) and
R5(j) catch up to the linearly moving front after time T72000U) If this event
occurs, we have found the renewal site Rgooa(j) = M Tz00a(1)  Tf the event does
not occur, we repeat the procedure above for the parasites generated between
Ry(j) and Rs(j), then for those between Rs(j) and Rs(j), and so on until at
some Rgood(j) = M Jso0a(l) none of the parasites generated before T7ec0ald) will
catch up to the linearly moving front. Furthermore, P(Rgp0a(j) — j > n) tends

to 0 uniformly over all j > 0 as n — oco. This will yield the renewal sites (R');>o
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by iteratively finding the next Rgo0q(R"), from which on the front moves linearly
and the parasites that were born below Rgood(Ri) never catch up to the front
and thus don’t influence the front anymore. The uniform tail bound will imply
that R' < oo for all i > 0.

Lemma 3.34. Suppose the assumptions of Proposition 3.22. For any j > 0
there is an almost surely finite Ryo04(j) > j such that after the front has reached
Ry00d(j), none of the parasites that were born at a site x with * < Ryeq(j) reach
the front anymore. Also, it holds that

lim supP(Ryo0a(j) —j > n) =0.

n—oo §>0
Proof. We  carry out the construction explained before  this

lemma.
For x > 0 and i € N, let

Ji(2,4) == J(x) := inf{k > 0: M* >z}
be the index of the first good site after x. By Lemma 3.16, we have that
P(M’® — g >n) < Cin™

for any ¢; < « and a suitable C; > 0. At time 7' when the front is at
M71@9 | the parasite (x,7) can be either already dead, or it has to be at a site
y < M71(®)_ We note here that since we condition on the survival of parasites,
we have 771 < oo almost surely under P. If the parasite is already dead, we

set
Jgo0d (2,1) == Ji(2,17).

If the parasite (z, 1) is still alive, then by Lemma 3.32 and Lemma 3.33, for some
suitable A small enough, there is a positive probability of at least d,0; that the
front after time 7/1(*") stays above the linear line M71®%) 4 |\(t — T/ @)
and the path of parasite (z,7) after reaching M Ju(#1) stays below a linear line
with slope % In particular, in this event the parasite (z,4) never influences the

front again, and we set
Jgo0d (T, 1) := Jy(x,1).

If one of these events does not occur, then again by Lemma 3.32 and Lemma

3.33, the vertex Bj(z,i) at which either the sum in Lemma 3.32 is too large or
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the hitting time in Lemma 3.33 is too small satisfies

a2

P(n < By(z,i) — M) < 00| Jyea(,1) # Jy(2,1), M=) < Con™ % a.s.

for any ¢, < % and a suitable C5 > 0. In this case, we repeat the process of

finding the next good site after By(z,4) and set
Jo(z,4) == J(By(x,1)) = inf{k > 0: M* > By (i)},
which again satisfies
P(M”2®D — By (i) > n|Jgeoa(2,i) # Ji(2,7), Bi(x,1)) < Cin™ " a.s.

for ¢, < a and C; > 0 as before. If the parasite (z,4) is dead at time T7/2(®%)

we set
Jgo0d (2,1) == Jo(z,1).

Otherwise, we first check if the accumulated sums of (ﬁf(z’i))

k>0 stay small in
a sense of Lemma 3.32 and, consequently, the front stays above the linear line
M@)o | \(t — T72@)) | and if the path of the parasite (z,i) after reaching
M7 stays below a linear line with slope 4 in the sense of Lemma 3.33. If
this event occurs, the parasite (z,7) never reaches the front after 7729 and

we set
Jgo0d (T, 1) = Ja(x,1).

We note that (7,2");=1 depends only on variables with index above M2,
Also, the time when the parasite (z,4) reaches M72(*") is a stopping time with
respect to the filtration o(A,Lws : 0 < s < t), where we recall that w; € Ly
is the state of the SIMI at time t; see Section 3.5. In particular, conditionally
on M72@ the path of the parasite (z,1) after reaching M“2(®% is independent
of the path of the parasite before reaching M”2(*%)_ This implies that the event
{Jgoo0d(2,7) = Jo(z,7)} occurs with probability at least 0,62, conditionally on
{Jgooa(,1) # Ji(x,7)} and the values of By (x,i), M2,

Again, if the event does not occur, applying Lemma 3.32 and Lemma 3.33 and
using the independence we just described, the site By(z,) at which either the
)

accumulated sums of ( k>1 are above ¥ or the path of the parasite (z, i)

after reaching M”2(*) is above a linear line with slope %, satisfies

Jl(x, Z) 7é Jgood(fl}, Z),

P | n < By(x,i) — M”2®) < 50 ,
< 2( ) Bl<1’,i), MJg(:c,z)

> < C'Qn’%2 a.s.
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with ¢o < %, Cs5 > 0 as above.

Iterating this procedure, we find that for £ > 1, given the last attempt was
not successful (i.e., we did not set Jyood(z,7) = Ji(z,7)), then the next try is
independent from the last try and successful with probability at least d; - ds,
with 01,02 as in Lemma 3.32 and Lemma 3.33. In particular, the number of
needed attempts is stochastically dominated by a geometric distribution with
success probability d; - 6. Also, as reasoned above, the k + 1-th attempt costs
a random number of vertices By1(x,i) — Bg(z,1), which is independent of the
k-th attempt and satisfies

P (n < Byi1(z,1) — Bi(z,1) < 00 |Jgood(2,7) # Ji(x, 1), Bi(x, 1))

a2

<Cin ™4+ 0Cyn™ 2 as.

Arguing the same way as we did in the proof of Lemma 3.16, this yields that
P(M7eoa®D) _ 3 > ) < Cyn ™

for some g3 < 92 and a Cj > 0.

We now need to show the uniform limit

lim sup P ( sup MJsooa(@d) > 5 4 n) =0.

n—=00 j>0  \0<z<j1<i<A,

By assumption o > 3, and thus we can choose some €4 > 0 and some 9 €
( (4na) -3 (4A°‘)73> and g3 € (19 +1, M). We now compute for any

4+e4((4Na)—3)” 4 4
0 <z < jthat

P < sup M zo0d (@) J+ n>
1<i< Ay
(j—z+n)?

gIP’(A>(j—x+n)ﬂ)+IP’ U {M‘]good—x>j—x+n}

i=1
SIP(A>(j—x+n)’9)+(j—3:~|—n)196’3(j—x+n)7q3.

By assumption on A, we can fix some g4, > 1 such that E[A%} < oo and thus

obtain

sup > P(A> (j—a+n)’) <Y PA> (2 +n)’) < Ol

720 h<z<j >0

for some constant Cy independent of j and n. Using the definition of 9, we have

¥ — g3 < —1, and we see that for some constant C'5 independent of j and n, we
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have

sup Z (j—2+n)(j —2+n)"8 < Cyn't s,
]>00<x<]

In particular, we define
Ry (]) ‘= sup MJgOOd(x?i) and Jgood( ) = sup Jgood(w7i)a

0<z<j 0<z<j
1<i<Ag 1<i<Ag

observing that Ri(j) = M Js004) By construction, the accumulated sums of
JL G

(ﬁkg°°d(]))k>1 grow at most linearly with slope 1

stays above Ry(j) + [A(t — T so0a (7) )| for t > T s004() and none of the parasites

born between 0 and j catch up to the linearly moving front after 7 go0a ) Also,

and consequently, the front

we have that

s}ggP(Rl (j) —j >n) < Cyn'~% + Csn!t09=9 "29° ().

i>

Next, we want to see that the parasites born between j and R () have a positive
probability to also stay below the linearly moving front after 7 z00d(7) We note
that the paths of parasites generated between j and R;(j) are influenced by
the event that there possibly are already good sites M* < Ri(j) from which
the accumulated sums of (7})y>1 grow at most with slope . This event does
occur if for some (z,7) with 0 < 2 < 5,1 < i < A,, we have Jypoa(z,7) <
Jgooa(j)- However, knowing this event occurs only affects the paths of parasites
until the time when these parasites reach R;(j). To see this, observe that, by

definition, we have E?\/[“l—MZ-&-k = l/i—H for any ¢ > 0,k > 1. Hence, the event

Tg00(J ))k>1 grow at most linearly with slope

that the accumulated sums of (7,
1 already implies that also for any ¢ < J} 4(j) such that the accumulated
sums of (Vk)1<k< Ri(j)—m¢ Erow at most linearly with slope + 3, already all the
accumulated sums of (7} );>1 grow at most linearly with slope 1. In particular,
note that the event that the sums of (Di)lgk Ri(j)—m¢ Erow at most linearly with
slope 1 depends only on the paths of parasites until they reach R;(j), and the

Jl
event that the accumulated sums of (7, oodlJ ))

k>1 grow at most linearly with
slope 1 1 depends only on parasites born at x with 2 > R;(j). In conclusion,
this implies that after the time when a parasite generated between j and R;(j)
reaches R;(j), its path is that of a (unconditioned) simple symmetric random
walk and, consequently, has a probability of at least d5 to never catch up to a

linearly moving line with slope %
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We fix some large enough constant L € N, such that for some d3 € (0,1) we
have
C4L1_q4 + C5L1_H9_q3 <1-— (53.

Then as computed above, we have sup;>,P(Ri1(j) —j > L) < 1 — ;. In the
event Ry(j) —j < L and
Ri(j)—j—1
> Ajr <2E[A] +4)L,
as argued above and using Lemma 3.33, with probability at least o, 2AE[AH)L ,
none of the parasites generated between j and R;(j) catch up to the linearly
moving front after 7 z00d7) We note that we can find some d, > 0 such that

1(5)—1

supP | > Ay > 2B[A] +4)L|Ri(j) —j < L | <1—dy

Jj=0

Hence, with probability at least 5§(E[A]+4)L

9304, our search for the site Rgp0d(J)
ends at Rgo0d(j) = R1(j), and none of the parasites born between j and R;(j)
catch up to the linearly moving front after T7s00a ).

If Ri(j) —j > L or too many parasites were generated between j and R;(j),
we can repeat the procedure to find R;(j), now starting at R;(j) instead of j.
Thereby, we find a vertex Ry(j) = M T500a(9) guch that none of the parasites born
between j and R;(j) (hence also those generated between 0 and R;(j)) catch
up to the linearly moving front after T Tz00a) and we have

lim supP(R2(j) —j > n) = 0.

n—oo ]20
Checking once more if Ry(j) — R1(j) < L and

Ra(j)—R1(j)-1

. Aggee < 2E[A]+4)L,
k=0

2(E[A]+4)L 0304, also the parasites born

we see that with probability at least o5
between R;(j) and Rs(j) do not contribute to the front after T7500a0) | Tterating
this procedure, we find an almost surely finite site Rgp0da(j) = M Jg00a(d) > 4 such

that none of the parasfces born between 0 and Rgo0q(j) contribute to the front

after time 77=04) the sums of (ng""d(j )) k>1 grow at most with slope %, and
lim sup P(Rgo0da(j) > j+n) = 0. O
n—oo §>0
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With this renewal site Rgo0a(j) that has a uniform tail over j, we can now
iteratively construct a sequence of renewal sites (R');>o simply by retrying for

the next renewal site with Rgoodl(-).

Proof of Proposition 3.22. We set R® = 0 and for i > 0 define
R = Ryooa(R') > R,

with Rgood(-) as in Lemma 3.34. Using the uniform tail bound in Lemma 3.34,
we obtain that for any ¢ > 0, we have that R*! < oo almost surely, and by
construction, none of the parasites generated below R**! contribute to the front
after pri+1. For each i > 0 and £ > 0,m > 0, the event { R — R* = m, R* = (}
can be expressed as

Gro,0) N Gl em) N Glegm,o0)
for some events

Glim) € 0(Ap, Ly, Y™ : U <z <L+ m,i € N)
Gl € 0(Ap, 11, Y™ : 0 <z < Li €N)

and

00 k
k Ax, [x 1, T > 14 +m,
Glogm,c) = ﬂ {K€+m+k < k7zyf+m+j < X} co ( ij : ieN > :

k=1 j=1

Note in particular that these three events are independent. By construction of

the renewal sites, we have that for any B € B(R™) the event
(R — R =m,R" =0} {(prs1 — pr : L < k <l +m) € B}

can be expressed as

G, N é[ﬁ,@—i—m) N Gle4m,00)

with Go ), Gjr4m,0) as above and some event
Goosm) D Guosm) € 0(Ay, Ly, Y& - £ < w < £ +m,i€N).
In particular, this implies the independence of
{(RZH - RiapRi—H — PRIy PRiFT — PRevi_1) 18 > 0},

and also that the subcollection with ¢ > 1 is identically distributed. O

95



3.4 Proofs of the main Theorems

3.4.1 Proof of Theorem 3.3

In this section, we will show that the process satisfies a strong law of large
numbers, in the sense that

r
lim — = v almost surely
t—oo t

for some deterministic v > 0. We recall the approach.

In Section 3.3 we identified a sequence (M*);>q C Z, where the upcoming births
and deaths are in a good configuration. In particular, the sequence only depends
on A and I, and the increments (M — M?);5¢ are i.i.d.

The good state of upcoming births and deaths after each M* allowed us to con-
struct a lower bound for the front in Definition 3.12, only depending on parasites
that are born to the right of M*. In particular, in Lemma 3.21, using Lemma
3.20, we will be able to show that moving from M* to M**! has finite expecta-
tion under our assumptions on a.

In Lemma 3.37 we will show a subadditivity property for the times of moving
to each site (M");>o conditionally on the event that {M° = 0}, which yields a
strong law of large numbers for the arrival times at the sites (M?);>o, condition-
ally on {M" = 0}. Since the increments of (M");>o are i.i.d., this yields also a
strong law of large numbers for the infection times of any site n, conditionally
on the event that {M° = 0}.

However, by Proposition 3.22, the limit of 2% cannot be random, because the
increments (p,4+1— pn)n>o0 have a P-trivial tail sigma field. In particular, this will
allow us to transfer the strong law of large numbers from the event {M° = 0}
to the entire event of survival.

The key in showing the subadditivity is to use a different coupling to construct
the process, which is monotone in the initial configuration; see Proposition 3.58,
in contrast to the construction that we used to define the auxiliary jump times;
see also Example 3.51. In the construction, we will use a classical graphical
representation using Poisson point processes to sample the jumps that happen
on each site. We refer to Section 3.5.2 for the details. In this construction, the
state of the process will consist of a triple (r,7,t), where r € Z is the position
of the front, n € NZ with suppn C (—oo, r] is the number of living parasites on

each site, and ¢+ € N is the remaining immunity of the host at the site r + 1. In

96



this notation we define the natural initial configurations

C(T) = (Ta Aoy, [r+1)

of starting with only A, many parasites at the vertex r. For any initial config-

uration ¢ = (7,7, ) as above and any time ¢, € R, we denote by

(1:(¢3t0), me(Cs to), e(C tO)tZto

the state of the SIMI at time ¢, when starting in the initial configuration ¢
and using the Poisson point processes starting at time t5. We will use that by
Proposition 3.58, the coupling is such that for any initial time ¢y, any r € Z, and
configurations 7;, 1, € N5 with suppn;, suppn, C (—oo, 7], the following holds.
If ty is a stopping time with respect to the information of the collections A, I
and the Poisson point processes up to time ¢, and 7,7, are measurable with
respect to the information of A, T and the Poisson point processes up to time t,
such that almost surely 72 holds more parasites than 7; in each interval around
the front, then the front constructed from 7, starting at time t, is always above
the front constructed from 7, starting at time ¢y. In this coupling we define the
following random variables, on which we want to apply Liggett’s Subadditive

Ergodic Theorem [32].

Definition 3.35. In the coupling defined in Section 3.5.2, we define
T :=inf{t > 0 : ,(¢(0);0) > M'}
and for 0 < m < n we set
X o= nf{t > 0 v, (C(M™); T™) > M}

Remark 3.36. We note that Xo,, always starts at the site M°. Hence, only in
the event {M° = 0} do we have that Xo, = T™ for n > 0. Also we note that by
the definition of (M");>0, the process started from M" cannot die out, and thus

X < 00 almost surely for any 0 < m < n.

Lemma 3.37. With (X,,n)o<m<n as in Definition 3.35, we have that for some

deterministic p > 0

. 0,n
lim =p
n—oo n
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almost surely. In particular, we have

T
lim — =p
n—oo M

almost surely on the event {M° = 0}.

Proof. We want to apply Liggett’s Subadditive Ergodic Theorem. Since clearly

Xmn > 0 for all 0 < m < n, we thus have to check the four conditions:
a) E[Xy,] <ooforallneN
b) Xon < Xom + X for all 0 <m < n.

c¢) The joint distributions of {X,,+1m+k+1 : £ > 1} are the same as those of
{Xmmsr : k> 1} for each m > 0.

d) For each k > 1, the process { X,x (n+1)x : 7 > 1} is stationary and ergodic.
We now verify each condition.
a) This follows from Lemma 3.21 and property b), since clearly T* 47

b) The configuration 7z, (C(M°); T°) holds Apm parasites on site M™ and
then all the remaining parasites that were generated between M° and
M™ and are still alive. In particular, the configuration 7z, (¢(M°); TO)
dominates the configuration (M™), which holds only Aj/m parasites on
site M™. By Proposition 3.58 and the strong Markov property of the
process, this implies the subadditivity. We note here that for this to
hold, we need to enlarge the state space of triples (r,7,¢) to also hold
the information of all upcoming immunities and offspring, because the
offspring and immunity configurations above M™ are always good and
thus influence the future of the process. The state of the process will be
given by a 4-tuple (7,1, (tn)n>1, (an)n>1) Where ¢, is the immunity of the
host at » + n and a,, are the offspring generated after the host at r +n
gets infected. Clearly the resulting process is still a strong Markov process
with respect to the information of A, I and the Poisson point processes up

to time ¢, and clearly Tmis a stopping time with respect to this filtration.

c¢) This is clearly the case by translation invariance.
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d) The stationarity follows again by translation invariance. To see the ergod-
icity, we note that Tm is a stopping time with respect to the information
of A, T and the Poisson point processes up to time t. Also, we note that

by Lemma 3.16 we have
{(Mm+1 — Mmy AM’”; v 7AM7”+1—17 IMm+1, e 7IM"L+1> -m 2 O}

is i.d.d. and, by definition, the process between M™ and M"only uses
offspring Apm, ..., Aym_q, immunities Iymq,...,Iyn, and the Poisson

point processes between T™ and T™. Hence, the variables

(Xnk,(n+1)k)n21

use different parts of the collections A, I and Poisson point processes. In

particular, the sequence is not only ergodic but actually independent.

Having checked all the conditions, we can apply Liggett’s Subadditive Ergodic
Theorem and conclude the claimed almost sure convergence. Noting that, by
definition, on the event {M° = 0} we have Xopn = ™ yields the second claim.

]

We have established a law of large numbers for the hitting times of the good
sites. To show the claimed law of large numbers for the front, we need the next
proposition to transfer a law of large numbers of hitting times to a law of large

numbers of the corresponding counting process.

Proposition 3.38. Let (X,,),>1 be a sequence of non-negative random variables
such that there is a A > 0 with

1y
dm > X =4
J:

almost surely. Then

1 - 1

Jj=1

almost surely.

Proof. We set

m :zsup{nEl:Zngt}.
j=1
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Let € > 0 and let w be such that
i £ S7 X () = A
fim 22 X5 =
]:

We choose ng = ng(w) € N large enough such that

n+1
n

< e and <1l+-¢

1 n
k=1

for all n > ng. Set ty = to(w) := > ;2 Xi(w). Clearly for all t > t, we have

my(w) > ng, thus we have

me mt+1
k=1 ch Xk

k=1
9 E )\ - 9 )\ .
my my + 1 ( c + 6)
and by definition of m; we have
me me+1
Sxci<S K
k=1 k=1

Dividing by m;, we obtain

me mt+1
—1 Xk < i < my+ 1300 Xy

A—e< Lek=1""F < (1 A
£ = e m 11 (I+e)(A+e)
and hence lim;_,, 7 = % > 0. O

Proof of Theorem 3.3. By Lemma 3.37 we have that

for some p € (0,00) holds almost surely on the event {M® = 0}. Since the
sequence of increments (M*+1 — M¥); is i.i.d. under P, the strong law of large

numbers implies that P-almost surely

Mn
lim — = E[M* — M"].

n—oo N
For n € N we set
Qn :=sup{m >0: M™ < n},
then by Proposition 3.38 we have

@n 1

lim %=
nboo m E[ML — MO]
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P-almost surely. Hence, on the event {M° = 0} we almost surely have

i = P :
n Q. n n E[M! — M)
To see that the second summand
Pn — TQn
n

tends to 0, simply note that by the definition of (), we have

Now we simply compute, using the estimates in the proof of Lemma 3.21, that

for any € > 0
P(T9 ! — T > en) < P(T* > en|M° = 0) < Cn~(+9

for some suitable C' > 0 and 6 > 0 small enough. In particular, the Borel-

Cantelli Lemma implies

, — T TRn+l _ TQn
0< limp—g lim —— =0

n— 00 n n—00 n

P-almost surely. With this we have shown that

lim e P
n—oo 1 E[Ml—MO]

almost surely on the event {M° = 0}. By Proposition 3.22 and Kolmogorov’s

zero-one law (see e.g. [27, Theorem 2.37]), we obtain that the tail-sigma field
mO’(Rk+1 — Rk7ka+1 — PRky .-y PRE+1 — PRE+1_7 : k Z Z)
i=0

is P-trivial. Noting that
ﬂU(RkH — RY, pRigr — pRe, - Prit — PRy < k> 0)
i=0

— ﬂo—(RkH — R pj1—pj ik >i,j > RY
=0

and oo > R’ > i almost surely, yields that also

Huaip = [ ) olpprr —pre sk =n) C (o | R¥ = RN pjpa —pj:
n=1 i=0 Jj =z R
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is P-trivial. Because p,, < oo almost surely under P, the event

lim e P
n—co M E[M! — M)

is contained in that tail-sigma field H;a;1, and, as reasoned above, has positive

probability. Thus, we must already have

Pn P
n—co M E[M! — MY]

almost surely under P.

Hence, again using Proposition 3.38, we obtain that

r E[M'— M)
t—oo t p

P-almost surely and have finished the proof of Theorem 3.3 by setting

E[M! — M°
7::—[ ] O
p

3.4.2 Proof of Theorem 3.2

In this section we prove the weaker result, which, however, works for a broader
range of a and also any initial configuration w. Precisely, we want to show
Theorem 3.2, i.e., that there are C, Cy > 0 such that

. ... r . r
Cy < liminf - < lim sup - < (O
t—00 t—00

holds P-almost surely. The upper bound follows by Equation (3.35). For the
lower bound we use a quite similar construction as for M°, however this time
we don’t give a special treatment to the first kg sites. We recall the definitions
of (Li)k>0, N, M and T from Definition 3.11 and that 7" < oo holds P-almost
surely by Lemma 3.14. By definition, we have

KM+n S n

for all n > kg and thus by Proposition 3.10 we have

Tt <M+/€0—1+sup {nz 1: ZVM+k §t—T}> < 7. (3.29)

k=ko
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In light of Proposition 3.38, we hence need to show

1 -
Jim <T+k§ki M) — 5 (3.30)
=Ko

for some v > 0. Because T' < oo almost surely under P, we only need to show
that

L
lim — v =
L kzzko M+k =7
for some v > 0. By Lemma 3.18, the variables (va;1yn)n>k, are asymptotically
identically distributed, and by Lemma 3.19, they have weak dependence. We
will use L%mixingales introduced by [35] to formally prove the claimed strong

law of large numbers. We recall their definition next.

Definition 3.39. Let {X; :i > 1} be a sequence of random variables on some
probability space (Z,H, P) with E[|X;|] < oo for alli > 1 and {H; : i € Z} a
nondecreasing sequence of sub o-fields of H. For q > 1, the collection {X;, H;
i > 1,7 € Z} is called an Li-mixingale if there exist nonnegative constants
{ci - i > 1} and {¢p(m) : m > 0} such that lim,, o (m) = 0 and for all

1> 1,m >0 we have

Q|

o |EXiHim]llq = (E[EXi|Hi-m][])* < citp(m) and

Q=

o | Xi— E[XilHivmlllq = (E[IXi — E[Xi|Hizm]|"])e < cip(m + 1)

We note that the first condition imposes the variables {X; : i > 1} to have

zero mean, because

|E[Xi]| = |EEXHimm]]] < |EX[Himm]ll1 < |EXi[Hiom]llq < citp(m) =0
as m — oo. We will thus verify the following lemma.
Lemma 3.40. Set

O(UMakgy - - - s VMtko+j—1), J =1

Xi = Unisho—1+i—E[Vamino-14:] and H; =

fori>1,5 € Z. Then forany1l < q < % the collection {X;,H; 11> 1,7 €
Z} is an Li-mizingale on the probability space (0, F,P). In particular we have

¢ = 2||[Varsro—14i — E[Varsno—1si)lly  and  (m) = ¢p(m) s

with ¢ as in Lemma 3.19.
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Proof. First we note that by Corollary 3.28 the expectations and conditional
expectations exist and are finite. Next we note that the second condition of a
Li-mixingale is trivially fulfilled because X; is ‘H; measurable; hence the left side
is just 0. To verify the first condition we use the classical result for ¢-mixing

sequences of Serfling |13, Theorem 2.2| that shows
E [|E[X;[Hin|’] < 27¢(m)* E[|X]7).
This already finishes the proof. m

To conclude the final convergence, we need the following lemma to deal with
the error term that appears due to centering the not identically distributed

variables (Var4ko—1+4i)i>1-

Lemma 3.41. Let (a,), C R be a sequence with lim,,_, a,, = 0. Then

Proof. Let e > 0 and choose N; € N such that |a,| < min {1, £} for all n > N;.

Then in particular for all n > N; we have

n

1 ) €
S— Z ag <m1n{1,§}.
k=N1+1
Setting
3 | 3
Ny = maX{Nl, |V— Zak “ , {Nl——‘}
€ €
k=1
we obtain for n > N
n Ny n Ny n
1 1 1 n— N;
S al- LSS as 3 af- L[St 3o,
k=1 k=1 k=N;+1 = k=N1+1
N1 n n
1 1 N 1
< = -
n ak+nn—N1 Z ak+n—N1 Z a
k=1 k=Ni+1 k=N1+1
3 Ny “n 3 -1
< |- Ni— Ni-1+=<
L zﬂ St e w2 i gse
k=1 k=1
which finishes the proof. O
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With these tools at hand, we can now finally prove the needed law of large

numbers.

Lemma 3.42. It holds

T Y gy UMtk
lim

n—00 n

= E[v]

P-almost surely.

Proof. Using Lemma 3.14, we obtain that

P-almost surely.

o)+l

Now, fixing some ¢q € (1, ( 5 ), we want to apply [25, Corollary 1] to conclude

the convergence of

1 ko+n
lim — E UM+k — E[UM+k] =0.
n—o00 N,
k=ko

For this purpose, we have to check the following two conditions: we need to
have sup;>; ¢; < oo and ¢(m) = O (log(m)~+9) for some § > 0.
Using the constants given in Lemma 3.40 and applying Corollary 3.29, we see
that
¢i < 2([lvarsno—1+illg + [Ear1x0-144]ll4)
1

=2 (E[|VM+ko—1+z‘|q]q + E[VM-I-ko—l-i-i])

9 (E[yq]% + EM) (i — o0).
In particular, sup;>; ¢; < oo, which is the first condition of |25, Corollary 1|.

From Lemma 3.19 we obtain that

(~ate)i=t _ 1
¥(m) < Cm O (o)

which is the second condition of [25, Corollary 1]. Hence we can apply the strong

law of large numbers for L9%-mixingales to conclude

1o
dim - Z UM+ko—1+5 — E[Vartko-144] = 0. (3.31)
j=1
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Thus putting everything together we obtain

% <T+ Zn: I/M+k> — E[v]

k=ko

T

n

< lim

n—oo

lim +
n—oo

1 n
— Z Vs — E[V]
n

k=ko

) n—k0+1 1 -
i T ey 3 v Bl B Bl
1 n
< i - —E
_nl_g)lO n_k0+1k:Zk0VM+k [VM+k]
1 n
+ | — E|v — Elv
TR TT X e ~ Bl

=0,

where in the last line we used (3.31) and Lemma 3.41, noting that by Corollary
3.29 we have lim,, o E[vprin] = E[V]. O

Proof of Theorem 3.2. Using Lemma 3.42 and Proposition 3.38, we obtain the
lower bound. For ¥ > 0 let fy be as in Theorem 3.1. For the upper bound we
note that by (3.47), taking v > 0 large enough such that c, 4 > 0,

P(Sn)P(re > 1) < P(ry > yt) = /QP(H(??(W)) > 1) dP(w)

< /Qecwt fo(n(w)) AP (w) = e " E[fy(n)].

By assumption the initial configuration satisfies E[fy(n)] < 0o, since otherwise
the whole process is not even well defined. This concludes the proof, because

this bound is clearly integrable in ¢. ]

3.4.3 Proof of Theorem 3.4

We finally consider the SIMI on Z, where initially all vertices x # 0 are inhab-
ited by a host and there are a random number of active parasites, distributed
according to A at the origin. Since we start with only finitely many active par-
asites, we do not need to worry about the state space topology, as a coupling
with a branching random walk again shows that the number of infected sites,
hence the number of active parasites, grows at most linearly in time. However,

since deaths can now occur at both boundaries, which carry their individual
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immunities, the event of survival can, a priori, no longer be expressed inde-
pendent of the paths given by Y. In the special case that I has a geometric
distribution with parameter p € (0, 1], this, however, is still possible, because
the infection probability does not depend on the number of previous attempts,
ie, P(I = k+ 11 > k) = p for all £ > 0. In the general case, however,
P(I = k+1|I > k) does depend on k, which will make a successful infection de-
pendent on the number of parasites that died at each boundary. Using Lemma
3.46, we can, however, get rid of this dependence by considering the event that
parasites born on some x > 0 never reach the left host boundary and parasites
born on x < 0 never reach the right host boundary. We recall the following
classical result on the speed of continuous-time simple symmetric random walks

on Z:

Lemma 3.43. [/0, Lemma 8] Let {X; : t > 0} be a continuous time simple
symmetric random walk on Z with jump rate 2, starting from x < —1 on some

probability space (U, F', P). For any ¢ > 0, let
T.:=inf{t > 0: X; > |ct]},
then

1 — el+2)0c < =2
P(1, = 00) > -

exp (—%) (1 — 6_96) , x=—1
where 8. > 0 is the positive solution of cf — 2(coshf — 1) = 0.

Definition 3.44. For j > 1 we set

k k
K, = inf {k >0 Ang>Bak,d Ly < Blk} _
=1 =1
Analogously we define
Wy ={(z,i)eZxN:n—K,;<z<n—-11<i<A}
and

Up; i =inf ¢ >0: Z 1o o2 B1Ky;
(2,3)EWn,;

Finally we define for any l € Z,n > 1 the time

Un(1) == min{viin1, - Vitnnnk ) -
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Remark 3.45. Analogously to Lemma 3.10, we obtain that

ﬂKn,jgn(pn - pnfl) S Un,j

foralln > 1,1 <j <n. Clearly K, ; < K, j11 and hence for anyl € Z,n > 1

also
:H'Kl+n,n/\k0§n(pl+n - pl+n—1> S Vn(l)

Furthermore, the sequence (Vy,(1))n>k, 1 ¢-mizing and has finite q-th moments

a+1

Jor any q < %5~ which follows analogously as Lemma 3.17 and Lemma 5.19.

Lemma 3.46. Assume a > 3. Then for any v < we have

1
E[V1,k0]

P <ﬁ{Kk,k/\k0 < k)}, ﬁ {i Vk(O) < %}) > 0.

k=

Proof. We recall

m(X, k) =inf{j > k:P(X =j) >0}

for any random variable X on Q. We let p := E[v; ] and v < i For n €

N,e € (0, %) we define G,,. to be the event that

]1:...:]n:m(l’l),AQZ"':An—l:m(A>BA)7

and all random walks {Y*": 0 <z <n,1 <i<m(A,Ba)} take n + ko steps to

the right before time . By definition of the event, we have

Ge C [ Kk =k A ko, 1:(0) < &}
k=1

and clearly P(G, ) > 0 for all n € N,e € (0, %) Next let H,, . be the event

[ee) k

n—+k
ﬂ {Kn+k7k/\ko <k, Z Vntj,jAko < 5 - 715} ;
k=1

J=1

which is independent of G, .. By the definitions of G,,. and H,, . we have

ﬁ{Kk,k/\ko <k}n ﬁ {i v(0) < E} DGrNHy,,
k=1

= n=1 \ k=1 v
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hence, using the independence of G, . and H, ., we only need to show that
P(H,.) > 0 for some n € N,e € (0, 2). Observe that

1
v

P(H,.) <P (©{Kn+k,k/\ko > k’}>
et
(@ ab15)

for any 0 € (0,1) such that 17;5 > 1.

The first term does not depend on n, because the random variables (K, ;)nez
are identically distributed, and the complement of the event considered in the

first term is contained in the event
0o k k
m {Z Iy < Brk, ZAnJrj—l > 5Ak} ;
k=1 j=1 j=1

which has positive probability. In particular, the first term of (3.32) is smaller
than 1.

For the second term of (3.32) we observe that

(e

j=1
ko k
n+k
_p (U {Zm 25( —ns)}) |
k=1 (j=1 v
which tends to 0 for n — oo, because vy 1,..., VgL < 00 almost surely by

the same proof as Lemma 3.17. To estimate the last term, we note that by an

a+1

analogous statement as claimed in Lemma 3.20, for any 2 < ¢ < “5= we have

(3§ om0 o1-+15)
=P (%W,ko—ﬂz (1-9) (n (l—s) + k_ko) —(k—ko)u])

pu gl gl

< Ok — ko)? ((k:—ko) (%—u) +n(1—9) (%—5))q.
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42 y . . .
Now for ¢ € (‘12—(1, 1) Young’s inequality yields

1—90 1
E—ky)|———p)+nl—-9 (——5)
b=t ( Y M) S

- I ek Sl A e
: ( ) 0=t ()

k— k:o 1-6 | Y Tn(1—6) 1o =0
K 1—v \v

and thus we can estimate the third term in (3.32) using the union bound with

R A ST

k=ko+1

v

q
' 2
zero as n tends to co. Hence for large enough n the sum in (3.32) is less than

1, which yields that P(H,, ) > 0 and finishes the proof. O

By definition, 2 — 19g < —1, hence the sum is finite, and clearly n9?=1 goes to

Proof of Theorem 3.4. We will construct a subset ¥V C S of the event of sur-
vival, which has positive probability. On V we will have Ag =2,y =1_; =1,
as well as linearly moving left and right fronts only using parasites born on the
right or left side, respectively, while parasites from the other side do not catch
up to the front. For simplicity we assumed that P(A =2) > 0,P(I = 1) > 0.
In the following it will be clear how to adapt the proof to other cases.

Analogously to (K, ;)j>1nez, (Vnj)j>1mez, One constructs (KW)BMEZ’

(Un,j)j>1nez on by reflecting I, A, Y around the origin, i.e.,

n+k n+k—1
K, 1nf{k:>j > A > Bak, Z[<B[k:}

i=n+1

Up,; is the first time more than BIIA(W parasites born between n+1 and n+ IA(W-
reached site n. Finally setting 2, (1) := min{z,_, 1, ey Ulmnnnke b for n > 1 and

| € Z, we observe by Lemma 3.46 that for v < E[Vl o

p (ﬁ{mw@ <k}, ﬂ {Z %})
_P<ﬂ{Kmk0§k} ﬂ{; S%D
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is positive. We define the events

Biigns (7 ﬂﬂﬂ{erY“ IYtJ}

x>04i=1t>0

Bt (3 ﬂﬂﬂ{x+Y“ [vt])}-

x<0i=1t>0

Applying Lemma 3.43 and due to the independence of Y and A, we obtain that
Biignt(77) is independent of Bieg(y) and

P (Bieti (7)) = P(Brignt (7))
(=(o-e)

E[(1 - 2)"] = 1 - E[A]z + h(2)2

e}

[TE|((1- =)™,

r=2

> E

Taylor expanding

for z € (0,1) and some |h(z)| = o(1) as z — 0, and that for some C' > 1 we

have
log(l—2)>—Cz forall 0<2z< max o~ (1—2)by (E[A] _h (e(l—x)07>)

yields

HE [ o(1=2)0, ) ]
= exp (Z 10g 1 _ 1 —x)0y +h( ) e(l—x)%))
> exp (— Z C e(1-2)0y (E[A} _h (e(l—r)&y))> < 0.

In conclusion, this yields P(Bie (7)) = P(Biest (7)) > 0 Next we define

CrightW) = m{KHk,k/\k;o <k}N ﬂ {Z v(1) < E}

k=1 k=1 v

Crete (7) = ﬂ{f(—l—k,mko <k}n ﬂ {Z (—1) < E} -

k=1 k=1 v
To show that P((Bright (), Crignt(7)) > 0 we will have to show an analog result
as in Lemma 3.46 but under the measure P (-|Byignt(7))-
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First we note that {Y*!: x > 0,7 € N} is still an independent collection, just
not an identically distributed one, under the measure P(-|Byignt(7)). Because
clearly the event By (7) gives the random walks a drift to the right, for any
x>0,2€ Nand n € N,t > 0 we have

P ( sup Y <n

Bright(7)> <P (SUP Yo < n) )

0<s<t 0<s<t
Reasoning just as in Lemma 3.17, we obtain v4(1),...,vk,-1(1) < oo almost
surely under P(-|Byight (7)) and v, (1), vgy+1(1), - - - € LYQ, F, P (| Byignt(7))) for

any 2 < q < QT“ Moreover, the arguments in Lemma 3.19 only depend on A

and I, thus v4(1),15(1),... is also ¢-mixing under the measure P(-|Byignt (7))

Hence, one obtains analogously to the proof of Lemma 3.46 that

P<Oright (’7) ’Bright (/7)) > 0.

In particular, this means that for any 0 < 1 < 75 < and € > 0 the event

V), given by the intersection of
{Ap =2} and {[, =1, =1},
Parasite (0,1) jumps for the first time at time 7" € (1,1 + ¢) and jumps onto
site 1,
Parasite (0,2) jumps for the first time at time 75 € (1,1 + &) and jumps onto
site —1,

Bright (/71) N Cright (72) N Bleft (71) N Cleft (72)

has positive probability. Choosing now

1 1 1
cl0,=——, €(0,7%), and € (0, —— —
I ( E[v1 4] > m e 0m) ( oo )

we have that on the event V the right and left host boundaries (r;)i>0, (It)i>0
satisfy

0, t< 0, t<72?
and lt S

Ty =
L+ [pt—m""], t>m" 1= |t =122, t>72

Recalling the sets £; containing the labels of living parasites at time ¢, G; con-

taining the labels of parasites that died until time ¢, and Fy(z,7) € Z as the
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position of the parasite with label (x,7) at time ¢, on the event V it also holds
that

o =0, t<n
{Fi(x,i) : (x,i) € L; UGy, x> 0} i
C Loty P20
and
o =0, t<rly
{Ft(x,z):($,Z)€£tUgt,$<O} 09"
C Loty 2T

The choice of parameters gives us now that

vt> 0t min Fy(z,i) >
(z,8)ELLUG:,
>0
VE> 7220 max  Fy(z,i) <1y
(@,3)€LLUG,
<0

In words, any parasite born on some z > 0 moves slower than with linear speed
~1 to the left and thus never catches up to the left front of hosts, which moves
at least at linear speed 7, and vice versa for parasites born on x < 0. Hence,
on the given event, the actual process with both directions filled with hosts
moves just as two copies of the process with just one side filled, conditioned on
the event Byignt(71) N Chright(72). As by definition of the event Cligni(72) these
processes survive, we obtain the survival of the process with initially all sites
x # 0 inhabited by a host. O

3.5 Construction of the spatial infection model

with host immunity

In this section we formally construct the SIMI on Z with initial configurations
as above as a strong Markov process on some probability space. We construct
the process in two different ways. The first is to assign each parasite a label
and sample its entire path after it enters the system by picking from a collection
of i.i.d. simple symmetric random walks (Y*),cz en. Of course the sampled
path will become a virtual path once the parasite has died; nonetheless, it is
still sampled entirely, as this is needed to construct the auxiliary jump times.
We will call the so-constructed process the tagged system.

The second construction is to assign each site x in Z with a collection of Poisson
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point processes { P, Py, : n € N}, which will be used to determine the jump
times and directions of parasites leaving the site x, where only the Poisson point
processes with index n < n,_(x) are allowed to be used. In this construction we
won’t be tracking each parasite individually, but only the amounts of parasites
on each site. We call the so-constructed process the untagged system. The
natural coupling for different initial configurations in this system will allow us
to show that the front is almost surely monotone in the initial configuration,
whereas for the tagged system, as Example 3.51 shows, this is not the case.
Using this monotone coupling, we can then follow the lines of [15] to show the

Feller property of the constructed Markov process.

3.5.1 Tagged system

We first construct the process in a coupled way for any finite starting configu-
ration and then define the process for arbitrary starting configurations as the
almost sure limit of the processes started in certain approximating, finite initial
configurations. We will carry out this construction in detail. A similar construc-
tion is used in [15, 16], but they rely on an almost sure monotonicity argument
that, as we will see in Example 3.51, does not hold in our case. However, we
follow the same approach of first defining the process for initial configurations
with finitely many parasites and then extending it to infinitely many parasites
by performing a limit in the state space.

In Definition 3.47 we give the state space in which the limit will be defined,
and in Proposition 3.49 we show that this space is Polish. In Proposition 3.52
we then show the claimed convergence, and in Theorem 3.5 we show the strong
Markov property of the process.

We consider a probability space ' = (€, 7', P’) on which the following inde-
pendent random variables are defined.

There is a simple symmetric random walk starting in 0 and jumping at rate 2

called Y = (Y})¢>0 and an independent collection
Y = {Y* .2 €Z,icN}

of simple symmetric random walks starting in 0 and jumping at rate 2.

There is an Ny-valued random variable A € L'(€2’) and a collection

A={A,:keZ}
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of i.i.d. Ny-valued variables, distributed as A.

There is an N-valued random variable I € L'(€2’) and a collection
I ={l,:keZ}

of i.i.d. N-valued variables, distributed as I.

We give the construction of the process for a one-sided host population. The
simpler case of a two-sided host population is treated in Remark 3.50. To begin
the construction, we first specify the state space of the process. Because of the
geometry of Z and since parasites jump only to nearest neighbors, the set of
sites occupied by hosts and the set of sites free of hosts is separated by a single
site r € Z, which we call the (right) front in the following. In the definition of
the approximating jump times {v, : n € Z}, we used the virtual paths of ghost
parasites after their birth. For this reason, we include those in the state space

and make the following definition.
Definition 3.47. A parasite configuration is a 5-tuple w = (r, L, G, F, 1) with
reZ,L,GCZxXxNF:LUG—Z,1 €N
such that
e parasites are either dead or alive: LN G = 0,

e hosts to the right of r are not yet infected:

sup{x € Z|Fi e N: (z,i) e LUG} <,

e living parasites cannot sit on top of hosts: sup{F(z,i) : (z,i) € L} <,
e and the technical conditions that for some 6 > 0

> exp(6F(x,i)) < oo and |G| < 0. (3.33)
(z0)EL

For 6 > 0 we denote by Ly the space of all parasite configurations that satisfy

(3.33) and define
S(wa wla x, Z) = ]l(x,i)eﬁ eG(F(x,i)—T’) _]l(:p,i)e[l/ e@(F’(z,i)—r’) 5

£,<w7w/7x77:) = |]l(z,z)EQF(x77') - ]l(x,i)eg’F,(x7i)|
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forw = (r,L,G,F,1),w" € Ly, (z,i) € Z x N, in order to define the metric dy
on Ly by

do(w,w') == |r — 7|+ [t = | + Z E(w,w',z, i) + & (w,w', x, 7).
(z,3)€ZxN
Remark 3.48. For a configuration w = (r,L£,G, F,1), the site r will be the
rightmost site without host cells. The set L, called living parasites, will be the
birth labels of parasites that are still alive, and G, called ghost parasites, will be
the birth labels of parasites that were alive at some time but already died. F
assigns each parasite its current position, and v is the immunity of site r +1, or

equivalently the number of attempts needed before the next successful infection.

As we will see later, the metric dy is sufficient to define the process for initial
configurations with infinitely many parasites, by approximation with finitely
many parasites. But first we need to make sure that the state space above has

at least some good properties.

Proposition 3.49. Let 0 > 0, then (LLg,dy) defined above is a complete and

separable metric space. Also, (g, dy) is not locally compact.

Proof. 1t is clear that dy defines a metric. Moreover, because Ly contains the
function space
{n :Ng — Ny : Zn(n) e " < oo}
n=0
it cannot be locally compact, simply by considering the sequence of configu-
rations placing |ee’"| living parasites on site r — n and leaving all other sites
empty, which is a sequence with no convergent subsequence in a e-Ball.

Now we show that (ILg, dy) is separable. The set
A:={(r,L,G,F,1)elly:|L] <0}

is countable, which can be seen by observing that as sets

A=JUA{0L.G F)ely: L] =k,|G] =m}

k=0m=0

&UUZX(ZZN>X(Z;N)XZW+I‘;XN

k=0m=0
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For [ > 1 we define a map w' : Ly — A as follows. For w = (r,£,G, F, 1) set
LHw) = {(z,i) € L: F(z,i) >r -1} and w'(w):= <7’, El(w),gaﬂﬁz(1u)ug,o> ,

that is, we consider only living parasites that are placed at a distance less than
[ to the front. Using (3.33), and that by definition F(z,i) —r +1 > 0 for all
(z,i) € L(w), we obtain

1L (w)| <™ " exp(0(F(z,i) — 1)) < oo
(z,i)eLl(w)
Thus w'(w) € A for all I € N,w € Ly. Since
LY(w)C L2(w)C ... and L= Uﬁl(w),
=1
Condition (3.33) yields
do(w,w'(w)) = Y exp(6(F(x,i) —r)) =0 (I — o0).
(z,5)eL\LY(w)

This shows that A is dense, and thus L, is separable.

Next, we show that Ly is also complete. Suppose that

(wn)neN - ((Tm Ena gna Fna Ln))neN

is a Cauchy sequence in Ly. Choosing ¢ = 1 we find an Ny € N such that

dg(wp, wy,) < 1 for all n,m > Ny. Since dg(w,, w,,) is at least

rn = Tl + [tn — tm| + Z 1L aieg, In(2:7) = Liziyeg,, Fm(, i)],

(2,1)€GnUGm

which is integer valued, this implies that there is an r € Z,G C Z x N,1 € N
and F : G — Z such that

=1, G.=G, (F,), :ﬁ, by =L
for all n > Ny. This yields that for m,n > Ny we have

d(wn, Wm) = Z e Mier, ") 1 e, D]
(z,i)€ZXN

For [ € N, setting
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we define
Ny :=inf{N > N,_1|Vm,n > N : d(w,, w,) < (l)}.

By definition of £(), this means that w'(w,) = w'(w,,) for all | € N and
m,n > N;. We define

L= L (wy),

=1
as well as F': LUG — Z by

F(2,0) = LigiecFn (2,9) + 1w F(2,1),

where [ € N is such that (z,i) € L(wy,) and set w := (r, £, G, F, 1), noting that
for I € N we have w'(w) = w'(wy,). Now let ¢ > 0 and L € N such that

e(L) <e.

For fixed | > L and all n,m > Np we have wl(w,) = w*(w,,) = wl(w) and

obtain
Z 679r ‘]l(m,i)eﬁn eGFn(m,i) _]l(m,i)eﬁm e@Fm(x,i)‘

(z,3) €LY (wn )UL (W)
_ Z efer }]l(m,i)eﬁn e@Fn(m,i) _]l(x,i)eﬁm eOFm(x,i)}

(2,8) € (LY (wn )UL (wm ))\LE (w)

—Or
€ OF, (i OF,, (z,i

< | Z 1_o0 ‘]]-(ac,i)eﬁn e P (@) —Lziyec,, © ( )‘

(z,3)E(LRULM)\LL (w)
 dop(wn, wn,) €
11—t 1—e?’

where the inequality in the third line can be shown as follows. For each (z,7) €
(L, UL,y) \ LE(w) we distinguish between four cases

I (2,i) ¢ L (w,) and (z,i) ¢ L (w,,)
I: (z,4) € £Y(w,) and (i) ¢ L' (w,,)
I: (2,i) ¢ LY (w,) and (z,7) € L' (w,,)
IV: (2,i) € LYw,) and (z,i) € L (w,,).

In the first case we just added a positive term so the inequality holds, and in
the last case we just divided the already existing term by 1 —e™? < 1, which

only makes it larger. In the second case we have to show that

e

O(Fn(x,i)—r) < eXp(G(Fn(a:, Z) B T)) B e};p(e(Fm(xa 2) B 7“)) )
N 1—e"
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Because (z,7) ¢ L!(w,,), it holds that F,(x,i) —r < —l and (z,i) € LY (w,) \
LY (w,) implies —I < F,(z,i) —r < —L. Hence, it remains to show that
—0 —0z
et & 70 -
- 1—e?
for all y € {L,...,l —1},z > [. For fixed y, the right-hand side is clearly
increasing in z, and thus it suffices to show the inequality for z = [. But for

z = [ we have that
e~ 1

ey _ o0l o 1 — e 00-y)’

which attains its maximum at y = [ — 1 and thus yields the claimed inequality.
The third case is analogous to the second one.

Hence, letting m — oo, we obtain

or : ; £
Y. e e, ") e e <
(z,5) €L (wn)UL(w)
for any n > Np. Thus
Z exp(0(F(x,i) —r))
(z,3)eLt(w)
< Z e—9r ln(w,i)eﬁn eGFn(x,i) _]l(x,i)eﬁ e@F(x,i)
(z,3) €L (wn ) UL (w)
+ Y exp(B(Fy(x,i) — 7))
(z,3)eL (wr)
< 1 _Ee—e + Z exp(0(F,(z,i) — 1)) < 00
(zg)ELy
Letting [ — oo yields w € Ly and
—0r n(x,i x,t €
d(wna U)) = Z € 0 |]l(a:,i)eﬁn e@F (@) _]l(x,i)eﬁ e@F( ) S 1— 6_9
(z,0)ELLUL
for any n > Ny, thus
lim w, =w
n—o0
in ILy. This shows that (ILg, dy) is complete and thus finishes the proof. ]

We begin by constructing the process for a finite starting configuration. That
is, for any w € A we now use the collections Y, A, I to define a strong Markov

process
(Xt(’w))tzo = ((T't, L, G, Fy, bt)(w))tzo
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with cadlag sample paths in A on the probability space €.
Let w € A and set g :=0,p9 = 0,79 := 7,10 := 1, Ly := L,Gy = G and

Fy(x,1) == F(z,q) + Y;" for all (z,1) € Lo UGy, t > 0y.
Assume that for n > 0 we have already defined

00y 0ny (16, L4, G, Fyoi) € Aforall 0 <t <o, and po, ..., pr,, —r < Op.

L, =0, wesetry=r, ,Li=0,G; =G, ,it =1y, forallt > o, and o, = 00
for all m > n.
Otherwise, if £,, # 0, let

Opt1 = 1nf{t > o, | I(z,i) € Ly, : Fi(x,i) =1,, + 1}

By construction we have 0 < |£,, | < |L|+>°1, A4 < 00, thus 0, < 041 < 00
almost surely, and there is almost surely a unique (z,,i,) € L,, such that
F,. . (zy,1,) = 1o, + 1. Moreover, 0,1 — 0, is stochastically dominated by
an exponentially distributed random variable with random parameter |L| +
> Aryy, corresponding to the case that any previous infection was successful,
all living parasites are located on 7, , and the first jump goes to the right. In

particular, because E[A] < co and thus

= OO

Z |£| + Zz 1 AT—H

almost surely, this implies that lim,, .., 0, = oo almost surely.
For t € (o, 0n41) We set 1y =74, 1t = Lo, , Lt = Lo, ,G: = G, and then finally
Set gan+1 = gUn U {(xWJ Zn)}

o If1,, =1: Set v, ., =716, + 1,06, = I,.MH,,O,«%H_T = 0,41. Also, if
> 0 set

Lo = Lo, \ {(n,in) } U {(T0n+1> 1), (Ton+1v Aran+1)}

with Fy(rs,,,,1) = 76, + YTG”“’ for 1 <i <A, | ,t> 0,4, andif

—On+1
=0 set

Tc’n+1

Topi1

£0n+1 = Edn \ {(In, Zn)}

o If iy, >1: Set ry ., =70, Lo,y = Lo, — 1 and

£0n+1 = Lo, \ {(zn,in)}.
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Remark 3.50. If the host population is two-sided, then any initial configuration
considered contains only finitely many parasites. Hence the above construction

can easily be adapted to construct the process in this case.

Before we continue and define ((X;(w));>o for any w € Ly by using the
approximation lim;_,., w!(w) = w in Ly, we will show some useful inequalities.
For w = (r,£,G, F,1) € Ly and (z,i7) € LUG, m € Ny we set [m] = {1,...,m}
and define the maps

F@E(w): LUG - 7
. F(:L',i):l:l, (y,j):(l‘,i>
(y,7) — ,
F(y, j), else
F@Om) . LU{r+1} x [m]UG — Z
r+1,  y=r+lor(yj) = (z1)

(y,7) — ,
F(y,j), else

and note that for m = 0 we have F®)0 = F@id+  With these maps, for
m € No, k € N and (z,7) € L UG we define the configurations

w@E (r, L, g,F(x’i)’i(w), L),
w@mE = (r 1, L\ {(z, )} U {r + 1} x [m], G U{(z,0)}, F“)" (w), k)
w®h = (r, L\ A{(z, )}, G U{(z,9)}, F(x’i)ri—(w)’ = 1).

For ¥ > 0 we define the functions

flg : ]Lg —R
w Z exp(VF (z,1)).

(z,§)€LUG

and note that
|f19(w(x,i),:t) . fﬁ( )| — oOF () |ej:q9 _1‘
[ fo(wDmky — fy(w)] = e (e (m + 1) — 1)

‘fﬁ(w(x,i),f) . fﬁ(UJ)‘ _ eﬂr (eﬁ _1) )

S
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A simple calculation shows that for any w € A we have

Lfy(w) = lim Eo(Xi(w) = fo(w)]

t—0+ t

= 3 F@®h) 4 fy(w@DT) — 2y (w)

(z,8)eL\LY (w)UG

where e, = P(/ = k) and b,, = P(A = m). This immediately follows from the
construction of X,(w) using a finite subset of Y,I, A. To shorten notation we

set

and compute

Lfy(w) = > S I PFONT W) g )
(2)EL\L} (w)UG (y.4)ELUG

+ ¥ § ) g P )
3k 3 GIF D ()

m,k (y,5)ELU{r+1}x[m]UG

+ 1,51 E QIFED T (y.)

(y.4)ELUG
_ Z PF@D+1) | I(F(@i)=1) _g GIF (@)

(z,i)eL\LY (w)UG

+ Z 619(7“—1) —9 6197"
(z,4)eLl(w)

+ Z (5:; eﬁ(TJrl) + Z et?(rJrl)
m,k

(y,7){r+1}x[m]
+ ]1L>1 eﬂ(’f-‘rl)

_ Z eﬁF(z,i) (eﬁ + efﬂ _2)
(z,i)eL\LY (w)

+ Z e’r <e_19 -2+ (1 + 1, i mbm> eﬂ)
(w)

(zg)eLt m=0
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This shows that L fy(w) € [A19fo(w), Aewfo(w)] for
0<e'+e” 2= g<e 2+ (1+E[A)e" = Nyy.
Thus

E[f5(Xi(w))] < ™" fy(w) (3.34)

and (fy(X¢(w))>o is a nonnegative submartingale. Doob’s inequality yields

Bfo(X(w)))

P(pr&wsz)g &

0<s<t

Since by definition

, (U)) . SUPg<s<t SUP (2 i)eL,(w) F (w) (fL’, Z)7 if SUPg<s<¢ MAX(z5)eL F (I’, Z) >
f =
T, else

we obtain for ¢ > 0 that

P(ry(w) —r >~t) =P (rt(w) —7r >n~t, sup max F,(z,i) > r)

0<s<t (z,1)€L

=P ( sup  sup Fy(w)(x,i) —r > ~t, sup max Fy(x,i) > T) (3.35)

0<s<t (2,i)€Ls (W) 0<s<t (z,1)€L

SP(&mﬁw&WD>JWW)S€”“ﬁWN”ﬂ

0<s<t

with ¢y 9 := 0 — Aoy > 0 for large 7.

Similarly as in [10], we constructed the model in a way that allows us to
couple arbitrary initial configurations w € A. However, in our coupling the
front (7:(w))¢>0 is not monotone in the initial condition. To see this, we give

the following concrete example.

Example 3.51. Let
L1={(1,1),(1,2)}, L = L1 U{(0,1),(0,2)}

and
w; = (1, L;,0,(x,i) = x,1) (i €{1,2}).

We will show that for all t5 > 0

P(ry,(wy) > 4,r, (we) < 3) > 0.

123



For a label (7,i) € Z x {1,2} let (t};)nen be the i.i.d. Exp(2)-distributed jump
times of Y%, We assume that all jumps occurring are jumps to the right, I, =
I3 = 1, =1, i.e., every infection attempt is successful, and Ay = A3 = Ay = 2,
which clearly has positive probability. We begin by investigating the system
started from configuration 2, where initially (0, 1), (0,2), (1, 1), (1,2) are active.
Assume

too > to, (3.36)

and hence particle (0,2) does not move at all before time ¢y, which happens

with positive probability. Next, assume that
toq + g, <min{t},, t,} (3.37)

hence particle (0,1) is the first which reaches site 2 and dies, after waking up

particles on site 2 at time #§, +¢5 ;. Next, we assume
o + 16, +toy < min{ty; + 61, hp + o, toy + 161 + Loz}, (3.38)

so that particle (2,1) wakes up the particles on site 3 and dies at time #j, +

t1 +t5,. At last, we assume

_ o+ 2, +3,th 12, +t,,
ti71—l—til+til<m1n{ 12172 T LD R0 01T T2, (3.39)

toy H g, H g, F gt + 15+t + 15,

and hence particle (1,1) wakes up the particles on site 4 at time T, = til +
GRIRNET

Next, we study the system started in configuration 1, where initially only
{(1,1),(1,2)} are active. We assume

tiy <tis (3.40)

and hence particle (1,1) dies when waking up the particles on site 2. Next we
assume
tio+ 15, <min{tiy + 15,111 + t3,} (3.41)

which means particle (1,2) dies when waking up the particles on site 3. Next

we assume that

ty iy, + 13, <min{t]y + 15,81+t + iy, by + 1, + 15} (3.42)
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and hence particle (2,1) wakes up the particles on site 4 at time Ty = ¢, +
ty, +1t3,. Now if

iy +igg +15, <to<ty,+it1,+15, (3.43)
we have T} < ty < T5 or, in other words,
T (wa) <3 <4 <y (wy). (3.44)

Clearly, the event that (3.36), (3.37), (3.38), (3.39), (3.40), (3.41), (3.42), and
(3.43) has positive probability, which concludes the proof.

The following table depicts an example configuration for times (] ;)1<n<3 that
satisfies the assumptions above for t; = 9 (times that don’t appear in any

condition are left blank and can attain any value, as they do not matter for the

outcome).

o] o2 anaen]e]en] e
gl 1| | o4 5 3 9 6 6
2, 1 1.5 1 1
t3 4 4

In this example we have 77 = 8, but T, = 9.5.

This example also shows that we cannot simply use that for ¢ > 0 the map
[ — ry(w'(w)) is monotone to define r (w) as its limit like it was done in [16]. In
contrast, we use that almost surely [ — ri(w'(w)) is constant for large enough

[, because the additional random walks have not yet reached site 7.

Proposition 3.52. Let r € Z be fized and w = (r, L, G, F,I,.1) be a random

initial configuration taking values in Ly, defined on €2, that is independent of
{A;, Ly :x>r,i e NJUY
and such that

E Z exp(0(F(x,i) —r))| < oo.

(zi)eLl
Then there is a set BY € F, depending only on w, such that P(B") = 1 and
for allw € BY and all T >0

{(Xe(w' () (w))eeor 1 € N}

is a Cauchy sequence in the uniform topology on D([0,T],Ly).
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Proof. Let w = (r,L£,G, F,I,,1) be as above and let | € N. By the independence

assumption, we can construct the processes

(Xe(w'(w))) =0

by first sampling a realization of w and then using the collections Y, I, A to
obtain the process with that initial configuration. We will show that for all
T > 0 these processes almost surely converge uniformly over ¢ € [0,7] in L.
Hence, we fix an ¢ > 0 and T" > 0. We set

[ ol e SRNe o]

B”:= (U sup DY exp(0(F(x,i)+ Y, 7)) <

S=1n=11=1 | "S¥=5 (, ser\ct(w)

SRS

and note that by continuity from above and below of P we have

P(B") = lim lim lim P | sup Z exp(0(F(z,1) + "' — 1)) <

S— 00 n—oo =00 <t<
0SISS (4 yesnet (w)

SRS

We now investigate the probability

; 1
P | sup Z exp(O(F(z,i) +Y,"" — 1)) >

O0SISE (4 e\ Ll (w) "

Since for a simple symmetric random walk (Y};);>¢ jumping at rate 2, the process
(exp(0Y; — 2t(coshd — 1)))s>0

is a cadlag martingale, for any k > 1, also

(M) = S ep@(F(r,i) + Y — ) — 2t(cosh v — 1))
(@) eLITF(w)\ L (w) >0
is a cadlag martingale w.r.t.
(He)izo = (0 (w, Laiec Y : (2,1) € Z X N,0< s < t))tZO'
Thus, Doob’s inequality yields
Lk 1 Lk 1 .
P( sup M;" >\ | < -E[M;"] =<E Z exp(0(F(z,i) — 1))
0<t<S A A .
(z,3) €Ltk (w)\LH(w)
(3.45)
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for any A > 0. For fixed ¢t > 0 the sequence

Z exp(0(F(z,i) + Y — 7))

(z,i)eLiHr (w)\ L (w) E>1

is increasing almost surely, since only more positive terms get added for each k.
Thus

; 1
P [ sup Z exp(0(F(x,i) + Y™ — 1)) >

n

0SISS (4 yer\o (w)
e 4 1
=P U sup Z exp(Q(F(x, Z) —+ th’l — 7”)) > —
k=1 | OSPS5 (0 i)e itk (w)\ £ (w) "
, 1
— lim P sup Z exp(O(F(x,i) +Y"" —r)) > —
k—o00 0<t<S ) n
(zg)eLtk (w)\ L (w)
Together with (3.45), using A = eXp(_2S(:LOSh0_1)), we obtain
, 1
Plswp S explO0(F(n,i)+ Y 1) >+
0<t<S , n
(z,3)eL\ LY (w)
< nexp(2(coshd —1)5) lim E Z exp(0(F(z,i) —r))
k—o00

(zg)eLHFE (w)\ L (w)

PR exp(2(coshd — 1)S)E Z exp(0(F(z,i) — 1))
(z,5)eL\L(w)
(3.46)

By the assumption

E Z exp(0(F(xz,i) — 1)) | < o0

(zi)eL

we can apply dominated convergence to take the limit [ — oo inside the expec-

tation, which yields

; 1
lim P | sup Z exp(0(F(x,i) + Y —r)) > =0,

l—o0 << n
0SS () e\ ot (w)
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because the sum

> exp(B(F(x,i) — 1))

has finite expectation, thus in particular it is almost surely finite and hence its
tailsums converge to 0 almost surely. In conclusion, this yields the claim that
P(B") = 1. Choosing n = 2 yields that

B C m U sup  F(z, i)+ Y™ <r

S=11=1 Ileﬁ\ﬁl( )
0<t<S

In particular, this means that for all w € B" there is an N(w,T') such that for
all { > N(w,T), none of the living parasites with initial position below r —[ have
even reached r by time 7" and were just moving as simple random walks without
any interaction. Hence for k > 0 the configurations X;(w'(w)) and X;(w"™(w))
only differ by the parasites with birthlabel in £*(w) N (£ \ £!(w)). Thus for
alwe B,te[0,T] and | > N(w,T),k >0

do( Xy (w' (w)), Xo(w"™* (w))

- ) exp(O(F(a,0) + Y — (! (w)))
(z,0)€LHF (w)N(L\L (w))
< 3 exp(8(F (x, ) + Y7 — 1))

(z,d)€LITF (w)N(L\L (w))

< > exp(B(F(x,i) + Y —1).

(z,5)eL\LH(w)

By definition of BY, for all w € B" we can choose S = |T + 1|,n = EL there
is an N'(w,T,e) > N(w,T) such that for all | > N'(w, T,¢)

sip Y exp(O(F(x,i) + ¥ 1) <

0SISS (4 yesnet (w)

hence, for all £ > 0,t € [0, 7]

S

do (X (w'(w)), Xo(w™(w))) < e
which is the claim. O
Remark 3.53. This shows that for all w € BY the sequence

{(Xe(w'(w(w)))(@))eo : L € N}

converges to a limit in D([0,00),1Lg), which we denote by (Xi(w)(w))i>o0-
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By taking the limits lim;_., X;(w!(w)) = X;(w) in (3.34) and (3.35), we
obtain

P(ri(w) —r > ytjw) < e " fy(w)e™" (3.47)

and
E[f5(X(w))w] < 29" fy(w).

For any ¢ > 0 we define linear operators on the space of bounded measurable
functions B(ILLg) by

St : B(]Lg) — B(L@)
[ = E[f(X())]

and observe that

1]l = sup sup [E[f(X,(w))]| < sup E[[|f[] = 1.
l£I1<1 wely IFlI<1
However, considering the sequence w, = (0,{0} x {1,...,n},0,x — z,1) and
fw— 1,5, it is easy to see that the map ¢t +— S;f is not continuous for
general f € B(ILy). To show the Markov and then the strong Markov property
of (X¢(w))i>0, we will show that (S;);>¢ forms a semi-group on the class BUC(Ly)

of bounded and uniformly continuous functions, i.e.

YVt > OVf € BUC(Ly) : S,f € BUC(Ly)
Vs,t > OVf € BUC(Lg) : Sssef = Ss(S.f).

It is classically known, e.g., |7, Theorem 2.1], that BUC(Ly) are convergence
determining, and hence the semi-group property shows the Markov property.
The strong Markov property follows because BUC(ILy) is a class of continuous
functions, and the sample paths are cadlag by construction. We begin with
introducing some notation to obtain a result of the dependence of (X;(w))i>o

from its initial configuration.

Definition 3.54. Let w,w' € Ly with r = 1", =" and F|, = Fllg/ Then we

call

L(w,w') = {(:m) crop. @IELo@gLor }
(x,i) € LNL" and F(z,i) # F'(x,1)

the distinguishing parasites for w and w'.
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Lemma 3.55. For alle > 0 and T > 0 there is a § € (0,1) such that for all
w,w" € Ly with
dp(w,w') < 8

there is a (o(Y® : 0 < s <t,(2,4) € L(w,w)))0 stopping time T, such that
e P(r<T)<e¢
® supg<,<r Lrsrde(Xi(w), Xi(w')) < e.

Proof. If dg(w,w’) < 9, then 6 < 1 implies r = r',G = G', F}, = F‘/g,b =,
which we assume for the rest of the proof. We define F (w,w'): LUL' UG = Z
by

(

F(z,1), (x,1) €
. F(x,1), (x,@)EﬁUﬁ'\ﬁ'
(x,1) —
F'(z,1), (;E,z)EEUL"\E
| F(@, i)V F'(2,4), (z,4)€LnL
For n € N we define
R / . z,0 1
Af = § sup. > ep(O(F(w,w)(w,i) + Y —7)) < ~

(z,0)EL(w,w')

For w € A%, none of the frogs that distinguish w and w’ reached r + 1 by time
T in either X;(w) or X;(w'); therefore, these configurations only differ by the

current positions of frogs in £(w, w’). Hence, 14(w)(w) = 7:(w')(w) and

d9<Xt(w)a Xt(w/)) = Z eG(F(xvi)JFY}x’i—Tt(W))

(z8)e(LULH\L!

+ > QOF (@) + Y7 —ri(w))
(z,0)e(LULH\L

+ Z OV —re(w)) | PF () _ JOF (1)
(z,)€LNL'NL(w,w’)

< > exp(O(F(w,w)(x,i) + Y, =)
(20) EL(w,w/
This implies 1

sup dg(Xi(w), Xy(w'))Lan < —.
0<t<T n
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Now we define

n

" =inf¢¢t>0: Z exp(O(F(w, w')(z,i) + Y —r)) > !

_ n
(zi)eL(w,w’)

which clearly is an (o(Y®*: 0 < s < t, (i) € L(w,w")))s>o-stopping time and
note that
{T" > T} = A%.

Analogously to the estimation (3.46) in the proof of Proposition 3.52, we have

P (Q\ A}) <nexp(2T(coshf — 1)) > exp(0(F(w, w')(z,i) — 1))

(x,0)EL(w,w')

/
< nexp(27T (cosh § — 1))%,
—e

where the last inequality follows from

| eGF(x,z') . e@F’(m,i) | > (1 . e—Q) e@(F(x,i)\/F’(a:,i)) )

Hence choosing n := Ll + %J and

5= 1—e
"~ n2exp(27(coshf — 1))

yields the claim. O]
With this refinement we can show that S, maps BUC(Ly) onto itself.

Lemma 3.56. Let f € BUC(LLy) and T' > 0. Then for any € > 0 there is a
0 > 0 such that for all w,w' € Ly

do(w,w') <d = sup |[E[f(Xi(w)) — f(X(w))]| <e.

0<t<T
In particular, S;f € BUC(ILy) for any t > 0.

Proof. Fix f € BUC(ILy) and let ¢ > 0. Because [ is uniformly continuous,

there is a g € (O, m> such that dy(w,w') < go implies |f(w) — f(w')] < 5.

Now by Lemma 3.55 we find a 6 € (0,1) such that for all w,w’" € L, with

dg(w,w") < ¢ there is a random time 7 with

P(TST) < €p

131



and

sup ]17'>Td9(Xt(w)7 Xt(wl)) < €o.
0<t<T

Then for any w,w" € Ly with dp(w,w’) < 6 and all ¢t € [0,7T] we have

Blf (Xi(w)) = f(Xe(w)]] < E[Lesr|f(Xi(w)) = f(Xe(w)] + E[Lr<r2[| floc]

9
< 5 + 2HfHOO€0 <e.

Since w — E[f(X(w))] is clearly bounded by || f||c, this finishes the proof. [

Lemma 3.57. For f € BUC(Ly),w € Ly and s,t > 0 we have

(Ssef)(w) = (Ss(Sef))(w).

Proof. First we note, that for w € A we already know that (Xi(w))i>o is a

Markov process in A, hence

Ssyef(w) = (Ss(Si.f))(w)

for any w € A, f € BUC(Ly).

Let ¢ > 0 and choose §; € (0, m> as in Lemma 3.56 with T" = s +t. Then
choose §; € (0,07) as in Lemma 3.55 with T = s 4+ ¢,e = ¢;. Finally choose
I € N such that dy(w,w!'(w)) < d, and compute

|Serif(w) = SeSif(w)| < |Sersf (w) = Sepr f(w' (w))]
+ [Sope f (W' (w)) — SeSef (w'(w))]
+ |95 f (w! (w)) = S5, f (w))|
< e+ 0+ ]85 f (w'(w)) — SeSef (w)].

Now to estimate the final term we choose 7 as in Lemma 3.55 corresponding to
w, w'(w) and compute
|S5Suf (w'(w)) = SsSef (w)] = |E [S,f(Xo(w!(w))) — S f(Xs(w))]]
< E [Lrops [Sif(X(w!(w))) = Sef (X (w))]]

+E [Lrcre [Sif(Xa(w! (w))) = S (Xa(w))]]
< e+ 2| f]|d < 2e.

Because these estimations hold for any € > 0, this concludes the proof. O
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This shows that for any w € Ly the process (X;(w))¢>o is a Markov process.
To show the strong Markov property we simply use that its semi-group preserves

the separating class BUC(ILy) of functions that, in particular, are continuous.

Theorem 3.5. Forw € Ly the process (Xi(w))i>o is strong Markov with respect

to its natural filtration and almost surely has cadlag sample paths.

Proof. By construction, (X;(w));>o has cadlag sample paths for all w € A, and
by uniform convergence,

lim sup dg(X,(w), X;(w'(w))) =0,

=00 g<t<T
so also (X;(w))¢>o has cadlag sample paths.
Let ¢ be an almost surely finite (F;(w)):>o stopping time; then there is a se-
quence (0,)nen of (Fi(w))i>o stopping times with a countable range, such that
on 4 o for n — oo. Because each o, has a countable range, we obtain that
(Xi(w))¢>o is strong Markov at o,,. Using 0, > ¢ we obtain F,(w) C F,, (w)
and hence for each f € BUC(Ly) the right continuity of ¢t — X;(w) and the
continuity of w — E[f(X;(w))] yield

B[ (X ()| Fy (w)](w) = lim B (X, ()| F (w)] ()
= lim E[B[f(X, ()| P, (w)]| o ()] ()

= nl?:E [/ﬂf(Xt(Xgn(w))(w’))dP(w’) fg(w)} (w)

n—o0

_E [ / X (X (w)) () d P ()
- /Qf(Xt<Xo<w><w>><w'>>dP(w’)-

%) (@

This concludes the proof, because BUC(LLy) is separating. O

3.5.2 Untagged system

In this subsection we construct the untagged system as described at the begin-
ning of this section. In the construction we only consider finite initial configu-
rations. The extension to infinite initial configurations follows by similar ideas
as in the previous section. In Proposition 3.58 we show that this coupling is

monotone in the initial configuration.
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In this construction we no longer keep track of the birthplaces of parasites and
just store the current configuration of all parasites. Thus the state space of
configurations will be given by

— n <
S := (r,n,ﬁ,b)GZXN%XNOZXN:SUPPUC( 00,7} 20 (@) < 0, .
ngr n(z) e?@ < oo

The front is given by r; for x € 7Z, the number of living parasites on site z is
given by n(z), and the number of ghost parasites on = is given by 7j(x), and
finally the immunity of the host at » + 1 is given by ¢. To construct the process
we will use a collection of Poisson point processes to sample the jumps for each
site. To this end, let {P;,, P}, v € Z,n € N} and {G},,,G, : v € Z,n € N}
be independent collections of independent Poisson point processes on R with

intensity 1 and set
P(z,n) := ZP&%—P&, G(z,n) = ZG:k—l—GZk
k=1 k=1

which are independent Poisson point processes on R with intensity 2n. By
convention we set P(z,0) := G(x,0) := (. We assume that these processes are
defined on the same probability space as A, 1.

For I,r € Z, a configuration n € N2 77 € NJ with suppn,supp7 C [I,7], t € N,
and a time ¢y € R, we define the process ((:(r, 1,7, ¢; o) )i>t, given by the tuple

(rt(ra n, ﬁa L tO)a 77t(7”7 n, ﬁv L3 tO)a ﬁt(ra m, ﬁ7 L3 tO)Lt(ra m, ﬁv L tO))tZto

as follows. The collection {P;, : v € Z,n € N} gives the time points at which
a living parasite jumps from z to x — 1, where a jump time ¢ € P,, is only
allowed to be used if 1, (z) > n. Analogously, the times that a living parasite
jumps from z to x + 1 are given by {P;? : x € Z,n € N}. The collection
(G, G+ v € Z,n € N} determines the jumps of ghost parasites in the
same way. Whenever for some time ¢ a jump of a living parasite onto the site
rs— + 1 happens, we use ¢;_ to determine the outcome of the infection attempt.

If ,_ =1, then
re="r + 1, =m— — 0p_ + A0, =1 + 6y, and ¢ i= I, 4.
Otherwise, simply

e =T lg =L — 1, =1 + Op,e1 and ny = 1 — Oy,
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It is clear that the so-constructed process (r(r,1,7,¢;0))i>0 has the same dis-
tribution as the process (r:(w)):>o constructed from the tagged system in the

previous Section 3.5 with w given by
(r,{(z,i) € ZxN:1<i<n(x)},{(z,i) € ZxN:1<i<7(x)}, (x,i) — x,0).

Also, it is clear that the resulting process is a strong Markov process with respect

to its natural filtration and also with respect to the filtration
o(A, L, {[0,t]N P(x,n),[0,t]NG(z,n) : v € Z,n € N}).
In this coupling we have the following monotonicity property.

Proposition 3.58. Let to € R,l,r € Z and n',n* € NZ with

supp 01, supp 12 C (I, 7]

such that

> ontk) <Y n’(k)

k>x k>x
for allx € Z. In particular, we allow ty,r,n', n* to be random and the conditions
above to hold almost surely. Let (1}, n}, 1} )i>t, be the process with initial config-
uration (r,n', I.11) at time ty and let (r?,n?,12)i>1, be the process with initial

configuration (r,n* I.11) at time to. Then almost surely for all t > ty we have
rt <l
Proof. For n > 0 we set
pri=inf{t >ty :rf >r+n}, pli=inf{t >t :r? >7r+n}

First we note that the event of parasite extinction in the i-th process for ¢ €

{1,2} is given by
n n—1
SIUEDSTNES SUIERD ST
n>1 k=1 r<r k=1

Let n; > 1 be the random number such that the extinction in the i-th process
occurs when the front is at r +n) — 1 and 74 be the time at which it occurs.

In particular, by assumption, we have nl < n%. We will now show that for
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0 < n < nl we have p! > p?. Since by definition, we have p}lé = 00, this shows
the claim. For t € [tg, pi A p?) the amount of parasites that died so far in the
i-th process is given by I,y — ¢!. Since both processes use the same Poisson
point process, accounting for the lost mass due to parasite death, this implies
that

[r+1 — Ltl + Zntl<k) < [r+1 - L? + Zﬁf(k)

k>x k>x

for all z € Z and t € [ty, pl A p3). In particular, since p is given by

inf{s >t : {t € [to, s HZP&; te P(r,nﬁ_(r))}‘ = T+1}7

k=1
we obtain that p? < p}, because the only way for n?(r) to be less than n; (r) is if

the difference has already tried to infect the host at r + 1. Arguing analogously

as above, we then must have

r%—}—l rf—}—l
—tt D Dk Yo mk) < —wk Y0 Do Y 0 (k)
k=r+1 k>x k=r+1 k>x

for all z € Z and t € [p3, p3 A p3), which again implies p3 < pi. Repeating this
yields p? < pl for all 0 < n < n} and thereby finishes the proof. ]

With this monotonicity result, we can show the Feller property claimed in
Theorem 3.1 by following the same argumentation as done for the classical frog

model in |15, section 6].

Proof of Theorem 8.1. This proposition implies that the constructed process is
monotone in the initial configuration; in particular, for any ¢ = (r,7,7,t) € Sy

and [ € N, we can define

Cl = (7“, ]15E>Tfl77<')7ﬁ7 [/)

which contains only finitely many parasites. By the lemma above, we then have

that for any fixed ¢ > 0 the sequence

(re(¢'50))i>1

is almost surely monotone and in particular has a limit

r(¢;0) = lli)r?ort(cl; 0) € ZU{+o0}.
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Following the same arguments as in |15, section 6], this yields that we obtain a

well-defined strong Markov process

(Tt(C)7 nt(c>a ﬁt(g)a Lt(C); O)tZO

for any configuration ¢ € Sy. Also, setting a,, := P(A = m) and i}, := P(I = k)

the process has the generator

Lf(<) = Z n(x)(f(r>77 - 590 + 5y’ﬁv L) - f(ra777ﬁa L))

$7yS/r
lz—y|=1

+ > @) (f (T — 60+ 8yi0) = f(rn70))

z,yEZ
lz—y|=1

L1 Yo o Om Yoy e f(r 4+ 1,0 — 0 4+ Mygr, 7 + 0pg1, )
+7I(T) +]lL>1f(7’777 - 57’7ﬁ+57“+17[’)
—f(T, m, ﬁ7 L)

acting over functions f € BUC(Sy) such that the sums above converge. In

particular, for ¥ > 6 > 0 and

Fo(Q) ==Y _(n+m)(x)e™,

TEZ

and ( € Sy with only finitely many living parasites we can compute

Lfs(¢) € [(e” + 7" =2)f5(C), (7" +E[A] e” —2) fy(C)]

and
(L(f5) — 2foLf9)(C) < E[A*As,0f20(C) (3.48)

for some constant A3 y € (0,00). We note that the introduction of ghost parasites
is necessary to obtain the lower bound for Lfy({). These claims follow by just
multiplying out f?, plugging it in the generator L, and then carefully going
through the cases for different x1, x2, y1, yo to see the cancellations, and we omit
this lengthy calculation at this point. For ¢ € Sy let P; be the completion with
respect to the canonical filtration on the space of cadlag functions D([0, c0), Sy)

of the measure
P((¢:(¢50))=0 € -).

Then using the estimations above and following the same argumentation as

in [15, section 6], we can see that (P¢)ces, forms a Feller process on Sy, by
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first identifying the compact sets of Sy as in |15, Lemma 22| and then using
(3.48) to obtain an analog of [15, Lemma 23] and conclude the result as in |15,
Proposition 5|. Finally we observe that forgetting about the ghost parasites,
that is projecting the process onto its other three components, is continuous

and retains the Markov property and the Feller property. m
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Chapter 4

Infection on 7Z: the heavy-tailed

Immunity regime

4.1 Introduction

In this chapter, we further study the host and parasite model on the integer line
Z, which was introduced in Chapter 3. The construction details can be found
in Chapter 3. We will now briefly describe the model and outline the scope of
this chapter. In this model, hosts are motionless, with one host sitting on each
positive vertex x, with x > 0. Parasites move as independent, simple, symmetric
random walks on Z, without interaction with other parasites, and attempt to
infect any host they encounter. We assume that hosts have an immune response
that permits them to prevent infection and kill the attacking parasite. The hosts
adapt to the parasites and become more difficult to infect as more parasites have
been successfully repelled. In Chapter 3, we focused on the case when hosts
adapt only slowly to parasites, while this chapter investigates quickly adapting
hosts. To be explicit, we assume that for some sequence (pm)men C [0, 1],
the chance that a host is infected when attacked for the m-th time is equal to
Pm, independent of anything else. The number of attacks on each host before

infection is distributed as follows:
I'=inf{m >1:85,, =1},

where (Sy,)m>1 is an independent sequence of Bernoulli variables, with S,, ~
Ber(p,,). In Chapter 3, we assumed that this distribution has finite moments

of order E[/**¢] < oo for some £ > 0. In this chapter, we will investigate the
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situation where I has a regularly varying tail of index o € (1,2). Specifically,
I will not have a finite second moment. Using Stirling’s formula for the I'-
function, we can explain why this assumption can be thought of as hosts that
adapt faster to an attacker. If we let

(67

Pm = Pm(@) = (m > 1)

B> ) = [T 0 =) = [T 7 = gy o~ O™ (@

Clearly the map a — p,,(a) is increasing for each m, and thus, for larger a,
the probabilities of successful infection fall more slowly, or equivalently, the
immunity builds up more slowly for higher a.

The aim of this chapter is to establish that assuming a behavior like (4.1) yields
a front that does not move on a different scale than ¢2 in a sense made precise

in the upcoming Theorems 4.1 and 4.5.

4.2 Main results

In this section we will present the main results of this chapter and briefly sketch

the proofs.

4.2.1 Upper growth bound for the front

The first main result establishes that assuming the hosts adapt quickly to the

parasites yields a sublinear speed of infection.

Theorem 4.1. Suppose there is an « € (1,2) such that I has a reqularly varying
tail of index «, i.e.
P(I >n)=n"%(n) (4.2)

for all n € N and some slowly varying function | and suppose that E[AY] < oo
for some ¥ > 2a. Then there is some slowly varying function by such that
if initially each vertex x € Z with x < 0 is inhabited by an i.i.d. amount of
parasites distributed as A, then we have
lim QL
t—oo t2 by(t)

almost surely.

140



4.2.2 CLT for the infection time of large immunities

As part of the proof of Theorem 4.1, but also of independent interest, we obtain
the following central limit theorem for the infection time of a host with large

immunity ¢ — oo.

Theorem 4.2. Suppose that E[A?] < co and set

2 <E[A}(2—\/§) +V[A]2¢§—2>_

C, = E A — Cy =

(] [ ] ) ﬁ \/E
If initially each vertex x € Z with x < 0 s inhabited by an i.i.d. amount of
parasites distributed as A and the host at the site 1 has immunity equal to some
deterministic © € N, we denote by X, = p1 the infection time of that host. We
then have the following:

2
K, = m KN N(0,1).

dcs 3 L—00
5L
Cu

Assuming regularity of the offspring, we can even establish the following two

moderate deviation bounds.

Theorem 4.3. Suppose that Elexp(AA)] < oo for some A > 0 and let K, be as
in Theorem 4.2. Then for any monotone function f € o (/i) there are constants
C1,c1 > 0 such that for all « > 1 we have

P(IK.| = f(1) < Crexp(=c1f(1)) -

If we have Elexp(AA)] < oo for all A € R, then there are constants Cy,cy > 0
such that

P(IK,| > f(1)) < Carexp (—caf(1)?).

Theorem 4.4. Suppose that E[exp(AA)] < oo for some A > 0 and let K, be as
in Theorem 4.2. Then there are constants cz > 0 such that for any ¢ > 1 and

1
any 0 < w < c3ts we have

%:H(o(lfﬁwg) mdwzlw(uﬂws).

141



4.2.3 Lower growth bound for the front

Using a similar approach as in Chapter 3, we can also establish a lower bound

for the infection speed.

Theorem 4.5. Suppose that for some o/ € (1,2] we have

E[I*] < co.
Then for any q < %l we have
T
— = 00.
t—oo 14

4.2.4 Proof sketches of the main results

Sketch of the proofs of Theorems 4.2, 4.3, 4.4. The proofs rely on the key idea
that a random walk at time ¢ has not reached a distance greater than v/t with
high probability. Hence, the infection of a host up to time ¢ can only rely on
parasites that were born at a distance at most ©(v/t) to the host. Since the
offspring generated at an infection are i.i.d., the law of large numbers implies
that there are only E[A]O(y/t) many parasites that were born at a distance
less than ©(v/t). In particular, this means that if the host has an immunity of
height h, then it takes on the scale ¢t = ©(h?) time steps until E[A]O(v/t) ~ h,
and thus, the infection of that host will also require ©(h?) time units. Making
this heuristic precise, we will obtain Theorem 4.2 by calculating the asymptotic
expectation and variance of the number of parasites that already arrived at a
host. Showing a Lindeberg condition will yield the central limit theorem, and
estimating the moment-generating function of this object will yield the moderate

deviation results. O

Sketch of the proof of Theorem 4.1. Using the tail assumption on I, we see that
sufficiently large immunities appear frequently enough. By Theorem 4.2 and
weaker concentration bounds as in Theorem 4.3, the infection of a host with an
immunity A > n2*% will take n'+2° time units with high probability. Thus the
infection of this host alone will slow down the spread of parasites below linear

speed. O

Sketch of the proof of Theorem 4.5. We apply the same construction as in
Chapter 3 to obtain a good site M, such that starting from M, the amount
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of parasites generated between M and M + n grows at least linearly in n with
a sufficiently large slope, and the amount of parasites needed to infect the hosts
between M and M +n grows at most linearly with a sufficiently small slope. Us-
ing this surplus of parasites generated to the right of M, we construct a sequence
(VM4n)n>k, Of approximate jump times that upper bound the time between the
infection of the host at M +n —1 and the infection of the host at M +n. For de-
tails of this construction we refer to Chapter 3. Using our moment assumption
on I will show that the sequence (vpr4n)n>k, has finite moments of any order
q< %/ and is sufficiently fast ¢-mixing. These two facts will imply that for any
q < ¢ <%, the sequence (|[Upr1n|?)n>k, satisfies a strong law of large numbers,
and using that 2 — 27 is concave will show that pasin — prrsr, < ZZ:,% UMk

1
grows slower than na. O]

4.3 Proofs of Results

4.3.1 Construction of the process

For a detailed construction of the process, we refer to Chapter 3 and here only

quickly recall the notation.

Definition 4.1. We assume an independent collection
Y={v":2e€ZicN}={(Y"")>0:2€ZicN}
of i.i.d. simple symmetric random walks in continuous time starting at 0,
A={A,:xe€Z}
of i.i.d. Ng-valued variables distributed as A and
I={l,:2€Z}

of i.i.d. N-valued variables distributed as I.

Also, we define the hitting times.
7= inf {t>0: Y = k}

for (z,i) € Zx N and k € Z.
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For x € Z, A, will be the parasites that are generated after the host at x is
infected, and I, will be the number of parasites that need to attack the host at x
before it gets infected. For z € Z and ¢ € N, the i-th parasite that is generated
on site z will follow the path z + Y**.

More precisely, the process evolves as follows. Initially every vertex x with z < 0
holds A, many parasites. We give each parasite a label (z,i) € Z x N, where
x is its initial position and ¢ enumerates the A, many parasites with the initial
position x. Then a parasite with label (x,7) moves according to the random
walk (z 4 Y;"");>0 until it meets a host. At this time the parasite is killed and
the label (z,1) is no longer used in the process. We denote by p; the first time

that out of the collection
Lo={(x,i):2<0,1<i<A,},
there are I; many labels

Gp = {(21,01),- -, (21, 11,)}
such that (x—l—Yf’i)tzo already reached the vertex 1 at time p;. Then we add par-
asites with labels (1,1),..., (1, A1), which will move according to (1 + Y;Ei)l)tzo
to our collection
Ly =Lo\Gy, U{(1,1),...,(1, A1)}

Iterating this procedure, we obtain a sequence (pp),>1 of random times such
that at p, there are I,, many labels out of the collection of parasites at time
pn—1 that reached the vertex n, and these labels then get removed from the

collection of living parasites. We call
r:=sup{n >0:p, <t}

the front of the process and p, the infection time of the host at site n. We

represent the state of this process as a tuple

(rtyﬁbgtaFta[/t)? (43>

where 71, is the position of the front, £; are the labels of living parasites at time
t, G, are the labels of parasites that were removed up to time ¢, F; : L,UG;, — Z
assigns each parasite its position at time ¢, and ¢; € N is the remaining immunity
of the host at site .+ 1. In Chapter 3 we show that this process, with the initial
configuration above, is well defined as a strong Markov process on a suitable

state space.
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4.3.2 Proof of Theorems 4.2, 4.3 and 4.4

In this section we will prove the central limit theorem 2.18. To begin with, we
formally introduce the object of interest using the notation developed in Section
4.3.1.

Definition 4.2. Fort > 0,n € Z we define the count of arrived random walks.

oo Anfa;

B = Z Z Lon-sig

z=1 i=1

and for v > 0 the following random times
Xop:=inf{t >0: B, >1}.

For notational convenience we also define

oo A

Be= Y Y, Xo=intliz0:5,2 1)

r=1 =1

noting that (Bi)i>0, {(Bin)t>0 : n € Z} are identically distributed and thus also
(X)) >0, {(X.n) >0 : n € Z} are identically distributed.

Remark 4.3. When initially all parasites below n are alive and at their birth-

place and I, = 1, i.e., the initial configuration in the sense of Section 4.5.1
(n—1,{(x,i) € ZxN:z<n,1<i<A},0 (x,i)— 1)

then By, s the amount of initial parasites that reached site n at time t, and

X, n 15 the infection time of site n.
Lemma 4.4. We recall the initial condition described in Section 4.3.1
wr = (0,{(x,1) € ZxN:2<0,1 <i<A,},0,(x,i)— x 1),

where every parasite below 0 1s awake and at its birthplace. Then almost surely,
we have
pn = 1inf{t > 0 : ry(wpu) > n} > Xi, n

for anyn > 1.
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Proof. At time p,, there are I, many random walks, corresponding to living
parasites at time p,_1, that reached site n. Because we use the same random
walks to compute X7, ,,, all of those random walks started from the same location
in X;,, but at time 0, whereas for p, they possibly started at a later time.
Precisely, the random walk with label (z,7) started at time p, > 0 for x <
n,1 <i < A,. This already shows the almost sure inequality. O

Since B; is the sum of the independent random variables

Az
§ : ]lrf’igt’
=1

it should be expected that centering and norming B; yields an object that
is approximately normally distributed for large t. Hence the first step is to
establish an asymptotic expression for the expectation and variance of B; for

large t.
Lemma 4.5. If E[A] < co then as t approaches infinity, we have
2t

E[B,] = E[A] ( =4 (9(1))

™

and if E[A?] < oo we also have
V[B,] = (w + V[A]%) (Vi+o)

Proof. For x € N;t > 0 let

p(z,t) =P < sup Y; > 1:)

0<s<t
and observe that by the reflection principle we have
p(z,t) =2P(Y; > z) — P(Y; = z).

Then, because for each x > 1 the variable A, is independent of the i.i.d. collec-
tion {7%" : 4 > 1}, we obtain by Wald’s first identity (e.g. [27, Theorem 5.5|)
and the reflection principle that

oo Az 00
> Y i3
=1

=1 =1

E[B,] =E

Az 0o
) ﬂ] = S E[Alp(a.1)
i=1 z=1

= E[4] izpm > 7) — P(Y; = 1)

= E[A] 2E[Y;1y;>0] + P(Y; = 1)).
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Since x +— x1,>¢ is Lipschitz continuous with Lipschitz constant 1, we obtain

by the Berry-Esseen bound for the 1-Wasserstein distance, see e.g. [11], that
E[Yily,>0] = VIE[Z1 250] + O(1),

with Z ~ N(0,1). Calculating

Bzl = [ e =

yields the first claim, since clearly P(Y; > 1) < 1.

For the second claim we observe that the collection

Ay
2 : ]le’iSt
i=1 z>1

is independent and thus

00 Ay
v =5 [Son]
e=1  Li=1
Because for each = > 1 the variable A, is independent of the i.i.d. collection
{t%": 4 > 1} we obtain by the Blackwell-Girshick equality (e.g. |27, Theorem

5.10] that

VB =) p(a,)E[A] + p(z,1)*(V[A] — E[A])
=E[B)] + (VIA] ~ E[4]) ) p(z,1)°

Squaring out p(z,t)? = 4P(Y; > x)? — 4P(Y; > z)P(Y; = z) + P(Y; = 2)?, we

compute

(o) o0 5
> MY, > 2)P(Y; = 2) + P(Y, = 2)°| < ) 5P(Y; =) < .
=1 =1
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Next, we note that P(Y; > z)? is the probability that two independent random

walks are both greater than or equal to x. Thus,

D P, > 2)* =) Pmin{y,", Y} > 1)
=1 r=1
= E[min{}ﬁo’l, KO’Q}ﬂmm{Yto,17Yto,2}20].
Similar to before, we thus obtain by the Berry-Esseen bound [11] that we have

E[miH{YQO’I, Y2072}]1min{YtO’l,Yto’2}20] = \/%E[min{Zl, ZQ}]]-min{Zl,Zz}ZO] + O(l)

with 7y, Zy ~ N(0,1) i.i.d.. A simple computation now shows

»

z_
2

,L _
2
[mln{Zla ZQ}ﬂm1n{Z1 Z2}>0 / / d T
V2r
= / (1—6 %> ez dx
™ Jo
| 1 [
:—/ e2dx——/ e dx

11 V21
S Vero 2T 2T

Putting everything together, this yields

2y

Vi (2 ?/%/i]E[A] 4 QEV[AO +0(1). 0

V[Bo] = vVt (4¢§ ! (V[A] — E[A]) + @E[A]) +0(1)

NZ3
Using this asymptotic and that B; is the sum of independent variables

Ag
E ﬂT;’iSt

i=1

we can establish a central limit theorem for (B;)¢>o, which then extends to a

central limit theorem for (X,),>o by using the duality
{X, <t} ={Bi >}

for any t > 0,1 > 0.
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Proof of Theorem 4.2. By definition, for |w| < ,/ZT“; we have

2

L 4c
K, < =X, <= + —213%=<B > 4.4
=) { <> N } {(c;)2+w\/t%;ﬁ } Y

To show the claim, we will first establish a central limit theorem for (B;):>o and
then carry it over to (X,),>1 by using (4.4). For t > 0 we denote o7 := V[B]
and for z =1,..., [t] we set

A
1 xr
Zt,a: = U—t E lng’igt — E[A]p(ﬂf, t)
i=1

and
1 0o Az

Zifiri=— ) ) ozig, —E[Ap(,t).
Eo=[t]+1 i=1

We note that for each ¢ > 0, the collection (Z;;).—1

dent, and sums to %, thus

rf]+1 is centered, indepen-

,,,,,

Hence, to establish a central limit theorem, it suffices to check the Lindeberg
condition (e.g. |27, Theorem 15.44|):

[t]+1
lim Y E[Z7, 17,5 =0
x=1

t—o00

for any ¢ > 0. First, we note that as seen in the proof of Lemma 4.5, we have

[e.o]

0{E[Z ) = ) ElAp(x,t) + (V[A] - E[A])p(z, ).

z=[t]+1

For any ¥ € (0, 1] we have

i Ak fe? Lo\ "
P(Y; > z) < e R[] =" Ze—t (k;)l (e +2e )
k=0 '

= exp(—Vx + t(cosh ¥ — 1)) < exp(—dz + V1)
Plugging in ¢ = \/Lz for t > 1 yields P(Y; > z) < exp (—\% + 1). Using the

reflection principle, we hence obtain

p(z,t) :P<sup Y, Zx) < 2P(Y; > x) SZel_%.

0<s<t
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This yields

exp (— “];1)
t
B[ Z21] < 20E[A]

1 —exp <—\/%> 1 —exp (—\%)
< Ciexp (—vE) 50

for some constant C; = C}(E[A], V[A]). On the other hand, using that for large
t > 0 we have
Zt, < (A, +E[A])?

we have by dominated convergence
lim E[Z] 1,7, 5] = 0.
t—o0

for any x > 1. This already shows the Lindeberg condition and thus proves that

P <Bt—_]E[Bt] < w> _ o(w)

t—o0
— 0 4.5
p , (45)

sup
weR

where @ is the cdf of the standard normal distribution N (0, 1).
To obtain the CLT for (X,),>1 we proceed as follows. Taylor-expanding the

square root, we have for [w| <, /7 that

2
L o 3 4CO'
Cu <—> + S =u|1tw —
Cu c Cul
Co cow?
=14,/ —wyi— (14 7r1(e, w))
Cu 2¢,
with |ri (¢, w)] = O (@) Similar we obtain for |w| < /7

2
with |ra(t, w)| = O (%) We set t(t, w) := <i> +w %L?’ and
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and by the expansions above, obtain that for |w| < /7=, the event in (4.4) is
equal to the event that

w cow?(1 +7r1(1, w))

1+2% M(1+T2(L w)) 2m<1+ \/7(1+7"2(Lw)))

= —w(l +r3(t,w)),

EL,’LU > —

for some |r3(¢,w)| = O <%> Using that by Lemma 4.5 we have

E[Biw) = cuVt(t,w) +T1(t,w), V[Byuw] = cov/ (1, w) 4+ To(t, w)

with sup _ ‘wK\/@maX{Fl(L,w),?g(L,w)} < 00. We finally obtain that the
event {K, < w} ina(4.4) is equal to

Ta(,w) T, w)
V[Bi(w)) VBt

BLw _EBLw
tew) ~ BBl 5 4w 14

4.6
V[Biw] (46)

Using (4.5) and that the normal distribution is symmetric and has a continuous

cdf, we thus obtain that for any w € R we have

lim P(K, < w) = &(w). O

L—00

Assuming higher regularity of A, we can also bound the higher absolute

central moments by Rosenthal’s inequality.
Lemma 4.6. For ¢ > 2 there exists a Cy > 0 such that
E(|Bin — E[B:,]|Y] < C,E[At.

Proof. By Rosenthal’s inequality, there are constants C;(q), C2(q) such that we
q]

Az
> 1 e, — E[A]p(z,t)

=1

have

o0

E[|B.n — E[B:.,]|] < Ci(q ZE

Z]l“ — E[A]p(z,t)

N 1y ¢ (47)
+ Cy(q ZE
=1

Using Lemma 4.5, we can bound the second sum by Cs3(q)E[A?]¢

q
4
To bound the first sum, we note that there is some constant Cy(q) such that

(4 y)? < Culg) (27 + y9)
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for all z,y > 0. Hence, we can bound the first sum in (4.7) by

A,
z : ]lrf’igt
=1

Because ¢ > 2, we have p(x,t)? < p(z,t), and thus the second sum in (4.8)
can, using Lemma 4.5, again be bounded by Cs(q)E[A]7"'y/t. To bound the

remaining sum, setting a,, = P(A = n), we calculate
Aa: q o.9] n q
i=1 n=1 i=1
o0 n n
= n, k4 z, ) (1 — p(x, )" *
DY ()01 =l

< g @ ; k (Z) pla, ) (1 — pla, )"

= " a.nfp(x,t) = E[AYp(z,1).

q

Ci(q)Calg) Y E

+ Cy(q)Calq) f: E[A%p(x,t)7.  (4.8)

E

And hence, using Lemma 4.5, we can bound the first sum in (4.8) by

E[A9)Cs(q) V1.
Combining all of these estimates, and noting that E[A] < E[A?] < E[AY], we
can find a constant C, > 0 such that

E[|Bin — E[B]|"] < C,E[AYtH,
which concludes the proof. n

Assuming even more regularity on A, namely finite exponential moments
of some positive order, we can bound the moment generating function of the

centered and normed amount B;.

Lemma 4.7. Suppose that Elexp(JA)] < oo for some ¢ > 0. Then there is
a constant Cy such that for all t > 0 and X € [—\/V[Bt], \/V[Bt]] such that

E {exp ( QB]A)] < 0o we have

B, — E[B]
exp (A—V[Bt] )

E

A2 Al
< exp (? + Cl%) )
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Proof. We set 02 := V[By], u := E[By], a,, := P(A = n) and
—

B
Zt = i

o
and let ¢ > 0 and A € [—0,0] such that E [exp (24)] < co. Using the inde-
pendence for different x and that (1 + p(exp(-) —1))™ is the moment generating

function of a binomial distribution Bin(n, p), we can compute

Note that because p(z,t) < 1 and by the assumption E [exp (gA)] < 00, the
expression is well defined.

Setting now

h(z) := exp <—§zE[A]) E {(1 +z (e% —1))’4] , (z€0,1))

we want to find the Taylor expansion of h up to the second order. For this we

write G(2) := E[z4],5, :=1+ 2 <e§ —1) and compute
K(2) = exp (-%}E[A]) (—gE[A]G(sz) + (e% —1> el (sz)) ,

h(2) = exp (—ng[A]> (A—2}E[A]2G(sz) 924 (e? —1) G'(s.)
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Because
G(”)(l) =EAA-1)---(A—n+1)]

for any n > 1 we thus have

h(z) = Ro(z) + 1 + 2E[A] (ei 1 i)

+%2 <IE[A] (2—2 P <ev —1)) + <e% —1>2E[A2 . A]) ,

with |Ry(z)| < e—‘;(l + O(%))ZS Using the power series expansion of the

exponential function, we further obtain

h(z) = Ry(2) +zE[A}2A722 (1 +0 <|2|)) + 22 22 (V[A] E[A] +0O (|2|)>

Using the series expansion of the logarithm, we thus find log(h(2)) is equal to

o (8 (140 (1)) + 2 (viar - s+ 0 (B1))) + o

with |R3(2)| < |Ra(2)] + 2—2 (1 +0 (\/\|>> 2. Using this estimate, and that as

shown in Lemma 4.5, we have
0? = S E[Alp(x,1) + (V[A] - E[A])p(z, 1) = O(VE),

we find

Elexp(AZ})] Hh (x,t)) = exp i )

:expmo(mg)}_ep( ro(B)).

We note here that by choice |A| < o and hence the higher powers of M are
absorbed in the O ( > term. Fixing some suitable constant C] to bound the

@) (%) finishes the proof. O]

t4

2
Proof of Theorem 4.3. We adopt the definition #(¢, w) = (i) +w 4§—ZL3 from
the proof of Theorem 4.2. By assumption, for large enough + > 1 we have

w = f(1) = o(v1) < /1= and hence the event {|K,[ > f(:)} is equal to the
event that

{Bi.ry <t} U{Bi—pw) > t}-
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Again, by the assumption w = f(1) = o(y/t) < /2, we can apply the Taylor

=~ 4cy?
expansions in the proof of Theorem 4.2. Thus, we see that the events above are

equal to

(B < 1} = { sl _ FO)(1+ n(b))}

Bt t,—f(e _E[Bt t,—f(e ]
{Buo—siy = 1} = { —= 1 GTDD > £()(1+ ra(e))
VIBi,— )

for some 71(t) = o(1),72(¢) = o(1). The exponential Markov inequality, com-
bined with Lemma 4.7, yields that there is a C; such that for any A > 0 and
v > 1 large enough we have

A2 A3
exp (7 + Cl%)
P(Bi,ry) <t) <

—exp (Af()(L+71()))
and
- exp <%2 + 4 3/—3Z>
L—f) = L) < .
R = P VIO (EaA0))
In particular, choosing A = 1 and ¢ > 1 large enough, we obtain
B 2 1) < 20 (1- 1)),

Possibly increasing the constant C'; > 2e for small ¢ yields the claim. If we
assume Elexp(AA)] < oo for all A € R we can minimize the estimation above by

choosing for + = 1,2

o VRGOV + i) +e— Vo
v 6C,

= JO@ +7i(e) +7i(1))
for some 7;(¢) = o(1). Plugging this in yields the better estimation

P(|K.| = (1)) < Cyexp (—c2f(1)%)

for some Cs,c9 > 0 and all © > 1. O
Proof of Theorem 4.4. Let Z, = %,C’l be as in Lemma 4.7, and A =
2% < V[B] for t large enough. Then, using Lemma 4.7 and [0, Remark 1”],
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choosing their parameters H = 1 and 0 as in their equation (6), we have for

1
10t4
1 <w < 2% that

S () (5 (2)3) o
e (S () (1o (30 5)

where A(t) is the power series of Crameér, which depends on the cumulants of

Zy, and fi, fo are defined in [16]. In particular, for ¢ large enough and some
constants ¢c3 > 0 and 0 < w < Cgbé, we obtain using (4.6), and noting that
lw| =0 (Lé> makes all the error terms small, that

4.3.3 Proof of Theorem 4.1

In this section we will prove the upper bound on the speed of infection claimed
in Theorem 4.5. The approach will be to use the results established for (X,),>1
and, in particular, Lemma 4.6 and Lemma 4.4 to show in Lemma 4.8 that the
infection time of a host with immunity ¢ with high probability takes at least
Q(«?) time units. Finally, fixing some suitable slowly varying function b, we
use the tail assumption on I to show that for large enough n, there is a host
with immunity <n§ b(n)) that needs to be infected before the front reaches
n. Using this reasoning, we show in Lemma 4.9 that the infection times are on

a superlinear scale. Finally, we will use the relation
re =sup{n > 0:p, <t}

to establish that if (p,)n>0 grows superlinearly, then (7)¢>o has to grow sublin-

early with the inverse exponent as p,.
The first lemma makes the heuristic described in the introduction precise

and shows that deviations of X, ,, below the order :* become exceedingly rare

for large immunities ¢.

Lemma 4.8. For any [ > E[A]\/g and q > 2, there is a Cy > 0 such that for

any t > 1 we have
2
P <Xw < (é) ) < C\E[A7], %,
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Proof. Fix > E[A] \/g and note that by Lemma 4.5 for large enough ¢ we have

E {B%)QW} — E[A] \/gé +O(1) <

Hence, using Lemma 4.6 and the Markov inequality, for ¢« large enough we obtain

’ (X : (5)) -7 (B> )

SPQ%H%‘EPZXJ

_cEAl(y)’ cEw(y)
(e-Elpp|) (EAYEOW)
CqE[Aq} -1 —. ClE[Aq]L_g.

:53(1_%\/§+o(%))b

Possibly increasing the constant C this estimate then also holds for any ¢ > 1,
which finishes the proof. m

With the help of the lower bound X7, ,, < p,, and the trivial bound p,,+1 > p,
for any n € N, we can now show that almost surely the infection times grow

superlinearly for large n, because

( sup ka,k>
1<k<n n>1

already grows superlinear.

Lemma 4.9. There is a smooth, slowly varying function by : [1,00) — (0, 00)

and an almost surely finite N € N such that for alln > N we have
P = by (n)
Proof. Recall the assumption that
P(I > n) =n"%(n)
for some slowly varying function /. Fix some smooth, slowly varying function

b:[1,00) = (0,00)
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such that

_l (néb(n))

I'(N
exp D) € I'(N)
neN
and define a sequence of barrier sites
B, := inf {k >1:1, > néb(n)} . (4.9)

B,, is geometrically distributed with success probability P (I > néb(n)> Using
the assumption on [, the limit

(1—3)36% (z = o),

X

and that x — xib(x) is eventually increasing, we obtain that for large enough
n we have

n

P(B, >n) < (1 —n~'b(n)""1 (nib(n)))

<exp| —

In particular, using the Borel-Cantelli lemma, this implies that there is an almost
surely finite Ny € N such that for all n > Ny we have

B, <n. (4.10)

We fix some g € (2a,9) such that E[A9] < oo and some 5 > E[A] \/g Because
B,, depends only on I and (Xj,,)k>1.nez depends only on Y, A, using Lemma
4.8, we obtain that

nab(n)

u < CYE[AYn"2ab(n) "2

P X{né b(n)-‘ ,Bn, S ﬁ

for all n > 1. By definition, 5= > 1, and thus the Borel-Cantelli lemma and the
eventual monotonicity of z — xéb(:x) imply that there is an almost surely finite
N7 € N such that for all n > N; we have
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In conclusion, we obtain that for any n > Ny V Ny we have

2
(4.10) Lemma 4.4 (4.9) (4.11) nébn
o2 P 2 Kipe 2 X[dy g, > ( 5( )>

Setting N := Ny V N; and b, := 2—22 already shows the claim. O

Proof of Theorem j.1. Let by be as in Lemma 4.9, the event N' € F with
P(N) = 0 such that for any w € Q \ AV there is an N = N(w) with

Pn = n%bl (n)

foralln > N.

Clearly r; > 0, and hence it suffices to show

li " 0
mmsup ——- =
e 15 by(2)

almost surely for some slowly varying function by(t). On the event

{1' Tt 0}
msup —=—— s
t—>oop tfbg(t)

there exists an increasing sequence of random times (7} )x>1 with limg_,o, T = 00

and i .
IMSUP; o0 3 0 o
re, > . 20 724y (T;)
limsup,_, o, —a-t—
for all k > 1. By definition, setting V := —20 means that
a <17
p[VTkZ bg(Tk)-‘ =k

for all £ > 1. We choose a smooth, slowly varying function b, : [1, 00) — (0, 00)
such that
. 2 o
tli)fg} bg(t) D‘bl (tQ bg(t)) =0

and observe that for k(w) large enough we thus have
T (w) < ’VV(W)Tk(W)%bQ(TkOAJ))-‘ . by ((V(W)Tk(W)%bQCZ—Vk(CU))—I) .

Now, if there is some

. Tt
€1l >0 N(Q\N),
¢ {lﬂilthbQ(t) } (QAN)
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then for k(w) large enough such that
VL) $ba(Th(w))] = N(w),

we would have the contradiction

2

T, < [VbeQ(Tk)Fbl ({Vbeg(Tk)D < ortn] < T

VT,2 by (Ty)
Hence,
. Tt
lim su —_— > 0 C N
{ t%oopt5b2<t) }
and thus
. Tt
P(limsup—=——>0| =0,
< t—)ooptibg(t) )
which concludes the proof. O

4.3.4 Proof of Theorem 4.5

For the details of the construction, we refer to Chapter 3 and now only shortly
summarize the results. We assume that the initial configuration is given by
some random tuple

(07£7®7F7 Il)

as in (4.3) such that
L] > 1

with positive probability. As shown in Lemma 3.3, there is a positive proba-
bility for the parasites to survive, and, by abuse of notation, in this section we
denote by P the probability measure conditioned on this event of survival and
by E the corresponding expectation, as all results will only be stated under this
conditioned measure. In this setting we obtain the following results following

the constructions and proofs of Chapter 3.

Lemma 4.10. Suppose that o/ € (1,2] is such that E[I*] < oo. There is an
almost surely finite M and an explicit constant ky € N such that ppryr, < 00
almost surely conditioned on the survival of parasites. Furthermore, there is a

sequence (Vnrin)n>k, Such that for all n > ko we have

PM+n — PM+n—1 S VM+n
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and for all ¢ < % we have E[|var4,|9] < 0o for alln > ko and

Tim Efloaral?] = 7

for some constants (7, o - Also, the sequence (Vprin)n>k, 1S ¢-mixing with
q q< 5 Z R0
2

sup IP(B|E) — P(B)| < Ck~o"*1+e,
Eco(vpr45:1<5<n),P(E)>0,
Beo(varyj:j>ntk)

Proof. The construction and proofs are given in Chapter 3. To avoid confusion,
we note here that the results in Chapter 3 were under the assumption E[I%?] <
oo for some a > 1, whereas in this section we assumed E[/*] < oo for some
o € (1,2]. In particular, take note of the factor 2 in the exponent of the
assumption in Chapter 3.

We can follow the same proofs as given in Chapter 3, and the main difference is
that under our assumption E[/*] < oo for a € (1,2] we obtain, by the one big

jump principle, the estimate

P (i I, > Bﬂl) =0 (nl_a/> .
k=1

Plugging in this estimate in the crucial Lemma 3.15 yields the corresponding
result with an O (n*"‘urs) bound. The results above then follow from this esti-
mate as in Chapter 3 and correspond to the results given in Proposition 3.10,
Lemma 3.17, Lemma 3.19, and Corollary 3.29. m

Proof of Theorem 4.5. Fix some ¢ < %, and a ¢ € (q, %/) Arguing analo-
gously as in Lemma 3.42 will establish an almost sure law of large numbers for

([vars]7 )k, and, in particular, show that

.1 C o '
7}1_)](205 (|pM+ko—1|q + Z |VM+k|q) =

k=ko

with v, as in Lemma 4.10. Hence, using that x — 27 is concave since ¢’ < 1,

we obtain
) N
1 = 1 |parsko—11% + D ey [Vargr]® )
0<— | Pmtro—1+ Z Uik | < . :
na k—ko na 4 n
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1
As argued above, the second term converges to 7;,' and the first term converges

to 0, since g < ¢’. Hence we obtain

.1 -
r}gr{}o—l (pM+kO—1 + Z yM+k> =0. (4.12)

nt k=kq
An analog of Proposition 3.38 will finish the proof.

Proposition 4.11. Let (X,,),>1 be a sequence of non-negative random variables
such that for g € (0,1) we have

1 n
lim — Y X; =0
n—00 g o
almost surely. Then
li L >1: n X, <ty =
lim - sup qn 2> 2 <ty =00
]:

almost surely

Proof. We set

mtzzsup{nZLZngt}.

j=1
Let C > 0 and let w be such that

.1
Jim — > Xj(w) =0
na j=1

We choose ng = ng(w) € N large enough such that

1 n—l—l<

- and <

(20): "

2

1 n
0<—) Xi(w) <
7 k=1

for all n > ng. Set ty = to(w) := > 12, Xj(w). Clearly for all ¢ > t, we have

mi(w) > ng, thus we have

mt—l-l
X 1
0< &h=l Tk

(mi+1)5  (2C)s

(4.13)

and by definition of m; we have

me+1

ixk <t< > X (4.14)
k=1 k=1
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Taking the reciprocal, taking the ¢-th power, and multiplying by mtTH, this

yields
(4.13) my + 1 (424) my+1  my
2 (0 X)) 20—
for all t > ty. As C' was arbitrary, this finishes the proof. n

Applying proposition 4.11 with X; = payryrg—1,X; = Varskgrj—2 for j > 2,
using (4.12) finishes the proof of Theorem 4.5, since

rt:sup{nZO:pngt}Zsup{nZ1:ZXk§t},
k=1

where we define sup () := 0. [
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Chapter 5

Infection in higher dimensions for a

two-type host population

5.1 Introduction

In this chapter, we investigate the spread of parasites in a spatially distributed
host population on more general graphs G = (V, E). The main focus will be
on the integer lattice Z¢ for d > 2 and the d-regular tree Ty for d > 3. By
abuse of notation, we denote by 0 a distinguished vertex in any graph G, which
only for Z¢ will actually be the origin, and assume that initially the host at 0 is
infected and a random number of parasites, distributed as some random variable
A, is placed at 0. Parasites move on G according to symmetric simple random
walks in discrete time and attempt to infect a host and reproduce when they
jump onto a host. As hosts often have an immune response against infections,
we assume that a host with probability 1 — p € [0,1) is completely immune
(immune for short) to infection; that is, whenever a parasite tries to infect such
a host, parasite reproduction is prevented and the parasite is killed. If the host
is not immune, it is called susceptible. In this case, the attacking parasite kills
the host, the attacking parasite reproduces (and dies afterwards), and sets free
a random number of offspring, distributed as A and independent of everything

else. For simplicity we assume that hosts do not reproduce.

Remark 5.1. We point out the important difference that in the setting of this
chapter, the immunity of a host does not get reduced, and (completely) immune

hosts remain in the system forever, whereas in Chapters 3 and 4, conditioned

164



on the survival of parasites, every host will die eventually.

We note here that the infecting parasite also dies at a successful infection,
and we allow for 0 offspring to be produced at an infection. Hence, at which
steps the parasite population decreases depends on the two parameters p and
P(A = 0). In this chapter we investigate the survival probability of the parasite
population and show that there is a phase transition for a positive survival prob-
ability in the parameter p on both Z¢ and T,;. Also we investigate recurrence
to the origin and show that this does not happen on any graph if the offspring
distribution has a finite mean. We will call our model the Spatial Infection
Model with host Immunity, or SIMI for shorthand. In Chapter 3 and Chapter
4, we carry out a more thorough analysis of a similar model on Z, where hosts
can lose their immunity after getting attacked a random number of times.

Our model generalizes the frog model that was introduced by Telcs and Worm-
land (1999, [19]). The frog model is a classical interacting particle system on
some graph G = (V, E'), which involves two types of particles, which are usually
called active frogs and sleeping frogs. Each site v € V' can host a finite number
of frogs of the same type; sleeping frogs do not move, and active frogs perform
simple nearest neighbor random walks on G. All sleeping frogs on a vertex
v € V immediately transform into active frogs after an active frog jumps onto
the vertex v. In our model, the active frogs correspond to parasites, and the
sleeping frogs on a vertex v € V' correspond to the offspring that are produced
after the host at v gets infected. In this sense, in the case that p = 1 and that
there is almost surely at least one offspring produced after a successful infection,
our model coincides with the classical frog model, where the number of sleeping
frogs on each vertex is i.i.d. distributed as A — 1.

It was shown by Alves, Machado, and Popov in |2, 3| that the frog model on Z¢
satisfies a shape theorem for the set Sy(n) of vertices visited by some active frog
up to time n. They showed that, if an i.i.d. amount of sleeping frogs is placed
on each vertex, there is a convex deterministic set A4, possibly depending on

the distribution of sleeping frogs per vertex, such that for any ¢ € (0, 1)

(1-¢e)Ay C qui”) C(1+¢)Aq

for all n large enough almost surely.
We will use this result to show our main result, Theorem 5.3. The proof relies on

coupling with a supercritical site percolation and using that, due to the shape
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theorem, if all hosts in a large region are susceptible, then with high probability
an infection starting in that region will reach any vertex in a suitable subregion
after a linear amount of steps. Making the region big enough and then p close
to 1 will allow us to conclude that the coupled site percolation is supercritical
and show the positive survival probability.

Next to the trivial survival of the frogs in the classical model, another main
difference from a mathematical standpoint is the following. In the classical frog
model, using a collection of independent simple symmetric random walks to as-
sign each frog its trajectory after waking up yields an intuitive way to couple
initial configurations in a monotone way. However, doing this in our model will
not be a monotone coupling if we allow for 0 offspring to be produced after a
successful infection. This happens because when and where a specific parasite
dies depends on the location of hosts that are still alive and will produce 0 off-
spring. But this, of course, depends on whether another parasite has already
reached that vertex. A concrete example of this phenomenon can be found in
Example 5.5. Also, we note that due to immune hosts remaining in the system
forever, the trajectories of parasites are no longer independent, as they possibly
die at the same immune host.

In [1], Alves, Machado, and Popov introduced and studied a different way of
introducing a death mechanic to the frog model. In their model, each frog,
independent of everything else, has a lifetime that is geometrically distributed
with parameter p € [0,1). That is, each time a frog takes a step, it dies with
probability p. We note that in this setting, the trajectories of frogs after awak-
ening are still independent. Also, because the death mechanic only depends on
P, in contrast to our model where it also depends on P(A = 0), it is directly
clear that the survival probability of frogs is monotone in the parameter p.

A similar model, that does not include the death of frogs but sleepy frogs that
need to be visited a random number of times before waking up, was introduced
by Junge, McDonald, Pulla, and Reeves in [26]. However, because visiting frogs
do not die upon meeting a sleepy frog and just keep on moving without waking
up the frog, the trajectories of frogs remain independent, and the shape theo-
rem on Z? remains unchanged; see Section 2.1. They study the process on d-ary

trees using quite different methods from ours.
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5.2 Main results

In this section we present the main results of this chapter. We will establish a
phase transition for the probability of survival of the parasite population in the
parameter p. Also, we investigate recurrence to the origin and show that under
some mild assumptions on the offspring distribution, recurrence cannot occur on
any graph. First, we present results on the survival of the parasite population,
and then we lay out the results on the recurrence to the origin. Also, we further

distinguish the results on the integer lattice Z¢ and the d-regular tree Tj.

5.2.1 Survival of the parasite population

In this section we will, for any graph GG and offspring distributed as A, investigate

the value of the critical parameter p.(G, A), which is defined as

The parasite population in the SIMI on G
ith offspring distribution A and
inf{pe(0,1]:P v DHRG (ISHHbIL N >0
susceptible hosts appearing with probability p

survives forever.

In Definition 5.7 we will give a formal definition of p.(G, A) after constructing
the process and show in Lemma 5.6 that p.(G, A) is a critical parameter, in the
sense that for p > p.(G, A) the parasite population on G survives with positive
probability and for p < p.(G, A) it dies out almost surely. First, we note that
on a finite graph G = (V, E) the critical parameter p.(G, A) is trivially 0 for
any offspring distribution, because with probability (P(A > 1)p)V! > 0 there
is no completely immune host at all, and every infection produces at least one
offspring. Hence, in the following we always assume that G is an infinite graph.
Our first result states that on any (infinite) graph this critical parameter is

positive for any A that has finite expectation.

Theorem 5.1. For any infinite graph G we have

pe(G, A) > min{l,ﬁ},

where é = 0.
A proof will be given in Section 5.4 and relies on coupling with a subcritical

Galton-Watson process.
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Also, on vertex-transitive graphs we can couple the SIMI with a site percolation

to show that the critical parameter must be positive.

Theorem 5.2. For any vertex-transitive graph G and any offspring distribution

A we have
(G, A) > p(G),

where p.(G) is the critical parameter for a site percolation on G. In particular

pe(Z,A) = 1.

Proof. We recall that in a site percolation on G with parameter p € [0, 1], every
vertex is open with probability p, and for p < p.(G), almost surely there is
no path of infinite length using only open vertices. In particular, this means
that for p < p.(G), almost surely there is some finite 0 € J C V, such that
initially every vertex x € J \ {0} is inhabited by a susceptible host and every
vertex x € V' \ J, for which there is a y € J with graph distance d(z,y) =1, is
inhabited by a completely immune host. Since every neighbor of 7 is completely
immune, a parasite dies when it attempts to leave the finite set J. Thus, the

parasite population dies out in finite time. O

5.2.2 Survival on Z¢

Our main theorems will establish that pc(Zd, A) < 1 for all d > 2 under certain
conditions on A. The proof relies on coupling with a supercritical site percola-
tion.

Our main theorem states the following.

Theorem 5.3. For any d > 2 and A such that A > 1 almost surely and
E[A] > 1, we have
pe(Z%, A) < 1.

As a corollary we immediately obtain the following result for general A.

Theorem 5.4. Let d > 2 and A such that E[A] > 1. Let A be a random variable

that is distributed as A conditioned to be at least 1, and suppose
P(A=0) < 1—p(Z% A).

Then also
pc(Zd, A) < 1.
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5.2.3 Survival on Ty

Similar to Z?, we obtain a phase transition whenever at least one offspring is

generated in an infection.

Theorem 5.5. Let A > 1 almost surely and E[A] > 1 and d > 3. Then
pc(Td, A) < 1.

Using the same argument as on Z%, we will obtain the following.

Theorem 5.6. Let d > 3 and A such that E[A] > 1. Let A be a random variable

that is distributed as A conditioned to be at least 1, and suppose

P(A =0) < 1— p.(Tq, A).
Then also
pc(Td,A) < 1.

For a large degree d, parasites will jump onto a new site still inhabited by a
host most of the time, and hence, the survival will approximately be like that

of a Galton-Watson process. Precisely we obtain the following asymptotic.

Theorem 5.7. Suppose that 1 < E[A] < oo, then

1

Jim pe(Ty, A) = E[A]

5.2.4 Recurrence to the origin

In this section we will investigate for any vertex-transitive graph G = (V, E) the

recurrence to the origin, that is, the probability

In the SIMI on G with initially only the origin O infected,
IG.p, A) = P | offspring distrileted E‘LS A and N
susceptible hosts appearing with probability p,

the origin 0 is visited by a parasite infinitely often

Our main result reads that on any vertex-transitive graph, this probability is 0

for any p < 1 and offspring distribution with finite expectation.

Theorem 5.8. Let G be a vertex-transitive graph, p € [0,1), and A be such that
E[A] < co. Then
(G, p,A) =0.
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Remark 5.2. For the case p = 1, the recurrence of this model on general graphs
is still open. It is known to be recurrent on any Z¢ for d > 1 and any offspring
distribution (c.f. [78]). Also, depending on the offspring distribution, the frog
model can be recurrent or transient on Ty for any d > 3 (c.f. [21]). For almost
surely 2 offspring, it is recurrent on T3 and transient on Tg, but the behavior on
Ty and Ts is not solved (c.f. [22]).

5.3 Construction of the Process

In this section we construct the SIMI on G. Although it is intuitively clear that
the survival probability should be monotone in the parameter p, Example 5.5
shows that we cannot conclude that simply by relying on the monotonicity of
the classical frog model construction. For that reason, we consider two ways of
constructing the model, which were also used in Chapter 3 for similar reasons.
The first approach is the classical way to assign each parasite that enters the
system a label (z,7) € V x N and sample its entire path (Y,*'),>,. We note
that the path (Y,*"),>0 will get sampled for all n > 0 but only be used until the
time that the parasite dies. The second approach will assign each vertex x € V'
sequences (D¥),en of jump directions that a parasite will perform to leave that
vertex after jumping onto it. The two constructions satisfy two different impor-
tant almost sure path properties that will be shown in Lemma 5.4 and 5.6.

To perform the construction, we assume to have a probability space 2 on
which the following independent collections are defined. We assume there is
an i.i.d. collection

U:={U,:z€V}

which are uniformly distributed on (0, 1). For p € (0, 1] we then define
P={l:zeV}={1+c0-1py,5,:x €V}
and we assume there is A € L'(Q;Ny) and an i.i.d. collection
A:={A,:xeV}

distributed as A and independent of U. For the first construction, we assume

an independent collection

Y = {Yx’i::L'E‘/,iGN} = {(Y;’i)nzoil'ev,iEN}
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of simple symmetric random walks on G such that Y% starts in = and is inde-
pendent of A, U for all z € V.7 € N.

To perform the second construction, we assume an independent collection
D:={D;:xe€V,neN}

such that D¥ is uniformly distributed over N, C V, the neighborhood of x in
(G, and independent of U, A,Y for all x € V,n € N.

For ¢ € [1,00] we define the g-norm on Z?

lllq :=

and define for » > 0 the closed ¢-ball
By(w,r) :=={y € Rt [l —y[l, < r}.

For z,y € Z we define the distance d,(x,y) = ||z —y||, and note that d := d; is
simply the graph distance in Z%, i.e., the number of edges in the shortest path
from z to y.

For any finite set J C Z% we define its boundary
0F ={yeZ\J|Fx e J: |z -yl =1}

and set J = J UIJ.

On Ty we note that for any x,y € Ty there is a unique path from z to y and
define the graph distance d(z,y) to be the number of edges contained in that
path. For x,y € T; we say that x > y if y is contained in the unique path from
0 to x. For a finite set J C T, we again define its boundary

0T ={yeT,\J|Fz € J :d(z,y) =1}

and again J = J UJJ.
The state space of the process will be given by tupels

S = {(IJI)

T C V finite,n : Z — NgU {—1, —oo} with
n(Z) € No,n(9Z) € {1, —o0} '

The set Z are the currently infected sites without hosts, and 7 gives the amount

of parasites on each infected site x € Z and the immunity of each site x € 0Z
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that is reachable in one jump from an infected site. For any p € (0, 1] and
initial configuration (Z,n) € S, we will construct the SIMI (Z7,n))i>0 as a
strong Markov process defined on 2 and taking values in S, equipped with the
discrete topology, as well as prove basic properties of the so-coupled processes
for different initial configurations in the upcoming subsections 5.3.1 and 5.3.2.

We specify the following natural type of random initial configurations.

Definition 5.3. Let p € (0,1] and Z C V be finite. The random initial config-

uration (Z,n"9P) is defined as

Ay, weTl

) - .
—IP wedl

The upcoming constructions, however, will be performed for any initial con-
figuration (Z,n) € S.

5.3.1 Parasite-wise path construction

In this subsection we construct the SIMI by assigning each parasite a label and
sampling its entire path at once. We call this the parasite-wise construction.
Suppose there is some initial configuration (Z,n) € S and a p € (0,1]. To
distinguish the two constructions, we will denote the process constructed in
this section by (?{ (Z,n), 7}? (Z,m))n>0- Also, we will not indicate the underlying
graph G = (V, E) on which the process evolves in our notation and always as-
sume that the underlying graph is clear from the context.

The dynamics can be described as follows. We assign each parasite a label
(x,7) € V x N, where x is the location of the parasite and ¢ enumerates the
parasites on the same site x. A parasite with label (x,7) moves along the trajec-
tory (Y,%%),>o until it visits a vertex y € V' that is not yet infected. If I = o0,
the parasite is killed and the label (z,4) is removed from the system, and we no
longer use (Y,7*),. If IP = 1 and A, = 0, then the parasite is also killed and
the label (z,4) is removed from the system, but the site y is added to the set of
infected sites. If [5 = land A, > 1, then the site y is added to the set of infected
sites, the label (z,7) remains in the system, and the labels (y,1),..., (y, A, — 1)
are added to the system as parasites that follow the trajectory (Y%7),sq for
j=1,...,4, -1

We assume that there is some deterministic mechanism to determine the order

172



in which the labels are processed in each time step. For a more formal way of

constructing the process, we refer to Chapter 3.

In the following we make the assumption that A > 1 almost surely. Hence,
the second case in the construction does not appear, and labels of parasites
only get removed if the parasite visits an immune host.

Then, by construction, the i-th parasite that is generated at some site x € V,
follows the path (Y;7*),>o until it visits a vertex y € V'\ Z with I? = oco. Hence,
it is useful to define for any (x,7) € V x N the lifetime and set of vertices visited

by the parasite with label (z,1):

P(I):=if{n>0:Y"" ¢ T and Igﬁ = oo}

z,0

. (5.1)
ngi(l') ={Y"":0<n< 7'572-(1)}.

From the construction it is clear that the set

T2 (L) o= | T(T, o)

n>0

of vertices that eventually get infected when the initial configuration is given by
(Z,n"eP) can be described as follows. A vertex x € V is in Z2 (Z, n*&?), if and
only if x € Z or x € V' \ 7 and for some n > 1 there exist

xg€ZL,ig€e{l,..., Apy} and xq,..., 2, € V\Z, dy,...,ip1 €N (5.2)

with 1 <4, <A, —1forallme {1,...n—1}, z, =z and a1 € V¥ . (I)

Th,lk

for all k € {0,...,n —1}. The following lemma is evident.

Lemma 5.4. Let 0 <p < p <1 andZ C I CV be finite, and suppose that

A > 1 almost surely. Then we have
(T, n"™") C IE(T ™)

almost surely. Also, the event that the parasite population with initial configu-

ration (Z,n"™9P) survives for infinite time is given by the event that
{|IZ5.(Z,n™")| = oc}.
Proof. Because I > I? for all € V, we obtain

r — 7

Tp,z‘ (Z) < sz,/z' (I/)

T
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and thus

Vi) € VI(T)
for all (z,7) € V xN. This already shows the claim, because if = € Z?_(Z, n*&P)\
7’ and

ro € Lig€{l,..., Ay} and z1,...,2, € V\Z, iy,...,i,_1 €N

is a sequence as in (5.2), then, starting at the largest & € {0,...,n — 1} such
that x;, € 7', it is also a sequence that shows 2 € TF (T, nres).

The second claim is trivially true, because 77 (Z), [V2 (Z)| < oo almost surely
for all labels (x,7) € V' x N, which shows the C inclusion, and it takes at least
d(x,y) time steps for the infection to spread from x to y, which shows the D

inclusion. O

To finish this subsection, we give a concrete example that shows that in this
coupling, we can have the process with p survive but the process with p’ die out

if we allow for A = 0 with positive probability.

Example 5.5. We give a realization of Y, U, A on Z? where the process with
a higher probability of susceptible hosts dies out and the process with lower
probability survives.

In the following, each square represents a living host, and each circle represents
a parasite, with their coloring corresponding to their label. The left number in

each host is the value of U,, determining if the host is immune, and the right

number is the value of A,. We follow the infections for the cases p = %1 and
p = %. If a parasite disappears, then it jumped onto a neighboring immune
host. We begin the case of p' = %:
n=_0 n=1 n =2
1 1 1 1 1 1 1
w0l | Y | ol ‘ 0l | ! w0l | !
1 1 1
mE e H e
1 9 1 1 9 1 1 9 1
0 | 0 | 15 0 o | w0 1 15 0 o | 0 | 15 0
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In this case the infection died out after 8 steps. Now we investigate how the
infection behaves with the same parasite movement but p = i, which means the
host in the center is now immune and prevents the green parasite from waking

up the blue parasite early.

S
I
o
S
I
—
S
I
\)

N [—=
—
sl-
[\
N [—=
—
sl-
[\
N [—=
—
Sl
[\
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1 1 1 1 1 1

2 1 10 2 2 1 0 2 2 1 10 2
1 9 1 1 9 1 1 9 1
w0l | [l | [0 w0l | [l | [0 w0l | [l | [0
n==~0 n="7 n==8

n=29

9
nl 0y @

In this case the blue parasite does not die when jumping onto the bottom right
site, because the host on that vertex was already killed by the green parasite.
This blue parasite can now start a new infection and allow for a survival of
parasites. This example motivates the upcoming construction to show that we
can construct a monotone coupling in the parameter p and thus justify the term

of a critical p in Definition 5.7.
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5.3.2 Vertex-wise path construction

In this subsection we construct the SIMI by assigning each vertex a sequence
of directions in which arriving parasites will leave the vertex. We call this the
vertex-wise construction.

The goal is to establish an analog for Lemma 5.4 in the case that A = 0 with
positive probability, which for the previous parasitewise construction is not true
in the case of A = 0 with positive probability as seen in Example 5.5.

Suppose there is some initial configuration (Z,n) € S and a p € (0,1]. For
readability, we drop the reference to the initial configuration and in the follow-
ing just write ZP, n? instead of ZP(Z,n),nP(Z,n). Also, we again leave out the
reference to the graph on which the process is defined, as the construction steps
are analogous for any graph. To perform the proof of Lemma 5.6, we need to
introduce some notation and carry out the construction in a very detailed man-
ner. Informally speaking, at each time step n > 0, we draw an i.i.d. collection
of jump directions, using {D* : x € V,n € N} that each parasite will perform
and then calculate what the new state is after these jumps, according to the
dynamics of the model. For the coupling in Lemma 5.6, we then need to keep
track of which random variables are used exactly to sample the jump directions.

At time n = 0 we set Z§ = T and 7, = 7. Also we define,
TE={(z,i) e T xN:1<i<n(x)}

and the map Nj = ;.
For n > 0 we now define the state of the process at time n + 1. First, we label

the elements
T = {(@ha ) (i, )}

according to some deterministic labeling rule with k,, := #7?. We will perform

these jumps in this order and construct the sequence of states
(Iﬁ,jv ”ﬁ,m 7;1p,j7 Nﬁ,j)jﬂ,--.,kn

that the process is in after the j-th jump at time n given by (a? . ¥ .). Then

n7j ’ n7j

we will set

(I§+1,nﬁ+1,7'f+1,N5+1) = (Ip,knynﬁ,knaﬁknﬂp )

n n,kn,

as the state of the process after all the jumps at time n have been performed.
We begin by defining Z0 , := I8, n, o := 15, T := TP, Ny o := NE. Then for
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P

each j = 1,...,k,, we do the following steps. We use Df"’j to determine the

n,J

destination of the current jump and thus set 3" = D ’” We distinguish be-

n]

tween the following cases:

o y. ;€I ;. The site is already infected. Here we set

v .. =1"

n,j © T Tnj—D
dom(nﬁ,j) C= dom(nﬁ,j_l),
nﬁ,jfl(wﬁ,j) -1, w= xﬁ,j
UZJ(U)) - = nﬁ,jfl(yfi,j) +1, w= yﬁ,j

n(w), else
dom(Ny ;) : = dom(N)

n]l

D P P
N n,j—1 yn,] + 1 =My, W=Yn;

Ny ( else

72]'::(71] lU{yn]7 )})\{( n,j’ n,j)}

® y,; €I,y and m, ; 1 (y, ;) = —1: The site is inhabited by a susceptible

host. Here we set

VA :Igj—l U {yz,j}a

n’-y

dom(n,) : =T
;

Mg () =1 w=a,;
My (w) = A v =,
7 —1I7, w € My, ;1N (Zd\ L 1)
(7,1 (0), else
dom(N2,): = T2,
Npg(w) P = Ayz’j’ v yg’]
Ny (w), else

T = (T O, 1 <0 < Ay D\, i0,))

We note that for this construction we do not need to distinguish between
the cases Ap =0or Ap >1.
n,J n,J
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® y,; €I, ; yand n, ; (y, ;) = —oo: The site is inhabited by an immune

n,

host. Here we set

7] ’ I’r};
nn, 1 ) ) ]‘7 w = xp7
dOHl(UZ,j) = dom(nﬁ,j_l) 77n,] o 1 "
else
Ny = Nnj 1

7;1p,j . Tnpj 1\{< n,j’ n,])}

Finally we set Zp,,, o= 7, i1 = Mk, Tan i= Tk, Noga = Ny, » which
finishes the construction.

It is clear that the processes (ZP(Z,n),n%(Z,n))n>0 and (/Ivﬁ(I, n),%(I, 1)) n>0
have the same distribution, and we now want to show an equivalent of Lemma
5.4 that also holds if A = 0 with positive probability.

Lemma 5.6. Let 0 <p<p' <1, 04T CTI CZ* and suppose A takes values
mn Ng. Then we have

TUZ, ™) € T (T, ™)

for all n > 0 almost surely. In particular we have

U (@ n?) = 0} € [ {#m(Z, n7o7) = 0},

n>0 n>0

where for any n : Z¢ — No U {—1, —oo} we denote by #n the value

Z 1 >077

z€Z?
Proof. For readability we drop the reference to the initial configuration and,
e.g., simply write Z? instead of ZE(Z, n"#") and P instead of ZF'(Z', n*&*"). We
do the same for any other variable in the construction of the process, i.e., for
any variable used in the construction of ((Z¢',n2)(Z', n"&"")),>o we only keep
the sup-index p’ to distinguish between the two processes.
For n > 1 we define the sets

n—1 n—1
_ P p . P’
=y s=J7.

The elements of S correspond to the jumps that happened before time n in the
unprimed process, and analogously Sf;/ are the jumps in the primed process.

We now show by induction that the following conditions hold for all n > 0:
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a) IP C IV

b) NP(x) < NF'(z) for all x € TP.

c) TPCTYuUSYE.
By assumption the induction hypothesis holds for n = 0, since I? > Ig’ for all
zeV.
To perform the induction step, assume that the induction hypothesis holds for
all 0 < m < n. In the construction of the state at time n + 1, we have to go
through each

(xiz,l? ii,l)a ce ($Z7kn7ifz’kn) S 7;;7

and show that the induction hypothesis still holds after performing each of these
jumps. Again, we distinguish between the outcome of each of these jumps,

P
recalling y, ;= D" is the site the jump lands on.
n,Jj

® y,; €10, yandn ; (y, ;) = —1: By c), this jump also occurred in the
primed process, and by the coupling, the host was also already infected
or susceptible. In any case, this means that the jumps {(y; ;%) : 1 <
i < Ay, .} that get added in the unprimed process also got added in the
primed process, and thus a), b), and c) still hold.

° ygj € Iﬁ’jflz By c), this jump also occurred in the primed process. If
even yQ ; € I8, then by a) the site was also already infected in the primed
process. By b), the newly added jump (y, ;, N} :(y; ;) was also added
to the primed process, and hence a), b), and ¢) also hold at time n + 1.
If yb; € I, but not y, ; € ZF, then for some 1 < ¢ < j we had
Yoo € Ih,_ and ), (y, ) = —1. In this case, by c), this jump (=}, ,, 4} ,)
also occurred in the primed process, and by the argument above for the
first case, a), b), and c¢) still hold for n + 1.

° yZ,j ¢ If;j_l and ngj_l(yﬁ’j) = —o0: In this case we have Iij = If;,j_l

and N} . = N, | and only 7,7, gets smaller. Hence the conditions a), b)
and c) trivially hold.

This finishes the induction and shows the first claim. The second claim follows

<oo}.

by noting that we still have

U{#nn:()}:{

n>0

Uz

n>0
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This result may seem like the construction in Section 5.3.1 was not necessary.
However, in the case of A > 1, the fact that the infection can be calculated by

following the sets
Vi) (z,9) € V x N}

is an important feature that the vertex-wise construction in this section does not
provide. The key consequence of this is that in the parasite-wise construction,
the infection that started from some vertex x almost surely is contained in the
infection starting from some vertex y # x after it infected x. In the vertex-wise
construction of this section, this almost sure relation is no longer true, because
if the process was already running when x was infected, we use different parts
of D to determine the jumps than we use if we freshly start the infection at
x. In particular, for the proof of Theorem 5.3, we make use of this feature
of the parasite-wise construction to couple the process with a supercritical site

percolation.

5.4 Proofs of the results

In this section we prove the theorems stated in Section 5.2. First we formally

define the object of interest, the critical parameter p.(G, A), as follows.

Definition 5.7. Let d > 2 and G = (V, E) be a graph, then the value

(G, A) := inf {p € (0,1]:P <ﬂ{#nf({0} C V,n"P) > O}) > 0}

n>0

1s called the critical parameter for the SIMI on G.

Remark 5.8. Note that by Lemma 5.6, the survival probability is monotone in

p € (0,1]; thus p.(G, A) is actually the critical parameter.

Proof of Theorem 5.1. Let p < min {1, ﬁ}. On any infinitely large graph, the
amount of sites visited by a simple symmetric random walk is infinite. Since
completely immune hosts remain in the system forever, and thus each newly
visited site is a completely immune host with probability 1—p > 0, each parasite
will eventually hit a susceptible host and produce 0 offspring or hit a completely

immune host. Say the parasite with label (z,4) hits some host at a vertex
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y € V. Then, if it is the first time that this host is attacked by a parasite,
with probability p the host is susceptible and the parasite generates offspring
distributed as A, and with probability 1 — p the host is completely immune
and no offspring are generated. If the host at vertex v was already visited by a
different parasite than (z,7), then the host has to be a completely immune host,
or else it would have been killed by that other parasite. Hence, in this case no

offspring are generated. This means that the limit
lim
n—o0

is stochastically dominated by the limit

lim &,
n—oo

where (§,)n>0 is a Galton-Watson process with offspring distributed as A with
probability p and 0 else. Since this Galton-Watson process has mean offspring
pE[A] < 1, the claim follows. O

5.4.1 Proofs of survival results

5.4.2 Proofs for Z¢

Proof of Theorem 5.3. For p close enough to 1, we will couple the SIMI with a
supercritical site percolation on Z? such that if there is percolation, then the
parasite population in the SIMI survives. The idea is to find large areas with
only susceptible hosts that will be completely infected if one of the hosts in the
center of that area gets infected. Finding an infinite chain of these areas will
yield the result.

We note that for p = 1, and because A > 1 almost surely, the construction in
Section 5.3.1 is exactly the construction of the classical frog model with random
offspring distribution given by A — 1. For this model, the set of infected sites

satisfies a shape theorem (see [2]). For x € Z¢ we abbreviate

£ = TL({x}, " — §,)

for the set of infected sites in the SIMI at time n with initially only site x
infected and p = 1. We note here that we initially place only A, — 1 parasites

on site x because only those will be added in the system if site z is infected in
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an already running process. Also we note that due to the assumption E[A] > 1
we have P(A > 2) > 0.

Next, we set
d
—z 11
= —., | rye& p.
€n {y+< 5 2} yeg }

Then let § # Ay C BY(0,1) be the asymptotic shape of the frog model with
offspring distributed as A — 1. This means that there is an event B € F with
P(B|Ag > 2) = 1 such that for any w € B and any ¢ € (0,1) there is an
noy = no(w, €) such that

-0

€n(w)

n

(1—¢e)A; C C (1+4¢)Aq

for all n > nyg.
We fix some ¢ € (0, 1), then choose r > 0 such that

ijo(O, 7”) - Ad,

which is possible since Ay is symmetric, convex, and contains more than 1 point
(see |2, Theorem 1.1]), and set

By taking N € N large enough, we can make

Erew)
R(N)

A022>

as close to 1 as we want. By the definition of R(N), the event

O(N):=P ((1 —e)B(0,7) C

-0
Er(v)

(1—e)BL(0,r) C RV)

implies that B4 (0, N) C EOR( ~y- This means that with a probability 6(N) as
close to 1 as we want, the entire ball BZ (0, N) is infected after R(NN) steps.

For the coupling of the SIMI with p # 1 with a supercritical site percolation, we
will make p close enough to 1 (depending on N) such that with sufficiently high
probability, for each x € Z¢ there is a large area Vy(z) around B (x, N) with
only susceptible hosts. Thus, if x is infected, then after R(V) steps, the entire
ball B¢ (x, N) will be infected with probability at least §(V), because the SIMI
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inside V() is just the frog model. In particular, the existence of an infinite
chain of such balls (B (2, N))n>1 with x,,.1 € BL (2, N) implies the survival

of the parasite population. For convenience we assume that N is odd and for
r€ NZ' = {(21,...,24) € Z*: N|x1,..., Nl|zg}

define

1-N N -1

VN(:E):$+ T—R(N),T+R(N):| :Bgo (ZE,N_l

2

+ R(N )) .
We now declare a site percolation on NZ? as follows. We say x is open if
Gi(z):= () {=1}
yEVN(x)ﬂZd

and
Gr(x)== () U {4 =2 BLG,N) C G}
LeF(z) jeLNZ4

where F'(x) are 2d many (d — 1)-dimensional faces of the cube

N 1-N N—-11¢
X .
9 7 9

The event G;(x) N Gr(zr) means that for each face L € F(x) there is a vertex
j € L such that if j gets infected, then in the frog model and, due to the event
G(z), also in the SIMI a sufficiently large ball around j will be completely
infected after R(N) time steps. Clearly G;(x) and Gp(z) are independent for
each z € NZ4. Also, by the independence of I?, we have P(G(z)) = p(N 2R,
and to calculate the probability of Gg(x) we first note that for each face L €

Pl | {4 >2BL0.N) C&u} | =0 -PA=DY )N,

jELNZA

Hence, using that the 2d events in the intersection are trivially 2d-dependent,
using [33, Theorem B26]

1\ 4d
P(Gp(z)) > (1 - (1 — 9(N) (1 _P(A= 1)N“>) ) .
Taking N large enough and p close to 1, we can make

P(Gi(x),Gr(x)) = p
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for any p € (0,1). Next we observe that for any L € F(x), the frog model
started from any j € L cannot leave the set Viy(z) until time R(N), because

parasites can only move to their neighbors in each time step. Hence, if
|r — 2'||oo > N + 2R(N),

then G;(x) N Gp(x) is independent of G(z') N Gp(2'). In other words, the

collection
{]]‘GI(I)vGF(I) ST NZd}

K= (6+ﬁ)d.

In particular, choosing p € (0,1) such that

(1-0-p)%) > piia),

where p’.(d) is the critical parameter of Bernoulli site percolation on Z<, we

is K-dependent with

obtain using [33, Theorem B26| again that with positive probability there is
percolation.

Now, using Lemma 5.4, in the event that O is in the infinite cluster of this
percolation and that the initial parasites in O reach all sites of B (0, %)
before leaving Vi (0), the SIMI will survive for infinite time. As argued above,

this happens with positive probability, and thus we can conclude that
pe(Z4, A) < 1. O

Proof of Theorem 5.4. We define the immunities ]N:f?’ =14 ocoly,sp + 0ol 4, —o.
Using these immunities, only vertices with A, > 1 can be infected, and the
resulting process will be given by the SIMI with p = max{0,p — P(A = 0)}
and offspring distributed as A. Also, this process clearly is dominated by the
original process with offspring distributed as A and immunity probability 1 — p.
Hence the claim follows by Theorem 5.3. O

5.4.3 Proofs for T,

Proof of Theorem 5.5. For x # 0 € Ty we denote by T (z) ={y € Ty : y > z}.
Fix some vertex xg o adjacent to the root 0 and set T} := Ty \ T (x00). For

(x,1) € Ty x N we denote by

W= {Y" .0 <m <n}
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the set of vertices ever visited by the parasite (x,7) up to time n in the case
p = 1, and simply write W, := W%, Also, for any finite connected set J C Ty
with 0 € J we denote by

0 (T) =T\ eTJ|Fye T :y>zx}

the external boundary of 7, that is, the set of vertices from which J can be
left in one jump. We make the following observations: Since a random walk on

T, is transient, we have

e with positive probability the walk never leaves T}, i.e.,

=P <ﬂ{wn C T;}) >0

n>0
e [0.(W,)| is nondecreasing and |0.(W,,)| — oo almost surely as n — oo.

To show a positive survival probability, we construct a supercritical Galton-
Watson process (&,),>0 that is dominated by the SIMI. Initially we set (o = {0}
and &y := [(p|. If for all 1 < i < Ag we have

Wa' ¢ Ty
for some n > 0, then we set (; := 0,& := 0. Else, we let
jro = inf{l <i < Ag|Vn >0: W% € T}}
and set
=0, (W, on)\ e b ey

the external boundary of the set of sites visited by the parasite (0, j10), exclud-
ing the site from which it jumped onto a completely immune host. Again we set
&1 :=|¢1|. We note that by construction we have Tq(z) NT4(y) = 0 for x,y € ¢
with = # y.

For n > 1,if ¢, = 0, we set (.1 = 0 and &,,1 = 0. Else, for each x € (,, we
determine the offspring of x as follows. If A, = 1, then z has no offspring. If
A, >2and forall 1 <7< A, —1 we have

Wi ¢ Ta(x)
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for some n > 1 then x has no offspring. Else, we set
Jnate = inf{1 <i < A, — 1|Vn > 1: W™ € Ty(z)}

and define the offspring of x as

o (Ve (o) [y b et

Tin41,e

Finally we define (,,11 as the union of all offspring of elements in (,, and &, :=
[es1p

Because the exploration for offspring only considers a so-far unexplored subtree,
we obtain that (§,),>0 is a Galton-Watson process. Also, it is clear that by
taking p close to 1 we can make this process supercritical, because the amount
of visited sites [Vy;  ({z})[ has a geometric distribution with parameter 1 —p

and thus goes to oo as p approaches 1. O

Proof of Theorem 5.7. The proof is analogous to [I]. To highlight why this
approach also works in our model, we give the proof here again.

Since by Theorem 5.1 we have p.(T4, A) > ﬁ, it suffices to show that for
any p > ﬁ the SIMI survives on T, for large enough d. For s € N, let
A®) .= Al 4., and note that by monotone convergence E[A®)] — E[A]. Thus,
for s large enough, p > m and it suffices to show that the SIMI on T, with
offspring distributed as A() survives with positive probability. We construct
an auxiliary process (En)nzo that is dominated by the living parasites at time n
and also dominates a supercritical Galton-Watson process. Initially all parasites
on 0 belong to 5). For n > 0 the collection {nﬂ will consist of parasites at
distance n + 1 to the root and will be constructed as follows. We assume some
deterministic rule for the order in which the parasites are treated. Then if a

parasite in En jumps, the following happens:
e If the parasite jumps towards the root, it is removed without offspring.

e If the parasite jumps onto some vertex at distance n+ 1 from the root and
a different parasite has already jumped to that vertex, then it is removed

without offspring.

e [f the parasite jumps onto some vertex at distance n + 1 from the root, it
is the first parasite to jump onto that vertex, and the host on that vertex

is completely immune, then it is removed without offspring.
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e If the parasite jumps onto some vertex at distance n + 1 from the root, is
the first parasite to jump onto that vertex, and the host on that vertex is
susceptible, then any new parasites generated (according to A)) on that

vertex are added to ’{nﬂ as its offspring.

We note that by definition, each vertex can only be inhabited by at most s
parasites in En Also, because offspring can only get generated whenever a
parasite jumps onto a never before visited vertex, the probability for that host
to be susceptible is p, independent of everything else in 51 Hence, (gn)nzo
dominates a Galton-Watson process with mean offspring
d—s
d

E[A®)]p.

This corresponds to the worst case that d — (s — 1) directions are already used
up by the other parasites on the vertex and 1 direction is towards the root,
resulting in at least d — s free directions. Taking d large enough, this can be
made greater than 1 and thus the Galton-Watson process, and hence the SIMI,

survives with positive probability. O

5.4.4 Proof on recurrence

Proof of Theorem 5.8. We will show that, with probability 1, there are only
finitely many vertices H C V, such that the parasites that will be produced if
v € H is infected reach 0. Clearly, using Lemma 5.6, we obtain that replacing
the offspring distribution A by A that is distributed as A conditioned to be at
least 1, will increase the recurrence probability; hence ¥(G,p, A) < J(G, p, g)
For the SIMI with offspring distributed as Z, we can then make use of the
variables defined in (5.1) to study the behavior of the model. We fix some

p€[0,1) and for z € V' \ {0} set

Ro = U V(o)

the vertices that will be reached by some parasite that was activated at z. Also,

we define

Ry = Vi (10}
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the set of vertices visited by the initially activated parasites. Because G is vertex
transitive and in 0 we activate parasites distributed as A instead of just A-— 1,
it follows immediately that P(0 € R,) < P(xz € Rp). We calculate

S B0 € R.) < Y B € Ro) = B[R\ {0}] = E | [ Vi \ (0}

x#0 z#0

<E Z\Vé”i\{o}} = E[AE [|V§,]] < oo

By the Borel-Cantelli Lemma there are almost surely only finitely many x # 0
such that 0 € R,. Hence, 0 is almost surely only finitely often visited by

parasites. O
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Chapter 6
Conclusion and open problems

In this chapter we briefly recapitulate the major results of this thesis and point
out some possible further open questions in the model.

The aim of this thesis was the study of a stochastic infection model that we
introduced, called the Spatial Infection Model with host Immunity, or SIMI for
short. The main focus of this work lied on the SIMI evolving on the integer line
Z and investigating the scale at which parasites invade a given host population.
Also, we briefly discussed the situation of a specific type of immune response on

higher dimensional graphs.

We managed to show that on the integer line Z, the parasite population can
only survive with positive probability, if the average number of offspring pro-
duced in an infection is larger than the mean number of parasites that are needed
to infect a host. If the parasite population survives, it will invade arbitrarily
deep into the host population and eventually infect every host. In particular,
we assumed in our model that the offspring distribution has a finite expecta-
tion. In the continuous time setting, there has been study into the question of
explosion for offspring with no finite expectation (c.f. [5]), i.e., they studied the
probability of creating infinitely many offspring in finite time. This leads to the

following question.

Open problem 1 If we allow offspring distributions, for which the frog
model explodes as in [5] or grows superlinearly as in [6]. Does the introduction
of immunities with similarly large tails prevent explosion respectively slow down

the speed of infection in the SIMI to a linear scale?

190



On the lattice Z? with d > 2 we only showed a positive survival probability
for parasites under a specific assumption on the distribution of immunities, that

is much more restrictive than just an assumption on the expected value.

Open problem 2 How does the process evolve for arbitrary immunity dis-
tributions on higher dimensional Z¢ with d > 2? Which assumptions on this
distribution yield a positive probability for survival of parasites? Given that the
parasites survive, will every (not completely immune) host get infected eventu-

ally?

On the integer line Z, we showed that the speed at which parasites invade
the host population depends on the speed at which the hosts adapt to the par-
asites. Specifically, we showed that if the hosts do not adapt fast enough, the
parasites will invade at least a distance proportional to the time deep into the
host population. Assuming that the hosts adapt even slower, we were able to
show that the invaded distance divided by the time converges to a deterministic
quantity. A key ingredient was the construction of a renewal time point k as in
[16],[15],[13], though we took the stand point of a renewal site R' = r, because
we were not really interested in properties of x besides that it is finite, which is
equivalent to R! being finite. At this time , only parasites that were generated
after k will contribute to the front. We only showed that for a specific initial
configuration, this time is almost surely finite, which established an ergodicity
of the front process (1¢)i>0. In [15] bounds on the second moment of this time
are obtained and assuming the very restricting I < A almost surely, one can
essentially copy the proof of [15], with offspring given by A — I, to obtain a
similar structure in the SIMI. The difficulty that appears in the general setting
lies in the construction of the renewal times. This is done by repeatedly trying
to achieve the renewal event that the front moves linearly fast and none of the
parasites below the front catch up to that linear speed. For a fixed oy > 0, we
can only assure the probability for a renewal event to be at least dg, if we are
at a good site in the sense of Chapter 3 and the parasites that were generated
below the front are also not too close to the front. So, if we want to bound
the number of trials by a geometric distribution with parameter oy, then we

must only allow an attempt for a renewal event if we are in such a good sit-
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uation. However, in case the renewal event is not achieved, we cannot obtain
good bounds on the next time that we are in such a good configuration. This is
because in a failed attempt for a renewal event, the front is moving too slow and
thus it might take untypically long to reach the next good site. During this un-
typical long time, the parasites below the front have had enough time to also be

in an untypical configuration that piles up too many parasites close to the front.

Open problem 3 Can we, for a broader range of I (assuming only finite
moments up to some order), establish moment bounds for the renewal times
k and r,., that will lead to a functional CLT and an invariant distribution of
the parasite population viewed from the front as in [15], or even large deviation

results as in [13]?

Another point of interest was the study of quickly adapting hosts in the
sense of Chapter 4. In this setting, assuming that I is regularly varying with
index a, we were able to show that the invasion distance is not polynomially
above or below the scale t2. In future work with Matthias Birkner, we want to

investigate the following refinement of this fact.

Open problem 4 Is there a stable limit theorem for the front? That is,
does tr—é converge in distribution to some limit law?

To see why such a conjecture is reasonable we apply the following heuris-
tic. The CLT in Theorem 2.18 suggests that for high enough regularity of the
offspring distribution, the infection of hosts with high immunity A > 1 is very
tightly on the scale h2. Using the regularly varying tail of the immunity I, we
have that for large distances M > 1 and small € > 0, the number of immunities
in [1, M] with height at least eM= is roughly Poi(e~®)-distributed. Suppose
that Iy,...,I. are those high immunities in [1, M], where N. ~ Poi(c™®).
Then fk 2 eMa1 and these high immunities appear at a distance on the scale
Q(e*M). To overcome these immunities we need parasites born at a distance on
the scale Q(eM i). Hence it should be reasonable to assume that the infection
of these large immunities is roughly described by the quantity given in Theorem

2.18. That is, t2he infection of the host with immunity I, happens really on a
time scale <£—ﬁ) , each infection is approximately independent and the infection
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time of all hosts 1, ..., N. would be roughly on the scale

(1+0(1)Y <ﬁ> 41 go)ME Y (%) |

C
j=1 H j=1

The independence of infections would suggest that for A > 0 we have

exp (—Ai (%)j] ~ exp (ea (Eﬂ le‘k(i’f] _ 1>)
~exp (7 (7 —1) ) Fexp (—ar%).

Taking M — oo and € — 0 would yield that

E

time to infect all large immunities in [1, M]
Ma

is approximately g-stable distributed. Using the lower bound established in
Theorem 4.5 we can show that in beztween these large immunities the front
moves with speed at least ¢ <5M é) for some ¢ > 0. Hence, the time spend

between the large immunities is roughly given by

M
a2
c <5ME>

In particular, it should disappear in the limit ¢ — 0 and yield that

_ _ 2
=c 2 Ma,

time to infect M time to infect all large immunities in [1, M| T

Ma - M3
where T is a stable subordinator with index §. This would then imply that :—é

is approximately Mittag-Leffner-distributed.
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