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Abstract

In this work, we consider the approximation of exponential linear chirps by partial sums
of a series called fractional Fourier series on [—7, 7]. The chirps belong to an important
class of highly oscillatory functions. Such functions are widely used in radar, sonar and
communication systems.

The approximation of a function using partial sums of Fourier series is a standard tech-
nique in Fourier analysis which decomposes a function into a linear combination of sinu-
soidal harmonics. However, a major drawback in classical Fourier series is that it does
not render itself to the analysis of highly oscillatory functions such as chirps. The ap-
proximation by the partial sums of Fourier series is inadequate to match the fast-growing
oscillations in chirps. The more oscillations present in the function, the more number of
Fourier coefficients are required for the reconstruction.

To overcome this difficulty in an approximation of the exponential linear chirps, we use
fractional Fourier series which decomposes a function into a linear combination of chirp
harmonics. The fractional Fourier series of exponential linear chirps with an optimum
fractional parameter provides the maximum magnitude of fractional Fourier coefficients
of small degree which results into the fast decay of fractional Fourier coefficients of large
degree. Therefore, a small number of fractional Fourier coefficients are required for the
reconstruction of chirps. Moreover, we show monotonicity properties of the fractional
Fourier coefficients for a certain parameter range.






Zusammenfassung

In dieser Arbeit betrachten wir die Approximation von exponentiellen linearen Chirps
durch so genannte fraktionale Fourier-Reihen auf [, 7]. Die Chirps gehoren zu einer
wichtigen Klasse stark oszillierender Funktionen. Solche Funktionen sind weit verbreitet
in Radar-, Sonar- und Kommunikationssystemen.

Die Approximation von Funktionen mittels Fourier-Reihen ist eine Standardtechnik der
Fourier-Analysis, die eine Funktion in eine Linearkombination von Sinus-Schwingungen
zerlegt. Allerdings erweist es sich als Nachteil klassischer Fourier-Reihen, dass sie nicht
so gut geeignet sind fiir die Analyse stark oszillierender Funktionen wie Chirps. Die
Approximation durch Fourier-Summen passt daher wenig zu den schnell wachsenden Os-
zillationen in Chirps. Je mehr Oszillationen in Chirps vorhanden sind, um so mehr
Fourier-Koeffizienten sind zur Rekonstruktion notig.

Um diese Schwierigkeit bei der Approximation exponentieller linearer Chirps zu umge-
hen, benutzen wir fraktionale Fourier-Reihen, die Funktionen in Linearkombinationen
von Chirp-Schwingungen zerlegen. Die fraktionale Fourier-Reihe eines exponentiellen
linearen Chirps mit optimalem fraktionalen Parameter hat die betragsmafig grofiten
Fourier-Koeffizienten mit kleinem Grad und dementsprechend ein schnelles Abklingen der
Fourier-Koeffizienten mit groflem Grad. Deshalb reicht eine kleine Anzahl von Fourier-
Koeffizienten fiir die Approximation von Chirps. Aulerdem werden fiir gewisse Parame-
terbereiche Monotonieeigenschaften der fraktionalen Fourier-Koeffizienten gezeigt.
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Chapter

Introduction

The decomposition of a function into a suitable basis is a classical problem of applied
analysis. Fourier series is a basic example of such an approach. The representation of
a function using Fourier series defined on a finite interval [—m, 7] has been extensively
studied in the literature. The well-developed theory of Fourier series can be found in the
textbooks on Fourier analysis [5], 12} [13] 23] [46] and harmonic analysis [6, 17, 42, [70, [78].

A chirp function (or simply a chirp) is a wave whose instantaneous frequency changes
continuously over time. A function that sweeps frequencies linearly over a specific interval
of time has the form

2T e R\{0}, w € R. (1.1)

The complex function (1.1)) is called a chirp and parameter p is called the chirp rate or
the sweep rate [3]. On the contrary to the chirps, a wave function of the form

eiwat (12)

contains constant frequency w. The complex exponentials (1.2)) constitute a basis for the
space of functions used in the classical Fourier series [46, p. 163].

The English word “chirp” means the sound of a singing bird. Chirps emanate from the
Doppler effect, a phenomenon by which the perception of the emitted frequency of a
wave is altered as a result of the relative motion of the moving body and the stationary
observer. Chirps are often named as Doppler [79] due to this phenomenon. Chirps are
found everywhere in nature and used in communication and echolocation of animals.
Birds, whales and frogs produce whistles in the form of chirps to communicate with each
other. Bats and dolphins use sonar systems to locate food by emitting chirps. Chirps
appear in a number of scientific disciplines [21], 59], for instance, physics, mechanics, vi-
brations, biology and medicine. Chirps have been of great interest in applications [10, [16]
in science and technology such as digital communications, bio-medical, geophysical, radar



and sonar.

Since chirps are very different functions from the classical functions of mathematics, new
methods are required to study such functions. In general, much work has to be done
to find the best tools for the analysis of the chirps [21, 32, 59, [61]. Particularly, from
mathematical point of view, it is necessary to develop methods that can approximate
the chirps efficiently. Fourier series is a commonly used approach for the approximation
of a function on a finite interval. A major drawback of the classical Fourier series is
that it tries to decompose a function in terms of monochromatic basis functions. Chirps,
however, exhibit frequencies that change continuously over time, and the classical Fourier
series is unable to detect oscillating patterns present in the chirps. Hence, the classical
Fourier series is insufficient regarding approximation and provides slow rate of conver-
gence. These disadvantages led to the development of a potential series called fractional
Fourier series (FrF'S) [68] 69].

FrFS is a mathematical generalization of the classical Fourier series. It has a potential
implementation in every field where the classical Fourier series is applied. It possesses
elegant properties and has applications [1I, [0 69] in science, engineering and technology.
In fact, FrF'S enhances the efficiency of the classical Fourier series by using a more gen-
eral parameterized orthonormal basis with an adjustable parameter to expand a chirp
function into a linear combination of such a basis. The parameterized orthonormal basis
used for the decomposition of a chirp function has the ability to reconstruct the chirp
functions efficiently. These chirp basis will be more convenient and efficient which makes
FrFS a robust tool for the analysis of chirps. The partial sums of FrFS provide a very
good approximation using a few fractional Fourier coefficients. Thus, we have a new se-
ries and a new basis which can achieve better performance than the classical Fourier series.

In short, we replace the standard Fourier basis on [—m, 7] given by
{on(t) =€k eZ} (1.3)
with the basis containing the chirp functions
{bralty = 1T red e 7] (1.4)

for 0 < a < 7. The decomposition of a function into a linear combination of Fourier
basis functions (|1.3)) is given by

Zf(k)%(t)y

keZ

with Fourier coefficients

F) = o= [ f@arto) o
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is now replaced by the decomposition of a function into a linear combination of chirp
basis functions (1.4]) having the fixed chirp rate «

Zfa Cbkoz

kcZ
with fractional Fourier coefficients
A 1
k) = 5 [ 5075 (15

for 0 < o < 7. The investigation of the basis ([1.4)) for the approximation of linear chirps
is the primary aim of this thesis.

Remark. The terminology “fractional” used in fractional Fourier basis has nothing in
common with fractional calculus, i.e., with fractional order derivatives and fractional
order integrals. The term “fractional” originated from fractional Fourier transforms where
an equivalent representation of

oz:rg, 0<r<l1

is often considered. For each value of 0 < r < 1, the parameter o can be represented as
a fractional multiple of 7.

The fractional Fourier coefficients are integrals of the form ([1.5)) which involve quadratic
exponentials. Therefore, the FrF'S representation of chirps on a finite interval is limited to
the numerical experiments [14] B0, 68, [69]. Moreover, the integrals can be expressed
in terms of error functions of a complex variable. Since the error functions of a complex
variable are special functions of mathematical physics with no closed form available, it is
more complicated to obtain mathematical proofs with the error functions of a complex
variable. That’s why the mathematical formulation of FrFS on a finite interval has been
less considered so far.

We prove that the approximation of exponential linear chirps by partial sums of FrFS
with an optimal parameter has an advantage over the classical Fourier series. We attempt
to establish a connection between FrF'S concepts from numerical analysis and mathemat-
ical analysis. The results of this thesis will bridge the gap between applications and
well-developed mathematical theory of FrFS.

To sum up, the intention of this thesis is twofold: First, to develop a mathematical
theory of FrFS for the space L?|—m, 7], particularly to study FrFS in the fractional
Fourier parameter domain 0 < a < 7 and prove that the performance of FrF'S with an
optimal parameter gives the best results in chirp approximation, and second, to derive the
properties of fractional Fourier coefficients of exponential linear chirps such as fractional
Fourier coefficients of zero degree, fractional Fourier coefficients of large degree and L?

error in FrF'S expansion of the exponential linear chirps.



4 1.1. Existing Literature

1.1 Existing Literature

The classical Fourier transform has been used for applications in signal analysis and op-
tics for more than hundred years. Recently, it was found the classical Fourier transform
is not efficient for solving certain mathematical problems and its physical applications.
To address deficiency in the classical Fourier transform, fractional Fourier transform has
been introduced. The fractional Fourier transform is a mathematical generalization of the
classical Fourier transform with a parameter a. This transform has ability to solve math-
ematical problems in a more effective way than the classical Fourier transform. Later on,
the concept of fractional Fourier transform has been employed in solving mathematical
problems of signal processing and optics [18] [36], 37).

The prehistory of fractional Fourier analysis starts by the publication of Wiener [57] in
1929 to solve certain ordinary differential equations and partial differential equations of
quantum mechanics. Namias [77] in 1980, unaware of Wiener’s work, reinvented the
fractionalization in Fourier transform to solve ordinary differential equations and partial
differential equations emerging in quantum mechanics from classical quadratic Hamilto-
nian. He regarded the classic Fourier transform as a transform of order one and identity
transform of order zero. Later on McBride [4] developed mathematical theory of the frac-
tional Fourier transform by establishing its its algebra and calculus. Kerr [26] provided
a mathematical framework for the theory of fractional Fourier transform on the space
L?(R) and discussed its applications to partial differential equations. In 1994, Almeida
[45] considered the fractional Fourier transform as a rotation of the time-frequency plane.

The research on fractional Fourier transform and its applications [I8, 37, B8, [75] gained
momentum in 1990’s, and it is still proceeding. A cutting edge textbook on fractional
Fourier transform written by Ozaktas is [36]. The fast computation techniques of the
discrete fractional Fourier transform are given in [22], 35 [63]. A lot of research papers on
fractional Fourier transform and its practical applications are available in the literature
[3, 24, [66), [67].

In comparison to the fractional Fourier transform, very little literature currently exists
about FrFS expansions of chirp functions. There are a few research papers that show
recent attempts on FrFS and its applications. Pei et al. [69] introduced fractional Fourier
basis and FrFS expansion of linear chirps. The generalization of FrF'S to the chirps with
an arbitrary central frequency was pursued by Barkat and Yingtuo [I4]. They proposed
shifted fractional Fourier basis under the topic of modified FrFS. Yu [30] performed nu-
merical simulations of Gaussian chirp signals by using FrFS expansions. The analysis
of chirped pulses with fractional order Fourier series was given by Coetmellec [68], and
Brunel [50] 51] did fractional order Fourier series analysis of ultra-short pulse character-
ization and SPIDER interferograms.

The Gibbs phenomenon and its resolution in one dimension using the inverse method was
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presented by Zhu et al. [39,[40] whereas Ding and Zhu [52] discussed the two-dimensional
Gibbs phenomenon and its resolution. The relation between FrFS and fractional Fourier
transform was established by Candan [15].

1.2 Outline and the Results

We provide an outline of this thesis and a short overview of the main results. The detailed
information is given at the start of the respective chapter.

Chapter |2 provides an introduction to chirps and exponential linear chirps. We recall
some of the well-known properties of the orthonormal basis of the Hilbert space L?[—, 7]
and completeness of the Fourier system. We introduce FrFS for the space L?*[—m, 7] of
square integrable functions. Key results include completeness of the fractional Fourier
system and uniform convergence of the FrFS.

In Chapter 3, we derive an estimate for the error function on the complex plane including
a method to split the error function into real and imaginary part. We provide the asymp-
totic expansion of generalized error functions and derive an estimate of the remainder
term.

The main chapter of the thesis is Chapter 4] where we prove new inequalities related to
fractional Fourier coefficients of exponential linear chirps. We prove rigorously that by
adjusting the fractional Fourier parameter to a certain value, we obtain optimal FrFS
which approximates the linear chirps efficiently.

We describe the problem of finding the optimal fractional Fourier parameter as follows:
The approximation of a chirp function of the form

Ft) = () = 0Nt [, (16)

defined for all v > 0 and p € RT, using the partial sums of classical Fourier series
provides all Fourier coefficients of small magnitude. Therefore, a large number of Fourier
coefficients are required to reconstruct the chirp . On the other hand, when the
chirp function is approximated by partial sums of FrFS with a certain fractional
Fourier parameter, fractional Fourier coefficient of zero degree has the maximum value
and fractional Fourier coefficients of large degree rapidly go to zero. Consequently, a small
number of fractional Fourier coefficients need to be computed to obtain an accurate
approximation of the chirp . The optimized fractional Fourier parameter occurs
when oscillating pattern of the chirp , i.e., mp matches with the oscillating pattern
of the fractional Fourier basis functions (|1.4)), i.e., %COt «. More precisely, we write the
condition

—cota = mu,
2 T
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which leads to the following relation

1
o = arctan (2—) (1.7)

T

The optimal parameter can be found for every value p. An important property of
fractional Fourier coefficients with the optimal fractional Fourier parameter is the faster
decay of the fractional Fourier coefficients for the chirp functions. The benefit of using
such expansions to approximate a chirp function is the better convergence of FrFS com-
pared to the classical Fourier series. Moreover, the convergence is uniform on [—m, 7] and
no Gibbs phenomenon on the boundary of the interval is observed.

In this chapter, we propose an approximation of exponential linear chirps by the partial
sums of FrFS. To show the benefits of the proposed approximation, we derive new in-
equalities concerning fractional Fourier coefficients of the exponential linear chirps and
its relationship with the optimal parameter a*. We describe the proved results as fol-
lows: We prove the maximality of the absolute value of the fractional Fourier coefficients

fa(O)’ with the optimal fractional Fourier parameter o* in the following theorem.

Theorem 1 Let
f(t) = f1(t) = e 0T € [~ 7]

be an exponential linear chirp defined for given v > 0 and p € R*. Then for all a with
0<a<Fand a# o, we have

for O] >

fa0)].

fal®)]

We prove the minimality of the absolute value of the fractional Fourier coefficients

with the optimal fractional Fourier parameter o* in the following theorem.

Theorem 2 Let
f(t) = fot) = e ™OTE -t e [—x 7]

be an exponential linear chirp defined for giveny > 0 and pn € RT. There exists N(y, p) €
Ny such that for all |k| > N (v, u), we have

~

for ()] <

folk)|

on 0 < a < 5 when a # o, where a* is the optimal fractional Fourier parameter given

in ([L.7).
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We consider the topic of monotonicity of fractional Fourier coefficients over a domain D
given by

]_ ﬁ 3 3.N\2
D= Ly > — < Y1 (e ™1)? — G4n2 1.
{(%u) V25 0<ps g (Ae +\/(Ae ) 6%7)}, (1.8)

™

2 2
2/ 272
A:(l_f_ej).

where

T2
We prove that for all (v, ) € D, fractional Fourier coefficients of zero degree and frac-

tional Fourier coefficients of large degree are monotone. The domain D is illustrated in
Figure |1.1]

400

300

200 |

100 - D

Y

Figure 1.1: The region plot of the domain D for % <~v< % and 0 < p < 400.

The following theorem proves that for all (v, ) € D, the fractional Fourier coefficients
fa(O)’ are monotone decreasing on « > «* and monotone increasing on a; < a < a*,

where 0 < oy < o*.

Theorem 3 Let
F(t) = fi(t) = eT™OTE ¢ g [—x 7]

be an exponential linear chirp defined for given v > 0 and u € R*. Let (v, ) € D given
in (1.8). Then there exists oy = ay(7y, pu) such that

faR(O)‘ > ‘fﬁR(O)‘ Jor o <ap<pPr< g

faL(O)‘ for oy < B <o <a’,

~

f0)] <

and
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where 0 < a; < a* and o is the optimal fractional Fourier parameter given in ((1.7)).

The following theorem proves that for all (v, ) € D, the fractional Fourier coefficients

fa(k)‘ for |k| > N(~, ) are monotone increasing on « > «* and monotone decreasing

on o < a < o, where 0 < ay < a*.

Theorem 4 Let
f(t) = fut) = e ™OTE -t e [—x 7]

be an exponential linear chirp defined for given v > 0 and u € R*. Let (v, ) € D given
in (1.8). Then there exists N (v, ) € Ng and oy = ay (7, 1) such that for all |k| > N (v, p)

foulB)| <[ Fon®)] for o <an<pa<?
fOZL(k>‘ for a1 < B <ap <a’,

N

fau ()] >

and

with 0 < a1 < o, where a* is the optimal fractional Fourier parameter given in ((1.7)).

Finally, we draw conclusions and outline directions for future research. Throughout the
whole thesis, we use Mathematica 11.3 to plot graphs and perform numerical calculations,
especially the ListContourPlot with the monotonicity domain D.

Remark. When considering the results on the domain D, Theorems 1 and 2 are corol-
laries of Theorems 3 and 4 respectively.



Chapter

Chirp Functions and Fractional
Fourier Series on L?[—, 7]

To give the essential background of this thesis, we provide a mathematical overview of
chirp functions and FrFS for the space L?|—, 7] of square integrable functions. We start
with the mathematical introduction to the chirps and exponential linear chirps in Section
. We present an overview of the orthonormal basis in Hilbert spaces L*[—m, 7] and a
well-known theorem on completeness of the Fourier system in Section We provide an
introduction to fractional Fourier analysis and fractional Fourier system in Section [2.3]
This section also addresses the orthogonality and completeness of the fractional Fourier
system. Finally, we define FrFS for the space L?|—m, 7] of square integrable functions
and prove its uniform convergence.

2.1 Chirps

A chirp function [2] 60] is a function that sweeps all frequencies through a specific interval
while it progresses in time. Mathematically, the functions which are highly oscillatory
are commonly known as chirps.

Definition 2.1.1. Chirps are the functions of the form
F() = AP, t € [, 7], (2.1)

where A(t) > 0 for all t € [—m, 7] is an amplitude function and p(t) € R is a phase
function. The phase p(t) has fast oscillations and the amplitude function A(t) is a smooth
function with slow variations as compared to the phase p(t).

In Definition [2.1.1} the slow variation conditions [21} 9L [7T] need to be more precise by

the following inequalities
‘ A'(t)
A()p/(t)

()]
()’

9

‘ < 1 and <1, A(t) >0, p'(t)#0.



10 2.1. Chirps

Definition 2.1.2. The instantaneous frequency of the chirp f is defined by

1

wit) = 5-'(t). (2.2)

When a chirp oscillates with the instantaneous frequency w(t) > 0, then the chirp is called
up-chirp. In case w(t) < 0, the chirp is down-chirp. If one of the functions A(t) or w(t) is
not constant, then the chirp is a non-stationary complex sinusoid [I9]. Moreover, a chirp
is an amplitude modulated chirp when the amplitude function A(t) to be non-constant
whereas the chirp is a frequency modulated chirp when the instantaneous frequency w(t)
to be non-constant. We consider the chirps which are both amplitude modulated and
frequency modulated, i.e., both A(f) and w(t) to be the functions of time ¢.

2.1.1 Linear Chirps

There can be many types of chirps such as linear chirps, quadratic chirps, hyperbolic
chirps and trigonometric chirps. A detailed discussion of the mathematical concepts of
the chirps can found in [20} [72, 80]. We are mainly interested in linear chirps that can
be defined as follows:

Definition 2.1.3. A chirp of the form ([2.1) is called a linear chirp if the phase function
p(t) is a quadratic function

p(t) = 21 (%ﬂ + ot + MO) . (2.3)

In (2.3), the parameter us is called the chirp rate, p; represents central frequency and
1o is phase offset defined at the temporal center ¢ = 0 of a pulse of length 27. Applying
(2.2) to (2.3), the instantaneous frequency swept linearly in time is given by

w(t) = pat + pia.

2.1.2 Exponential Linear Chirps

Since the human perception of sound intensity is recognized as a logarithmic function, so
A(t) is taken as a real exponential function which produces a compact representation of
the linear chirp [74, p. 4]. For exponential linear chirps, we replace A(t) by an exponential
function of the form

Aty =™ ~4>0,
and p(t) by leading term of quadratic polynomial of the form
p(t) = —mut®, e R\{0},
then the chirp is called an exponential linear chirp, denoted by f¥(t), given by

Ft) = fr(t) = e mortr, (2.4)
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Chirps have been extensively studied on the real line in the context of the fractional
Fourier transforms [11 32), 61], [62] 67]. The analysis of chirps over a finite interval, that
is, to chirps over [—m, 7] has been less considered. In this thesis, we study chirps of
the form over the finite interval [—m, 7| in the context of FrE'S. The graph of an
exponential linear chirp is shown in Figure [2.1

it | | I

0.0 0.0

- —g 0 f s -1 —f 0 f s
(a) (b)

Figure 2.1: For v = 0.01 and p = 2, the graph of chirp function fﬁ(t) on —t <t <,
(a) the real part, and (b) the imaginary part.

2.2 Orthonormal Basis in Hilbert Space

The space we consider is the Hilbert space L?[—, 7] of square integrable complex-valued
functions f that satisfy

/_7r |F()7 dt < oco.

For two complex valued functions f and ¢ in L?[—7, 7], we define the inner product
between f and g to be

Fe9)tnm = 5= [ 050 b (2.

where ¢(t) is the complex conjugate of g(t). Moreover, the norm of f to be associated is

L[ :
liem = (5 [ 17OF a0) " = (0%

—Tr

N

An essential system of functions is the system of harmonic complex exponentials given
by

{gpk(t) =M ke Z} . (2.6)

Theorem 2.2.1. The system of functions (2.6) forms an orthonormal basis for the
Hilbert space L*[—m,7].

Proof. The proof is a standard result in Fourier analysis [65] p. §]. |
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2.3 Fractional Fourier Analysis

This section provides a brief introduction to FrFS for the Hilbert space L?[—n, nr]. First,
we define fractional Fourier system and prove its completeness. Then we give an overview
of FrFS, and show limiting behavior of fractional Fourier coefficients. In the last part,
we prove uniform convergence of FrFS.

2.3.1 Fractional Fourier System

Now we discuss a vital system, called fractional Fourier system, which deals with mixed
time and frequency components. In fractional Fourier analysis, a function is decomposed
into a linear combination of chirp basis functions with a fixed sweep rate determined by
a, where 0 < a < 7. The domain 0 < a < 7 is called fractional Fourier parameter
domain. The chirps play the same role in fractional Fourier analysis as sinusoids in
Fourier analysis.

Definition 2.3.1. Let 0 < a < 7 be the fractional Fourier parameter domain. A
collection of functions

{bra(t) : k€ Z} (2.7)

is said to be a fractional Fourier system for the space L?[—, 7], where each function
Or.a(t) is given by

42 .
¢k,a(t) — e—l% cotozelkt7 t e [—7‘(‘,71’],

The system of functions (2.7) forms an orthonormal basis for the space L?[—m,7]. We
prove the following theorem.

Theorem 2.3.1. Let 0 < o < % be the fractional Fourier parameter domain. For all
k € Z, the complex valued functions

~t2 .
¢k,a(t) — 6717 cotaelkt7 t e [—71'77'(']
constitute an orthonormal basis for L*|—x, |, which we will call fractional Fourier basis.

Proof. The orthogonality of the functions ¢ .(t) can be proved by simple calculations
using the inner product defined in (2.5)

<¢l,a7¢m,o¢> = % B gbl,a(t)gbm,a(t) dt. (28)

Substituting ¢; . (t) and ¢y, (t) into (2.8), we have

1 4 't2 l 't2 .
(Drar Prma) = _/ e lT cotaglit i cotag=imt 4

2 ) .

1 [
= —/ M dt = 6, 1, m € N,
2m

—Tr
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where 9;,,, is Kronecker delta function

5 = 1, for [ =m,
b 0, for I # m.

Therefore, the system {¢y . (t) : k € Z} is an orthonormal system in L*[—m,7]. Its still
remains to prove the completeness of the system {¢y o (¢) : k € Z}. For f € L*[—m, 7], we
shall show that (f, ¢r.) =0 for all k € Z implies f =0 a.e.

Suppose (f, ¢rq) = 0 for all k € Z. Then

2

) = (1o = (g, o) = (g o)

where
and

constitute a basis for L?[—, «r]. Since the Fourier system {¢y}, ., is complete, we write
g =0 in L?[—7, 7] or equivalently g = 0 a.e. From (2.9), we conclude f = 0 a.e. |

The fractional Fourier basis is a generalization of Fourier basis and has some essential
properties. The parameter a in ¢ (t) is called fractional Fourier parameter with the
fractional Fourier parameter domain 0 < o < 7. One of the most interesting properties of
the fractional Fourier basis functions is the adjustment of the fractional Fourier parameter
a to some suitable value. By selecting an appropriate value of the fractional Fourier
parameter «, the functions in fractional Fourier system are sinusoids or impulse functions.
Figure illustrates the fractional Fourier basis functions.

1.0F 10

051

o
o
o

0.0

X 0.0
-051 \/ \/ -05} \
10 -10f

z us -JT m

2

o _z 0

M;
N

(a) (b)

Figure 2.2: For k = 10 and a = §, the graph of chirp basis function ¢ (t) on —7 <t < m;
(a) the real part, and (b) the imaginary part.
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2.3.2 Fractional Fourier Series

In comparison to the classical Fourier series, there is a possibility to develop a series called
fractional Fourier series (FrFS) [50, [68], [69]. The FrFS is an important extension to the
classical Fourier series. We introduce the FrF'S for the space L?|—, 7] of square integrable
functions. Let 0 < o < 7 be the fractional Fourier parameter domain. Consider a
function f € L?*[—, 7| and the fractional Fourier basis

{Oralt) : k€ Z} (2.10)

on [—m, x|, then the fractional Fourier coefficients

{fra®) :k ez}
of f with respect to (2.10]) are defined by

Fall) = (£ 600) = o [ FOF e

where (.,.) is the inner product defined in (2.5). The FrFS of f with respect to basis
(2.10) is the series given by

= falk)dralt) (2.11)

keZ

The N-th partial sum, Sy (), of the fractional Fourier series is

Snalt) = > fa(k)gra(t), N €N

[k|<N

The fractional Fourier coefficients fa(k) are orthogonal projections of f onto fractional
Fourier space spanned by ¢y o(t) for |k| < N. Therefore, Sy, is the orthogonal projection
of f onto the fractional Fourier space of order N

Fyo =span{¢;o(t) : [k]| < N}.

To approximate a function by the partial sums of FrF'S, the fractional Fourier coefficients
fa(k’) can be computed for each value of « in the fractional Fourier parameter domain
0 < a < 7. In practice, selection of the fractional Fourier parameter o has a number of
consequences for the FrFS defined in . For instance, in case of exponential linear
chirps, there is one specific fractional Fourier parameter for which the series converges
rapidly. Thus, the process of decomposition with such a parameter will be of particular
interest in chirp analysis. The investigation of a fractional Fourier parameter which can
reconstruct the chirp functions with the least error is an emerging problem. There have
been some efforts to search the optimal parameter [16], 68, [69]. We discuss this topic in
detail in Chapter [4

Remark. The FrFS can be regarded as a family of series {F,} indexed by a parameter
a with 0 < a < 7 such that Fz = F(¢) is the classical Fourier series.
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2.3.3 Limiting Value of Fractional Fourier Coefficients

Now we examine the case @« — 07 to gain more insight into the limiting behavior of
fractional Fourier coefficients. We prove the following theorem.

Theorem 2.3.2. Let 0 < a < 7 be the fractional Fourier parameter domain. For

f € L?|—n,w] and k € Z, we have

lim fa(k) = 0.

a—0t
Proof. The fractional Fourier coefficients of a function f € L?[—, 7] are given by

1 )
2 f( ) 1—Cota —1kt dt + _/ f 1 Cotae—lkt dt
m

=1 ,(a ) + I ().

Ja(k) =

Let us consider the integral
1 " iﬁcotoa —ikt
Ii(a)=— [ f(t)e'z %™ dt. (2.12)
2 Jo

Let gi(t) = f(t)e ™, where k € Z and 8 = § cot . Then the integral (2.12)) becomes

1

I(B) = o /0 ' gr(t)eP dt. (2.13)

We use substitution method to simplify the integral (2.13)). We set t* = u which gives
dt = f The integral - ) becomes

R =L [ g g,

2 2\/u
For cach k € Z, the function %04 f ) € L'[0, 72]. Therefore, by Riemann- Lebesgue Lemma

[49, p. 18], the integral I.(5) — 0 as 8 — oo or the integral I, (o) — 0 as a — 0.
Similarly, we can show I_,(«) — 0 as a — 0. Hence

Theorem [2.3.2] shows that fractional Fourier coefficients exist only within the fractional
Fourier parameter domain 0 < a < 7.
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2.3.4 Uniform Convergence of Fractional Fourier Series

The completeness of the fractional Fourier system implies that for a continuous function
f on [—m, 7], the FrF'S for f converges to f in the mean square sense. For given o with
0 <a <75 and e > 0, there exists N(e, ) such that

1 ™
o | @)= Sna(z)]? dz <e foralln > N,
™ —T

and Parseval’s equation holds

o [ l@F 4=

2

The mean square error is defined as

(% | 1w - sxaF dac)é = 11f = Swall, = | 3 |futh)]

|k|>N

We discuss the uniform convergence of the FrFS. The most straightforward criterion for
uniform convergence of the functional series is the Weierstrass theorem. We prove the
uniform convergence of the FrFS in the following theorem.

™

Theorem 2.3.3. Let 0 < a < 7 be the fractional Fourier parameter domain. Let f
be a continuous function on the interval [—m, 1] such that f(—n) = f(7) and that f' is
piece-wise continuous. Then N-th partial sum of the FrES of f, converges uniformly on
[—7, 7], i.e.,

max lf(t) = Snal(t) =0 as N — oo.

Proof. First, we establish a relation between the FrFS and the classical Fourier series of
a continuous function f. Let F, be the FrFS representation of a function f given by

=5 falk)oral® (2.14)

kEZ

where the fractional Fourier coefficients are
1 i w2 )
2—/ fu)els taemiF gy, (2.15)
7T —T
Substituting (2.15)) into (2.14)), we get

1 & L2 . 2 .
J—"a(t) = Z (%/ f(u)e’T cot o, —iku du) e—l% cot v ikt

kEZ

—i—t2 cot av 1 " —iku ikt
—_— 2 —_ d
=e E (2 /_7r g(u)e u> e,

keZ
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where

2
it cota

g(u) = f(u)e'= for we [—m, 7.

The function g(u) is an intermediary function. Since the derivative of f exists, the
derivative of g exists as well. Let g(k) be the Fourier coefficients of the function g, then

.42 . 42
fa(t) _ e—l% cot o Zg(k)elkt _ e—l% cota]:(t)7
keZ

where

is the classical Fourier series of g. The uniform convergence of the classical Fourier series
of the function g is a standard result in Fourier analysis [41, p. 225]. Now we prove the
uniform convergence of FrFS of f, i.e.,

lim max |f(t) — Sya(t)| = max |f(t) — Fa(t)]

N—oo —n<t<m —n<t<m

— max |f(t) — 7T O F(H)] = 0.

—r<t<m

Hence, the partial sum Sy ,(t) converges uniformly to f(¢). |



Chapter

Estimates of Error Function and
Generalized Error Function

In this chapter, we prove some critical inequalities related to error functions of a complex
variable and derive the asymptotic expansion of generalized error functions. In Section
3.1, we define the error function of a complex variable and its complement. In Section
3.2, we give an overview of the Landau symbol and define asymptotic series expansion.
Further, we give the asymptotic expansion of the error function of a complex variable.
We separate the error function into real and imaginary part in Section [3.3] We obtain
estimates of the absolute value of the error function of a complex variable in Section
3.4 Moreover, we prove some critical inequalities involving real and imaginary part of
the error function. We define generalized error functions in Section Further, we
simplify the complex exponential integrals which result into generalized error functions.
Then we list some properties of generalized error functions. In the last part, we derive
the asymptotic approximations of generalized error functions and error estimates of the
remainder terms.

3.1 Error Functions on Complex Plane
The error functions belong to an important class of special functions of mathematical

physics which have integral representations. The error functions of a complex variable
play an important role in applied mathematics, physics and engineering problems.

Definition 3.1.1. The error function of a complex variable is defined by

erf(z) = %/0 e du, zeC (3.1)

for an arbitrary integration path in the plane z = x + iy.

The graph of the error function of a complex variable is shown in Figure [3.1}]

18
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Re(erf(z))
Im(erf(z))

Figure 3.1: The error function of a complex variable on —7 < x < 7 and —7 <y < T;
(a) the real part, and (b) the imaginary part.

The error function has the following properties:
i) The error function is zero at origin, i.e., erf(0) = 0.
ii) For all z € C, the following symmetry relations are satisfied

erf(—z) = —erf(z) and erf(z) = erf(2).

iii) The limiting value of the error function is given by [48, p. 298]

lim erf(z) =1 in the sector |argz| < %
Z—r00

There is no closed form available for the error function. Since erf(z) is an entire function,
it can be expanded into a convergent power series for all values of z. We expand e’ by
its power series, and from term by term integration yields the power series expansion
of the error function

)k 2k+1

2 = (—1)kz
f(z) = — E —_ < 0.
erf(=) = = 2 KRk + 1) 2] < o0
Definition 3.1.2. The complimentary error function of a complex variable is defined as

2 <2
erfc(z) = — e du, ze€C,
7

™

where the path of integration is subject to the restriction argu — ¢ with |0] < 7 as

u — oo along the path [48, p. 297].
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The graph of the complementary error function of a complex variable is shown in Figure
0.2l

Figure 3.2: The complementary error function of a complex variable on —7 < x < 7 and
—m <y < (a) the real part, and (b) the imaginary part.

The complementary error function has the following properties:
i) The complementary error function follows symmetry relation

erfc(z) = erfe(z), for all z € C.

ii) The relation between the error function and the complementary error function is

erfc(z) = 1 —erf(z), forall z € C.

Further details on error functions and its complement can be found in the textbooks on
special functions of mathematical physics [27), 31, 48], 53], 56].

3.2 Asymptotic Expansion

This section is devoted to an introduction to the asymptotic expansion of the functions of
a complex variable. Further we provide the asymptotic expansion for the error function
of a complex variable and estimate of the remainder term.

Poincaré introduced the theory of asymptotic expansion in 1886. This asymptotic ex-
pansion provides a way to deal with divergent power series the same way as convergent
power series. We consider an infinite series (convergent or divergent) which describes a
function asymptotically in a neighborhood of a limit point of the function. Thus, any
partial sum of the series yields a very good approximation of the function with an error
of the order of first neglected terms. The error in approximation is denoted by O and o
symbols introduced by Landau. We follow the definitions and notations given by Erdélyi

[7], Copson [25], Bleistein [53] and Wong [64].
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Definition 3.2.1. Let S be a sector, 0y < argz < #1, in the complex plane. Let f and ¢
be two complex valued functions defined on S. Let zy be a limit point of S. We write

f(z) =0(g9(2)) asz— 2

if there is a constant C' > 0 and a neighborhood U of z; such that for all z €e U NS

[f(2)] < Clg(2)].

f(z)

In other words G

is bounded or f is of order not more than g.

~

We also write

f(z) = olg(2)) asz— 2z

if there is a constant § > 0 and a neighborhood U of z, such that for all z € UN S
()] < 0lg(2)].
z)

In other words % approaches zero or f is of order less than g.

To define asymptotic series expansion of a function, we need to describe the asymptotic
behavior of a function in terms of an asymptotic sequence.

Definition 3.2.2. Let S be a sector, , < argz < #;, in the complex plane. Let
{Yx : k > 0} be a sequence of complex valued functions defined on S C C of the complex
plane. Let zy be a limit point of S. The sequence of functions {¢y : £ > 0} is said to be
an asymptotic sequence if for every k > 0

Uri1(z) = o (UVr(2))  as z — 2.

The series formed by the asymptotic sequence with complex coefficients is an asymptotic
series expansion.

Definition 3.2.3. Let {¢) : £ > 0} be an asymptotic sequence of functions as z — zp.
The series

Z di(2)

is called asymptotic series expansion of f as z — zg if for every value of N > 0

F(2) =) diton(2) + 0 (¥n(2) asz— z. (3.2)
The function which possesses asymptotic series expansion is written as

f(z) ~ dez/;k(z) as z — zo.
k=0
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We write (3.2) as

=

1) = S den(2) + O (dn(2) s = 2,

b
Il

where the partial sum

i

di(2)

0

i

is an approximation to f(z) with an error of order O(v¥n(2)) as z — 2. This means the
error is of the same order of magnitude as the first term neglected.

Remark. The Poincaré asymptotic expansion of f(z), if exists, is unique. The coefficients
are uniquely determined by [53] p. 16|

1

1 =
o ) (f(z) - dk%(z)) :

anN = lim
k=0

Definition 3.2.4. Let S be a sector, 0y < argz < #;, in the complex plane. Let f and ¢
be two complex valued functions defined on S with g # 0 in a neighborhood of z; except
at zo. We say f(z) is asymptotically equivalent to g(z) # 0 if

lim /(z)
2=z g(2)

=1.

Definition 3.2.5. The first non zero term in djy(2) is called dominant term. We write

f(z) ~dibp(z) as z — 2.

This shows that f behaves like 1, at 2.

3.2.1 Asymptotic Expansion of Error Function

The efficient computation of error functions of a complex variable is an active area of
research [34, 43| [73] [76]. There are various methods available for the computation of
such functions to high accuracy. The power series expansion of error functions is useful
for small values of z. As the values of z are growing, the power series expansion has
slow convergence. Therefore, the asymptotic expansions are more practical significant
for large values of z. The fast computation of the error function can be obtained by using
the asymptotic expansion of the complementary error function in the relation

erf(z) = 1 — erfe(z).

The asymptotic expansion of the complementary error function is given in the following
lemma.
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Lemma 3.2.1. The asymptotic expansion of the complementary error function as z — oo
on the sector 0y < argz < 6, of the complex plane is given by [54), p. 39]

erfc(z) = j\/; (ji; G)l (;—21)[ +en(z)) ;

where the error term e,(2) is bounded [28, p. 111] by
1 —-1\"
2/, \ 22
1 —1\"
2).\ 22
1\ [(=1\" [~ _, £\ e
0-(3), () [ ()

is of order O(z™™) as z — oo in |argz| < qm with ¢ < 1.

for |argz| <

bo|

len(2)] <

7r
csc(argz)  for 5 <argz < .

The remainder

Remark. In Lemma |3.2.1|, the symbol (%)n is called the Pochhammer symbol. Its value
3

is given by |44 p. 16
1 (2n)!
(i)n TR = 0.

3.3 Real and Imaginary Part of Error Function

Let
erf (m/a - ib) . a>0,beR (3.3)

be an error function with the square root v/a — ib evaluated for principal values. We
separate the error function of the form into real and imaginary part in terms of real
line integrals with the oscillating integrands. The real and imaginary part of the error
function (3.3]) can be evaluated by numerical computation.

Lemma 3.3.1. Let

erf <7T\/CL — ib)

, , b>0 3.4
mva —1b ¢ (34)

be splitted into real part

2 [t s
I. = —/ e cos (br*u?) du
v (o)
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and imaginary part

I, *u? sm b7r2u du
=L )

respectively. Then both I. and I are positive.

Proof. For a complex variable z, the error function

erf(z / —u?
T

can be considered as a line integral in the complex plane. Since the error function is an
entire function of a complex variable, there can be different paths [8, p. 282] chosen to
execute this line integral in the complex plane. If we select a linear path from v = 0 to
u = z, the complex error function can be written in the form [44, p. 407]
2z ! 2,2
erf(z) = — [ e du.
VT Jo

The line integral representation of the error function (3.4)) is

erf (mv/a — ib) 2nva—ib (! o~ (a—ib)u?

= du. 3.5
ma —1ib /T a — ib (3:5)
Using Euler’s identity
o ™ (amibu? _ o—amtu? g (b7r2u2) +iem v gin (b7r2 2)

the error function in ({3.5)) is written as a sum of real and imaginary part

erf (7T\/CL — ib) 2 1 2,2
= — e~ cos (bru? du+1—/ sm b7r2u du
a1 V7o ( )
= 1. +1il;.

Now we prove that both integrals I. and I, are positive.

The integral I,

Let I., be an integral over successive intervals ((4n +3)5, (4n + 7)%) for all n € Ny
given by

(4n+7)Z
I, :/ Tt g, (3.6)
( Vv

an+3)5
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We prove that I.,, > 0 for all n € Ny. We write the integral (3.6) as

(4n+5)T (4n+7)T

_a, COSUV _a, COSUV
Ic,n:/ e v’ dv—l—/ e v’ dv
(4n+3)5 Vo (4n+5)% Vo

_ (4n+5)3 4,008 (n+5)3 2 (um 0S(0 + 7)
e dv + e — dv
(4n+3)% VU (4n+3)T Vot

/(4n+5)§ ey (cosv _a, COSV )
= e v | — —e o dv.
(4n+3)T VU VU +T

We know

oo (COSU _ _an COSU
VU Vot
for all v € ((4n + 3)%, (4n +5)Z), and for all n € Ny. Therefore, I.,, > 0 for all n € Nj.
Let I; be the integral

5, cosv 2 _a,COSV
L :/ e v" dv+/ e b’ dv. (3.7)
0 Vv T Vv
We estimate the integral [; in (3.7)) as

3T

s
2 ax COSU 2 4x COSU
112/ e 2 dv+/ e 2 dov
0 VU

v x Vo

2
3

ar [ 2 COSV an
=e¢ 2 dv = V2re™ % C(V/3),
/0 Vo v

where C(t) is the Fresnel cosine integral defined by

O(t) = /0 cos (gqﬂ) du.

We expand the Fresnel integral by power series [48] p. 301]

- 0o (_1)[ (%)ﬂ (\/§)4l+1
h 2 Vame ; eNl@ 1) (38)

We prove that for sufficiently large [, the absolute values of the terms of the series ({3.8])
are monotonic decreasing

_VEE)TR VB (3"
B Y ) TPV R R GY) T Ty
—V3(3)" 8
(20 + 2)!(40 +5)(20)!(41 + 1)

X (4%1 (4l +3)*—1-97) +2(1+1)(20 + 1)) :
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Now U+1 — Y S 0 if

% (4l +3)*—1—-97%) +2(1+1)(20 + 1)

= 160> + 3212 — 700 — 19 > 0,

which holds for [ > 2. Therefore, the series (3.8)) is an alternating series. Using Leibniz
criterion, it is convergent. We split the series (3.8)) into a partial sum and the remainder

L@+ 1)

I > V2re % (i (ZD'V3(5) 3 + 35) (3.9)

where

) (_1)1\/§ %21321
S ()"

fs = (20)1(41 + 1)

1=5+1

The remainder of the alternating series can be bounded by
[Ri] < gy

Therefore, the remainder Rs has bounds

V3 (5)"3®

<
[Fs| < 121(25)

< 0.01734 < 0.018.

The partial sum in (3.9) is evaluated by using Mathematica 11.3 as

- 21 4l+1)

Hence, I; > 0. Now we prove for all a, b > 0, the integral satisfies

1. —amu? g b7r du > 0.
-7 )

Using substitution v = br?u?, the integral I. can be written as

—ay COsS v

dw.

C 7r\/—
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a=0.1, b=2.6 a=0.1, b=2.9
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Figure 3.3: The graph of the function e™ " <%= (a) when a = 0.1, b = 2.6, and (b) when
a=01, b=29.

There are three cases:

i) For b > 5=, let N, € Z* be determined by
(4N, + 1)% < br? < (4N, + 3)%.
We estimate the integral I, as

COS v

1 ANADT
[c Z — / e b dv
TVbr Jo \/5

3m

us
1 2 4. COSV 2 4 COSV
= e v’ dv + e v’ dv
mvbr \ Jo VU z Vv
N,—2

“nt7)3  , cosw ANetD)3 | cosw
+ / e b’ dv + / e v’ dov
= Juniag Vv (4N Vo

1 Nc.—2
_ (11 + Y Lon+ INC> . (3.10)

T b =

From ({3.6), the integrals satisfy I.,, > 0 for all n € Ny. Further I; > 0 and Iy, > 0
for all N, € Z*. Hence, from (3.10)

Ne—2

1
I.> L+ L,+1y | >0

™

ii) For b > %, let N. € Ny be determined by

(4N, + 3)% < br? < (4N, + 5)%.
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We estimate the integral I. as

1 UNet3)3 | cosw
1. > / e v’ dv
0

T mVbr
1 /72r _a, COSV /2 _a, COSU

— e Y dv + e b? dv
T bﬂ'( 0 \/5 T \/5

Ne—1

i3 | cosw
+ Z / e v’ dov
—0 Jan+3)T Vv

1 N.—1
L+S L. ). 311
() 11

From (3.6)), the integrals satisfy I.,, > 0 for all n € Ny. Further the integral I; > 0.
Hence, from (|3.11))

1 N.—1
1. > I + I.,, | >0.

iii) For 0 < b < ZL, the integrand satisfies e_%““’% > (0. Hence
s v

_a,COSV

1 b2
.= —— e v'—— dv > 0.
7r\/b7r/o Vo

The integral I,

Let I, be an integral over successive intervals (2nm, (2n + 2)m) for all n € Ny given by

(2n+2)m :
- / et MY gy, (3.12)
2nm \/5

We prove that I, > 0 for all n € Ny. We write the integral (3.12) into the following

ISTL

)

form
(2n+1)m o Si (2n+2)m o Si
Iy :/ e bY my d’U~|—/ e v moy dv
2nm \/6 (2n+1)m \/E
2n+1)m : 2n+1)m :
:/( = o—gv S dv+/( ) —gm s+ T
2nm \/5 2nm VA% + m
/(2”“)7r a, <sinv _a, sinv )
= e b —e b dw.
2nm \/E Vv v4T
We know
sin v a_ SNV
—e " 0
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for all v € (2nm, (2n 4 1)7), and for all n € Ny. Therefore, I;,, > 0 for all n € Ny. Now
we prove for all a,b > 0, the integral satisfies

I *u? sm bﬂ' du > 0.
= 77 [ o

Using substitution v = br?u?, the integral [s becomes

a sin v

s dU.
m/_

a=0.1,b=2.8 a=0.1, b=3.1

::(\/\/\/\p ::(\A/\/\A

-0.2F -0.21
-04p L L L L _04\ L
0 T 2 3 4 5 67T 7 8 0 s 27r 3n 4rr 5rr Grr 77r 871 911
(a) (b)

Figure 3.4: The graph of the function e_%”si%’ (a) when a = 0.1, b= 2.8, and (b) when
a=01, b=31.
There are three cases:
i) For b > £, let N, € Ny be determined by
(2N, + 1) < br* < (2N, + 2)7.

We estimate the integral I as

2N+ 1) avsinv
I, > dv

mﬁ 'z
1 st—:l /(2n+2)7r 7stinv dv + /(ZNerl)ﬂ' 72,USiHU q
— e b v e’ v
Vo \ = Jonx Vv 2N Vv

n=0

1 N1
T™or \ =

From (3.12), the integrals satisfy I,,, > 0 for all n € Ny and Iy, > 0 for all Ny € Np.
Hence, from ([3.13])

I, >

1 Ns—1
L+ 1y, | >0
(X n) >
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ii) For b > %, let Ny € Ny be determined by
(2N, +2)7 < br® < (2N, + 3).

We estimate the integral I as

- 1 /(2N5+2)7r _%vsinv |
s = e v'—— dov
TV b Jo NG

N, : N,
1 G sinw 1 =
= et —dv=—=)» I, 3.14
™ b nz% /QM VU ™ b nz% ’ (3:14)
From (3.12)), the integrals satisfy I5,, > 0 for all n € Ny. Hence, from (3.14)
1 &
I, > I, >0.
™ b nz% ’
iii) For 0 < b < %, the integrand satisfies e_%”% > 0. Hence
1 br* ., sinwv
I, = e v’ dv >0
Vb Jo VU
[

3.4 Estimates of Error Function Over a Domain

Let Qg be a domain defined by

1 Jar
Qp=1(ab):a>=, 0<b< YT (e 4 \/(Aeaw2)2 — 6dar | ¢, (3.15)
2 81

where

2\ 2
2v/2e75
A= (1 - ﬁ) ~ 0.993. (3.16)

3
T2

In this section, it is convenient to include two results on the domain 2 which will be
used to prove Theorem in Chapter 4l The domain Qp is illustrated in Figure [3.5
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600 -

500 -

400 -

200 -

100

0.75 1
a

Figure 3.5: The region plot of the domain €2y for % < a<1and0<b<600.

3.4.1 Infimum of the Absolute Value of Error Function
We derive an estimate of ’erf (m/a — ib) }2. We prove the following lemma.

Lemma 3.4.1. For the domain Qg given in (3.15), we have

inf
(a,b) EQRr

erf (Wﬂ)‘Q >\ = (1&)2.

T2
Proof. For any complex number z, we know

lerf(2)| = |1 — erfe(2)| > 1 — |erfe(2)],
which leads to

inf Jerf(z)| > 1— sup |erfe(2)]. (3.17)
(avb)EQR (a,b)eQR

Let z = x+iy, where x and y are real and imaginary part of z respectively. First, we find
an estimate of the absolute value of the complementary error function. For a complex
number z = x + iy with x > 0, the absolute value of the complementary error function
can be estimated [58] as

ey2_Z2 y2
|erfe(z)] < 1+ el (3.18)

T/
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Let z = mv/a — ib with Re(z) > 0. We separate z into real and imaginary part as

m™a—1i :%\/\/az—i—bg—ka—i%\/vcﬁ—l—bQ—azx—kiy.

We simplify

2
92—$2=%<Va2+52—a>—%(VG2+b2+a> = —arn?
y2 7r2(/a2_|_b2_a)_ /a2+b2_a

and A

2
2 Q;(\/a24—b2+—a) Va2 +b>+a
Substituting y? — z? and % mto , we get

\/a2+b2—a
(\lf a2+bz+a va2+62+a

- \/m+a+¢m_a
( a2+b2+a

’erfc <7r\/m> ‘

N|w

T \/m—l—a
B 2(a +b2) —ar”?
72 (\/a2 + b2 —I—a).

Therefore, the inequality (3.17) can be written as

inf
(a,b)EQR

erf <7T\/CL+ ib)‘ >1— sup h(a,b), (3.19)

(ab)eQr
where

2 (a® + 62)i e—om’

72 (Va2 + 52 +a)
For all (a,b) > 0, the derivative of h(a,b) with respect to b is

oh(a,b) —b (\/m - a) e—ar’ ~0

o x5 (@ +)1 (VaZ+ B +a)

h(a,b) =

We write

sup h(a,b) = sup h(a,0).

(a,b)eQr a>1

The inequality (3.19) becomes

inf
(a,b)GQR

erf <7T\/m>’ > 1—sup (26_(”2) :
™
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Since h(a,0) is a decreasing function of a, its supremum occurs at a = % The above
inequality becomes
a2
2v/2e72
inf |erf (W\/a+ ib)‘ >1-— \/_—63,2.
(avb)GQR 7T§
Finally, the infimum of ’erf (m/a + ib) ‘2 is given by
— vae i)
2 2v/2e 2"
inf |erf <7T a—l—ib) > <1— #) =\
(a,b)EQR T2
|

3.4.2 Inequalities Involving the Real and Imaginary Part of Er-
ror Function

We prove inequalities related to real and imaginary part of the error function.

Lemma 3.4.2. Let & (a,b) and &(a,b) be functions given by

87r\/a27+626*”2
b

1
&(a,b) = (asinbr® + bcos br?) / e " cos (br*u®) du
0

and

Va2 + b? —an® ! 2,2
&(a,b) = STva —Z ¢ (bsinbr® — acos br?) / e~ "™ sin (br*u?) du.
0

For (a,b) € Qg given in (3.15), the following inequalities hold:

sup & (a,b) < A (3.20)
(a,b)GQR
and
sup &a(a,b) < A, (3.21)
(a,b)eQR

where X is given in (3.16]).

Proof. We divide the domain €2y into two parts
QR == Ql U QQ

with

1 a (Aear?)?
0, = ca> = <y g2
! (a,0) - a = 2’ 0<bs \/1677(a772+1)2 ¢



34 3.4. Estimates of Error Function Over a Domain

and

0y = (ab)'a>1 M—a2<b<@(a)
2T T T 27\ 167 (am? 4+ 1)2 - ’

where

and A is given in (3.16)).

200

150

b 100

50

06 07 08 08 1

o=

a

Figure 3.6: The region plot of the domain €y for % <a<1and0<b <200 indicating
the domains 2; and €.

The domain 2,

First, we prove Lemma for domain €2;. We write the inequalities (3.20]) and ((3.21])
into the following form

1
sup (87T\/ a2 + bZe " (a7r2 sinc brr® + cos b7r2) / e O cos (b7r2u2) du) <A
(a,b)e 0

(3.22)

and

sup (8%\/ a2 + bZe " (sin br? — %cos b?Tz) /
0

(a,b)te

1
e~ sin (br*u?) du) <A, (3.23)
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where sinc(t) is defined as

sin 7t

, ift#0,
1, if t = 0.

sinc(t) =

There are two cases:

i)

ii)

Let ar?sincbr? + cosbr? < 0. From Lemma [3.3.1] the integral satisfies
1
/ e~ cos (br*u®) du > 0.
0

Therefore, the inequality (3.22)) holds.

Let am?sinc br? + cos br? > 0. For all (a,b) € 4, the following inequality holds

2
a <)\e”2>
167 (am? 4+ 1)

Taking square root on both sides, we get

\/a/\earrz
A/ 12 b2 R
crrs 4y/m(am? + 1)

a4+ b <

which is equivalent to

\/aAemrz
4y/ma® + b2

Since am? sinc br? + cos br? < arw? + 1, the above inequality becomes

\/a)\eaﬂ'2
4y/mVa? + 0%

ar®> +1 <

am? sinc br? + cosbr? <

Multiplying both sides by #ﬁ, we get

2

1
N

)\e[l’ﬂ'

81vaZ + b2

2

(cm sinc br? + cos b7r2) <

Now

Then the inequality (3.24)) becomes

)\ea7r2

8mv/a? + b2’

1
. _ 2 2
(ch sinc br? + cos b7r2) / e "™ cos (b7r2u2) du <
0

which is equivalent to

1
mva? + h2e—am’ (a772 sinc br? + cos b7r2) / e~ @™ og (bw2u2) du < .
0

1 & 2,2 1 2,2 1 2,2
= / e Y du > e Y du > e YT cos (bﬁ2u2) du.
2/ am 0 0 0

(3.24)
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Now we prove the inequality (3.23]). There are two cases:
i) Let sinbn® — ¢ cosbr® < 0. From Lemma [3.3.1] the integral satisfies

1
/ e~ gin (b7r2u2) du > 0.
0

Therefore, the inequality (3.23]) holds.

ii) Let sinbr? — % cosbr® > 0. There are two cases:
e when b > ﬂ—12 For all (a,b) € €, the following inequality holds

a ()\e“’rQ) ’ b’a ()\e“’rQ) ’ | 3.25)

240 < <
@ 16m(am?+1)2 ~ 167(b + a)?

From the inequality (3.25]), we write

o\ 2

. b%a (/\ea7T )
WRe N T

@“rrs 167 (b + a)?

Since b > 0, we write the above inequality into following form

o)
S 167 (1+¢)*

Taking square root on both sides, we have

\/a)\emr2
R+

a? + b <

which leads to the following inequality

\/_)\e‘“r2
<1+ ) N

Since sinbr® — ¢ cosbr® < 1+ ¢, the above inequality becomes

b
2
i a ale®™
sinbr? — = cosbr? < va

b 4y/ma® + b2
Multiplying both sides by #ﬁ, we get

2

)\a7r
1mn om —ECOSW < © .
sin b2 br? 3.26
8

1
2 /am b VaiZ+ b2
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Now

Then the inequality (3.26|) becomes

>\ea7r2

1
a 2,2

sin br? — — cos b7r2> / e 9 % gin (br*u?) du < ————,

( 0 ( ) 8mva? + b2

b

which is equivalent to
1
8tva2 + ble (sin br? — %COS b7r2> / e~ gip (b7r2u2) du < .
0

e When 0 < b < 7%2, then we show

) a
sin br? — = cosbr? < 0.

b

The expression is equivalently written as

) a
sinbr? < = cos br’.

b

Since sin br? < br?, we have

2 9
, b

cosbr® > ——.
a

For0<b§#anda:%,weseethat

2
cosl > 0.53 > 0.21 > —-
T

Therefore, the inequality (3.23)) is true.

The domain 2,

Using the trigonometric identities

asing +bcosf = Va2 + 0 cos(d — §), = arctan (%)
()

and bsinf — acos = Va?+ b?sin(f — 5), [ = arctan

we write the inequalities (3.20)) and (3.21)) into the following form

sup
(a,b)EQQ

(871'(@2 + b2)e
b

1 0 1 1 .
—/ e 0™ qy > / e 0™ qy > / e~ gip (b7r2u2) du.
2/ am 0 0 0

1
cos (br* — j3) / e~ cos (br*u?) du) <A (3.27)
0



38 3.4. Estimates of Error Function Over a Domain

and

2 2\ . —am? 1
sup Bra” 1 b)e sin (br* — ) / e sin (br*u®) du | <. (3.28)
(a,b)eQ2 b 0

First, we prove the inequality (3.27). There are two cases:
i) Let cos (br? — ) < 0. From Lemma [3.3.1], the integral satisfies

1
/ e~ (og (b7r2u2) du > 0.
0

Therefore, the inequality (3.27)) holds.

ii) Let cos (br? — ) > 0. Let Qg be a domain given by

, Pla) <b< \If(a)} (3.29)

1
QG:{(a,b):a2§

with

B(a) = {;_” (Ae‘”g — e - 64a7r)

and U(a) = var ()\e““2 + \/ (heo)? — 64a7r) .

8

We prove the inequality (3.27)) for the domain Q¢ given in (3.29)). For all (a,b) € Qg,
the following inequality holds

Va7 (AeW - \/ (Aeom?)? — 64a7r) <b< —VSC”T (Ae‘”z + \/ (hean?)? — 64a7r)

8 T

which is a solution to the following inequality

2R e\ Jarh
ar

Dividing both sides by va? + b2, we get

)\e‘”Q\/awb 3.30
Anv/a2 + b2 (3:30)

Since va? + b2 cos (br? — B) < Va? + b2, the inequality (3.30) becomes

a2+ 02 <

)\e‘”2\/a7rb
Va2 + b2 cos (br? — B) < ——X——.
( " 6) 4/ a? 4 b?
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Multiplying both sides by #ﬁ, we get

Ae?™h
V a? + b2 cos (b7T2 — 6) < m (331)

1
2 /am

Now

1 /OO 2.2 /1 2.2 /1 2.2 9 9
= e du > e du > e " cos (brfu®) du.
Then the inequality (3.31)) becomes

1 2
e h
asin br? + b cos brr? / e ™ cos (br2u?) du < _—
( ) 0 ( ) 871'\/ CL2 + b2

which is equivalent to

Smva? + h2e—am’
b

1
(a sin br? 4+ bcos b7r2) / e~ ¢og (b7r2u2) du < A.
0

Now we prove the inequality (3.28). There are two cases:
i) Let cos (br? — 3) < 0. From Lemma the integral satisfies

1
/ e~ gip (b7r2u2) du > 0.
0

Therefore, the inequality (3.28) holds.

ii) Let sin (br? — 3) > 0. We prove the inequality (3.28)). For (a,b) € Qg, the inequality
(3-30)) is satisfied

)\e“’TQ\/ amb
/a2 + b2

Since va? + b?sin (br? — 8) < Va2 + b2, the above inequality becomes

a?+0? <

Ae“’r?\/awb
Va2 + b2 sin (br? — < .
( " B) 4y a? + b2

1

Multiplying both sides by 5——, we get
1 Ae™ b
Va2 + b2sin (br? — B) < ———ux. 3.32
2y/am ( B> 87vaZ + b2 (3.32)

Now

1 & 2.2 1 2,2 1 2.2
= / e Y du > e Y du > e Y gin (b7r2u2) du.
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Then inequality (3.32)) becomes
1 2
e b
bsin br? — a cos brr? / e~ gin (br?u?) du < —_———
( ) 0 ( ) 8mva? + b2

which is equivalent to

8my/a® + e
b

1
(b sinbr? — a cos b7r2) / e~ gin (b7r2u2) du < A.
0

Hence, we have proved the inequalities (3.27)) and (3.28) for the domain Qg. To finish
the proof, we show that 25 C 0. We need to prove that

an?)2 / )
\/M _g2 s VAT ()\eaﬂ _ \/()\eaTrQ)Q _ 64a7r) '

16m(am? 4 1)? 87

Let fg(a) be a function given by

a (\eam?)? am a2 212
fala) = \/m —a® - \gw_ ()\e - \/()\e‘” ) —64a7r) :

We shall show that fg(a) > 0. We write fg(a) into the following form

fa(a) Vva \/()xea7r2)2 — 16am(an? +1)2 1 ()\e‘”rz B \/()\eaw2)2 B 64a7r)

T 4T (an2 + 1) 2

Writing the right side of the function as a single fraction, we have

_ Wa
- 8y/w(an? + 1)

X <2\/ (xee™)? — 16am(ar? + 1)? — (ax® + 1) (Ae““2 - \/ (Aeom?)? — 64a7r>> .

Now fg(a) > 0 iff

fala)

2\/()\6”2)2 — 16ar(ar? +1)2 — (ar® + 1) ()\ea7T2 — \/()\e””fz)2 — 64a77) > 0.

We write equivalently as

2/ (Ae™)? — 16am(an? + 1) > (ar® + 1) (Aeaﬂ“’ — ey 64a7r) |

It is sufficient to prove

2 2 2 2
4 <)\e’” ) — 6darn(ar® +1)* > (an® + 1) ()\e‘”r — \/()\e‘”rQ)2 — 64a7r) .
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Expanding the square on right side, we have the following inequality

2
4 ()\e‘”2) — 64ar(ar® +1)?

2 2 2
> (am® +1)? <2 </\e‘”r ) — 6dam — 2Xe™" \/()\e““2)2 — 64a7r) :

Re-arranging the terms and simplification gives

226" (am? + 1)2\/ A2e207* — Gdar > 2X\%e%™ ((am® +1)* —2).
Taking square on both sides, we get

4% (am? 4 1)* ()\262”2 - 64a7r> > 4 et ((am® +1)* — 2)2 .
Expanding the square on right side and simplification of terms gives

162264 (ar® + 1)? > 16X%e*™ + 256¢>™ ar(am? + 1)*.
Dividing both sides by 16e2*™ we have
A2e2 (ar? 4+ 1)2 > A2 4 16am(an® + 1),
Using (am? 4+ 1)? = a®>7* + 1 + 2an?, the above inequality reduced to
A2e2™ (o271t 4 2am?) > 16ar(am? + 1)*.
Dividing both sides by ar, we get
A2e2™ (am® 4+ 2m) > 16(an® + 1)*,

which is equivalent to

16
207 5 (ar® +1)°.

e
Ao

It remains to prove the above inequality. Let g(a) = €™ and h(a) = o
Then for a > 3, the k-th derivative of both g(a) and h(a) are given by

g(k)(a) = (27?2)ke2‘”2, k € Ny,

and

1672+ 1(31)
A9 (a) = ¢ A2(3 —k)!
0, for k > 3.

(am® 4+ 1)*>7% for k < 3,

(am?® + 1)3.
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Since it holds numerically

. |
g© (5) > 19333 > 1081 > A(® (5)
m (L w2
gV () > 881632> 5300 > K (3
@ (1 6 @ (1
g (5) >75x 10° >17928 > b (
@ (1 8 @ (L
9@ (5 ) >14x10° 20812 >0 ( 2 )

by Taylor series expansion, we have

g(a) = f: ( ) (a %)k > ih(k;f%) (a—%)k:h(a).

k=0

Therefore, the function fg(a) > 0 for all a > 3. Hence, Q5 C Q. |

3.5 Generalized Error Functions

In this section, we define a generalized error function and represent complex exponential
integral in terms of the generalized error function. Further, we list some properties of
generalized error functions which include symmetric properties and complex conjugate
properties. Finally, we derive an expression for the derivative of the generalized error
function.

The term generalized error function is often used for the n-th power of the error function
[29, 33, [47). We follow the definition and notation of generalized error functions used by
Wolfram Mathematica on the mathematical functions site [81].

Definition 3.5.1. The generalized error function is defined as a difference of two error
functions

erf(z1, 2) = erf(zy) —erf(z;) for all z1, 2, € C. (3.33)

Remark. Using the property erf(z) = 1—erfc(z) to (3.33), the generalized error function
can be written as a difference of two complementary error functions

erf(zy, z9) = erfe(z1) — erfe(zy) for all zq, 29 € C.

3.5.1 Complex Exponential Integrals

We consider the integrals of the form

/ WMo 4t 4> 0, beR, ke Z. (3.34)

—Tr
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The fractional Fourier coefficients of exponential linear chirps are integrals which
are highly oscillatory. The usefulness of FrF'S depends upon the computation of such
integrals. These integrals can not have any closed form; the most useful way is to express
in terms of a generalized error function of a complex variable.

Lemma 3.5.1. The integral I, given by

I = / e We ek gt >0, bER, ke Z, (3.35)

—T

can be expressed in terms of a generalized error function of the form

.2

I ﬁe‘i(aiib) . <i (k —27b) — 2mwa i(k + 27b) + 27ra>

= ———  er 5 .
2va+1ib 2va+1b 2va+1b

Proof. First, we simplify the exponents of exponentials in integral (3.35) by completing
square as

—at® — ibt* — ikt = —(a + ib)

N U
2(a +1ib) 4(a +1b)?

= (2(a+ib)t + k) k>
B 4(a +ib) 4(a +1ib)’
The integral (3.35]) becomes
g2 T _(2(a+ib)t+ik)?
I = eflatin) / e At dt. (3.36)

The integral (3.36]) is evaluated by the substitution method. Let
u = 2(a +1ib)t + ik,

which gives

du

dt = ———.
2(a+1b)

Now the new limits are u; = i(k — 2wb) — 2ma and us = i(k 4 27b) + 2ma. Therefore,
the integral (3.36]) becomes

I 64(;7];-2113) vz uzd
- I(atib)
TrEs / e " (3.37)

Using the formula [48, p. 303]

/p "y — 2—@ (exf (av/2) — exf (pv/e)
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where erf(z) is the error function defined on the whole complex plane, the integral (3.37))
is written as

.2
£ o) )
Y |erf | ——— ) —erf | — ]| .
2 Va-+ib 2v/a +ib 2v/a +ib
Replacing the values of u; and us, (3.38) becomes

2

(ati®) i(k+2mb) +2 i(k—2mwb) —2

[:\/_Ee . {erf(l( i W)—i_ 7Ta)—erf<1( W)' Wa)]. (3.39)
2 Va+ib 2va + ib 2v/a +1b

We write (3.39)) in terms of a generalized error function

I = (3.38)

2
; \/Eemiiib) . f(i(k—wa) —27a i(k:—|—27rb)+27ra) (3.40)
— r 7 ' '
2atib 2v/a+1b 2Va+ib
|

3.5.2 Properties of Generalized Error Function
We list two useful properties of the generalized error function given in (3.40)).

Lemma 3.5.2. (Conjugate Property) For alla >0, b € R and k € Z, the generalized
error function

orf (1(k —2mb) — 2ma i(k + 27b) + 27ra) (3.41)

2va+1ib ’ 2va +1b
18 a complex conjugate of the generalized error function
¢ <1(k; + 27b) — 2ma i(k — 27b) + 27Ta)
er , .
2v/a —ib 2v/a —ib

Proof. Since erf(z1, z9) = erf(z2) — erf(z;), we write the generalized error function (3.41))
as a difference of two error functions

orf (1(k —27b) — 27a i(k + 27b) + 277&)
2va+ib 2va +ib

i(k + 2mb) + 27ra> (1(k; —27b) — 27Ta>
= erf — erf . 3.42
“ ( 2va +ib “ 2va +ib ( )

Taking complex conjugate on both sides in (3.42) gives

orf (1(k —27b) — 2ma i(k + 27b) + 27?(1)
2va+ib " 2Va+ib
_ exf (1(k + 27b) + 27ra) ot (1(k; —27b) — 27ra>‘
2va +1ib 2va +1ib




Chapter 3. Estimates of Error Function and Generalized Error Function 45

Using the symmetry properties erf(—z) = —erf(z) and erf(z) = erf(z) of the error
function of a complex variable, it follows
orf (1(k —27b) — 2ma i(k + 27b) + 27ra>
2/a+ib " 2Va+ib
orf (1(k + 27b) — 27a i(k — 27h) + 27ra) |
2Va—ib 7 2v/a—ib

Lemma 3.5.3. (Symmetry Property) For alla > 0, b € R and k € Z, the generalized
error function

i(k —2mb) — 2ma i(k + 27b) + 27?@)
erf , 3.43
( 2va +ib 2v/a +1ib ( )
and its complex conjugate
of (1(k + 27b) - 27m’ i(k — 2mb) —|— 27?@) (3.44)
2v/a —1b 2va —1ib

are both even functions of k.
Proof. We write the generalized error function as a difference of two error functions
orf <1(k; —27b) — 2ma i(k + 27b) + 27ra)
2a+ib T 2Va+ib

i(k + 2mb) + 27m) (1(k — 2mb) — 27ra)
= erf —erf : 3.45
N ( 2Va + 1 N\ et (3.45)

Replacing k by —k in (3.45]), we write
orf (i(—k: —27b) — 2ma i(—k + 27b) + 27ra>
2va+ib T 2/a+ib
ot (i(—k: + 27b) + 27ra) erf (i(—k —27b) — 27ra> .
2v/a +ib 2v/a +ib

We use symmetry properties erf(—z) = — erf(z) and erf(z) = erf(z) of the error function
of a complex variable
orf <i(—k’ —2mb) — 2ma i(—k + 27wb) + 27ra>
2Va+ib T 2Va+ib
orf (i(k+27rb)—|—27ra) B ( i(k — 27b) —27ra)
2va +1ib 2va +ib
_ orf (1(k —27b) — 27a i(k + 27b) + 27?@) ‘
2Va+ib T 2va+ib
Therefore, the generalized error function (3.43)) is an even function of k. Similarly, we
can prove that the generalized error function (3.44)) is an even function of k. ]

We derive an expression for the derivative of the generalized error function.
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3.5.3 Derivative of Generalized Error Function

Lemma 3.5.4. The derivative of the generalized error function with respect to variable
b is given by

d erf (1(k‘ —2mb) — 2ma i(k + 27b) + 27ra>
db 2va+1b 2Va+ib
A/ b — b 2 o+27b) —i2ma)? —27 i2ra)?
= 2?/;(11563— b;); (<<k —2mb) +i2ra)e o — (k4 2mb) — i2ma)e A ) |

Proof. Writing the generalized error function as a difference of two error functions and
taking derivative, we obtain

d orf (1(1{: —2mb) — 2ma i(k + 2wb) + 27Ta)
db 2Va+ib T 2va+ib
d i(k + 27b) + 2ma d i(k — 27b) — 27ma
:%erf( 2/a+ib >_@erf( 2v/a+ 1 )
The derivative of the error function is obtained using the formula

G o) = = VO L)

Therefore, we write (3.46)) into the following form
d ¢ (1(k —27b) — 2ma i(k + 27b) + 27ra>
—er : :
db 2va +ib 2vVa +1b
((k+27b)—i2ma)? ) ((k—2mb)+i2ma)? .
e AFi) (k—27b) +i27a | e D (k + 2mb) — i27a
2y/m (a+ ib)% 2¢/m (a+ ib)%
va + jb(a — jb)Q ((k+27b)—i2ma)> ((k—27b)+i2mwa)?

- 2/m(a2 + b?)2 <((k —27b) +i27a)e  HeF — ((k 4+ 27b) — i27a) e4(a+ib)) _
7(a

(3.46)

3.6 Asymptotic Expansion of Generalized Error Func-
tion
The generalized error functions

f (i (k —27b) — 2mwa i(k + 27b) + 27a
2Wa+ib | 2Va+ib

) = erf(z, 25) (3.47)

and

orf (i (k + 27b) — 2wa i(k — 27wb) 4 27a

) = erf s s 3.48
2Wa—ib 2Wa—1ib ) erf(zs, 24) (3.48)
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where
i(k — 2mwb) — 2arm i(k + 27b) + 2am

2va +1ib 2T 2va+1ib (3.49)

_i(k + 27b) — 2am _i(k —27b) 4 2am '
BT T o YT T ova

are of relevance in the analysis of chirps. We frequently use such functions to prove
inequalities related to fractional Fourier coefficients of exponential linear chirps. The most
well-known method for approximating the generalized error functions for large values of
the variable is the asymptotic expansion. In this section, we apply the idea of asymptotic
expansion given in Section [3.2)to derive the asymptotic expansion of the generalized error
functions given in and . First, we show that the complex numbers z;, 1 =
1, 2, 3, 4 given in are restricted to some sectors 0y < argz; < 01,1 =1, 2, 3, 4
of the complex plane. Then we derive the asymptotic expansion of the generalized error
functions, by taking n = 1 and n = 2 respectively and find estimate of the remainder
terms.

Lemma 3.6.1. Let z; and zy be given in (3.49). There exists Ny(a,b) such that for all
k > Ny(a,b), the arguments of z1 and zo lie in the sectors

21 =

7T<a <7T dﬁ<a <7T
— Irogz — an — ) —
1 g1 5 1 g2 5

of the complex plane.

Proof. We prove the results for both z; and 25 separately.

The complex number z;

We shall prove that Im(z;) > Re(z;) > 0 for all & > Ny(a,b). We rationalize the
denominator of z; to separate real and imaginary part of z;

(i(k — 27b) — 2amw) va —ib
z7 = :
' 2v/a + ibva —ib

The square root of a — ib is given by

Va—i :%\/\/cﬂ%—lﬂ—l—a—%\/\/@24-1)2—@. (3.51)

We replace (3.51]) into (3.50) and simplify to separate z; into real and imaginary part

1
21 = ( —27b)y/ Va2 + b2 —a—2ra \/a2+62+a)

(3.50)

2 (a2 +b?)
1
+i—— ( —21b)\/ Va® + b2 + a + 27a \/a2+62—a>
24/2(a? + b?)
=Re(z1) + ilm(z;). (3.52)

From (3.52)), we see that there exists Ny(a,b) such that for all & > Ny(a,b), it holds
Im(z1) > Re(z1) > 0. Hence, § < argz; < 7§ for all k > Ny(a,b).
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The complex number z,

Similar to 21, we shall prove that Im(z3) > Re(z2) > 0 for all £ > Ny(a,b). We rationalize
the denominator of 2z, to get

(i(k + 27b) + 2am) vVa — ib‘

29 = 3.53
’ 2v/a + ibva — ib (3.53)
Using (3.51)) and ({ -, we separate zp into real and imaginary part as
29 = <k+27rb\/ a2+ b2 —a+27ma \/a2+b2+a>
2 2(a2 + b?)
R S ———— (/{3+27Tb\/ a’?+ b2+ a—2ma \/a2+b2—a)
2 2(@2 + b?)
=Re(z2) + ilm(zy). (3.54)
From ({3.54), we see that there exists Ny(a,b) such that for all & > Ny(a,b), it holds
Im(zy) > Re(z2) > 0. Hence, § < argz; < 7 for all k > Ny(a,b). |

Lemma 3.6.2. Let z3 and z4 be given in (3.49). There exists No(a,b) such that for all

k > Noy(a,b), the arguments of zs and z4 lie in the sectors
3T

< < 5 d < <
5 rgzs 1 an 5 rgzy 1

of the complex plane.

Proof. We prove the results for both 23 and 2z, separately.

The complex number z3

We shall prove that Re(z3) < 0 and Im(z3) > —Re(z3) for all £ > Ny(a, b). We rationalize

the denominator of z3 to get

(i(k + 27wb) — 2am) Va + ib
2Va—ibva+ib

(3.55)

zZ3 =
The square root of a + ib is
Va+ib = \/ a2—|—62—1—a+— Va2 + b2 —a. (3.56)

We substitute into and separate z3 into real and imaginary part as

23 = — (k+27rb\/ a?+b? —a—2ma \/a2+b2+a>
2 2(@2—1-1)2
i (/{3+27Tb\/ a2+ b2 +a—2na\/ Va2 + b? — )
2 (a2+b2

=Re(z3) + ilm(z3). (3.57)

From ({3.57), we see that there exists No(a b) such that for all & > Ny(a,b), it holds
Re(z3) < 0 and Im(z3) > —Re(z3). Hence, 5 < argzs < 2 for all k > Ny(a, b).
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The complex number z4

Similar to z3, we shall prove that Re(z4) < 0 and Im(z4) > —Re(z4) for all k£ > Ny(a,b).
We rationalize the denominator of z4 to get

(i(k — 27b) + 2a7) Va + ib |

oy = 3.58
! 2v/a — ibv/a + ib (3.58)
Using (3.56)) and ([3.58]), we separate z, into real and imaginary part
1
2y = — ( —27b)\/ Va? + b> — a+ 2ma \/a2—|—62+a)
2 (a2 +b?)
1
i < (k —2mb)\/ Va? + b + a + 27a \/a2+62—a>
24/2(a? + b?)
=Re(z4) + ilm(zy). (3.59)

From(3.59), we see that there exists No(a b) such that for all & > Ny(a,b), it holds
Re(z4) < 0 and Im(z4) > —Re(z4). Hence, 5 < argzy < 2 for all k > Ny(a, b). [ |

3.6.1 Asymptotic Expansion for n =1

Lemma 3.6.3. Let z; and zy be given in (3.49)). The generalized error function (3.47))
has an asymptotic expansion of the form

erf (Zl, 22) =

7 _

i2v/a + ib e et
((k +27wb) —i2am)  ((k — 27b) + i27a)

e % e
i 2nb) —izra) ) T (G S am) T ma) Y )
The error terms £1(z1) and €1(z2) have the following bounds

2va* + b? 2v/a? + b2
_ 2 sy ond le1(z)] < 2 2,2
((k —2mb)? + 4m2a?) ((k + 27b)? + 472a?)

le1(21)] <

Proof. The generalized error function can be written as a difference of two complementary
error functions

erf(zy, z2) = erfe(z1) — erfe(zs). (3.60)

For a complex number z, the asymptotic expansion of a complementary error function
provides the best approximation for some n = Ny(z). We set Ny(z) = 1 in Lemma [3.2.1]
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The asymptotic expansion of the generalized error function (3.60)) reads as
2v/a + ibe 2v/a + ibe 7
Gk —9mb) = 2ma) T V(i = 2nb) = 27a) LV
2v/a + ibe ™% 2v/a + ibe
— /r(i(k +27b) + 2ma) /7 (i(k + 27b) + 27a
i2v/a + ib e e A
T T (((k; +2rb) —i2am)  ((k — 27b) + i27a)

erf (z1, 29) =

)81(22)

i ((k 4+ 2mb) — i27ra)81(z2> " (k= 27b) + i27m)81(21)> :

We have proved in Lemma that for all £ > Ny(a,b), the arguments of z; and 2, lie
in the sectors

< < d < <
— r — and — r —
1 argzy 5 a 1 argzs 5

of the complex plane respectively. From Lemma [3.2.1] we have the following estimates
of the remainders €1(z;) and £1(22)

2v/a? 4 b? 2/aZ + b2

< d < .
le1(z1)] < (k= 2m0) + dn%a?) and  |eq(z)| < (k + 27D)2 + 4n%a?)

Lemma 3.6.4. Let z3 and z4 be given in (3.49). Then the generalized error function
(3.48) has the following asymptotic expansion

—i2v/a — ib ( e o7

VT \((k+2nb) +i27a)®  ((k — 27b) — i27a)”

erf (21, 29) =

e 7 =23
+((/€ + 27b) + i?ﬂa)gl(z‘?) B ((k — 27b) — i?wa)€1(24) .
The estimates of the remainder terms £1(z3) and €1(z4) are

2./2(a% 1 1% { o) < —2VEEEE)
(k + 27b)2 + dn2a2) 0 STVEIIS 0 T onb)2  an2a?)”

Proof. Analogous to Lemma [3.6.3, the asymptotic expansion of the generalized error
function (3.48)) is given by

—iova—1ib ( e o2

le1(z3)] <

erf (23, 24) =

VT \((k+2nb) +i2ra)®  ((k — 27b) — i27a)”

2 2
e %3 e %

sz 1m0 ) T (G am) = i27ra)€1(z4)> '
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We have proved in Lemma that for all £ > Ny(a,b), the arguments of z3 and z4 lie

in the sectors
™ < - 3T q s < < 3T
— < argz — and = < argz —
9 gz3 1 5 224 1

of the complex plane respectively. From Lemma [3.2.1] we have the following estimates
of the remainders €1(z3) and £1(24)

2v/a? + b2

ler(zs)] < ((k +27b)? + 472a?) csc (argzs) (3.61)
2v/a? + 1 ’
le1(za)] < (k= 270)7 + dr2ad) (argzy) .
Since § < argzz < ?jT”, we have
1 :
7 < sin (argzz) < 1.
Consequently, the bounds for csc (argzs) are
1 < csc (argzs) < V2.
Similarly, we obtain
1 < csc (argzy) < V2.
Hence, the estimates of £1(23) and €;(24) in becomes
ezl < i zié(;j 1222612) and - fen(z) < - ergjz 1 Zr)?aZ)‘
[ |

3.6.2 Asymptotic Expansion for n = 2
Lemma 3.6.5. Let z1 and zy be given in (3.49)). The generalized error function (3.47))

has an asymptotic expansion of the form

i2v/a + ib e %
VT ((k + 2mb) — i2am)?

~ o) Ty (((k — 2mb) + i27a)* + 2(a + ib))

erf (21, 29) = (((k + 2mb) — i2ra)? 4 2(a + ib))

2 2
e %2 e A

R D R (s igm)52(zl>> :

_|_
(
where the error terms e(z1) and €2(z9) have the following bounds

12(a® + 0?) 12(a? + b?)

ealz1)] < .
e2(=)] < ((k — 27b)? + 47m2a2)’ ((k + 27b)? + 47m2a2)’

and  |eo(z2)| <
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Proof. The generalized error function can be written as a difference of two complementary
error functions

erf(z1, 29) = erfe(z;) — erfe(z2). (3.62)

For a complex number z, the asymptotic expansion of a complementary error function
provides the best approximation for some n = Ny(z). We set Ny(z) = 2 in Lemma [3.2.1]
The asymptotic expansion of the generalized error function (3.62)) reads as

2v/a + ibe <1 B 4(a +ib)
V7 (i(k — 27b) — 2ma) 2 (i(k — 27b) — 2ma)

B 2v/a + ibe~% (1 B 4(a + 1b)
V7 (i(k + 27b) + 27a) 2 (i(k + 27b) + 2ma)

erf (21, 22) =

5 T 52(21))

5 + 52(22)>

Ci2va+ib o3 IV
VT (((k + 27b) — i2am)® (((k +2mb) — i2ma)” + 2(a + b))

~ ) S (((k — 27b) + i27a)® + 2(a + ib))

- ((k? + 27Tb) — 1271'&) 82(22) B ((k _ 27Tb) T 1271'(1) 52<Zl>> .

We have proved in Lemma that for all & > Ny(a,b), the arguments of z; and 2z lie

in the sectors
T T T T

1 <argz < 5 and 1 < argzy < 5

of the complex plane respectively. From Lemma [3.2.1] we use the following estimates of
the remainders e9(21) and e5(z2)

12(a® + b?)
((k — 27b)? + 4m2a2)?

12(a® + b?)
((k + 27b)? + 4n2a2)*

le2(21)] < and |eg(22)| <

Lemma 3.6.6. Let z3 and zy be given in (3.49). Then the generalized error function
(3.48) has the following asymptotic expansion

—i2v/a — ib e %
VT ((k 4 27b) 4 i27a)®

erf (23, 24) = (((k + 27b) +i27a)” + 2(a — ib))

T 20— 2may (((k — 27b) — i2ma)” 4 2(a — ib))

2 2
e %3 e %

Tkt 270) + 1270) e2(2s) = (k — 27b) — i27a) 62(z4)> :
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where the estimates of the remainder terms e5(z3) and e9(24) are

12v/2(a® + %)
((k + 27b)? + 4m2a2)?

12v/2(a® + b?)
((k — 27b)? + 4m2a2)*

lea(z3)| < and  |ea(z4)] <

Proof. Analogous to Lemma [3.6.5, the asymptotic expansion of the generalized error
function (3.48)) is given by

—i2/a — ib e %
NG ((k + 27d) + i27a)®
— (r—2nb) —i2na)® (((k — 27b) — i27a)” + 2(a — ib))

2 2
e 73 e %

O 2eb) £ izra) 2 T (G o) = i27ra)€2(24)> ‘

erf (23, 24) = (((k + 27b) + i2ma)” + 2(a — ib))

We have proved in Lemma that for all £ > Ny(a,b), the arguments of z3 and z4 lie

in the sectors

m < < 3T q s < < 3T
—<a — a —<a —
5 €23 4 11 B I224 1
of the complex plane respectively. From Lemma [3.2.1] we have the following estimates

of the remainders e2(23) and e2(z4)

12(a® + b?
|ea(23)] < ( 5 >2 5 osc (argzs)
((k +27b)? + 472a?) (3.63)
12(a? + b?) '
|ea(z4)] < 5 Csc (argzy) .

((k — 27mb)? 4 472a?)
From Lemma [3.6.4, we have
1 < csc(argzs) < V2 and 1 < csc(argzy) < V2.
Hence, the estimates of £9(23) and e5(z4) in becomes

12v/2(a? + b?)
((k 4 27b)? 4 472a2)?

12v/2(a? + b?)
((k — 2mb)? + 4n2a2)*

|ea(23)| <

and |ea(z4)| <



Chapter

Fractional Fourier Series
Approximation of Exponential
Linear Chirps

The subject of this main chapter is to find the optimal basis in FrFS expansion of ex-
ponential linear chirps. As described in Chapter [I, FrFS expansion with an optimal
parameter has an advantage over the classical Fourier series for the approximation of
exponential linear chirps. The objective of this chapter is to confirm such an advantage
through calculus and asymptotic expansions. The concept of FrFS expansion of chirps
was first considered by Pei et al. [69] where the analysis of linear chirps with amplitude
function A(t) = 1 was carried out. The FrFS expansion of the chirps with amplitude
function A(t) as the real quadratic exponential was demonstrated numerically by Yu [30]
and Coetmellec et al. [68]. In contrast to the approach used in [30} 68, 69], we study
FrFS expansion of linear chirps on [—7, 7| from mathematical viewpoint.

This chapter is mainly divided into four parts. In Section we derive an expression
for the absolute value of fractional Fourier coefficients of exponential linear chirps for all
k € Z and deduce an expression for £ = 0. Section is devoted to optimality properties
of fractional Fourier coefficients. We prove the maximality property of fractional Fourier
coefficients of zero degree and the minimality property of fractional Fourier coefficients
of large degree. Further, we find decay properties of fractional Fourier coefficients of
exponential linear chirps. Finally, we prove the best approximation property of FrFS
of exponential linear chirps for large N € Nj. In Section we restrict our research
to a domain D for which the fractional Fourier coefficients are monotone. We prove the
monotonicity properties of fractional Fourier coefficients of zero degree, fractional Fourier
coefficients of large degree and L? error. In the last part, we draw conclusions and give
directions for future research.

o4
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4.1 Expression for the Fractional Fourier Coefficients

In this section, we derive an expression for the absolute value of the fractional Fourier

fa(0))

coefficients f, (k) for all k € Z. Further, we deduce the expression for

Lemma 4.1.1. For an exponential linear chirp
F(t) = fr(t) = e e [—m, 7],

defined for given v > 0 and p € RY, we have

77rwk2
e 2(7r272+711(27ru—cot a)2)

Ja(k)

o ’2

167r\/7r272 + 1 (2mp — cot a)?

i(k—7m(2mp—cota)) —2r%y i(k+ 7(27p — cot @) + 2%y
2\/7rfy+%(27m—cota) 2\/7r’y—|—%(27ru—cota)

x |erf

Proof. By definition, the fractional Fourier coefficients are given by
A 1 4 pNT T
falk) = o () dpo(u) du. (4.1)

Taking absolute value of f, (k) and substituting the values of fH(u) and ¢y o (u) into (4.1)
gives

2

fa(k) — 2i/ e*ﬂ'('YJriH)uze%uzcotaefiku du
T J—x
_1 " —myu? | S (2mp—cot a)u?  —iku ?
) e e e du (4.2)
i -

Using Lemma the integral (4.2]) is represented in terms of a generalized error

function

_k? 2
fa(k) \2 C 1| mellmrhenee)
A 2\/7r'y + 1 (2mp — cot )
2
o lort i(k—7(27p —cota)) — 212y i(k+ 7(27p — cot ) + 2wy
er

2\/7r’y—|—%(27w—cota) 2\/7r”y+%(27ru—cot04)
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Simplification of absolute value gives

77r’yk2
. ‘2 eQ<7r2'y2+%(27r,u,—cota)2)

Jfa(k)

1671'\/71’2’)/2 + 1 (2mp — cot a)?

i(k—7(27p—cota)) —2m%y i(k+ 7(27p — cot ) + 2wy

X |erf ' , .
2\/7w—|—§(27r,u—cota) 2\/7w+§(27m—cota)

(4.3)
[ |

This is a general expression of fractional Fourier coefficients of exponential linear chirps.
In (4.3)), we see that the fractional Fourier coefficients of exponential linear chirps depend
on the fractional parameter o and fractional Fourier degree index k. Fractional Fourier
coefficients of zero degree are obtained from the following corollary.

Corollary. The expression for

fa(O)‘ is given by

2

. 2 1 '
fa(O)‘ = erf <7r\/7w + l(27r,u — cot a))
47r\/7r272 + 1 (27p — cot a)? 2
Proof. From (4.3)), we find an expression for fa(())) as
. 2 1
fa(0)| =

167r\/7r2'y2 + 1 (2mp — cot a)?

—im(27p — cot ) — 272y im(2mp — cot ) + 2wy

x |erf ' , _
2\/71"}/ + 527y — cot a) 2\/7w + 527y — cot @)

Using the property

erf(—z,z) = 2erf(z),

erf (W\/Wy + %(27r,u — cot a))

we have

2

2 1

fa(()) -
47r\/7r272 + 1 (2mp — cot )?

(4.4)
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4.2 Optimality Properties of Fractional Fourier Co-
efficients

This section aims to demonstrate that the FrFS expansions and their theory can be suc-
cessfully applied to the linear chirps with the amplitude function as a real quadratic expo-
nential. Such expansions with an optimal parameter give the fastest possible convergence
rate among all parameters in the fractional Fourier parameter domain. We prove opti-
malilty properties of FrFS which includes the maximality property of fractional Fourier
coefficients of zero degree and the minimality property of fractional Fourier coefficients
of large degree. Finally, the best approximation of the FrFS is proved with the optimal
fractional Fourier basis functions for large N € N.

4.2.1 The Maximality Property of Fractional Fourier Coeffi-
cients

The central idea behind the use of optimal fractional Fourier basis is to utilize a few
fractional Fourier coefficients for the reconstruction of chirps. In other words, a few frac-
tional Fourier coefficients carry the vital information necessary to reconstruct the chirps.
By adjusting the fractional Fourier parameter to o*, fractional Fourier coefficients are
compressed in the fractional Fourier parameter domain; the fractional Fourier coefficients
with significant magnitudes are located in a spectrum. In this case, it is expected that
the power of the coefficients is concentrated on just a few coefficients. The fractional
Fourier coefficient of zero degree is the main coefficient which possesses the maximum
value among all fractional Fourier coefficients. We prove the following theorem.

Theorem 4.2.1. Let
F(t) = fut) = e ™0t ¢ e [—r 7]

be an exponential linear chirp defined for given v > 0 and p € R*. Then for all a with
I<a< % and

1
a # o = arctan (—),
2

we have

Proof. We divide the fractional Fourier parameter domain into two parts namely o > o*
and a < a*.
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For a > o*

Let JI(a) be a function given by

. 2 . 2
(@) = |far ()] = |fa(0)] (4.5)
From (4.4)), we have the expression
2
L2 1
fa(O)‘ = erf <7T\/7T’7 + = 5 (27r,u — cot a)) (4.6)
47‘('\/71'2’72 + 1 (2mp — cot )?
For optimal parameter, we have the relation @ = a* = arctan (ﬁ) which leads to
$ (2mp — cot ) = 0. Therefore, ([4.6) reduces to
. 2 1
fa*(O)‘ =7 o lerf (7T\/7T’Y)|2. (4.7)
Substituting (4.6) and (4.7)) into (4.5]), we write Ji*(«) as
R/ N\ _ 2
T (@) = frt (m77)
1 i ’
- erf (71’\/7?")/ + %(Q’NIU — cot a)) (4.8)
471'\/71’2’)/2 + 1 (2mp — cot @)?

For given v > 0 and p € RT, we shall show that J§'(a) > 0 on o* < a < Z. We simplify
(4.8) using the substitution

7y =a(y) and %(27T,u — cot o) = b(a). (4.9)

For the sake of convenience we write a and b instead of a(7y) and b(a). When o* < o < 7,
then a, b > 0 and J(a) in (4.8) becomes Af(b), where

1 2
AR = et P Jerf (rVa )|
(b) 47Ta‘er (W\/a)‘ Py er <7T a+1>
We equivalently prove that A%(b) > 0 for all a, b > 0. We write A%(b) as

Rioy erf (my/a) erf (mv/a +1ib) ’
A <b)_1( m/a > 4| mJa+ib

Using Lemma [3.3.1} we write error functions in terms of integrals on the unit interval

v (G o)
. [( NG / e cos (br?u? )du)2—|— (% /0 oo iy (bn?u?) du)2] .
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We represent the square of integrals in the form of double integrals on the unit square as

1 1
AR (b) :/ / e~ (W) qudt — / / e (W) cog (br*u?) cos (br*t?) dudt
o Jo o Jo
! ! 20,2 2
—i—/ / e ™ ) sin (br?u?) sin (brt?) dudt | .
o Jo

We write as a single integral form
1l
AR (D) = / / e WH) (1 — cos (br*(u? — 2))) dudt. (4.10)
0o Jo

In (4.10)), the integrand satisfies
e () (1 — cos (br*(u® — 7)) > 0

for all @, b > 0 on the unit square. Therefore A%(b) > 0.
For a < a*

Let JE(a) be a function given by

JH(a) = furO)] -

. 2 . 2
f0)] = |fur(0) =—<
Substituting (4.6)) and (4.7) into (4.11]), we have

(@) = = (et (ry/)
erf (71’\/71”}/ + %(27‘(‘# — cot, oz)) ) (4.12)

472y
1
47r\/7r2’y2 + 1(2mp — cot a)?
For given v > 0 and u € R, we shall show that J&'(a) <0 on 0 < a < o*. We simplify
(4.12) using the substitution given in (4.9). When 0 < o < a*, then @ > 0 and b < 0.
The function J&(a) in (#.12)) becomes AL(b), where
)

AF(b) = — (ﬁ |erf (W\/EHQ — m

We equivalently prove that AL(b) < 0 for all a > 0 and b < 0. Similar calculations as in
case o > o yield

11
AF(b) = —/0 /0 oo (W) (1 — cos (br*(u® — %)) dudt. (4.13)

In (4.13), the integrand satisfies
oo (W) (1 —cos (br*(u* — %)) >0

for all @ > 0 and b < 0 on the unit square. Hence, A (b) < 0. [ |

fa(O)r) . (4.11)

erf <7T m)
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We have proved in Theorem that fractional Fourier coefficients of zero degree have
the maximum magnitude when o = «a*. The optimal behavior of fractional Fourier
coefficients is illustrated in Figure [4.1

06

0.2

0.0
L

~

(b)

Figure 4.1: For the chirp f!(t) = e TOHE with 4 = — and p = 32, (a) the three-

dimensional plot of ‘ fo,(k)’ for —10 < k£ < 10 on fractional Fourier parameter domain

0 <a <7, and (b) the graph of fa(O)‘ on0<a<i.

In Figure we observe that for given v > 0 and p € RT, the absolute value of the
fractional Fourier coefficients fa(O)’ have the maximum value. Therefore, the optimal

parameter o provides the most localized fractional Fourier coefficients in the fractional
Fourier parameter domain 0 < o < 7. The optimal parameter a* that makes the absolute

value of fractional Fourier coefficient | fy- (0)] into a peak.

4.2.2 The Minimality Property of Fractional Fourier Coeffi-
cients

By choosing fractional Fourier parameter to be a*, fractional Fourier coefficients are
concentrated around k£ = 0. Therefore, fractional Fourier coefficients attain large values
over a small set of points. Consequently, fractional Fourier coefficients of large degree
contain relatively small values at all points and go to zero rapidly. In Theorem [4.2.1],
we have proved that fractional Fourier coefficients of small degree are the most localized
when the fractional Fourier parameter chosen to be a*. Now we show that there exists
N(v,p) € Ny such that for all |k| > N(v, i), the fractional Fourier coefficients have the
minimum value when a = a*.

Theorem 4.2.2. Let

Ft) = fot) = e " 0HmE e [—r 7]
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be an exponential linear chirp defined for given v > 0 and pu € R*. Then there exists
N(v,p) € Ny such that for all |k| > N(v, 1), we have

on 0 < a < T when a # a”.

Proof. We divide the fractional Fourier parameter domain into two parts namely o > o*
and a < a*.

For o > o™
Let Eff(«) be a function given by

2 2

Eff(a) = |far(K)| = |falk) (4.14)
From Lemma 4.1.1, we have
7ﬂ7k2
. 2 eQ(w272+%(27\'u—cot a)z)
fa(k)’ =
167r\/7r2’y2 + 1 (2mp — cot a)?
2
o lost i(k—7m(2mp—cota)) — 2%y i(k+ 7(2mp — cot ) + 22y
er , .
2\/7r’y+%(27w—cota) 2\/7r'y+§(27r,u—cota)
(4.15)
For optimal parameter, we have the relation a = «o* = arctan <ﬁ> which leads to

1 (cot @ — 2mp) = 0. Then ([4.15) reduces to

2

R 9 = 7. 2 . 2 2

Fo)|f = S e (M 2my R 2T ¢ (4.16)
1672y 2./Ty 2./

Substituting (4.15)) and (4.16|) into (4.14)), we have

7ﬁwk2
Ef(o) e_ﬁ‘ f (ik—27r2’y ik+27rﬂ) 2 R )
Q) =75 O ’ a
1672y N 2\/T7 167r\/7r272 + 127 — cot )?

i(k—7m(2mp—cota)) — 2%y i(k+ m(2mp — cot ) + 22y

x |erf

24/7y + 1(2mp — cot @) 2\/7r”y—|—%(27w—cota)
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For given v > 0 and p € RT, we shall show that Ef(a) < 0 when |k| > N(v,u). We
simplify the above expression using the substitution

7y =a(y) and %(QWM — cot o) = b(a). (4.17)

For the sake of convenience, we write a and b instead of a(y) and b(c). When a* < a < 7,
then a, b > 0 and E}¥(a) becomes W/ (D), given by

_ k2

24 ik — 2ra ik + 2ma\|”
Ripy =7 e
Wi =15 "\ "o ava
_ai?
o T4 orf (1(k —27b) — 2ma i(k + 27b) + 27?@) ?
-_—— I‘ 5
167 a? + b? 2va +ib 2va +ib
L2 a2
=[] = |fw)| . (4.13)
where
—ak? . . 2
i) 2 e orf (1(k — 27b) — 27a i(k + 27b) + 27Ta)
W = v p 2ai®h | 2ai®

We equivalently prove that WE(b) < 0 for all a, b > 0 when |k| > Ny(a,b). We use an
asymptotic expansion to show W/ (b) < 0. First, we find an expression for the asymptotic

L2
expansion of ) fb(k;)‘ . Using Lemma [3.5.2 we write

a2
£k) 2 o317 . (1(k3 —27b) — 2ma i(k + 27wb) + 27ra)
= I" b
’ 167v/a® + 02 2va +ib 2va + b

« erf (1(1{: +27b) — 27a i(k — 27h) + 27Ta)
r , : .
2v/a —ib 2v/a —ib
Let 21, 29, z3 and 24 be given in (3.49)). Then using Lemma |3.6.3, we write the asymptotic

expansion of ) fb(k)‘ as

—ak?
A e2(a2+b2)

fb(k

2
—z2 e %1

((k +27b) —i27a)  ((k — 27b) + i27a)

et e

o) T 2ma) Y T G am) = iZﬂa)El(Z2)>

+

— _,2
( 23 e %
_|_

k+ 27Tb )+ i2ma)  ((k — 27b) — i27a)

e % e %

(k= 2ab) — 2ra) " (k5 200) + 270) El(z?’)) '
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2
‘ as a sum of approximation term and the remainder term

We write ’fb(k;)

—ak?
“ 2 62(a2+b2> e—Z2 e—Zl
k)| = —
Jolk) Ar? <((k +21b) — i27wa)  ((k — 27b) + i27ra)>

: (((k +27b) +i2ma)  ((k — 27b) — izm)> +Uk(b),

—ak? 2 2
)= - T
YT e ((k +27b) —i2am)  ((k — 27b) + i27a)

8 ((k — 2mb) — i27a) e1(z1) — ((k + 270) + i27ra)81(23>>
i ((k — 2mb) + i27a) e1(z) = ((k + 27b) — 127a) 51(22>>

e e *i
8 ((k + 2nb) + i2na)  ((k — 27wb) — i27m)>

2 2
e * e %2

((k — 27b) + i27a) erz) — ((k + 27b) — i27a) 51(22>>

2 2
e " e "
— : 4.1
N2z ) )~ s 2 & i27ra)€1(23>>] (4.19)
L2
Multiplying the expressions, we write fb(k;)‘ as
R 2 e—2a7r2 1
Hk)| =—= . :
4r ((k + 27b) —i27ma) ((k + 27b) + i27a)
1
((k + 27b) — i2ma) ((k — 27b) — i27a)
1
(k= 27b) + i27a) ((k + 27b) + i27a)
1
V(D).
Tk = 27b) + 127a) ((k — 270) — i27ra)> Uk(0)
Writing the above expression as a single fraction, we have
NUENE: 1672(a® + b?)e 207"
B = I (b). 4.20
folk) (5 + 270)° + 472a?) (k — 270)2 + dm2a?) «(0) (4.20)
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is calculated as

o (k)

2
From (4.20)), the asymptotic expansion of ‘

2 167T2 2 —2an?

TSI ias
(k;2 + 4r2a?)’

Substituting (4.20)) and ( into gives

167m2q2e 27"
Wi (b) “ 1 dnta?)? + 9, (0)
- 1672(a® + b%)e~ 2" .
((k + 27b)? + 4m2a?) ((k — 27b)? + 47%a?) #(b)
B —b? (k* 4 (47a)?k? — (47%a)?(a® 4 b?)) e 207
(k2 + 4Am2a2)? ((k — 27b)? + 4A72a?) ((k + 27b)? + 4m2a?)
+ 94 (b) — 95(0). (4.22)

Jo(k)

9,,(0). (4.21)

We write (4.22)) as a sum of approximation term and the remainder term
Wi (b) = W, (b) + U (b) — 9 (0),
where the approximation term is given by

—b% (k* 4 (47a)2k? — (472a)%(a® 4 b2)) e~ 207
(k2 4 472a2)” ((k — 27b)2 + 472a2) ((k 4 27b)? + 4n2a?)

WE(®b) = (4.23)

From ([{#.23), we see that k* + (47a)’k* — (47%a)*(a® + %) > 0 when [k| > No(a,b).
Therefore, WE(b) < 0 for all a, b > 0. To calculate the bounds for the remainder

Ur(b) — 95(0), we find the bounds for ¥y (b) given in (4.19). Multiplication of expressions
on the right side of (4.19) gives

_ e e1(z) e1(z)
Ilb) = =1 (((k + 21b) — i27a) ((k — 27b) — i27a)  ((k — 27b)? + 47%a2)
_ 51(23) + €1 (2’3)
((k +27wb)? + 47%2a?)  ((k — 27b) + i27a) ((k + 27b) + i27a)
4 81(2’1) €1 <21>
((k — 27b) + i27a) ((k + 27b) + i27a)  ((k — 27b)2 + 4n2a2)
€1 (22) 4 &1 (ZQ)
((k +2mb)2 + 472a?)  ((k 4 27b) — i2ma) ((k — 27b) — i27a)
n e1(21)e1(24) _ e1(z1)e1(23)
((k —27mb)? + 4n2a?)  ((k — 27b) + i27a) ((k + 27b) + i27a)

B e1(22)e1(24) n e1(z2)e1(23) )
((k + 27b) — i27a) ((k — 2mwb) — i27a) ~ ((k + 27wb)? + 472a?) |
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Arranging the like terms, we have

_ 2
e 2am

( Ar(ia — b)er (24)

472\ ((k + 27b) — i27a) ((k — 27b)? + 472a?)
4m(—ia + b)eq(23)

((k — 27b) + i27ma) ((k + 27b)? 4 472a?)
4 (—ia — b)e1(21)

ﬁk(b) =

+

Tk —270)2 + 47202 ((k + 27b) + 1270)
N Ar(ia + b)eq(22)

((k + 27b)2 + 472a?) ((k — 27b) — i27a)
_ €1 <21)€1(23)

((k — 27b) + i27a) ((k + 27b) + i27a)
_ &1 (22)81 (24)

((k + 27b) —i27a) ((k — 27b) — i27a)

_|_

51(21)81(24) 4 51(22)51(2’3)
((k —27b)? + 4n2a?)  ((k + 27b)? + 472a?) |

Taking absolute value of the above expression

0at)] < < Amva? + Ple(za)
AT\ ((k + 27b)? + 4m2a2)? ((k — 27b)? + 472a2)
4m/a? + b%|e1(23)]
((k —27mb)? + 47r2a2)% ((k 4 27b)? + 4m2a?)
N 47r\/a27+162|51(21)|
((k +27b)2 + 472a?)? ((k — 27b)? + 47%a?)
N 47r\/a27+162]51(22)|
((k —27b)? + 472a?)2 ((k + 27b)? + 47%a?)
X |51(2’1)1||€1(23)| i
((k + 27b)? + 472a?)2 ((k — 27b)? + 47m%a?)2
N E1(z2)l[e1(z4) 1
((k +27b)? + 472a?)? ((k — 27b)? + 47%a?)?
L lm@laE] el ) |
((k —2mwb)2 + 4n2a?)  ((k + 27b)? + 472a?)

From Lemmata [3.6.3| and [3.6.4] using the estimates of the remainder terms e;(21), €1(22),
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£1(z3) and €1(z4), the absolute value |J4(b)| becomes

—2am?

( 87v/2(a? + b?)

A%\ ((k + 27b)2 + 472a2)? ((k — 27b)2 + 4m2a2)?
87v/2(a% + b?)

((k — 27b)2 + 472a2)? ((k + 27b)2 + 472a2)?
8 (a® + b?)

((k + 27b)2 + 4n2a2)? ((k — 27b)2 + 472a2)?
8m(a? 4 b?)

((k — 27b)2 + 472a2)? ((k + 27b)2 + 4m2a2)?
44/2(a? + b?)

((k + 27b)2 + 4n2a2)? ((k — 27b)2 + 472a2)
4v/2(a® + b?)

((k +27b)2 + 472a?)? ((k — 27b)? + 47m%a?)

4v/2(a® + b?) N 44/2(a® + b?) > .

[0 (b)] <

+

+

+

3
2

_|_

Njw Q

3
2

((k — 270)2 + 472a2)®  ((k + 27b)? + 4n2a2)®
Taking

4(a® + b?)e20m
((k 4 27b)2 + 4m2a2)® ((k — 27b)? + 4w2a?)’

common from all expressions, we have

4(a2 + b2)e72aﬂ'2
((k + 27b)? + 4m2a2)® ((k — 27b)? + 4n2a2)?

9k (b)] <
X (2\/57? ((k 4 27b)* + 47r2az)g ((k — 27b)* + 47°a®)

+ 22 ((k — 2mb)? + 47r2a2)g ((k + 270)? + 4n%a?)

+ 27 ((k + 27b)* + 47°a ) ((k — 2mb)* + 47°a”)

+ 2 ((k — 27b)? + 4n2a?)® ((k + 27b)? + 47%a?)
V2 ((k + 27b)? + 47’a )%

V2 ((k + 27b)? + 47%a?)

vVa((

Njw

( 27rb + 47r2a2)
( 27Tb + 47‘(‘2@2)%

e

(k +2mb)* + 4772a2)3 +2 ((k —27b)* + 47T2a2)3>

—O(k™).
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We estimate the remainder term in (4.22)) as
|05 (0) — 9(b)| < |95(0)] + |9(D)]
=0k +O(k™®) = O(k™®).
To prove that /T/Iv/,f(b) is an asymptotic expansion of WE(b), we write
Wit(b) 0(0) — 6x(0)| _ [6x(0) — Ok(b)]
WE®) 70 a0

=0 (k™).

Therefore, W[(b) ~ Wf(b) for all @, b > 0 when |k| > Ny(a,b). The approximation
term WE(b) < 0 and the remainder term has a faster decay than the approximation
term. Hence, we conclude that W/ (b) < 0 for all a, b > 0 when |k| > Ny(a,b).

For a < o*

Let EX(a) be a function given by

L2 . 2 R 2 .2
st =[] - [few] = (|few] - [aw[). a2
Substituting (4.15)) and (4.16|) into (4.24), we have
— k2
EL( ) ( e;Tkj ‘ ¢ (lk — 27’[’2’}/ ik + 271-27) ’2 ez<ﬂ2w2+%(2wu—c0ta)2)
() =— | ———ler : —
1672y 2./ 2,/ 167r\/7r2’y2 + 127 — cot )?

2
i(k—7m(2mp—cota)) — 2%y i(k+ m(27p — cot @) + 22y )

x |erf . , '
2y /7y + 5(2mp — cot ) 2\/7T7—|—§(27m—cota)

For given v > 0 and pu € R™, we shall show that FF(a) > 0 when |k| > N(v,u). We
simplify the above expression using the substitution (4.17). When 0 < o < «a*, then
a>0and b <0, and EX(a) becomes W[k (b), given by

-2 . . 2
€ 2a ik — 2wa ik + 2ma
WEb) = -
¢ () (mme ( o0va | 2va )
7a,k2
o3t 1e%)

B orf (1(k: —27b) — 2ma i(k + 27b) + 27?(1) ‘2 (4.25)
16mv/a2 + b2 2Va+ib 7 2Va+ib ' ‘
We equivalently prove that Wl (b) > 0 for all @ > 0 and b < 0 when |k| > Ny(a,b).
Similar calculations as in the case a > a* are performed in (4.25) which gives
W (k* + (4ma)%k? — (47%a)?(a® + %)) e~ 207"

(k2 + 4m2a2)? ((k — 27b)? + 4w2a2) ((k + 27b)2 + 4n2a?)
+ U (0) — Yy (D).

Wi (b) =

(4.26)
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We write (4.26) as a sum of approximation term and the remainder term
Wi (b) = Wi (b) + 9k (0) — Dk (b),
where the approximation term is given by

fWkL(b) _ b2 (k4 —; (4ma)*k? — (47%a)?(a® + 1?)) g~ 2am’ ‘ (4.27)
(k2 + 4m2a?)” ((k — 27b)? 4 472a?) ((k + 27b)? 4 472a?)

From ([4.27), we see that k* + (4ma)?k? — (47%a)?(a® 4+ b*) > 0 when |k| > No(a,b).
Therefore, W,CL (b) > 0 for all @ > 0 and b < 0. Performing the similar calculations as in
case a > o, we can show WE(b) ~ WE(b) for all @ > 0 and b < 0 when |k| > Ny(a, b).
Hence, W (b) > 0 for all @ > 0 and b < 0. [

In Theorem |4.2.2, we have proved that for given v > 0 and p € R*, the absolute value
of the fractional Fourier coefficients ‘ fa(k:)) for |k| > N(vy,p) is the minimum. The

absolute value of the fractional Fourier coefficients

fa(k)’ for various fractional Fourier

parameters is illustrated in Figure 4.2}

08
06}
06f =25 HH j 8

0.4

A0

1
:
:
0.2 |
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00 LT Y TN e e o
10 5 0 5 10 1o s 0 5 10
k k
(a) (b)

Figure 4.2: For the chirp f£(t) = e mHIE ith 4 = 7= and p = 3, the graph of ‘fa(k‘)‘
over —10 < k < 10 (a) for some « on the domain 0 < o < o* &~ 0.209, and (b) for some
a on the domain 0.209 ~ o* < o < 7.

The three-dimensional behavior of

fa(k;)’ for 5<k<100n0 < a < Z and plot of

fa(ﬁ)‘ on 0 < a < 7 is shown in Figure We observe that when the parameter
fa(k)‘ for |k| > N(v,u) become

« lies close to zero, the fractional Fourier coefficients

oscillatory with respect to a.



Chapter 4. Fractional Fourier Series Approximation of Exponential Linear Chirps 69

015

0.10

I£(6)]

0.05

0.00 -
L

(b)
Figure 4.3: For the chirp f/(t) = e O with 4 = - and p = 3, (a) the continuum
of

fa(k)‘ for 5 < k < 10 on fractional Fourier parameter domain 0 < o < 7, and (b) the

fa(6)‘ on0<a<i?.

graph of

4.2.3 The Minimality in L? Error by FrFS Approximation

The approximation of exponential linear chirps by the partial sums of FrF'S with optimal
fractional Fourier parameter gives the minimum L? error for sufficiently large N € Ny,
which we prove in this section. We describe the problem of the best approximation in
the following way: We are given an exponential linear chirp f¥, the complex exponentials
Gr,o and the L? norm ||-||2_r ». We take all possible basis {¢yq : k € Z} with0 < o < %
and form the corresponding partial sums Sy o, where

valt) =D fa(k)dra(t), N €Ny
[k|<N
There is a parameter o* in the fractional Fourier parameter domain 0 < a < 5 so that
the partial sum S, o+ is the closest fit to f' on [—m, 7] for large N € Ny.

Corollary. Let
fit) = e TOHE Lt e [ 7]

be an exponential linear chirp defined for given v > 0 and u € R*. There exists N € Ny
such that for N > N(v, ), the optimal fractional parameter o provides the minimum
L? error on [—m, 7. i.e.,

o2 (|15 = Svall o = 15 = Sl oy

™

Proof. We divide the fractional Fourier parameter domain 0 < a < 7 into two parts

namely a > o* and a < a*, and prove
Hf'ét B SN7O‘*HL2[—7r,7r] < ||f'¢ B SN’CVHLQ[

0n0<a§§whena7éa*.

—7,7]
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For a > o*

Let J¥(a) be a function given by

JJ]\DKCV) = ||ff; - SN,a*

iz[—w,w] o ”f# - SN@H;[

-]’

2

~

fa* (k)

Using Parseval’s identity, J&(a) becomes
2

A= 3 ] - 3 |aw[ = X (

|k|>N |k|>N |k|>N

R

Using Theorem (4.2.2| we conclude J(a) <0 when N > N(v,p) on o < a <

N

For o < o*

Let J%(a) be a function given by

2 2
In(@) = |[£3 = Swallapnm = 13 = Svar |2
Using Parseval’s identity, J%(a) becomes
; L2 A 2 2. 2
st = 3 ] = X i w| = ¥ ([rwf - |few]).
|k|>N |k|>N |k|>N
Using Theorem [4.2.2) we conclude JE(a) > 0 when N > N(v,p) on 0 < o < o*. |

Hence, the partial sum Sy o~ provides the best approximation to f! in the fractional
Fourier parameter domain 0 < a < 7 relative to the norm || - || z2[—r - for large N € Ny.
The plot of L? error is shown in Figure [4.4]

0.8

0.6+

12 error
L2 error

041

021

0.0t

(a) (b)
Figure 4.4: For the chirp f#(t) — ¢ O HWP the L2 error in FrFS approximation of

exponential linear chirps by using N = 3 with (a) p = 3, and (b) v = 555-
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4.3 Monotonicity Properties of Fractional Fourier Co-
efficients

This section is devoted to the monotonicity properties of fractional Fourier coefficients of
exponential linear chirps. We define a domain D by

1
D= {(% p) sy > 70 0<p< 8_ﬁ (/\6”37 + \/()\6”37)2 — 647r2fy> } : (4.28)

T
where
Vaew
2v/2e 7
A:G__éid'
T2

The fractional Fourier coefficients of zero degree, the fractional Fourier coefficients of
large degree and the L? error are monotone with respect to . The sense of monotonicity
differs whether a@ > o* or a < a*.

4.3.1 Fractional Fourier Coefficients of Zero Degree

fa(0)

D. For a > o*, fractional Fourier coefficients ‘ fa(O)‘ are monotonic decreasing whereas

The absolute value of the fractional Fourier coefficients is monotone on the domain

the coefficients are monotonic increasing for a; < a < a*, where 0 < a7 < a*. Now we

prove the monotonicity of fa(()) in the following theorem.

Theorem 4.3.1. Let
Ft) = fr(t) = e 0T e [~ 7]

be an exponential linear chirp defined for given v > 0 and p € R*. Let (v, ) € D given
in (4.28). Then there exists a; = (7, p) such that

forl)] > [ an(@)| for o* <an<pa<]

JEaL(O)‘ for o < B < ap <a’,

~

fa0)] <

and

where 0 < a; < o and o* s the optimal fractional Fourier parameter.

. 2
Proof. Let fa(())‘ be denoted by H(«). From (4.4)), we write

erf (71'\/71"’}/ + %(27?/; — cot a))

2

(o) = !
H (o
47T\/7T2’72 + }1(27w — cota)?

(4.29)
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The necessary and sufficient condition of H(«) to be monotone for all (v, u) € D is

H'(a)<0 on o*<a< E,
2 (4.30)
H'(a) >0 on a; <a<a¥

where we choose

1

21 + g (/\e”3”/ + \/(/\ec”r?w)2 — 647r27)

o1 = arctan

We simplify (4.29) using the substitution
1
7y =a(y) and 5(27r,u — cot o) = b(a). (4.31)

For the sake of convenience, we write @ and b instead of a(7) and b(ar). When a* < o < 7,

then 0 < b < 7. The domain D in (4.28) becomes i as defined in (3.15])

1 v/ 2
QOr = {(a,b) a2 g, 0<b< g ()\e‘” + \/()\e‘“TQ)2 —64&#)},

(e

where A is given in (3.16). When oy < a < «o*, the domain D in (4.28)) becomes €,

where

1 —+/arm an? a2
QL:{(G,b>C(lZ§, - ()\e +\/()\e ) —64a7r)§b<0}.

We calculate the range of domain 2, as follows. The domain a; < o < o* is written as

1 1
arctan < a < arctan <2—) ,

2mp + g ()xe”37 + \/(>\e‘”37)2 — 64%27) T

which is equivalent to

1

1
<tana < Sy
2+ g <)\e”37 + \/()\em3“f)2 - 647?2’y> T

The range of cot « is

2mp < cot oo < 2mmp + g (Ae’rg7 + \/(/\e‘“Tsv)2 — 647r2fy> .
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The range of § (27 — cot ay) is

%ﬁ ()\eﬂgv + \/()\eafr3'y)2 _ 647r2'y> <

Using the substitution (4.31]), we have

1
5 (2mp — cotar) < 0.

—v/am
8

()\e“’r2 + \/()\e‘“TQ)2 - 64a7r> <b<O.

The necessary and sufficient condition (4.30) is equivalent to

M'(b) <0 forall (a,b) € Qg,
M'(b) >0 forall (a,b)€Qy.

The function H(«) in (4.29) becomes M (b), where

1 2

- 4/ a? + b2

= # 0 erf (WW) erf (Wﬂ) . (4.32)

M(b)

erf (7r a+ ib)

The domain Qg
We shall show that M’(b) < 0 for all (a,b) € Qg. From (4.32)), we have

:47r\/a2 + b2 NZs 2v/a —1b

2 20 1 i
+ erf ( o — b) 2 am¥atid) 7T
er ™ a 1 \/7_Te 9 pr lb

+ erf (W\/ﬂ) erf (W\/ﬂ) (—_2()) )

87 (a? + 62)%

M'(b) B (erf (WM) ie_”2(“_ib) —<_i)7r

We arrange the terms in the form of %(z) and simplify M’(b) to get

mva + ib Va2 + b2
erf (7T a —ib e—7r2(a+ib) iﬂﬁ(a — lb)
m/a —ib va? 4+ b?
N erf (7r a+ ib) erf (m/a — ib) ( —br )
mva +ib mva — ib 4(a®>+ %))’

1 (erf (TVaFB) ooy (“Dm/Ala + i)
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Multiplying and divide the right side of M’(b) by m, we get

M) -1 (b erf (m/a — b) ? erf (m/a + ib) 2 (a—ib)
= Tr €
4(a? +b?) mva —ib Va4 ib

+iv/m(a +ib)

f(mva —1ib 2
—iv(a—ib) = (Ve — 1) s (4.33)
mVa —ib
From Lemma (3.3.1], we have
f(mva—1b
ef (rva—1) 4. (4.34)
m™/a —1ib
Moreover, we write the expression for the absolute value of (|4.34))
erf (7T\/CL — ib) ’ B ‘erf (7T\/CL — ib) |2 g (4.35)
m/a —ib VT * '

where I. and I are integrals of the form

I, fu? cos (br*u?) du >0 (4.36)
S Rl

and

I fu? sin (br*u®) du >0 (4.37)
S R
respectively. Using (4.34]) and ( - 3)) simplifies to

M’(b):4<a2_—_|1_b2)(b71'(]2—|—[2)+1\/—(a+1b)([ —il,)e —n2(a—ib)
— iV (a—ib) (I +il;) e~ aﬂb))
= 4(@2_——11—[)2)(bﬂ- (102 + ]?) + \/Ee_aw2 ((l + lb) (iIc + Is) ei(m2

— /7™ (a—ib) (il, — 1) e_ibWQ).

Using Euler’s identity €™ = cos br? 4 isin br?, the derivative M’ (b) becomes

~1 2
M'(b) = PPN <b7r (124 12) + Vme ™ (a+ib) (cosbr® + isinbr?) (il + ;)
— /7™ (a — ib) (cosbr® — isinbr?) (il, — I,) )
~1
= m (bw (I2+12) - 2/me ™ (asinbr® + beosbr?) I,

— 2y/me (bsinbr® — acosbr?) IS). (4.38)
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Since b # 0, multiplying and dividing right side of (4.38]) by b gives
b 92 —an?
M/(b) = m(’ﬂ' (ICZ + Isz) — ﬁ+ (CLSiHb?T2 + bCOSb7T2) ]C
2 —a7r2
_ \/ETG (bsinbr® — a cos brr®) Is) : (4.39)

Using (4.35)), (4.36) and (4.37)), we write (4.39) in terms of absolute value of the error

function and integrals

M (b) = —b (W |erf (W\/a — ib)‘

4(a® + b?) 12y a? + b2
4 —an? 1
_ e 2 (a sin br? + b cos b7r2) / e~ 9™ ¢og (b7T2u2) du
0
4efa7r2

1
- (b sin br? — a cos b7r2) / e~ gin (b7r2u2) du>
0

_ 2
:—bS (2 erf (W\/a — ib)
8m(a? + b?)z2
Ny 2p—am? 1
_ 8mva —Zb ¢ (a sin brr® + b cos b7r2) / e "™ cos (b7r2u2) du
0
Va2 L p2e—ar’ 1 .
_ 8mva —{l;b ¢ (bsinbr® — acos b7r2)/ e”"™ " sin (br’u?) du). (4.40)
0
We write (4.40)) into the following form
b 2 2
M'(b) = m ( erf (m/a - ib) —&i(a,b) + |erf (W\/a - ib) - fg(a,b)> ,
7(a 2
(4.41)
where
8mv/a2 + bZe~om !
&(a,b) = va —Z ¢ (asinbr® + bcos brr?) / e~ cos (br*u?) du
0
and
va? + b2 —an® ! 2,2
&(a,b) = 8rva —[t ¢ (bsinbr® —acosb7r2)/ e~ sin (br*u?) du.
0

From (4.41)), the derivative M’(b) < 0 if both inequalities

‘erf <7rm> ‘2 > &1(a,b) (4.42)
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and

erf (wv/a—10) f > &(a,b) (4.43)

are satisfied. We prove that both inequalities (4.42) and (4.43]) hold for (a,b) € Qg. From
Lemmata [3.4.1] and |3.4.2 we write

erf (7r m>

2
> sup &i(a,b). (4.44)
(a,b)EQR

inf
(a,b) €EQRr

Since the inequality (4.44) holds for all (a,b) € Qg, we have

’erf <7rm> ‘2 > &1(a,b).

Therefore, the inequality (4.42)) holds for Qg. Again from Lemmata [3.4.1 and [3.4.2 we
write

inf
(a,b) EQpr

erf (Wﬂ)r > sup &f(a,b). (4.45)

(avb)EQR

Since the inequality (4.45) holds for all (a,b) € Qg, we have

erf <7r\/m> ’2 > &(a,b).

Therefore, the inequality (4.43] - ) holds for 2. Since both inequalities (4.42)) and -
hold for all (a,b) € Qg, we conclude M’'(b) < 0 for all (a,b) € Qg.

The domain Qj,

Now we prove that M'(b) > 0 for all (a,b) € Q5. We find M'(—b) by replacing b by —b
in (4.33)

M (—b) -1 ( B bﬂerf m™a + 1b) erf (7r a— 1b)

:4(a2 + b?) ™/ a + ib m™/a —ib
erf( a—ib) . erf( \/a—i—lb)
4 —ib —7m?(a+ib) —|—b (a— 1b)
e —ib)— = Wrla i) — =

1 (b erf (m/a + ib) erf (7T a— ib)
= T
4(a? 4 b?) ma + ib ma —ib

+iv/(a+ ib) erf (mv/a + ib) o~@=) _ i [ — ib) erf (mv/a 1b) 2 asib) )
=— M'(b).

—

™

Q

+1b ma —1ib

Since M'(—b) = —M'(b) and we have already proved that M'(b) < 0 for all (a,b) € Qg,
therefore M'(—b) > 0 for all (a,b) € 2. |
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We have proved that the fractional Fourier coefficients fa(O)‘ have monotonic behavior

on the domain D. The monotone behavior of fractional Fourier coefficients is illustrated

in Figure [4.5

041

03

02

10

01

0.0

z
0 o 05 1 z

(b)
Figure 4.5: For the chirp f!(t) = e O with y = 5, (a) the three-dimensional plot
of

fa(k)‘ for —10 < k£ < 10 on fractional Fourier parameter domain 0 < a < 7 and, (b)

the graph of fa(O)‘ on0<a<ig.

Numerical Validity of Theorem m

In Theorem [4.3.1,, we have proved the monotonicity on the domain €2 given by

—\I/(a) S b S \I/(a)} = QL U QR>

N | =

Q—%m®m2

where

8 T2

2\ 2
2 24/2 -5
U(a) = X5 <>\e‘” T/ Oenm)? - 64a7r) and )= (1 - f—e> ,

We have performed the numerical experiments which reveal that Theorem |4.3.1]is valid
on a larger domain 0 given by

0= {(a, D) a> % bila) <b< bR(a)}.

We confirm the numerical validity of the monotonicity using ListContourPlot in Wolfram
Mathematica 11.3 by plotting inequalities and over the domain . In
Figures [4.6] [4.7] and the rightmost areas indicate the region where the inequalities
3.20]) and @ are proved. The leftmost areas indicate the region where the inequalities
3.20) and @ are not true. The areas in the center of figures is the region where
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monotonicty is numerically verified. In Figure we observe the oscillatory behavior of

inequalities (3.20) and (3.21)).

I Not True [ | Numerically Verified | | Proved I Not True [ | Numerically Verified | | Proved

0.5 05
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800

600

400

200

075 1 0 0.25 0.75 1

@ =
o M

(a) (b)

Figure 4.6: For 0 < a < 1 and 0 < b < 1000, the regions where the monotonicity of
fractional Fourier coefficients is proved, the monotonicity is numerically verified and the
monotonicity does not hold.

I Not True [ | Numerically Verified | | Proved I Not True [ | Numerically Verified | | Proved
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Figure 4.7: For 0 < a < 1 and 800 < b < 1800, the regions where the monotonicity of
fractional Fourier coefficients is proved, the monotonicity is numerically verified and the
monotonicity does not hold.
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I Not True [ | Numerically Verified Proved [ Not True [ | Numerically Verified Proved
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Figure 4.8: For 0 < a < 1 and 0 < b < 30, the regions where the monotonicity of
fractional Fourier coefficients is proved, the monotonicity is numerically verified and the
monotonicity does not hold.

4.3.2 Fractional Fourier Coefficients of Large Degree

In Theorem we have proved that the fractional Fourier coefficients of zero degree
falk)|
for |k| > N (v, 1) are monotonic increasing on o > a* whereas monotonic decreasing on
o < a < o, where 0 < a1 < o*.

are monotone on domain D. Now we show that the fractional Fourier coefficients

Theorem 4.3.2. Let
F(t) = fut) = e™OTE ¢ e [—x 7]

be an exponential linear chirp defined for giveny > 0 and u € R™. Let (v, ) € D given in
(4.28). Then there exists N(vy,u) € Ny and a; = ay (7, p) such that for all |k| > N (v, u)

faR(k)‘ < ‘fBR(k)‘ for o <ap <fPr< g

fus )] for oy <Py <ap <o,

and [fou ()] >

where 0 < a; < o and o* is the optimal fractional Fourier parameter.
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L2
Proof. Let fa(k)‘ be denoted by Fj(«). From Lemma [4.1.1} we have

77r'yk2
e2<7r2'y2+%(27r,ufcot oz)z)

Fk(Oé) =

167r\/7r272 + 1(27p — cot a)?
2
i(k—m(2rp —cota)) — 272y i(k+ w(2mp — cotar)) + 272y

2\/7r7+%(27r,u—cota) 2\/7w—|—%(27r,u—cota)

X |erf

(4.46)

The necessary and sufficient condition of Fj(a) to be monotone for all (v, ) € D is

T
Fl(a)<0 on o <a<—,
(@) -2 (4.47)
Fl(a)>0 on g <a<a

where we choose

1

2+ g (/\6“37 + \/(/\e‘“r?’V)2 - 647T27)

o1 = arctan

We simplify (4.46)) using the substitution
1
7y =a(y) and 5 (2 — cot ) = b(a). (4.48)

For the sake of convenience, we write a and b instead of a(7) and b(a). When a* < o < 7,

then 0 < b < 7. The domain D in (4.28) becomes Qg as defined in (3.15])

, 0<b< ~8a7r (/\ ar +\/ e‘”r2 —64a7r)}

(0

l\DI»—t

Op = {(a,b):

where A is given in (3.16). When a; < a < o*, the domain D in (4.28) becomes €2,

where

1 —/

Qr=<(a,b):a>= I xeo™ + \/()\ea“2)2 —6dar | <b< 0.
2 8

The method to compute the limits of €, using a; can be found in Theorem [4.3.1] The
necessary and sufficient condition (4.47)) is equivalent to

G(b) >0 forall (a,b) € Qp,
G.(b) <0 forall (a,b)€ Q.
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By using the substitution (4.48)), the function Fy(«) in (4.46) becomes Gy (b), where

—ak?
2(a2+52) (e _ : 2
Gulb) = e or (1 (k — 2b) ‘ 27ra, i(k+ 2mbh) —|— 27Ta)‘ ' (4.49)
167V a? + b2 2va+1b 2va+1b
From Lemma [3.5.2] we write
‘erf (i(k — 27b) — 27a i(k + 27b) + 27ra) 2
2va +ib 2va +ib
— orf (1(k: —27b) — 2ma i(k + 27b) + 27TCL>
B 2va +ib 7 2va +ib
i(k + 27b) — 27a i(k — 27b) + 27TCL>
x erf , . 4.50
< 2v/a —ib 2va —ib ( )

Using (4.50), we write G(b) in (4.49)) as

Guls) = T - (i(k —2rb) — 27a i(k + 27b) + 2m)
167v/a2 + b2 2va+ib T 2y/a+1ib
« orf (1(k: + 27b) — 2ma i(k — 27wb) + 27Ta) '
2Va—1ib  2Y/a—ib

The domain Qg
We shall show that GJ.(b) > 0 for all (a,b) € Qr when |k| > Ny(a,b). The derivative

of Gx(b) with respect to b is calculated by using the derivative of the generalized error
function in Lemma [3.5.4]

—ak?
G by ok = (@ £ 1)) Tt 7
BT 16mva? + B2 (a2 + b?)?

« orf <1(l€ —27b) — 27a i(k + 27b) + 27m)
2vVa+ib ' 2Va+1ib
« oxf (1(k +27b) — 27a i(k — 27b) + 27ra)
2Va—ib T 2Va—ib
N Va —ib(a + ib)zeﬁﬁz’) erf (1(k —2mb) — 2ma i(k + 27b) + 27ra>
322 (a2 + b?)3 2Va+ib  2Va+ib

. —(i(k+27wb)—2ma)? . —(i(k—27b)+2ma)?
X | ((k—27mb) —i2wa)e™ 4@ — ((k 4 27b) + i27wa) e 4a—)

2

N Vva+ib(a — ib)ze%;;fb% orf (l(k + 27b) — 2ma i(k — 27b) + 27TCL>
322 (a2 4 b?)3 Wa—ib  2J/a—ib

. —(i(k+2mb)+27a)? . —(i(k—2mb)—2ma)?
X | ((k—27b) +i27wa)e™ @t — ((k + 27b) —i2wa) e AEFiH
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Taking

322 (a2 4 b?)3

common from all expression gives

G (b)

T [2\/7_?19 (ak? — (a® + b%))

« orf (1(k’ —2mb) — 2ma i(k + 27b) + 27?@)

2Va+ib T 2Va+ib
« orf (1(k; + 27b) — 2ma i(k — 27b) + 27?@)

2a—ib 2va — ib

, _ i(k — 27b) — 2ma i(k + 27b) + 27ra>
++Va — ib(a + ib)* erf ,
ib{a +10) ( 2a+ib 2/a +ib

) —(i(k+27b)—2ma)? ) —(i(k—27b)+2ma)?
X <((k: —27b) —i2ma)e” 4D — ((k +27b) +i2ma) e #a—i®) )

, _ i(k + 27b) — 2ma i(k:—27rb)+27ra>
+Va +1ib(a — ib)? erf ,
a+ibla - ib) er( 2v/a —ib 2v/a —ib

—(i(k+27b)+2ma)2 —(i(k—27b)—27a)?
X <((/€ — 27h) + i27wa) e 4laF) — ((k+27b) —i2ma) e AGFiD ) ] .

Using (4.50)), we write the above equation as

—ak?
e 2(a2+4b2)

= = = [2/7b (ak? — (a® + b*

3272 (a® + b?)2 [ Vb ( )

orf (1(11; —27b) — 2ma i(k + 27b) + 27ra)
2va+ib 2va +ib

. , i(k — 2mb) — 2ma i(k + 27b) + 27ra)
++Va —ib(a +1ib)? erf ,
( ) ( 2v/a +ib 2va +ib

) —(i(k+27b)—2ma)? . —(i(k—27b)+2ma)?
X | ((k—27mb) —i2ma) e 4@=i®) — ((k 4+ 27b) + i2wa) e Ha—)

, _ i(k + 27b) — 2ma i(k:—27rb)—|—27ra>
+ Va + ib(a — ib)* erf ,
@t ibla —ib) er < 2Wa—ib 2Wa—1ib

—(i(k427b)+27a)? —(i(k—27b)—27a)? ) }

G (b)

2

X

X <((k: —2mb) +12wa) e AGaFD) — ((k +27b) — i2ma) e 3@+
(4.51)

To prove G.(b) > 0 for all (a,b) € Qg when |k| > Ny(a,b), we expand G} (b) using the
asymptotic expansion of the generalized error functions. Let 21, 29, 23 and z4 be given in
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33

(3.49). From Lemma and Lemma using the asymptotic expansion of

orf (1(k —2mb) — 2ma i(k + 27b) + 27ra> _ erf(zy, 22)
2va +ib 2va+1b - b

and

orf (1(k +27b) — 2ma i(k — 27h) + 27a
T Y
2va —ib 2va —ib

respectively, the derivative G} (b) has an expansion of the form

) = erfea 20

G;c(b) :167'(2((12 T b2)2 4b (ak2 _ (CL2 + b2))
(((k + 27b) — i27a)® + 2(a + ib)) e~ -
) ( ((l{i + 27Tb) — 12a7r)3 + ((]g + wa) _ i27TCL) 52(z2>
(((k — 27Tb) + 127ra)2 +2(a + ib)) o B - "
— 27d) + i2ma)’ ((k — 27b) + i27a) #2l41
((k + 27b) + 127m) +2(a — 1b)) —22 -
((k + 27b) + 127ra)3 + ((k + 27b) + i27a) €2(z3)
(((k —2mb) — i2ma) 4+ 2(a — b)) e H 2 y
— 27b) — 127ra)3 ((k — 27b) — i27a) €224
+i(a + ib) (((k — 27b) — i27a) e % — ((k + 27b) + i27a) e—zf)
(((k + 27b) — i2ra)® 4 2(a + ib)) 023 o
X ( ((k + 2mb) — i2ar)” * Wt 20) — 2a) 2
(k= 2mb) +i270)* + 2(a + b)) e o ?d o
((k — 27Tb) + i2’/Ta,)3 ((k _ 27Tb) + 127”1) €2(%1
—i(a — ib) <((k — 27b) 4 i27a) e - ((k + 27b) — i27a) e z%)
(((k + 27b) + i27a)” + 2(a — ib)) e~ o—z2
) ( ((k + 27b) + i2ma)” Gt 2at) 1 i2ma) )
(k= 2mb) —i27a)” + 2(a —ib)) e e % (24)
((k —2mb) — 127m)3 ((k — 2mb) — i27a) 4 :

Multiplying the expressions on the right side of GJ.(b) and using

k2

__ak® .
2 —22 — eQ(a2+b2)e—2a7r2612k7r

e “le

ak?

e e = o2 g 207
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2 % 2
e z2€ z3 __ 62(“2+b2)e am

k2

2 2 __ak” _ 2 .
e *2p7% — 62(a2+b2)ef2a7r 6712]?71'

Y

we write G(b) as a sum of approximation term and the remainder term
G (b) = G'u(b) + O (D),

where the approximation term @v’k(b) is given by

1672 (a? + b%)?
y ((((k +27b) — i27a)” + 2(a + b)) (((k + 27b) + i27a)® + 2(a — ib))
((k 4 27b) — i27a)® ((k + 27b) + i27a)®
(((k + 27b) — i27a)® + 2(a + b)) (((k — 27d) — i27a)” + 2(a — ib)) e~ 127
N ((k + 2mb) — i27a)® ((k — 27b) — i27a)’
(((k — 2mb) + i27a)® + 2(a + ib)) (((k + 27b) + i27a)” + 2(a — ib)) €2
((k — 27b) + i27a)® ((k + 27b) 4 i27a)®
(((k — 2mb) + i2ra)’ + 2(a + ib) )) (((k — 27b) — i2ma)® + 2(a — ib))
((k — 27b) + i27a)® ((k — 27b) — i27a)® >
i(a + ib)*
((k + 27b) — i27ma)
i(a + ib)2ei2km
 ((k + 27b) — i27a)

G'(b) = 4b (ak? — (a® + 7))

_|_

5 (((k + 27b) — i2ma)® + 2(a + b)) ((k — 27b) — i27a)

5 ((k + 2mb) — i2ma)? + 2(a + ib)) ((k + 27b) + i27a)

B ((ki(—a;li?l;)fiQ;a)?’ (((k = 2mb) + i27a)” + 2(a + ib)) ((k — 27b) — i2a)
o) (0270 412700 2 0) (200 + 270
i(a — ib)?

(((k + 27b) +i27a)® + 2(a — ib)) ((k — 27b) + i27a)

 ((k + 27b) + i27a)°
i(a — ib)2ei2h
((k 4 27b) 4 i27a)®
Lo —ibpe
((k — 27b) — i27a)®
B i(a — ib)?
((k —2mb) — i27a)

(((k + 27b) +i27a)” + 2(a — ib)) ((k + 27b) — i27a)

(((k — 2mb) — i2ma)® + 2(a — ib)) ((k — 27b) + i27a)

5 (((k — 27b) — i2ma)* + (2a — ib)) ((k + 27b) — i27a)

(4.52)
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and the remainder term 60(b) is given by

—272

6(0) T 167%(a2 + 02)2

4b (ak® — (a® +b%))

calzs) — i27a)? a+1i
g (((kr + 21b) + i27a) ((k + 27b) — i27a)’ (((k +2mb) —i2ma)” + 2(a + b))
_ 12k7r (2’3) o 9ra 9 _
((k — 2mb) +i27a)® ((k + 27b) + i27a) (((k = 27b) + i27a)” + 2(a + ib))
_ 12k7T52(Z4) b) — 97 9 4
((k + 27b) — 127ra)3 (k — br) — i2am) ((<k +2mb) —i27ma)” + 2(a + b))
£2(24) o '
e 2n0) + Zma)® (h—2mD) —izma) \(F — 270) +i2ma) o+ 2a + 1))
£2(22) . 9 .
" ((k 4 27b) + i27a)® ((k 4 27b) — i27a) (((k +2mb) +i2ma)” + 2(a — ib))
e_IZkﬂéTQ(ZQ) ) 9 .
B ((k —27b) — i27ra) (k + 27b) — i27a) (((k — 2mb) —i2am)” + 2(a — 16))
B eZ7ey(21) ) 4 i2ra)? .
(65 27b) T 2 (= 200) + i2ma) (L 270) o i2ma)” 4 2(a =)
) o
- ((k — 27b) — i27a)® ((k — 27b) + i27a) (((k = 27b) — i2ma)” + 2(a — ib))
€2(22)€2(23) _ ek ey (21 )ea(23)
(k +27b)? + 4n2a®  ((k — 2wb) + i27a) ((k + 27wb) + i27a)
_ e ey (29)€9(24) N ea(21)ea(24) >
((k + 27b) —i27a) ((k — 27b) — i27a) ~ (k — 2mb)2 + 472a>
i(a+ 1b)° ((k — 2b) — i2am) e~ 2#7i(a + 1b)? ((k + 2b) + 27a)
Gt omd) —2rg) ) T T (o) w2
_ e?7i(a +ib)? ((k — 2mb) — 127m)5 (=) i(a +ib)? ((k + 27b) + i27m)5 -
((k — 27b) + i27a) 2 ((k — 27b) + i27a) 2(21
i(a — 1)° ((k — 270) + i2ma) ¢27i(a — ib)* ((k + 2mb) — i2ma)
T (e rizee T (et 2nb) +izma) 2
o~ i0) ((—2mb) + i2ma) o e7mi(a — ) (K + 27h) —i2na) )]
(k —2mb) —i2ma) ((k — 27b) — i27a) 2(24) |-
(4.53)

We show that /@k(b) > 0. We simplify ?;7k(b) in (4.52) by multiplying and dividing

((k + 27b) + i2ma)® ((k + 27b) — i27a)® ((k — 27b) 4 i27a)® ((k — 27wb) — i27a)?
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we get

G’ (b) =

2 2 —2am?
(@ + ) 4b (ak? = (a? + %))

1672 ((k + 27)2 + 4m2a2)” ((k — 27b)? + 4w2a?)’

3

X ( (((k + 27b) — i27a)® + 2(a + b)) (((k + 27b) + i27a)” + 2(a — ib))
)

x ((k — 27b) 4 i2ma)® ((k — 27Tb) i2ma
— e 7 (((k + 2md) — i2ma)” + 2(a + b)) (((k — 27b) — i27a)” + 2(a — ib))
x ((k — 2mb) + i2ma)® ((k + 27b) + i27a)®
— &2 (((k — 27b) + i2ma)? + 2(a + b)) (((k + 27b) + i27a)® + 2(a — b))
x ((k + 2mb) — i2ma)® ((k — 27b) — i27a)®
+ (((
(

— 21b) +i2ma)” + 2(a + ib)) (((k — 2md) — i27a)” + 2(a — ib))

x ((k + 27b) — i2ma)® ((k + 27b) + i27a)® )

+i(a + ib)? ( (((k + 27b) — i27a)” + 2(a + b)) ((k + 27d) + i27a)’

x ((k — 2mb) +i2ma)® ((k — 27Tb) i27a)*

— e (((k + 27b) — i27a) >+ 2(a +1ib) ) ((k + 2mb) + i27a)*
x ((k — 2mb) + i2ma)® ((k — 27b) — i27a)®

— 2" (((k — 2mb) + i2ra)? + 2(a + ib)) ((k + 27b) + i27a)®
x ((k + 2mb) — i2ma)® ((k — 27b) — i27a)*

+ (((k — 2mb) + i2ma)® + 2(a + ib)) ((k + 27b) + i2ma)*

x ((k + 27b) — i2ma)® ((k — 27b) — 127ra)3)

+i(a — ib)z( — (((k + 27b) +i27a)* + 2(a — ib)) ((k + 27b) — i27a)’

x ((k — 2mb) — i2ma)® ((k — 27b) + i27a)*

+ &2 (((k + 27b) + i27ma)? + 2(a — ib)) ((k + 27b) — i27a)"

x ((k — 2mb) +1i2ma)® ((k — 27rb) i27a)®

+ e (((k — 27b) — i2ma) > +2(a—ib )) ((k + 2mb) + i2ra)’

x ((k + 2mb) — i2ma)® ((k — 27b) + i27a)*

— (((k — 27b) — i2ma)”® + 2(a — ib)) ((k + 27b) + i27a)’ ((k — 2mb) + i27a)’

x ((k + 2mb) — 127ra)4)].
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We obtain the following expression after simplification

— (CL2 + bQ)—Qe—Q(Ur2

G'(b) = 5 3
1672 ((k + 2m)? + 472a?)” ((k — 27b)? + 472a?)

x 32 (a® + b?)’ ( (67°K® + (64(a® — b*)7* + dax® — 1))k°

+ 47 (16(3a” — 24V + 3b")7* + 12a(a” + 5b°)7° — 3(a® + 5b%)) k*
+48(a® + b*)(a® + 5b%)(dar? — 1)7tk?

— 64(a® 4 b*)3(8(a® + b*)7* — dar? + 1)7"

— cos(2km)(2m%k® — (32(a® + b*) 7" + ddar® + 1)K°

+ 4(16(—5a* + 6a?b* + 3b*) 7 + 4a(25a* + 210*) 7% + 3(5a® + b?))n?k*
—16(a* + b*)(32(a® + b*)*7* — 12a(a® — 3b*)7? + 3(5a* + b*))7'k?

+ 64(a® + b°)*(8(a* + b*) 7" — dar® 4 1)7°)

— 4n sin(2k7)((4an® + D)k" — (16a(a® — 3b%)7* + 12(4a® + b*)7* 4 3a)k°
+ 8(8a(a® — 3b%)(a® + b*)7° — 2(5a* + 12a%b* + 3b*)7* — a(5a® + 3b%)7?) k>

— 16(16a(a® + b°)°7® — 4(a® + b*) (2a* + a®b* — b*) 7° + 3a(a® + b2)27r4)k)>.

Using cos(2km) = 1 and sin(2k7) = 1 for all k € Z, the above expression simplifies to

a—; (b) o 8be_2mr2
TR (k1 2mb)? + 4m2a?)? ((k — 27b)? + 4An2a?)

X (kS +4(2(3a® = b*)7* 4 3a) k°

+2 (64a*(a® — b*)m* — 4a(11a® + 36%)7% — 9(a® + b*)) k*
+ 8 (160°(a® + b*)*n° + 48ab*(a® 4+ b°)7* + 6(a” — b")7%) K

—16(a® + b*)* (8(2(a® + b*) — a)7* + 2) 7T4>.

We write G/,(b) in order notation written as

~ 8be 27"

G (D) O(k™4). (4.54)

(e
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Now we find an estimate of the remainder 0 (b) given in (4.53)). Using e k™ = ei2k™ — |

for all k € Z, and arranging like terms in (4.53)), we write

62(21)

y b(ak? — (a® + %)) (((k — 27b) — i27ma)® + 2(a — ib))
((k — 2mb) — i2ma)® ((k — 27b) + i27a)
b

 b(ak® = (@® + %)) (((k + 2b) + i27a)? + 2(a — ib)) eo(21)
((k + 27b) + i2ma)® ((k — 27b) 4 i27a)
_ mla+ib)(a® +b?) ea(22)
((k — 27b) +i27ma)
b(ak? — (a® +b%)) (((k + 27b) + i2ra)’® 4 2(a — ib))
((k 4 27b) + i27ma)® ((k 4 27b) — i27a)
~ b(ak? = (a® + %)) (((k — 27b) — i2ma)” 4 2(a — b)) a(2)
((k — 27b) — i27a)’ ((k + 27b) — i27a) 2
m(a +1ib)(a® + b?) ealz0)
((k + 27b) — i27a)
b(ak? — (a? + %)) (((k + 27b) — i27ma)® + 2(a + ib))
((k 4 27b) — i2ma)® ((k + 27b) + i27a)
b(ak?® — (a® + %)) (((k — 27b) +i27a)® + 2(a + ib))
- ((k — 27b) + i27a)® ((k + 27b) + i27a)
7(a — ib)(a® + b?) ealzs)
((k + 27b) +i27a)
b(ak? — (a® + %)) (((k — 27b) + i27ma)® + 2(a + ib))
((k — 27b) + i2ma)® ((k — 27b) — i27a)
b(ak? — (a* 4 %)) (((k + 27b) — i27a)? 4 2(a + ib))

- : 3 : €2(24)
((k 4 27b) — i2ma)” ((k — 27wb) — i27a)

_ mla—ib)(a® 8% _ (- )>
((k — 27b) — i2wa) > °

+ b (ak® — (a® + V7))
% ( 52(22)82(23) 52(2’1)52(23)
(

82(24)

k+2mb)? + 4n2a?2  ((k — 27b) + i27ma) ((k + 27b) + i27a)

_ 82(22)82(24) X 52(21)62(24) )]
((k + 27b) — i27a) ((k — 27b) — i27a)  (k — 27b)? + 47w2a? | |
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The remainder term 6y (b) can be written as

—2am?

0x (D)

T

51716((1, b) —|— 527k(a, b) + 53,;@(@, b) —f- (547;9(0,, b) + Ak(a, b)) s

where 91 x(a,b), d2x(a,b), ds(a,b), dak(a,b) and Ag(a,b) are given by

61,k(a7 b) =

527;.3(@, b) =

637k(a, b) =

547;6(@, b) =

b (ak2 . <a2 + b2)> (((k‘ — 27h) — i?ﬂa)z +2(a — ib)) £2(21)

((k — 27b) — i27a)® ((k — 27b) + i27a)
b(ak? — (a® + %)) (((k + 27b) + i27a)” + 2(a — ib))

- (r 2 2n) + 2ma) (k —2nb) 3 i2ma) 20
7(a +1b)(a® + b?)

N ((k — 27b) + i27a) e2(21),

b (ak2 _ <a2 + b2)) (((k’ + 27Tb) + i27T(1)2 + 2(& _ lb)) 62(22)

((k 4 27b) + i27wa)® ((k 4 27b) — i27a)

b (ak? — (a® + b?)) (((k — 27b) — i2ma)® + 2(a — ib))
((k — 2mb) — i2ma)® ((k 4 27b) — i27a)

m(a + ib)(a® + b?)

((k +27b) —i27a)

62(22)

52(Z2)7

b(ak? — (a? + %)) (((k + 27b) — i27a)® + 2(a + ib))

((k + 27b) — i27a)® ((k + 27b) + i27a) £2(23)

b (ak? = (a® + %)) (((k = 27d) + i2ma)” + 2(a + ib))
((k — 27b) + i2ma)® ((k + 27b) + i27a)

m(a — ib)(a® + b?) ealz)
((k + 27b) + i2ma) >+

62(2’3)

b (akQ B (a2 + b2)) (((k; — 271‘[)) + 1271'@)2 + 2(& + lb)) 62(24)

((k — 2mb) +i27a)” ((k — 27b) — i27a)

_ b(ak? — (a® +1%)) (((kﬁ + 27h) — 127ra)2 +2(a + ib)) (e
((k + 2mb) — i2ma)® ((k — 27b) — i27a) £2(24
m(a —ib)(a® + b?)

= (k= 2mb) —2ma) Y

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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and
Ay(a,b) =b (ak® — (a® + b°))
% < €2(22)e2(23) _ €2(21)e2(23)
(k +27b)% + 4n2a®  ((k — 2wb) +i27a) ((k + 27wd) + i27a)
e2(22)2(24) e2(21)e2(24)
10k & 270) — i2ma) ((k — 27b) — i27a) | (k= 27b) + 47T2a2> (4.60)

respectively. The estimate for remainder (4.55)) is given by

—2am2

10:(b)] < I 1 D) (116 (a, b)| + 102,k (a, b)| + [03.(a, b)| + |64 (a, b)| + |Ax(a, b)) -
(4.61)

To estimate of the remainder in (4.61)), we need |01 x(a, b)|, |02.x(a, b)|, |d3.x(a, )], |04x(a,b)]
and |Ag(a,b)|. First, we take 01 x(a,b) in (4.56) and write 01 x(a, b) as a single fraction

QLk(a’ b)
((k — 27b) + i27a) ((k — 27b) — i27a)® ((k 4 27b) + i27a)

51’k(a, b) = 3€2<Zl), (462)

where
Qux(a,b) =b (ak* — (a® + b?)) (((k — 27b) — i27wa)” + 2(a — ib)) ((k + 27b) + i27a)”
—b(ak® — (a® + %)) (((k + 27b) + i2ra)® + 2(a — ib)) ((k — 27b) — i27a)®
— w(a +ib)(a® + b?) ((k — 27b) — i27a)® ((k + 27b) + i27a)” .
After simplifications, we get
Q1(a,b) = — m(a —ib) [ ((k + 27b) + i2ma)® ((k — 27b) — i27a)?
x ((a® = b*)k* + 4(a® 4+ b*) 7% — i2b(ak® — 2(a® + b?)))
+ i87b(a + ib)* (ak® — (a® + b)) (3k* — 4(a® — b*)7* + i8abr?) |.
Now from (4.62)) we calculate the absolute value of d; (a, b)
|Q1,1(a, 0)|
((k — 21b)? + 4m2a2)? ((k + 27b)? + 472a?)

The absolute value of @ x(a,b) can be estimated as

[01.k(a, 0)] =

3 lea(z1)]- (4.63)

|Q1(a,b)| <TVa?+ b? l ((k’ + 27b)* + 47T2a2) ((k — 27h)? + 47T2a2)

—

(6 =1 + 40 17+ 4 (k= 20+ 19))°)
+ 87b (a® + %) (4ak® — (4a® + b°)) ((3k2 _ 4(a? - bQ)WQ)Q N 64@2627#)2}
=mVa? + b2C(a, b),
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where

Ci(a,b) = ((k + 27b)* + 47°a®) ((k — 27b)* + 4m*a®)

-

(6 =1 + 40 17+ 4 (ah? = 20+ 19))°)

+ 87b (a® + %) (4ak® — (4a® +b°)) ((3k2 — 4(a® — b2)7r2)2 + 64ct2627r4>é .

(4.64)

The remainder term e5(z;) has an estimate

12(a + b?)
((k — 2mb)? 4 4m2a2)*
Therefore, replacing |Q1x(a,b)| and |e2(21)] in (4.63]), we obtain the estimate for dy x(a, b)
127 (a® + b2)2Cy(a, b)
((k — 2mb)? + 472a2)* ((k 4 27b)? + 472a?)
Now we take d2x(a,b) in and write d2x(a,b) as a single fraction

QQ,k(CL, b)
((k + 2mb) — i27a) ((k — 27b) — i27wa)® ((k + 27b) + i27a)

lea(21)] <

|01,1(a,b)| < (4.65)

3
2

(527k(a, b) = 362(22), (466)

where
Qox(a,b) =b (ak* — (a® + b%)) (((k — 27b) — i27a)” + 2(a — 1)) ((k + 27b) + i27a)”
—b(ak?® — (a® + %)) (((k + 27b) + i27b)* + 2(a — b)) ((k — 27b) — i27a)’
+ m(a +ib)(a® + b%) ((k — 27b) — i27a)® ((k + 27b) + i27a)’ .
After simplifications, we get
Q2(a,b) =m(a — ib) [ ((k + 27b) + i2a)® ((k — 27b) — i27a)”
x ((a® = b*)k* + 4(a® + b°)7° — i2b(ak® — 2(a® + %))
— i87b(a — ib)* (ak® — 4(a® 4+ b%)) (3k* — 4(a® — b*)7” + i8abr”) .
Now from we calculate the absolute value of 05 ;(a, b)
|@2,(a, b)|
((k + 2mb)2 + 4n2a2)? ((k — 27b)2 + 4n%a2)?

The absolute value of (2 x(a,b) can be estimated as

|Q2,k <a7 b)

|02, (a,b)| = lea(22)]- (4.67)

<mva?+ b2 [ ((k 4 27b)* + 4ma®) ((k — 2mb)* + 4m*a®)

—

(a2 = 1R + 4+ B)2)? 4 a8 0k — 2(? 4 19))°)
+87b (6 +7) (ak = (a* + 7)) (347 — 4(a® = 0)n?)’ + 64a2b27r4)% }
=mVa? + b2C(a, b),



92 4.3. Monotonicity Properties of Fractional Fourier Coefficients

where Cj(a,b) is given in (4.64)). The remainder term e2(25) has an estimate

12(a* + b?)
((k + 27b)? + 4n2a2)*
Therefore, replacing |Q2x(a, b)| and |e2(22)| in (4.67]), we obtain the estimate for s (a, b)

lea(z2)] <

127 (a® + b?)2Cy(a, b)
((k 4 27b)2 + 4m2a2)* ((k — 27b)? + 472a?)

16 (a, )| < - (4.68)

Now we simplify 05 4 (a,b) in (4.58)) and write 05 ;(a, b) as a single fraction

Q3,k(a, b)
((k 4 27b) 4 i27a) ((k + 27b) — i27a)® ((k — 27b) + i27a)®

d3x(a,b) = eo(z3), (4.69)

where
Qs(a,b) =b (ak® — (a® +b*)) (((k + 27b) — i2ma)® + 2(a + ib)) ((k — 2mb) + i27a)®
— b (ak? = (a® + b)) (((k — 27b) + i27ma)® + 2(a + ib)) ((k + 27b) — i27a)’
+ m(a —ib)(a® + b%) ((k + 27b) — i27a)® ((k — 27b) + i27a)® .
After simplifications, we get
Qs (a,b) =r(a+ib) [ ((k + 27b) — i2a)? ((k — 27b) + i27a)?
x ((a* = b°)k* + 4(a® + b*)m* + i2b(ak’® — 2(a® + b?)))
+i87b(a + ib)* (ak® — (a® + b)) (3k* — 4(a® — b*)7* — 8abr?) |.
From , the absolute value of 05 x(a,b) is given by

|Q3,k(@a b)|
((k + 27b)2 + 4n2a2)? ((k — 27b)2 + 472a2)?

|537k(a, b)| S |€2(23)|. (470)

The absolute value of Q3 x(a,b) can be estimated as

|Qsk(a,b)| <TVa?+ b? { ((k + 27b)* + 4ma®) ((k — 2mb)* + 4m*a®)

-

X <((a2 — V)E? + 4(a* + b2)7T2>2 + 4% (ak* — 2(a® + 62))2> :
+ 87b (a® + %) (4ak® — (4a® + b°)) ((3k2 — 4(a® — b2)7r2)2 + 64a2b27r4> : ]
=mva? + b?Cy(a,b),
where Cj(a,b) is given in (4.64)). The remainder term e4(23) has an estimate

12v/2(a® + b?)
((k 4 27b)? 4 472a2)*

lea(z3)] <
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Therefore, replacing |Qsx(a,b)| and |e2(23)| in (4.70]), we obtain the estimate for d3 ;(a, b)
12v/27(a® + b2)2 Cy(a, b)

((k 4 27b)2 + 4m2a2)* ((k — 27b)? + 472a?)

Now we consider d4x(a,b) in (4.59) and write d4x(a,b) as a single fraction

Qax(a,b)
((k — 27b) — i27a) ((k + 27b) — i27wa)® ((k — 27b) + i27a)®

|03,1(a, b)| < (4.71)

3 -
2

547]€(0,, b) = 52(2’4), (472)

where
Qur(a,b) =b (ak® — (a® +b*)) (((k — 27b) + i27a)? 4 2(a + ib)) ((k + 2mb) — i27a)®
— b (ak?® — (a® + %)) (((k + 27b) — i27a)* + 2(a + ib)) ((k — 27b) + i27a)’
— m(a — ib)(a® + b%) ((k + 27b) — i27a)® ((k — 2ma) 4 i27a)® .
After simplifications, we get
Qux(a,b) = — m(a+1ib) [ ((k + 2rd) — i27a)” ((k — 2nd) + i27a)’
x ((a® = b*)k* + 4(a® + b*) 7 + i2b(ak’® — 2(a® 4 b%)))
+ i87b(a — ib)* (ak® — (a® + b)) (3k* — 4(a® — b*)7* — i8abm?) |.
From ([4.72), the absolute value d4(a, b) can be estimated as

|Q4,k(a7 b)‘
((k — 27b)2 + 472a2)? ((k + 27b)2 + 4n2a2)?

104(a,b)| < lea(24)]. (4.73)

The estimate of the absolute value of Q4x(a,b) is

‘Q4,k (6% b)

<mva?+ b2 [ ((k + 27b)* + 47a®) ((k — 27b)* + 47*a?)
2 2\ 7.2 2 2y, 2\2 2 2 2 212 2
X <((a — )k + 4(a® + 1)72)° + 402 (ak? — 2(a® + 1)) )
1
+87b (2 + 12) (ak? — (0 + 1)) ((3k° = 4(a® — 13)7°)" + 64a??r" ) }
=mva? + b?Cy(a,b),
Ck(a,b) is given in (4.64). The remainder term £5(z4) has an estimate
12v/2(a? + %)
((k — 27b)? + 4n2a2)*’
Therefore, replacing |Q4x(a,b)| and |e2(24)] in (4.73]), we obtain the estimate for d4 (a, b)
1227 (a2 4 b2)2 Cy(a, b)
((k — 27b)2 + 47m2a2)* ((k + 27b)2 + 472a2)?

lea(2)] <

|04(a,b)| < (4.74)
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Finally we simplify Ag(a,b), where

Ag(a,b) =b (ak® — (a® + b%))
. (_ e2(21)ea(25)
((k — 27b) + i27a) ((k + 27b) + i27a)
62(22)52(24)
((k + 27b) — i2ma) ((k — 27b) — i27a)

n £29(21)e2(24) n €2(22)e2(23)
(k —27b)? + 4n2a®  (k + 27b)? + 472a? |

The absolute value of Ag(a,b) in (4.60)) is

|Ag(a,b)| <b(ak® — (a® + %))

» ( ea()llea(z9)
(k4 2mb)? + 4m2a?)* ((k — 2mb)? + da?):
|e2(22)[|e2(24)]
((k —27mb)? + 47r2a2)% ((k 4 27b)2 + 47T2a2)%
L lea(z)llea(z0)] [ea(22)]le2(23)] )

((k —2mb)? + 472a?)  ((k + 27b)? + 472a?)

Using the estimates of €5(z1), €2(22), €2(23) and e2(24), we have

Aela, )] <b (ak? — (a® + 1))
o < 144\/5(;12 + b2)2 5
((k 4 27b)? + 47m2a?)? ((k — 27b)? + 4m2a?)?
144\/§(a2 —|—62)2
((k — 2mb)? + 4m2a?)? ((k + 2mb)? + 4n2a?)?
144V2(a” + b%)? 144v/2(a + 1)
((k—2eb) 4w (ke t 27 4 47Tza2>5> B

+
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The estimate of remainder term 6, (b) is obtained by substituting (4.65)), (4.68]), (4.71)),

and (I73) into

—2am?
10k(b)] <

€
472 (a2 + b2)°
127 (a® + b?)2C(a, b)
((k — 27b)2 + 4m2a2)* ((k + 27b)? + 47r2a2)%
127 (a® + b?)2C(a, b)

((k + 27b)2 + dm2a2)* ((k — 27b)2 + 4n2a2)?
1227 (a2 4 b2)2 Cy(a, b)

((k 4 27b)2 + 4m2a2)* ((k — 27b)? + 47r2a2)%
1227 (a2 4 b2)2 Cy(a, b)

((k — 27b)2 + 4m2a2)* ((k + 27b)? + 47r2a2)%

+b(ak? — (a® + V7))

X

+

y < 144\/5(5(12 +b?)2 . 144v/2(a? + b?)?
((k + 27b)2 + 472a2)2 ((k — 27b)? + 4n2a2)?  ((k + 27b)? + 472a?)”
+ 14v2(a + 1) V2@ b )] .
((k — 27b)2 + 472a2)? ((k + 27b)2 + 4n2a2)?  ((k — 27b)? + 472a?)”

By taking
12(a? 4 b%)2
((k + 27b)? + 4m2a2)” ((k — 27b)? + 4n2a2)”

common from all expressions, we write

16(0)] <

36—20,71'2
72/a2 4 02 ((k + 27b)2 + 472a2)° ((k — 27b)? + 472a?)”
X |:7TCk(CL, b) ((k + 2mb)* + 47°a) ((k — 27b)* + 47°a”)

5 5
2 2

X < ((k + 27b)* + 47a®)® + ((k — 2mb)* + 4m*a®)

5
2

+\/§(( — 2mb)* + 4r%a®)® +
+12v20Va? + b2 (ak? = (a® + b))

X ( ((k —2mb)® + 47r2(12)g ((k + 2mb)* + 47a®)

( (k +27b)* + 47r2a2)g >

5
2

+ ((k —2mb)* + 47r2a2)5

+ ((k — 27b)? + 4x2a?)® ((k + 27b)? + 47%a?)* + ((k + 27b)? + 4n%a?)’ )] .
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Substituting the value of C(b) from (|4.64))
36—2a7r2
0,(b)| <
L o = ((k + 27b)2 + 4w2a2)’ ((k —
X |:7T< ((k + 27b)* + 47a®) ((k — 27b)* + 4m*a®)
x (((a2 — DK + 4(a? + b2)72)” + 4B (ak? — 2(a? + b)) )
+ 87b (2 + 12) (4ak? — (10 + 1) ((3k° = 4(® = 83)7°)" + 6o’ ) )

— 21b)* + 47%a’)

27b)2 + 4m2a?)’

1

x ((k 4 2mb)* + 4n?a?) ((k
X ( ((k + 2mb)* + 47T2a2)% + ((k — 27b)* + 4n%a?)

+\/§(( — 27b)? + 47%a )g
+12V2bV a2 + b2 (ak® — (a* +b%))

X ( ((k —2mb)* + 47r2a2)g ((k 4 27b)* + 4m*a®)

5
2

5
V2 ((k +21b)? + 47%a2) )

5
2

+ ((k — 2mb)* + 47r2a2)% ((k + 27b)* + 4m*a®)

+ ((k — 27b)* + 47T2a2)5 + ((/C + 27b)? + 471'2(12)5)] _

We write |0 (b)| in order notation

10,(b)] = ija—Qszw(a? 1)1+ V2O (k)
_ 6(1+v2)Va2 + p2e20m Ok™). (4.76)

™

From - and - we write

0r (D)
G/

0:0)] _ 37(1+ V2V + ¥ =)

CL(0) _
O |ew) .

——

G'r(D)

-1

Therefore, G}.(b) ~ /C\ﬁk(b) for all (a,b) € Qg when |k| > Ny(a,b). The approximation
term G’;(b) > 0 and the remainder term has the faster decay than the approximation

k
term. Hence, G).(b) > 0 for all (a,b) € Qg when |k| > Ny(a,b).
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The domain 2,

We shall prove G/ (b) < 0 for all (a,b) € Qp when |k| > Ny(a,b). From (4.51)), we find
G, (=b) for all k € Z by replacing b by —b as

—ak?
e 2(a2+4b2)

:327r%(a2 T b2)3
i(k + 27b) — 27a i(k — 27b) + 27\ |2
| = 2v/7b (ak? — (a® + b ‘f(l( ,
{ Vb (ak” = (@ 4+ 89) forf | = 2a—ib

_ , i(k + 27b) — 27a i(k — 27b) + 27?@)
+Va+ib(a — ib)” erf :
a+ibla—ib) er ( 2/a —ib Na—ib

—(i(k—2mb)—27a)? —(i(k+27rb)+27ra)2)

Gi(=b)

X (((k: +27b) —i2ma) e A@FD) — ((k — 27b) +i2ma) e #a+i®)

. . i(k — 27b) — 2ma i(k + 27b) + 27ra)
+ Va — ib(a + ib)* erf ( :
a = iba+ib)er 2va +1ib 2va +1b
—(i(k—2mb)+27ra)? —(i(k+27b)—27a)?
X (((k: + 27b) + i2wa) e Ha=ib) — ((k —27b) —i2ma) e 4Ga=ib) ) ]

—ak?
—e 2(a§+b§)

3203 (a2 + 02)3

i(k — 27b) — 2na i(k + 27b) + 2ma\ |*

w | 23/7b (ak? = (a2 + b f(1< : )'
[ v (a (a )) . 2v/a + 1b 2v/a + 1b

‘ ‘ i(k —2mb) — 2ma i(k + 27b) + 27Ta)
+Va —ib(a +ib)® f( :
@~ iba+ib) er 2va+1ib 2vVa +1ib

_(i(k+2mb)—27a)? _(i(k—27b)+27a)? )

X (((k; —27b) — 12ma) e A=) — ((k 4 27b) + i27wa)e” @)

_ , i(k 4 27b) — 2ma i(k — 27b) + 27?@)
+Va+ib(a — ib)? erf :
a+ibla—ib) er ( 2/a—ib Na—ib

—(i(k+27b)+27a)? —(i(k—2mb)—2ma)?
X (((k: —2mb) +i2ma)e”  W@FD  — ((k 4 27b) —i2ma)e”  HeFD ) ]
= — G (b).

Since G}.(b) > 0 for all (a,b) € Qg when |k| > Ny(a,b), we have G} (—b) < 0 for all
(a,b) € Qr when |k| > Ny(a,b). [ |

We have proved that decay in fractional Fourier coefficients of large degree follows mono-
tone behavior. The fractional Fourier coefficients

fa(k)‘ for various fractional Fourier
parameters are plotted in Figure [4.9
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A0

Figure 4.9: For the chirp f/(t) = e T ith 4 = 5= and p =2, the graph of )fa(k‘)
over —10 < k < 10 (a) for some « on the domain 0 < o < a* &~ 0.209, and (b) for some
some « on the domain 0.209 ~ o* < a < 7.

In Figure we observe that by choosing v = 10% and p = % the fractional Fourier
coeflicients fa(k)‘ are not monotone with respect to o whereas the Figure illustrates

that by choosing v = % and pu = % with (v, u) € D, the fractional Fourier coefficients are
monotone. The three-dimensional plot of the fractional Fourier coefficients of exponential

linear chirps ‘ fa(k)‘ and plot for fa(6)‘ on fractional Fourier parameter domain 0 < o <

% is shown in Figure [4.10]

0 daja* 05 1

~

(b)
Figure 4.10: For the chirp f£(t) = e O with ~ = o= and p = 3, (a) the three-
fa(k)‘ for 5 < k < 10, and (b) the graph of fa(6)‘ on fractional

Fourier parameter domain 0 < o < 7.

dimensional plot of
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4.3.3 The L? Error by Fractional Fourier Series Approximation

The L? error in approximation of exponential linear chirps by partial sums of FrFS follows
the monotonicity property which is a consequence of Theorem [4.3.2]

Corollary. Let
F(t) = OOt e o]

be an exponential linear chirp defined for given v > 0 and u € R*. Let (v, ) € D given
in (4.28). Then there exists N € Ny and a; = ay(7y, ) such that for all N > N(v, n),
the L? error on [—m, m| is monotone. i.e.,

Hfé‘ - SN,O(R”B[_K,W] < Hf# o SN»ﬂR”m[_w,Tr]

Jor a® <ap < Br < 7§ and

Hff; - SN’BLHLQ[—W,W] > Hf";ll - SN7QL||L2[—

]’

for ay < B < ap < of with 0 < ap < o, where the parameter o s the optimal
fractional Fourier parameter, and

SN.al(t) Zfa JOralt), N €Ny

lk|<N
1s the N-th partial sum for the fractional Fourier series.

Proof. Let
Oé) - ||f’¢ o SN@Hi,Q[—TrJr] )

Using Parseval’s identity, Jy(«) becomes
. 2
=3 L] = Y A
|k|>N |k|>N
The derivative of Jy(a) with respect to «, denoted by Jj(«) , is given by
=) Fl«
|k|>N

In Theorem :4.3.2, we have proved Fj(a) > 0 for all o* < a < § when [k] > N(v, u).
Therefore, Jy (o) > 0 on a* < a < 7 when |k| > N (v, u).

Again from Theorem {4.3.2, we have Fj(a) < 0 for all ¢y < a < o with 0 < oy < o*
when |k| > N (v, ). Therefore, Jy (o) <0 on a; < a < o* when |k| > N(7, p). [ |
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The monotonicity in L? error is illustrated in Figure m

— p=0.8
L ] 0.25F
2 \ p=1.4
v=y 0.20[ p=2.0

0.10 1
0151

0.05 4
0.05 \ ]
0.00 &1 L [ L L o 0.00L, ee . . A

0 a o 05 1 z

L2 error
L2 error

(a) (b)

Figure 4.11: For the chirp f£(t) = e~ HmE the L2 error in FrFS approximation of
exponential linear chirps by using N = 3 with (a) = 3 and (b) v = 5.

4.4 Conclusion and Outlook

The main intent of this thesis was to find the approximation of exponential linear chirps
by the partial sums of FrF'S on a finite interval [—m, w]. Such an approach incorporates an
optimal parameter technique for which the FrF'S possesses an advantage over the classical
Fourier series. To sum up, the objectives of this thesis were

i) to approximate the exponential linear chirps of the form
F(t) = fy(t) = PRt e [,
by the partial sums of FrF'S which uses fractional Fourier basis functions

2 ,
{gbk,a(t) — o iT cotaelkt ke Z} for 0<a < g7

ii) to prove the inequalities of fractional Fourier coefficients of exponential linear chirps
on the fractional Fourier parameter domain 0 < a < 7

iii) and to prove that the FrF'S provides the best results when fractional parameter
o (55)
o = arctan [ —
2T

In Chapter [d, we have proved optimality properties of fractional Fourier coefficients for
all v > 0 and p € RT, and the monotonicity properties on a domain D, where

1 3
D= {(%u) 7= 5o, 0<p < el (Ae7r T+ \/(Ae”g”)2 —647r2’7>}
2T 8

is used.

™
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2 2
2/2e 72
\ = (1_\/_—632)
T2

We have studied FrFS from mathematical point of view and proved new inequalities
related to fractional Fourier coefficients of exponential linear chirps. The properties of
fractional Fourier coefficients of the linear chirps have been investigated by changing the
fractional Fourier parameter to different values. The analysis has discovered that as the
fractional Fourier parameter a approaches o, fractional Fourier coefficients of zero degree
are increased to the maximum, and fractional Fourier coefficients of large degree have
the fastest decay. The minimum L? error in FrFS approximation is achieved when N is
large enough. We have proved that the FrFS is a very useful technique for the analysis
of chirp functions and it has better performance than the classical Fourier series. Hence,
the analysis of exponential linear chirps pursued in this thesis proves to be more widely
applicable than the classical Fourier series technique.

with

Now we want to discuss open questions for further research. It is of interest to determine
the smallest value of the parameter «; in Theorem It is proved in this thesis that

the fractional Fourier coefficients fa(O) and |, «(k)| follow monotonicity properties over
a domain €2 given by
1
0= {(a,b) ra > Y —V(a) <b< \I/(a)} = Qp UQpg,
where
\/ am an? an2)\2
U(a) = o Ae?™ + \/()xe )" — 6darm
and
VaeE
2v/2e2"
- <1 _ _> |
T2

The monotonicity domain €2 can be enlarged by finding the sharp estimates of the integrals
! 2,2 ! 2,2
/ e Y cos (b7r2u2) du and / e Y™ " sin (b7r2u2) du,
0 0

given in Lemma |3.4.2
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