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Zusammenfassung

Die Numerik des Milstein-Verfahrens fiir stochastische gewohnliche Differenzialgleichun-
gen (SDEs) wurde bereits umfassend untersucht. Es konvergiert sowohl mit starker als
auch schwacher Ordnung eins. Im Gegensatz dazu ist iiber das Milstein-Verfahren fiir
stochastische partielle Differenzialgleichungen oder allgemeinere stochastische Evoluti-
onsgleichungen (SEEs) noch wenig bekannt.

Diese Arbeit beschéftigt sich mit der schwachen Konvergenz des Milstein-Verfahrens
im Kontext von SEEs. Wir beweisen, dass es, dhnlich zum SDE-Fall, von der Ordnung
fast eins ist — genauer, von der Ordnung 1 — ¢ fir alle € > 0. Wir bedienen uns dabei
der Halbgruppentheorie von Da Prato und Zabczyk und untersuchen die Approximati-
on sogenannter milder Losungen von Gleichungen des semilinearen parabolischen Typs.
Insbesondere lassen wir zu, dass der Driftkoeffizient der Evolutionsgleichung Werte in
gewissen, mit dem dominierenden linearen Operator assoziierten, Distributionsraumen
annimmt. In diesem Fall hingt die Konvergenzordnung von der Regularitidt der Koeffizi-
enten ab und strebt fiir abnehmende Regularitit gegen null.

Der Beweis verwendet Elemente der milden stochastischen Analysis, welche vor Kurzem
von Da Prato, Jentzen und Rockner (Trans. Amer. Math. Soc., 372(6), 2019) eingefiihrt
wurde, und hdngt entscheidend von neuen Resultaten iiber die Regularitit der Losungen
der assoziierten unendlich-dimensionalen Kolmogorow-Riickwértsgleichung von Anders-
son, Hefter, Jentzen und Kurniawan (Potential Anal., 50(3), 2019) ab. Er basiert auf der
Arbeit von Jentzen und Kurniawan (Found. Comput. Math., 21(2), 2021), die Verfahren
vom Euler-Typ untersucht.
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Abstract

The numerical analysis of the Milstein scheme for stochastic ordinary differential equa-
tions (SDEs) is relatively well understood. It converges with both strong and weak order
one. However, much less is known about the Milstein scheme and its variants when
applied to stochastic partial differential equations or more general stochastic evolution
equations.

This thesis focuses on the weak convergence of the Milstein scheme in the latter
setting. We prove that, similar to the SDE case, it also achieves an order of almost one
— specifically, an order of 1 — ¢ for all € > 0. More concretely, we work in the semigroup
framework introduced by Da Prato and Zabczyk and examine the approximation of
mild solutions of equations of semi-linear parabolic type. In addition, we allow the
drift coefficient of the evolution equation to take values in certain distribution spaces
associated to the dominating linear operator. In that case, the order of convergence
depends on the regularity of the coefficients and tends to zero as the regularity decreases.

The proof employs elements of the mild stochastic calculus recently introduced by
Da Prato, Jentzen and Rockner (Trans. Amer. Math. Soc., 372(6), 2019) and crucially de-
pends on recent results on the regularity of solutions to the associated infinite-dimensional
Kolmogorov backward equation by Andersson, Hefter, Jentzen and Kurniawan (Poten-
tial Anal., 50(3), 2019). It is based on work by Jentzen and Kurniawan investigating
Euler-type schemes (Found. Comput. Math., 21(2), 2021).
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Introduction

As we are trying to model the world in ever greater detail, some are incorporating
hundreds of experimental relationships into their models, others are treating these higher
order effects as statistical noise. This latter approach leads to the study of partial
differential equations, where some parameters are considered as stochastic quantities —
so-called stochastic partial differential equations (SPDESs).

The use of SPDEs in the sciences has increased steadily in recent years. However, only
in trivial cases is it possible to derive an exact formula for the solution to an SPDE.
This implies the need to numerically simulate approximations of these solutions. The
high dimensionality inherent in infinite-dimensional state-spaces of deterministic PDEs
combined with also infinite-dimensional noise makes this an expensive endeavour. It is
therefore important to study and develop efficient algorithms that respect the limited
time and computational resources of researchers. In the case of stochastic ordinary
differential equations (SDEs) there already exists a wide array of different algorithms
ranging from general purpose to highly specialised (see [KP92]). For SPDEs on the other
hand, there are still open questions even about simple schemes.

After the proposal of any new algorithm it is necessary to assess its correctness and
plausibility. In general, an algorithm should converge in some sense to the true solution
of the problem at hand as parameters controlling the algorithm’s precision are varied.

The most commonly studied kinds of convergence for SPDEs are the so-called strong
and weak convergence. Strong convergence refers to the idea that for each realisation of
the driving stochastic process, the sample path of the approximation should be close to
that of the true solution. It is usually measured in the L!(Q)-norm or a stronger LP(£2)-
norm. In contrast, weak convergence is only concerned with an aggregate convergence over
all sample paths and is measured using a class of test functions. In real-world applications
we cannot know the specific realisation of the noise and are normally interested only in
expected outcomes or most likely scenarios. Thus, focusing on weak convergence is in
some cases more appropriate.

In the case of SPDEs we usually have to discretise time, the spatial domain and the
noise. In this thesis, we focus on the discretisation in time and thus we are concerned
with convergence, in particular weak convergence, as the number of time steps increases
or equivalently as the size of the steps decreases.

The main objects of study are semi-linear parabolic stochastic evolution equations
(SEEs), that means equations on a separable Hilbert space H of the form

{ dX; = [AX; + F(X;)] dt + B(X;) dW;, t € (0,71,
Xo=¢

with a closed linear operator A: D(A) C H — H, possibly non-linear drift and diffusion



Introduction

terms F' and B and a cylindrical Wiener process W on a second Hilbert space U. Parabolic
in this context means, that the operator A is assumed to generate an analytic semigroup
(e")>0 (see e.g. [Ama95, Section I1.1.2]). The equation is called semi-linear because
the non-linear terms are assumed to be of lower order compared to the dominating
linear operator. Specifically, this means that F' can take values in H_, for a € [0,1),
where (H,),cr is a family of interpolation (and extrapolation) spaces associated to A
(see section 1.2.1 for the precise definition) and taking e = 1 would be “the same order”
as A. Similarly, the diffusion coefficient will be assumed to take values in the space of
Hilbert-Schmidt operators Lo(U, H_g) for 8 € [0,1/2). The parameters o and (3 can
be thought of as describing the regularity of the coefficient functions, where, at least
heuristically, the low Holder regularity of the Wiener process forces /3 to be less than 1/2.
Moreover, we assume that the non-linearities satisfy a Lipschitz condition.

Under these assumptions a general result (see Theorem 1.28) guarantees the existence
of a unique mild solution given by a stochastic process X: Q x [0,7] — H with Xy =¢
and

t t
X, = !¢ + / AR (X,) ds + / cAB(X,) dW,, ¢ e (0,T].
0 0

The time-discrete approximation of this mild solution using a class of Milstein-type
schemes is the main topic of this thesis. Most notably, this class includes the exponential
and the linear-implicit Milstein schemes. As an introductory example, we present the ex-
ponential Milstein scheme introduced in [JR15]. It is defined as a time-discrete stochastic
process ZV on an equidistant grid {to=0,...,txy =T} with N + 1 time points by

z{¥ =¢
tn+1
ZN = [zgj +F(ZN) h+ | B(zY) aw,

fngr 7 N N
+/ / B(Z})B(Z)) AW, aW,|, ne{0,...,N -1},
tn t

n

The defining feature of Milstein-type schemes is the presence of a term involving twice
iterated stochastic integrals. The approximation (and also the simulation) of these
iterated integrals is a difficult topic even in the finite-dimensional case. See [KR23]
for a review of a class of methods targeting the L?(2)-approximation in the finite-
dimensional case. For the approximation in the infinite-dimensional case we refer to
[LR19]. Unfortunately, for the integrand in the iterated integral to be well-defined, we
can only allow 5 = 0 even though the mild solution exists even for g € [0,1/2).

For an overview of different Milstein-type schemes we refer to [DJR19, Section 3.3.2].
The strong convergence of these algorithms was studied for example in [LCP10; LCP11]
for certain Zakai-type equations, in [JR15] for equations driven by a Wiener process and
in [BL12; BL13] for equations driven by general martingales. Furthermore, derivative-free
variants of the scheme from [JR15] have been proposed in [HR23; LR18; WG13a]. All
of these approximations are shown to converge with a strong order of almost 1 under
suitable regularity assumptions as well as only allowing trace-class noise.



The only work dealing with non-linear drift and diffusion coefficients is [JR15], requiring
only twice Fréchet differentiability and some specific boundedness conditions on the
derivatives. Additionally, the coefficients are allowed to be mappings F': Hg — H
(resp. B: Hz — La(Uy, H)) for B € [0,1). While the required boundedness conditions
imply that the coefficients can be continuously extended to globally Lipschitz mappings
F: H — H (resp. B: H — La(Uy, H)), the extensions only have to be differentiable on
a dense subspace.

The study of the weak approximation of solutions to SPDEs began relatively recently
in the early 2000s. Most proofs are similar to weak convergence proofs for SDEs, usually
trying to exploit the regularity properties of the solution to the associated Kolmogorov
backward equation. These regularity properties have been studied for additive noise for
example in [Cer01; DZ02; RS06] and more recently for more general noise in [And+19;
BD18; Deb11]. The weak convergence of fully discrete schemes for equations with additive
noise was investigated in [AKL15; BCW22; DP09; Hau03; KLL13; KLP20; Sha03] and
for multiplicative noise in [TN16]. Spatially semi-discrete schemes for additive noise
were explored in [GKL09; KLL12] and in [AL16; CJK19; JJW21] also for multiplicative
noise. The weak convergence of temporally semi-discrete schemes for equations with
additive noise was studied in [BG19; Wanl6; WG13a] and for multiplicative noise in
[dD06; HJK16; JK21]. An approach only utilising the Malliavin calculus was presented
in [Krul4]. However, again only the additive noise case is covered.

All of these works are concerned with Euler-type schemes for the time-discretisation
in the broader sense that they do not involve any iterated stochastic integrals. Usually,
a convergence rate equivalent to 1 — max{«, 23} in our setting is proven. That is, order
one for regular coefficients with a decrease in the order proportional to the (ir)regularity
of the coefficients.

To the best of our knowledge, no one studied the weak convergence of a Milstein-type
scheme yet. This could be due to our intuitions based on the finite-dimensional case, that
we do not expect the weak convergence rate to exceed the strong convergence rate. But
in that case the weak rate can immediately be inferred from the strong rate using the
Lipschitz property of the test functions. We provide three reasons why we nevertheless
pursued this topic. First, we cannot expect all of our finite-dimensional intuitions to
hold in the infinite-dimensional setting. It could be possible that a Milstein scheme for
SPDEs attains an even higher order. Ideally, this would be complemented by a proof
that we, in fact, cannot exceed an order of 1 — . Second, in the generality of our setting
no corresponding strong convergence result is currently known and the weak convergence
can therefore not be deduced. Third, it is interesting in itself to study whether the used
arguments can be adapted to work on Milstein-type schemes.

Let us now present an example of our main result. We additionally require that the
non-linear terms are in Lip*(H, H_,) (respectively Lip*(H, Ly(U, H))), i.e. they have to
be four times Fréchet differentiable and together with their derivatives satisfy a Lipschitz
condition. Fix a separable Hilbert space V. As test functions we allow V-valued functions,
that also have to be in the class Lip*(H, V). The main results of this thesis (Theorems
3.10 and 3.11) then imply the following weak convergence rates for the exponential
Milstein scheme.
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Theorem.
Let £ € L°(Q, H) and ¢ € Lip*(H, V). If a € [0,1/2), then for all € > 0 there exists a
constant C' € [0,00) such that for all N € N we have

[E[etz) - exn)] |, < ¢ N-0-e-o.

If « € [1/2,1), then for all € > 0 there exists a constant C € [0,00) such that for all
N € N we have -
|E[e(28) - e(x2)] |, < € - NG,

We will say that a numerical scheme has an order of almost v if it has an order of
~ — € for arbitrarily small € > 0.

The curious drop in the order of convergence for more irregular drift terms (« € [1/2,1))
results from the used regularisation strategy. In this regime, we have to sacrifice a
fraction of our convergence order to counteract singularities that arise when we remove
the regularisation. Relative to the expected optimal order of almost 1 — a we suffer a
reduction of up to two thirds asymptotically for « — 1. This can probably be avoided, if
better regularity estimates for the solution of the Kolmogorov backward equation become
available. In particular, we suspect that the results in [And+19], on which our proof is
based, can be strengthened under the additional assumption that g = 0.

Compared to other weak convergence results in the literature the class of test functions
considered here is slightly smaller, as usually test functions in CZ(H,R) or C3(H,R) are
considered. However, the choice of test functions (as well as the required differentiability
of the drift and diffusion coefficients) is essentially dictated by the regularity result of
the Kolmogorov backward equation from [And+19] that we employ.

Let us compare this result to the strong convergence result in [JR15]. Although the
setting is different we can in some cases translate between them. Specifically, if we limit
our regularity parameter to « € (0,1/2) and choose 8 and § in the setting of [JR15]
equal to a we can reconcile the two settings by considering their setting applied to the
modified equation given by

F:H,— H, x+ A °F(A%),
B: H, — Ly(U,H,), z+— A °B(A%)

and using the initial value £ = A~*¢. To guarantee a strictly positive strong order
we additionally have to require that the initial value is smooth enough, specifically
¢ € L°(, Hy) for some 1 € (0,1/2) so that € € L(Q, Hy4a). The result in [JR15]
then yields a strong order of convergence of min(2n,7 + «). Choosing a regular initial
value ¢ € L>(Q, H1) allows to take n arbitrarily close to 1/2, giving a strong order of
almost 1/2 + a. Czompare this to the weak order of almost 1 — « that we get even for
n = 0. Interestingly, the strong order seems to improve for more irregular drift functions
(i.e. increasing «) whereas the weak order gets worse. In particular, the weak order is
higher than the strong order in the small o regime. This is in stark contrast to the
finite-dimensional theory where the classical Milstein scheme has the same strong and



weak order, both equal to 1. A reason could be that, unlike in our case, their proof
depends on the regularity of the initial value. Indeed, if n = 0 the result in [JR15] does
not yield convergence at all.

We use and adapt the arguments given in [JK21] for the weak convergence of Euler-
type schemes. A similar approach was also used in [CJK19] to prove weak convergence
rates of spectral Galerkin approximations. Additionally, the preprint [HJK16] generalises
the results from [JK21] to a Banach space setting. The main tools used are the mild It6
formula introduced in [DJR19] and the regularity estimates for the Kolmogorov backward
equation associated to the true solution presented in [And+19).

Let us now provide a short outline of the proof. First, we regularise (or mollify) the
initial value as well as the coefficients of the equation separately. This is done using
the semigroup generated by the dominating linear operator, which is assumed to be
analytic, and thus provides a strong regularisation effect. To estimate the weak error
for this regularised equation we insert an auxiliary process and employ the triangle
inequality. After rewriting the error in terms of the solution of the Kolmogorov backward
equation associated to the true solution evaluated at this auxiliary process, we then
show that the auxiliary process is a suitably regular strong solution of an SPDE to allow
the application of the strong It6 formula. The resulting terms are then estimated using
a combination of the mild It6 formula, the regularity properties of the solution of the
Kolmogorov equation and classical regularity estimates of the analytical semigroup. Here
we need to take special care to make the constants explicit and, in particular, to track
the dependence on the coefficients of the equation to later ensure that everything stays
bounded when we remove the regularisation. Finally, we show how to optimally balance
the regularisation parameter with the step size in order to maximise the final rate of
convergence.

This thesis consists of three chapters. In chapter 1, we present the necessary background
needed for the main parts. In particular, we recall the theory of stochastic integration with
respect to a cylindrical Wiener process, the semigroup approach to stochastic evolution
equations as well as relevant results from the recent theory of mild stochastic calculus
and the needed facts about the Kolmogorov backward equation. We then summarise our
approach to the numerical approximation of stochastic evolution equations.

The central chapter 2 represents the main part of the work. After establishing the nec-
essary estimates, we are able to deduce the weak convergence theorem for the regularised
equation in Corollary 2.10. The core arguments of this thesis are contained in the proof
of Lemma 2.8.

Finally, chapter 3 focuses on the extension of Corollary 2.10 to the general setting.
For this, we first recall the useful perturbation estimate Proposition 3.2, which is based
on a generalised version of Gronwall’s lemma. To motivate this we briefly present a
connection to the theory of fractional integrals and fractional integral equations. The
perturbation estimate will allow us to carry out the regularisation strategy detailed in
section 3.2. Using this regularisation, the main results of this thesis are then presented
in section 3.3 as Theorems 3.10 and 3.11.






Chapter 1

Preliminaries

1.1 Stochastic Integration

Let (€2, F,P) be a complete probability space with a filtration (F¢)¢>0 satisfying the usual
conditions. Let U and H be separable, non-trivial Hilbert spaces and let (ep)neny C U
and (fn)nen € H be orthonormal bases of U and H, respectively. Let T" > 0 be an
arbitrary but fixed final time.

Definition 1.1 (Cylindrical Wiener process).
Let (Bn)nen be a family of independent, real-valued Wiener processes on (€2, (Ft)t>0, P).
Then we call W = (Wy)i>0 with

Wy=W(@Et)=> Bult)en, t>0
neN

a cylindrical Wiener process on U.

Because E[,,cn|6n(t)[2] = X ,en t is not finite for ¢t > 0, we see that (W;)¢>0 does not
exist as a square integrable, U-valued stochastic process. However, we can make sense
of this object as a family of bounded linear operators (W;);>o where

W:[0,00) = L(U, L*(Q))

t— (u— W= Z Bn(t)(en, u)u
neN

This is now meaningful as we have HWtuH%Q(Q) =t-||ul|f < oo forevery t >0and u €U
by Parseval’s identity. Alternatively, it is known that the series in Definition 1.1 converges
in any larger Hilbert space Uy such that the embedding ¢: U — Uy is Hilbert—Schmidst.
Then we can regard (W;);>0 as a standard (nuclear) Q-Wiener process on this larger
space Uy with covariance operator () = t*t¢.

Remark 1.2. The name “cylindrical” comes from the cylindrical measures in the sense
of Schwartz [Sch73] which are additive set functions defined on the algebra of cylindrical
sets (also called cylinder sets). From that point of view, W is a family of cylindrical
random variables (W});>0 whose cylindrical distribution is a Gaussian cylindrical measure.
See also [Riell] for a recent exposition of this viewpoint. O



Chapter 1 Preliminaries

1.1.1 L? Theory

To construct an integral we must first consider the appropriate integrands. To this end,
define the set of predictable rectangles as

Rr={(s,t] x Fy|0<s<t<T,Fye Fs}U{{0} x Fy | Fy € Fo}
and the predictable o-algebra on [0,T] x Q as
PT = O'(RT) .

A stochastic process is called predictable if it is measurable with respect to the predictable
o-algebra. For two measurable spaces (€2;,.A4) and (€22, 8) we denote by M(A, B) the
space of A-B-measurable functions. We will denote by LP(Q2, H) = LP(Q, F,P; H,B(H))
for p > 0 the usual Bochner-Lebesgue spaces and will sometimes use L°(Q2, H) =
M(F, B(H)) equipped with the topology of convergence in probability where it helps to
unify the notation of a theorem or definition.

In this work we will need two types of spaces of stochastic processes. For a separable
Hilbert space V' we define the space of predictable, continuous and p-integrable V-valued
processes

(V) = {X € M(Pr,B(V)) ‘ X as. continuous, | X |[gr vy < OO}/H‘H@?;(V)

where p > 0 and
1

[ X ez vy = IE[ sup IIXtH’é] - (1.1)
te[0,T)
And second the space of predictable, p-¢g-integrable V-valued processes

,Q]%’q(V) = {X S M(PTaB(V)) ’ HXHSI}’q(V) < OO}/H-HEp,q(V)
T

where p > 0, ¢ > 1 and

3 =

T P
q
1Xllgpacy) = E [( |1l at) ] - (1.2)
Furthermore, we define for p = 0 the space of almost surely continuous processes

(V) = {X e M(Pr,B(V)) | X as. continuous}/”_Hco »
T

with

[ su X
HXHQOT(V):]E ptE[O,T]H tHV ‘| (13)

|1+ supsejo 7yl Xellv

as well as for ¢ > 1 the space of almost surely g-integrable functions

£7(v) = {X e MPr,BO) [P 1KY d < 00) = 1}/,



1.1 Stochastic Integration

with )
(Sl dt)?
=E ol (1.4)
L+ (S ar)®

In all cases we have to take the quotient to identify functions that differ only on
)\|[07T] ® P-null sets. This ensures that the associated “norms” are positive-definite. This
also means that, strictly speaking, all spaces contain equivalence classes of functions.
In the following, we will usually identify functions with their corresponding equivalence
classes.

All spaces are Banach spaces for p > 1 and quasi-Banach spaces for 0 < p < 1.
Denoting by E either €7.(V) or £8:9(V) for 0 < p < 1, we have that dg(z,y) = ||z —y||%;
is a metric on E with respect to which it is complete. Additionally, a modified triangle
inequality holds as well

||X||22;q(v)

[z +ylle < mp(llzlle + ylle) (1.5)

where k), = 2%_1 for 0 < p <1 and we set x, = 1 for p > 1. For a short overview of
quasi-Banach spaces see [Jar81, Chapter 6] or [K6t60, §15.9]. When general statements
are true for all p > 0 we will sometimes simply refer to norms even though they are only
quasinorms for 0 < p < 1.

In the case p = 0, the functions ||'”€%(V) and ||~||£oT,q(V) define an F-norm, see [Jar81,
Section 2.7]. In particular, they satisfy the triangle inequality and we set kg = 1. The
associated metric induces the topology of convergence in probability. Thus, a sequence
of functions (X™),en C €% (V) converges to a function X € €%(V), i.e. limy, o0l X™ —
X||¢(%(V) =0, if and only if

Ve >0: lim P sup || X' — X¢|lv >e| =0
N0\ ¢el0,7)

and similarly a sequence of functions (X™),en C Sgiq(V) converges to a function X €
E%q(V), if and only if

T
Ve >0: lim P(/ \|X“(t)—X(t)||qut>e> =0.
n (o) 0

Remark 1.3. All integrals have to be interpreted as Bochner integrals. We follow
here the exposition of [Cohl3, Appendix E|. Since the Hilbert space V is assumed
to be separable, the distinction between Borel measurable and strongly or Bochner
measurable functions is not necessary. In particular, the space of Hilbert—Schmidt
operators Lo(U, H) is a separable Hilbert space as U and H are assumed to be separable
and Lo(U, H) =2 U* ® H as a Hilbert space tensor product [KR97, Prop. 2.6.9]. O

These spaces are nested, in particular for all ¢ > 1 we have
e (V) C e (V) C €x(V) forp>p >0,
LAV) C V) C £29V) forp>p >0
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and
eh (V) c (V) forp>0.

Next we define the space of elementary processes as

E =span({® € L([0,T] x Q,L(U,H)) |
O(t,w) =14(t,w) -6, @ f;, A€ Rr,i € N,j € N})

where we identify e ® f € U ® H with the rank-one operator [U 3 u +— (e,u)yf € H] €

L(U,H). Note that from the definition of the predictable rectangles the elementary

processes are adapted to the filtration (F:):>0. It is easy to see that the 2%2(L2(U ,H))-

norm (1.2) also defines a seminorm on £ for every p > 0. Taking again the quotient

& = E/HH o , we see that (%, |||| ap.2 is a normed space. The following
£5%(L2(U,H)) T

proposition describes the completion of this space.

Proposition 1.4.
The space of elementary processes £* is dense in S%Q(LQ(U, H)) for every p > 0. In
particular, we have

Tx _ (P2

% = & (La(U, H))

where the completion is with respect to the S%Q(LQ(U, H))-norm.

Proof. From £* C £0:*(Ly(U, H)) and the completeness of £0:(Lo(U, H)) it follows that
EF C £ (Ly(U, H)).

To prove the converse inclusion let ¢ € 2’7’42(L2(U, H)). From [Cohl3, Prop. E.2] we
get the existence of a sequence (®y,)nen: [0,7]xQ — La(U, H) of simple, Ly (U, H)-valued
functions converging pointwise to ®. Since the set {e; ® fj|i € N,j e N} CU® H is an
orthonormal basis of U @ H [KR97, Thm. 2.6.4] its span is dense in U ® H = Lyo(U, H).
Thus, we can also find a sequence (®,),eny C £ of elementary processes converging
pointwise to ®. Two applications of Lebesgue’s dominated convergence theorem show
that this sequence converges also in the S%Q(LQ(U, H))-norm to ®. Thus 2%2(L2(U, H)) C
Ex. O

Now we are able to define a stochastic integral I: £ — €4(H) for ®(t,w) = L4(t,w) -
ei ® f; by

1o(t) = {]1Fs1 (W) - [Bi(sa At) = Bi(si At)] - f; if A= (s1,82] X F, € R,
0 ifA:{O}XF()ERT
and extending linearly to all of £. We also write [j ®; dW; = I®(t). The integral is
also well-defined on £* as for every ® € £ it holds that ||®|| 22wy = 0 implies
T (L2(U,

|1 <I>H¢2T (try = 0. Thus, we can define the integral of an equivalence class in £ as the
integral of an arbitrary element of that equivalence class.

Examining now the properties of this integral, we first observe that the integral process
is continuous. This follows from the continuity of the real-valued Wiener processes.

10



1.1 Stochastic Integration

Furthermore, it is a martingale, since for ®(t,w) = 1(,, s,)xa(t,w) ;@ fj and 51 < s <t
we have A € F,s and

E[I®(t) | Fs] = E[la(w) - [Bi(s2 At) — Bi(s1 AD)] - f5 | T
=1a(w) - [Bi(s2 As) — Bi(s1 As)] - fj
= I1®(s)

and E[I®(t) | Fs] = 0= I®(s) for s < s; because of the martingale property of the scalar
Wiener process. The martingale property also holds trivially if ®(t,w) = Lygyxa(t,w) -
e; ® f; with A € Fy. This also shows that E[I®(t)] = 0 for all ¢ € [0,T]. By construction
the integral is a linear operator, and it is even a bounded operator as can be seen by
considering a general element

K Ly Mg,

Dy (w) = Z Z Z Ls; x Ay (t,w) - €iy, @ fjk,l,m “Crim €E

k=11=1m=1

where S x A € Rr are pairwise disjoint, i; € N are distinct for different [ and
Jkim € N are distinct for different m. Indeed, we have

[ ®lez, ) <2+ sup [TP(E)]|2(0,m)
te[0,7

by Doob’s maximal inequality and

sup ||I(I)(t)||%2(Q,H) = HI(I)(T)H%Q(Q,H)

t€[0,T
K Ly, My,
= ASk) - P(Ar) - DD leniml? (1.6)
k=1 =1 m=1

_ 2
- ||q)H£§:2(L2(U,H))

where the first equality holds because (||[I®(t)|%) refo] 1S @ submartingale, since the

integral process itself is a martingale. Thus, we see that the integral is a bounded

operator between (£*, H.”EQ,Z(LZ(UH))) and €%(H). Since the operator is bounded, we can
T b

extend it (as usual by considering Cauchy sequences) to the completion 2%’2 (L2(U, H))
of £*. This extension will be called the Ité integral of ®.

The equality (1.6) also holds for the extended operator and we have thus proved the
following important property.

Proposition 1.5 (It isometry).
The Ito integral seen as a linear operator

I: £2*(Lo(U, H)) — L*(Q, H)
is an isometry, i.e. for all ® € 2342(L2(U,H)) it holds

HHS(T)|2(,m) = (12

£22(Lo(UH)) *

11
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Remark 1.6. In view of Definition 1.1 of a cylindrical Wiener process we can alterna-
tively define the Ito integral directly for ® € £22(Lo(U, H)) by

I1d(t) :/Ot Oy dW, = Z/Otcbsen dp,(s)

neN

where the integrals are then standard It6 integrals against real-valued Wiener processes.
The sum converges in L?(Q, H) due to the assumption on ®. O

1.1.2 L° Theory

Through a standard localisation argument we can extend the stochastic integral to all
processes in S%Q(LQ(U, H)) [NVWO07, Section 5]. We then obtain a bounded linear
operator [NVWO07, Theorems 5.5, 5.9]

I: 292(Lo(U, H)) — CH(H).

Definition 1.7 (It6 process).
Let ¢ € M(Fo,B(H)), ¢ € S%I(H) and ® € 2%2(L2(U,H)). Then the process X € €%.(H)
defined by

t t
Xt:€+/90sd5+/(p5dws, t€[0,T]
0 0

1s well-defined and called an H-valued 1td process.

For the class of It6 processes we have the following fundamental It6 formula. It is the
analogue of the deterministic chain rule for stochastic processes and is a cornerstone of
stochastic analysis.

Theorem 1.8 (It6 formula).

Let X € €%(H) be an Ité process with a representation as in Definition 1.7, V' another
separable Hilbert space and f € CY2([0,T] x H,V). Then the stochastic process defined
by Y = f(t, Xt) is a V-valued It6 process belonging to €%(V), and we have P-a.s. for all
te[0,7T)

£(t.X0) = 10, %0) + | (01£)(5, X4 ds + / (825 (5, X, )y ds
t 1 t
4 /0 (02)(5, X )%y AW, + /O %(ag F)(5, X3)(@yen, Daen) ds

and all integrals are well-defined.

A proof can be found in [Brz+08, Theorem 2.4].

1.1.3 L” Theory

Suppose we know for p # 2 that our integrand is in £0:*(Lo(U, H)) € £3°(La(U, H)).
Do we then also get estimates for the LP norms of the Itd integral? As the next

proposition shows, the It6 integral defines a bounded linear operator on the subspaces
02 (Ly(U, H)) € £%%(Lo(U, H)) for all p > 0.

12



1.1 Stochastic Integration
Proposition 1.9 (Burkholder-Davis—-Gundy inequality).
Let p > 0. The Ito integral seen as a linear operator
2
I: 28°(Lo(U, H)) — ¢h(H)
is bounded. In particular, there exists 7, > 0 such that for all ® € 2’7’42(L2(U, H)) it holds
”Iq)H@;(H) STy H(I)HQI;F(LQ(U,H)) .

Proof. For the proof see [DZ14, Theorem 4.36]. The case p > 2 can be proved using the
It6 formula (Theorem 1.8), Holder’s inequality and Doob’s maximal inequality. The case
p € (0,2) can be proved using Lenglart’s inequality. O

We will often need the following simple corollary to bound the LP norm of stochastic
integrals. Note that the second estimate follows from Minkowski’s integral inequality
(see e.g. [Hyt+16, Proposition 1.2.22]).

Corollary 1.10.
Let p>0 and t € [0,T]. For all ® € £2*(Lo(U, H)) it holds

1) Le(,my < Tp- ”(I)H,vaz(m(U,H)) :

If p > 2 we additionally have

1
t 2
18O m <7+ ([ 192 r0 i d)

Let us now extend a simple property of the stochastic integral of elementary processes
to a wider class of integrands.

Proposition 1.11.
Letp>1andt € [0,T]. Forall ® € 2{,)1’2(L2(U, H)) it holds

E[I®(t)] = 0.
Proof. Since p > 1 and by Corollary 1.10 we have
18Oy < SO ) < Tl @l gy g 0any < (1.7)

and so I®(t) is integrable. Let now (®,),eny C £* be a Cauchy sequence of elemen-
tary processes converging to ® in E%Q(LQ(U ,H)). Then Corollary 1.10 shows that also
(I1®,,(t))nen converges to I®(t) in LP(2, H). Thus, there exists an almost surely conver-
gent subsequence (I®,, (t))ken C (IPn(t))nen. Since I®(t) is integrable we can apply
the dominated convergence theorem [Coh13, Thm. E.6] to get that

E[ID(t)] = E[klim I®,, (t)} = lim E[1%,, (1)) = 0.

The last equality holds as we have seen before that the stochastic integral of elementary
processes has zero mean. O

13
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Requiring the p-integrability of the initial value and the integrands, we can define a
refined notion of It6 process.

Definition 1.12 (L? Itd process).
Let p> 0, £ € LP(Q, H) Fo-measurable, ¢ € S%I(H) and ® € 2%2(L2(U, H)). Then the
process X € €4.(H) defined by

¢ ¢
Xt=§+/ gosds+/ o, dW,, t€][0,T]
0 0

is well-defined and called an H-valued p-integrable (or LP) It6 process.

That for p > 0 the process X is indeed in €%.(H) is easily seen using the (modified)
triangle inequality (1.5) and Proposition 1.9. In particular, we have

1X et ity < 3 (1l oo,y + 10 e oty + Toll Pl g0y (1.8)

The following lemma shows that the class of p-integrable It6 processes is stable under
the application of functions satisfying a polynomial growth assumption.

Lemma 1.13.

Letp>0,r>0, X € &P(H) an L'P It6 process, V another separable Hilbert space and
f e Ch?([0,T) x H,V). Suppose that f has polynomial growth of order r in the sense
that there exists K > 0 such that for all (t,x) € [0,T] x H we have

1F(E2)lv < K (14 [lzll7) -

Then the stochastic process given by Yy = f(t, X;) is a V-valued p-integrable Ité process
and for p > 0 we have

1Y llenv) < K - mp(1+ X g ) - (1.9)

Proof. That Y is indeed an It6 process follows from an application of the It6 formula
(Theorem 1.8). The estimate (1.9) follows from the polynomial growth assumption and
the (modified) triangle inequality (1.5). O

Example 1.14. The polynomial growth assumption is for example fulfilled for Lipschitz
functions. In this case we can choose r = 1. O
1.2 Stochastic Evolution Equations

In this work we are concerned with semi-linear parabolic stochastic evolution equations
(SEEs) of the form

{ dX,; = [AX, + F(X;)] dt + B(X;) dW;, t € (0,T], (SEE)

Xo=¢

on a separable Hilbert space H. Let U be another separable Hilbert space with orthonor-
mal basis (ep)nen C U. Here, A: D(A) C H — H is a linear operator, F': H — H and

14
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B: H — Ly(U, H) are possibly non-linear functions and 7" > 0 is the final time. Let
(©, F,P) be a complete probability space with a filtration (F;)¢>0 satisfying the usual
conditions. Then (W), is assumed to be a cylindrical Wiener process on U (see
Definition 1.1) and £ € M((Fy, B(H)) is the initial value.

1.2.1 The Semigroup Approach

For § € (0, 7| denote by
Y5 ={AeC|largA| <o} \ {0}

the complex open sector opening to the right.

Definition 1.15 (Sectorial operator, see [EN00O, Definition 4.1]).
A closed operator (A,D(A)) on a Hilbert space H is called sectorial with angle 0 if there
exists 6 € (0, 7] such that

Z) s C p(A)
and if for each §' € (0,0) exists a constant Mg > 1 such that
i) |RO\ A)|| < J3 for all A € Ty \ {0}

Definition 1.16 (Analytic semigroup, see [EN00, Definition 4.5]).
Let § € (0,3]. A family of operators T = (T(2)).ex,uq0y € L(H, H) is called an analytic
semigroup of angle 0 if

i) T(0) =Idg and T(z1)T(22) = T(z1 + 22) for all z1, zo € Xs,
it) the mapping T: X5 — L(H,H), z +— T(z) is analytic and

iii) lim T(z)z =z for allx € H and § € (0,9).
Ys5122—0

The analytic semigroup T is called bounded if we additionally have that
i) z || T(2)] is bounded in Ly for every §' € (0,6).

Theorem 1.17 (see [EN00, Theorem 4.6)).

Let 6 € (0,%]. For a closed operator (A,D(A)) on a Hilbert space H the following
statements are equivalent.

a) A is densely defined and sectorial with angle 5 + 0.
b) A generates a bounded analytic semigroup T on H of angle ¢.

Let now A be a densely defined sectorial operator with angle 7/2 + § for § € (0, 7/2]
and let (etA)te[07T} C L(H, H) be the analytic semigroup generated by A. Then we can
define so-called mild solutions.

15
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Definition 1.18 (Mild solution).
A process X € M(Pr,B(H)) is called a mild solution of the equation (SEE) if

i) Ve (0,T]: |5 eIAP(X,)] € e (H),
i) Yt € (0,T): [s et=IAB(X,)| € 0% (Lo(U, H)),
iii) Xo=¢ P-a.s. and
X, = et + /0 t =9AR(X,) ds + /O te(t_S)AB(XS) dw,

holds P-a.s. for all t € (0,T).

It turns out that for a sectorial operator A mild solutions exist even in cases where
the functions F' and B are not H-valued, respectively Lo(U, H)-valued, but take values
in a larger Hilbert space that depends on the operator A. This is a consequence of the
excellent smoothing properties of the analytic semigroup generated by A. In particular,
these larger Hilbert spaces can be characterised as the domains of fractional powers of
—A.

Definition 1.19 (Fractional powers).

Let a > 0. Assume furthermore that 0 € p(A). This ensures that there exists X < 0 such
that sup,cq(a) Re(p) < A. We then define the negative fractional powers as the bounded
linear operators (—A)~* € L(H, H) satisfying

1
(A% = — / 2 %R(z,—A) dz.
271 Jy
Here we define 2~ = e~“198% wjith the principal branch of the logarithm which is holo-

morphic on the slit plane C\ (—o0, 0] and vy is a positively oriented (i.e. counter-clockwise)
path around the spectrum of —A avoiding the branch cut at the negative real axis. Fur-
thermore, we define the positive fractional powers as the densely-defined, closed linear
operators ((—A),D((—A)%)) satisfying

(-A4)7 = ((-4))
with D((—A)*) = (—A)"“(H) C H. Finally, we define (—A)? = Idy.

For basic properties concerning the fractional powers we refer to [EN00, Section I1.5.c]
and [Paz83, Section 2.6].

-1

Definition 1.20 (Interpolation spaces associated to A).

As the interpolation spaces associated to (H, A) we define the family of Hilbert spaces
(Ho, |51 )ack by Ho = H, Hy = D((—A)®) for o > 0 and Hy = H " for a < 0
where |||, = |[(=A)*|| g for all « € R.

Remark 1.21. Note that, a priori, the norm on H, for o < 0 is given by the continuous
extension of the norm ||-||z,, which is first only defined for elements of H. Only after

we know that A can be continuously extended, see Proposition 1.23, can we identify the
norm as ||hl g, = ||(—A)*h||g for all h € H,. O
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1.2 Stochastic Evolution Equations

Remark 1.22. The term interpolation space is justified, because these spaces are
intermediate spaces between D(A) and H in the terminology of interpolation theory.
Indeed, in some special cases (e.g. if A admits a bounded H> functional calculus [Wei06]
or more generally if —A + Idy has bounded imaginary powers) we even have H, =
[H,D(A)], with equivalent norms for 0 < o < 1 (see [Yagl0O, Theorem 16.3] or [Haa06,
Theorem 6.6.9)). O

The following properties and more can be found in the detailed Chapter V of [Ama95].
In particular, we refer to [Ama95, Theorem V.1.4.12]. A more modern account of this
theory, also focusing on the differences between homogeneous and inhomogeneous spaces
and the implication of the assumption 0 € p(A), can be found in [KWO04, Section 15].

Proposition 1.23.
Let (Hq, |||l ., )acr be the family of interpolation spaces associated to (H, A). Fiz o, 8,7y €
R with o > 3. Then

a) Ho — Hp densely and continuously, i.e. |1dm, | 1(#,, 1) < 00,
b) Hyto = Hy with the isometric isomorphism given by A%: Hy o — H, and
c) Hy = V*,, where (Vo |||lv.,)acr is the family of interpolation spaces associated

to the adjoint operator (H*, A*) and the duality pairing is given by the canonical
pairing between H and H*.

Furthermore, if for 8 € (0,1) we define v = 0o+ (1 — )5 € (5,a). Then there exists
C=C(a,B,7) € [1,00) such that

d) |zl m, < Cllzll, |y, for allz € H,.

Now we can come back to the smoothing properties of the semigroup alluded to before.
The scale of interpolation spaces that we just defined allows us to measure smoothness
in terms of our dominating operator. We will see that already after an arbitrarily short
amount of time the semigroup maps everything into H, for each a > 0, thus immediately
providing arbitrary smoothness. A popular instance of this effect is the fact that every
solution to the heat equation is infinitely differentiable after a positive time. Here the
heat semigroup is given by the convolution with a Gaussian and is generated by the
Laplace operator.

A proof of the following theorem can be found, e.g., in [Paz83, Theorem 6.13] and
[RRO4, Lemma 12.36].

Theorem 1.24.
Assume again that 0 € p(A). Then there exist constants Cy, € [1,00), a € (0,00) such
that for all positive times t > 0 the following estimates hold.

< Cy -t

a) For o € (0,00) we have etA(H) C H, and it holds |‘etAHL(H7Ha) <

b) For o€ (0,1] it holds [|e'* —Tdp, ||, ;. 5y < Ca - t*.

)
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Remark 1.25. Since the fractional powers commute with the semigroup and using

Proposition 1.23 we can see that actually e'4(H,) C Hg for all a, € R and t > 0. We
: tA — tA

also have estimates He HL(HW,HWQ) <(C,-t7% and He — IdH%aHL(meHv) < C, -t

for all v € R and a € (0,00) and « € (0, 1], respectively. O

Remark 1.26. In the case that 0 ¢ p(A) we can rescale the semigroup and obtain
analogous estimates. In particular, let A > 0. Then the operator (A — AIdy,D(A))
also generates a bounded analytic semigroup given by ef(A=Aldm) — ¢=Metd and has
0 € p(A— Aldg). See [EN00, Pragraph I1.2.2] for further information regarding this
rescaling procedure. Thus, we can define the fractional powers and the interpolation
spaces in terms of A — A Idy. This leads to estimates of the semigroup associated to A

with an additional factor of e*. In particular, we then have ||e!|| L S Cp-t™.eM
and ||et4 — IdHaHL(H ) < Cot® eM for all @ € (0,00) and « € (0, 1], respectively. On
a finite time horizon [0, 7] these can be estimated by a constant, e*”. O

Remark 1.27. We refer to [Lun95, Chapter 2] for a more general class of interpolation
spaces in which similar estimates to Theorem 1.24 can be seen to hold. O

The next theorem provides sufficient conditions for the existence and uniqueness of
mild solutions. It is a special case of [DJR19, Proposition 2].

Theorem 1.28 (Existence and uniqueness of mild solutions).
Consider the equation (SEE). Letp > 2, a > —1 and § > —%. Assume that

i) A is a densely defined sectorial operator,
it) £ € LP(Q, H),
iti) F € Lip(H, H,) and

iv) B € Lip(H,Lo(U, Hp)).

Then there exists an up to modifications unique mild solution X of (SEE). Furthermore,
it holds that supsc(o 11| Xtl| Lr (@) < 0.

1.2.2 Mild Stochastic Calculus

In [DJR19] Da Prato, Jentzen and Rockner developed a new framework of so-called mild
stochastic calculus tailored to work with mild solutions of SPDEs. Its main tools are
a notion of mild Itd process and a corresponding mild It6 formula. A generalisation to
certain UMD Banach spaces was given by Cox et al. in [Cox+18].

Consider two additional separable Hilbert spaces H C H C H with continuous and
dense embeddings and let A = {(s,t) € [0,T]? | s < t}.

In the following we need the concept of an evolution family or two-parameter semigroup
(see also [EN00, Definition 9.2]). Let S(H, H) denote the Borel o-algebra generated by
the strong operator topology on L(H, H).

Definition 1.29 (Evolution family).
A mapping S € M(B(A),S(H, H)) is called a (strongly continuous) evolution family if

18



1.2 Stochastic Evolution Equations

i) SptSsr =S85t forall0<s<r<t<T and

i) St A — L(.ﬁ[, ﬁ) is continuous w.r.t. the strong operator topology on L(.ﬁI, ﬁ)
(strongly continuous).

Definition 1.30 (Mild LP It6 process).
Letp > 0, € € M(Fo, B(H)), ¢ € M(Pp, B(T), & € M(Pp, B(Lo(U, 1)) and § €
M(B(A),S(H, H)) an evolution family. Suppose that

i) € LP(Q, H),
i) Yt € (0,T]: [s — Sssp5] € L (H) and
iii) Wt € (0,T): [s = S5 ®s] € L2 (Lo(U, H)).

Then the process X € M(Pr,B(H)) defined by Xo = £ and

t t
X, = Soué + / Sy rps ds + / Sy @, dWs, te (0,7
0 0

is well-defined and called a mild (LP) 1t6 process. Furthermore, we have for allt € [0,T]
that Xy € LP(Q, H).

These mild It6 processes are a generalisation of the standard It6 processes defined
in Definition 1.7 and Definition 1.12. To see this, choose H=H=H and S = ldy.
Then every Itd process is also a mild It6 process. We also see now that, thanks to the
regularisation provided by the analytic semigroup generated by A, every mild solution
of (SEE) (see Definition 1.18) is a mild It6 process with H = H in{a, 8,0} H = H, and
Syt =et=94 ¢ L(H, H) for every (s,t) € A and 7 € [0,1 + a, 1+8).

The result in [Cox+18, Lemma 3.3] shows that a mild It6 process is at each positive
time almost surely H-valued. Thus, in the following we will usually work with this (for
t € (0,T]) H-valued modification. In particular, if additionally & € LP(Q, H) then

sup | Xl oo,y < 00-
te€[0,7]

If we make the simpler assumptions that for p > 0 we have £ € LP(Q,ET ), ¢ €
S%I(H), NS 2’1’42(L2(U, H)) and Co = sup(s yeallSstllpm,my < oo then the conditions
of Definition 1.30 are naturally fulfilled and we have

SUP]”XtHLp(Qj{) < Co- /%27 (Hf”Lp(Qj[) + H@H,Qggl(ﬁ) +7p ”(I)Hg?;?(LQ(U,ﬁ))) < o0

te0,T
(1.10)
We can now formulate the following mild Ité formula (see [DJR19, Theorem 1] and
[Cox+18, Theorem 3.5]).

Theorem 1.31 (Mild It6 formula).
Let X € M(Pr,B(H)) be a mild Ité6 process with a representation as in Definition 1.30,
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V' another separable Hilbert space and f € CY2([0,T] x H,V). Then we have P-a.s. for
all t € (0, 7]

t
f@Xﬂszﬁme+A(&ﬁ®ﬁ@Xgm
t t
+ / (02F) (5, S5 Xs) S5 ds + / (02f) (5, 551 X)Ss 1By AW,
0 0

1 t
+ 5 A Z (8%f)(87 SS,tXS)(SS,tq)sena Ss,tésen) ds

neN
and all integrals are well-defined.
We will often need to estimate the norm of functions of stochastic processes. In the
case of functions with polynomial growth we can ensure under mild assumptions that the

stochastic integral in the It6 formula is a martingale and thus has vanishing expectation.
This result is provided by the following consequence of the mild It6 formula.

Proposition 1.32.

Let p > 0, X € M(Pr,B(H)) be a mild LP Ité process with a representation as in
Definition 1.30, V' another separable Hilbert space and f € CQ(fI,V). Suppose that f
has pvolynomml growth of order p in the sense that there exists K > 0 such that for all

x € H we have
p
1 @)llv < K (14 [l2]%,) -

Then the stochastic process given by Yy = f(Xy) is a V-valued integrable Ito process and
we have

T
B XDy < B SorXolly + [ E[|7/(SurX)Sure.

+ % Z f”(Ss7TX5)(Ss,T(psena S&T(I)Sen)H :| ds.
neN )

A proof can be found in [Cox+18, Prop. 4].

1.2.3 Strong Solutions and the Kolmogorov Backward Equation

Definition 1.33 (Strong solution).
A process X € M(Prp,B(H)) is called a strong solution of the equation (SEE) if

i) X, € D(4) Mgz ® P-a.s,
i) [s = AX, + F(X,)] € 25" (H),
iii) [s = B(X,)] € £92(Lo(U, H)),
i) Xo=¢€ P-a.s. and
X, =g+/0t AXS+F(XS)ds+/OtB(XS)dWS (L11)

holds P-a.s. for all t € (0,T).
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1.2 Stochastic Evolution Equations

Thus a strong solution to (SEE) defines an It6 process. In particular, the It6 formula
(Theorem 1.8) is applicable to the solution process X.

The next lemma gives a condition under which a mild It6 process is also a standard
Itd process. It is proved in [CJK19, Lemma 3.2]. Remember that the linear operator A
is always assumed to be densely defined and sectorial.

Lemma 1.34.
Letp>1, &€ LP(Q, Hy), p € 1 (Hy), ® € £2%(Ly(U, Hy)) and Ssy = =54 Then it
holds that

i) Sup(spenllSst
it) the process X € M(Pr,B(H)) defined by Xo =& and

L(H,H) < 00,

t t
Xt = SO,t&. +/ Sgt(ﬂs ds +/ Ssﬂfq)s dWs, te (O,T]
0 0

is a mild LP It6 process on H = Hy and H = H with supyeqo,n) | Xell o (,1y) < 00,
iii) for allt € [0,T) we have P(X; € Hy) =1 and

iv) the process X is even a standard LP Ito process in CL.(H) with

t t
Xt:§—|—/ AX5+g08ds+/ o, dW,
0 0

P-a.s. for allt € ]0,T].

Remark 1.35. As we have seen in the discussion after Definition 1.30 the first three
assertions are true even for p € (0,1). We suspect that the entire lemma also holds in
this case. O

The existence of strong solutions is e.g. guaranteed by the following sufficient conditions.

Theorem 1.36 (Existence and uniqueness of strong solutions).
Consider the equation (SEE). Let p > 2 and assume that

i) A is a densely defined sectorial operator,
it) £ € LP(Q, Hy),
iti) F € Lip(H, Hy) and
w) B € Lip(H,Ly(U, Hy)).
Then there exists an up to modifications unique strong solution X € €4.(H) of (SEE).

Proof. First, observe that by Theorem 1.28 the assumptions imply that there exists a
mild solution X with

sup || X¢l| e ) < 00 (1.12)
t€[0,7]
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Chapter 1 Preliminaries

Next, we show that the processes defined by ¢; = F(X;) and ®; = B(X;) for s € [0,T]
belong to £ (H,) and £2(Ly(U, Hy)), respectively. Using the Lipschitz assumption,
Minkowski’s integral inequality and (1.12) we obtain

T p
ol ent g,y = E[(/O 1 (Xs)l dS) ]

T p
ST IFO, + Fhipir i -E [( [ 1%l ds> ]

3=

1
P

T
ST FO) |, + | Flupeim,) /0 1 Xal o) s

< T - ||FlLip(e, my) - max{1, S[Up]HXtHLP(Q,H)} < 00
t

)

and similarly

r gk
||(I)||£?’2(L2(U,H1)) =E [(/0 HB(XS)H%Q(UvHI) ds) }

3=

T p
<T-||BO)|a, + ’B\Lip(H,Lg(U,Hl)) -E K/O | X o d3> ]

T
< T 1BO) |+ Blupirsawany - [ Xl ds

ST\ Bllvip(a, Lo, mHy)) - max{1, S{%%}H&Hmmgﬁ < 00.
te

)

Note that the application of Minkowski’s inequality here is valid since we assumed p > 2.
Now the theorem follows from Lemma 1.34. In particular, the mild solution X is also
a strong solution. O

In the next theorem we collect several results from the literature that ensure the
existence of a solution to the Kolmogorov backward equation associated to (SEE) as well
as provide regularity properties of this solution.

Theorem 1.37.
Assume that

i) A is a densely defined sectorial operator,
i) F € Lip*(H, Hy) and
iii) B € Lip*(H,La(U, Hy)).

Then there exists an up to modifications unique mild solution X* of (SEE) with initial
value & = x for every x € H. Let ¢ € Lip*(H, V) and define the function w: [0,T] x H —
V by u(t,z) = E[p(X5_,)] for allt € [0,T], x € H. Then it holds that
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1.2 Stochastic Evolution Equations

a) Vo € Hy: [t u(t,x)] € C1([0,T],V),
b) Vt €[0,T): [z u(t,x)] € CH(H,V),

¢) u is a solution of the following partial differential equation

(t,x) =— 3u(t, z) (Az + F(x))

&u ox
1 92 tel0,T), z € Hy,
-y 5.3 4(t2) (B(@)en, B(x)en) (1.13)
2 neN x
w(T, x) = ¢(x) zeH

d) and for k € {1,2,3,4} and 61,...,6; € [0,3) with Sk L6 < % it holds that

Csy,...,5, ‘= Sup sup sup
t€[0,T) x€H vy,...,u, € H\{0}
* 5|0k
(T = )2 () (@) (01, o) (1.14)

k
iillvillas,

< 0

as well as for 01,...,04 € [0, %) with Y3, 6; < %

Csy 69,63,6, = SUp  Sup sup
t€[0,T) x1,22€H vy,...,u . €H\{0}
T1F#T2

(T — )i b

()t 1) = () (tw2)) (w1, ywn) | (115)

21 — ol [Tz llvill s,

< oQ.

Equation (1.13) is called the Kolmogorov backward equation associated to (SEE).

Proof. First, the existence of a mild solution follows from Theorem 1.28. Furthermore,
the assumptions ensure that for x € Hj the mild solution X* is even a strong solution by
Theorem 1.36. This is a crucial step in the proof of [CJK19, Lemma 3.3] which ensures
that the function u is continuously differentiable with respect to the time variable.
Differentiability with respect to the space variable is proved in [And+19, Theorem 3.3
(iii)]. That wu solves (1.13) can be proved as in [DZ14, Theorem 9.25] and the bounds in
d) are proved in [And+19, Theorem 3.3 (vii) and (x)]. O

Lastly, the following result is a special case of [And+19, Corollary 4.2]. It provides
the basis for a mollification procedure that allows us to handle more irregular coefficient
functions.

Theorem 1.38.
Let a € [0,1), B €0,3) and assume that
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Chapter 1 Preliminaries

i) A is a densely defined sectorial operator,
i) F € Lip*(H,H_,) and
iii) B € Lip*(H,Lo(U, H_p)).

Then the smoothed coefficients F.: H — Hy, x + e#AF(z) and B.: H — Lo(U, Hy), =+
e*AB(x) for e € (0,T] satisfy the assumptions of Theorem 1.37. Denote the associated
constants from (1.14) and (1.15) by Cf(S?,-.-ﬁk and E((;i)752763754. Then for k € {1,2,3,4} and
81,..., 05 €[0,1) with Sk i< 1 we have

(e)

sup ¢ 5 < 00 (1.16)
e€(0,T
and ©
~&
sup ¢ < oo. (1.17)
ce(0.7] 61,02,03,04

1.3 Numerical Approximation of Stochastic Evolution Equations

We are interested in numerical approximations of the mild solution of equation (SEE).
That is, for a linear operator A and the parameters £, F and B all satisfying the
assumptions of Theorem 1.28 we want to approximate

t t
X, = ete + / et=)AP(X,) ds + / eU=IAB(X,) AW, (1.18)
0 0

on a finite time horizon ¢ € [0,7]. As we have seen, X defines a mild It6 process
(with Ss; = e=94 for (s,t) € A) and thus we can use the mild It6 formula to derive
heuristic approximations for functions of X. We do this by truncating the mild Ito
formula and omitting the higher order terms. In particular, we employ the following two
approximations for a function f € C*2([0,T] x H,V) and (s,t) € A

F(t, X)) ~ f(s,e94X)) (1.19)

and

Ft, Xp) = f(s,e94X) + / t(azf)(u, emIAX ) e TIAB(X,) dW, . (1.20)

One of the simplest schemes is the exponential Euler scheme. It is obtained by using
the approximation (1.19) for both integrands in (1.18) and then employing the further
approximation e(*~*)4 ~ Idy for small time steps. We get for (s,t) € A

t t
Xy~ et94X, 4 / eU=AR(er=)AX ) dr + / et=)AB(er=AX,) AW,

t t
~ X 4 [ dr [ IBx) aw,

S S

t
< X FOG) (- + [ B aw]
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1.3 Numerical Approximation of Stochastic Evolution Equations

Let us fix for N € N an equidistant grid of N + 1 time points of the interval [0, T]
denoted by 0 = to,...,tx =T with t; =i-h for i € {0,..., N} and h = %. Then the
exponential Euler scheme reads as follows

Y =¢
tn41 1.21
Y;f+1:ehA[Y;{Y+F(1@fj)-h+ BYMN)dws|, ne{0,....,N—1}. (1.21)
tn

Assuming F € Lip*(H, H_.) and B € Lip*(H,La(T, H_, )) for v € [0, 3] this scheme
converges with strong order almost %, i.e. for every ¢ € (0,00) there exists a constant
C € R such that for all N € N we have

<C.N"(F-9), (1.22)

HXT B Y%V‘ L2(Q,H)

Under the same assumptions it was shown in [JK21] that the exponential Euler scheme
achieves a weak convergence rate of almost 1 — =, i.e. for every ¢ € Lip*(H,V) and
¢ € (0,00) there exists a constant C' € R such that for all N € N we have

[E[exr) —p¥M)]|, < € N70772. (1.23)

This confirms the pattern from finite-dimensional SDEs that “usually” the weak order is
twice the strong order.

1.3.1 The Exponential Milstein Scheme

To derive the exponential Milstein scheme we use instead the higher order approximation
(1.20) for the integrand of the stochastic integral and then once again (1.19) for the
integrand of the resulting iterated stochastic integral. This results in

t t
X;~et=94Xx, 4 / eE=IAR(r=)AX ) dr + / et=)AB(er A X,) AW,
t T
+ / / et=WAR (er—WAX Ye(r—WARB(X,,) AW, dW,
t t
%e(t—s)AijL/ e(t—s)AF(e(r—s)AXs) dT‘+/ e(t—s)AB(e(r—s)AXs) dw,

t rr
+ / / e(t—s)ABl(e(r—s)AXs)e(r—s)AB(e(u—s)AXS) dw,, AW,

for (s,t) € A.

Now we again want to use ¢4 ~ Idy but this time we have to be careful, since
in general we cannot compose B'(z) and B(x). Thus, we have to assume 8 = 0, i.e.
B € Lip(H,L2(U, H)). Then we obtain for (s,t) € A
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Chapter 1 Preliminaries

t t
X;~et=94X, 4 / e =IAR(X,) dr + / e=IAB(X,) AW,

t
+ / / e=AB/(X,)B(X,) dW, dW,

~ elt—9)A [X + F(X,) - (t—s) +/B ) AW +//B’ B(X,) dW, dW,
The time-discrete exponential Milstein scheme now reads
Zy =¢
tn+1
N _ _RhA[N Ny N
ZY,, =z + Pz - h+ - BlZ,) W, (1.24)
tn+1 r
+ B(Z})B(Z)) AW, aW,|, ne{0,...,N -1},
tn tn

Assume that F' € Lip?(H, H), B € Lip?(H, Lo (U, H)), that there exists J € (0, 3) such
that B(Hgs) C Lo(U, Hs) and that the operator B'B: H — Ly(U @ U, H) is globally
Lipschitz. Then it was shown in [JR15] that for regular enough initial values the above
scheme converges with strong order almost % + 0, i.e. for every € € (0,00) there exists a
constant C' € R such that for all N € N we have

HXT ZM <C. N-(3+6-9) (1.25)

L2(Q,H)

In some cases it is thus possible to achieve a strong order of almost 1. Contrast this with
the maximum possible strong order of % for the Euler scheme.

In chapter 2, we will show a corresponding estimate for the weak order of the expo-
nential Milstein scheme.

1.3.2 Numerical Approximations as Mild 1t6 Processes

Now we will see how we can write numerical approximation processes such as (1.21) and
(1.24) as a mild It6 process. Fix again an equidistant grid {0 = t¢,...,ty = T} with step
size h = %. For t € [0,T] let [t], == |£] - h denote the last grid point before or equal
to t. Then we define the continuous interpolation of the Euler scheme (Y7, ),eqo,.. n} for
te€[0,7] as

t
vV = etde + / ClslAR vy, ds + /0 =AY ) AW (1.26)

th
It is easily seen, that Y does indeed interpolate the values given by (1.21) and defines a
mild Itd process with evolution family S,; = e(t=9)A mild drift ¢, = e(s_Lth)AF(Y@h)
and mild diffusion ®, = e~ sInAB(Y Y s),) for s €[0,T] and t € (s, T].

Note how the mild drift and diffusion operators contain a correction term compared

to the drift and diffusion of the exact solution. This motivates studying processes of the
following form as introduced in [JK21]

t t
YN = Soé + / SR F(VY),) ds + / SuRBOYY, ) AW, te0.T]  (1.27)
0 0
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1.3 Numerical Approximation of Stochastic Evolution Equations

with a general evolution family S € M(B(A), B(L(H_1, H_1)) and a numerical correction
term R € M(B([0,T), B(L(H-1,H_1)). We will call the pair (S, R) a numerical evolution
family. This pair characterises the different “Euler-type” and “Milstein-type” schemes
studied in [JK21] and in this work. In order for the numerical evolution family to yield a
meaningful variant of the base scheme, it has to be in some way adapted to or consistent
with the semigroup generated by A. These consistency requirements are given in the
following assumption.

Assumption 1 (Numerical evolution family).
For a step size h € (0,00), time points (s,t) € A, real numbers r € [0,1), p € [0,1)
and 7 € [-1,1 —r) we assume that there exist constants C, € [1,00), Cy, € [1,00) and
Chrip € [1,00) such that

Sei(H) € H, Ri(H) € (H), SsiRs(H-r) C H,

I1Ss,¢ll L,y < Co, | Rell L,y < o0, 1S5t RsllL_, iy < Cr(t— )"

We also require that the constants are chosen such that

HetAHL(H,Hp) < Cpt™?
as well as

HetA - IdHHL(H,H,p) < Cptp

and finally, that the evolution family is somehow close to the semigroup

1S5 — €A L,y < Crph?(t —5)~ 7

and
—S - r+7)t
196, Rs = e Lar_, 1,y < Criph?(t = 5) 07

This has the advantage that we can study different types of approximation processes
in the same setting. In particular, for the exponential Euler scheme with step size h we
have

Ser =94 (s,1) e A (1.28)
R, = e =lHwA ¢ 0, 7] (1.29)
and the above assumptions are fulfilled because we assumed that A is a densely defined

and sectorial operator and as such generates an analytic semigroup (see [RR04, Lemma
12.36]). The linear-implicit Euler scheme with step size h is defined by

Ser = (Idg —(s — [s]p)A) (Idg —(t — [t]5)A) " (dgy —hA)~Wa=lsl/h =g 1y e A
(1.30)

Ry = (Idg —(t — |t]n)A)~, tel0,T) (1.31)

and it was shown in [JK21, Proposition 1.3] that this also fulfils the above assumptions.
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To deal with Milstein-type approximations we now introduce mild Itd processes of the
form

t t
ZN — St + / SR F(ZY),) ds+ / S RG(ZY), Vi) AWs, £ € [0,T] (132)
0 0

where V: A — H, (s,t) = [L B(ZN) dW, is the stochastic integral of B, G: H x H —
Lo(U, H) and the evolution family and the correction term still have to satisfy Assump-
tion 1.

Assumption 2 (Approximate diffusion).
The function G has to satisfy the following assumptions:

i) G e C3(H x H,Ly(U, H)),
i) for all x € H we have G(z,0) = B(x),

i11) there exists a constant Cg € [1,00) such that for all z,y € H and 0 < i,j < 3 with
1+ 7 <3 we have

[P

<
52705 ) ED s i gy S ComaxtL el Iyl

i) and for every p > 1, all 0 < s <t and Fs-measurable X,Y € LP(Q, H) we have

HG(X, /tB(X) dw,) — G(Y, /tB(Y) dW,)

Lr(Q,L2(U,H))
1
< Ce(l+ 1t —8)2)[|X = Y| o(,m)-

We can choose G(z,y) = B(z) + B'(z)y to obtain the exponential Milstein scheme
(1.24). We will now show that this choice of G indeed fulfils the assumptions.

Lemma 1.39.

Let B € Lip*(H,Ly(U, H)) such that B'B: H — Lo(U @ U, H) is globally Lipschitz, i.e.
there exists a constant ‘B/B|Lip(H Lo(T&U,H)) € [0,00) such that for all x,y € H it holds
that

| B (z) B(x) — B/(y)B(y)HM(WJ{) < |B/B|Lip(H,L2(W7H)) Nz —ylm.
Then the function G(x,y) = B(x) + B'(x)y fulfils Assumption 2.

Proof. The first two assumptions are clearly fulfilled. Furthermore, it holds that

|G (@, Y)|ILow,m)y < IB(O)|Lo, ) + | Bluip(a, Lo, a1l o + 1 BlLip#, Lo w,m) vl 2

< 20 BllLipt (a1, @, mry) - max{L [zl a, lyll s}

and similarly for the derivatives of G, such that we have at least Ce = 2[| B[54 (11,1, (1, 1)) -
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1.3 Numerical Approximation of Stochastic Evolution Equations

Checking the last assumption let p > 1, 0 < s < ¢t and X,Y € LP(Q,H) be F,-
measurable. Then we have

HG(X,/tB(X) dW,) — G(Y, /tB Y) dw,

< [|B(X) = BY)|| o (,Lo(w,B))

"B 0BX) - BYBY)

Lr(Q,Lo(U,H))

e Lau.m))

< |Bluipa, Lo, mn X = Yl 2o, m)

+Tp(/s |B(X)B(X)—B'(Y)B(Y )HLP(QLQ vav,my) W

1
< max{| BlLip(a, Lo u,m): | B'Bluip (i1 Lo @zw,my } (1 + 7o = )X = YllLr,m)

N—
=

which means that we must have Cg > max{|B|Lip(#,L.(v, 1)), |B'B]Lip(H Lo (TS0 H))}.
Overall we can choose Ci; = max{2|| Bl yp4(p1,Lo0, 1)) |1 B Blrip(m.1, a7 1)) }- O

In the next chapters we will show that the processes (1.32) converge with a weak
convergence rate of almost 1 — « to the true mild solution of (SEE).
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Chapter 2

Weak Convergence for Regular Coefficients

In this chapter we establish the weak convergence rates first for suitably regularised
versions of the processes. In particular, for the main result in this chapter in section 2.5
we will assume that the coefficients of the equation take values in the small space Hy C H.
This is a serious limitation and will be overcome in chapter 3, where we show how to
transfer the result to the general setting. As some of the results do not require these
strong regularity assumptions, we will first work in the general setting detailed below
and only in the final section come back and impose these stronger assumptions.

We now detail the general setting. Let T' > 0 be a given final time. Let (A,D(A)) be
a densely defined sectorial operator on the separable Hilbert space H with angle bigger
than 7/2. Without loss of generality (see Remark 1.26) we also assume that 0 € p(A). By
Theorem 1.17 we then see that A generates a bounded analytic semigroup (etA)te[Oﬂ and
associated interpolation spaces (Hy)acr such that the semigroup exhibits the smoothing
properties of Theorem 1.24. The coefficients of the stochastic evolution equation have to
satisfy the following assumptions.

Assumption 3.

Let p > 2 and 9 € [0,1). We assume that the initial value satisfies & € LP(Q, H), that
the drift coefficient satisfies F' € Lip*(H, H_y) and that the diffusion coefficient satisfies
B € Lip*(H,Ly(U, H)).

These assumptions guarantee by Theorem 1.28 the existence of a unique mild solution
to the SEE

{ dX; = [AX; + F(X,)] dt + B(X;) dW;, t € (0,71,
Xo =¢.

Furthermore, we will need a numerical evolution family (.S, R) satisfying Assumption 1 to
define a specific variant of the Milstein scheme. Finally, we always work on an equidistant
grid {0 =tg,...,tny = T} with step size h = % Remember that for ¢ € [0,7] we denote
by |t]n the last grid point before or equal to ¢.

In this setting we will study the true mild solution X € M(Pr, B(H)), its numerical
Milstein-type approximation Z € M(Pr, B(H)) as well as a suitably chosen “intermediate”
process Z € M(Pr,B(H)). These processes are defined by Xo = Zp = Zy = { and
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t t
X; = e+ /0 eU=IAR(X,) ds + /0 e =IAB(X,) AW, (2.1)

t t S
2y = Souf + /O SeiRF(Z)),) ds + /O SuiRG(2,),. /L | B(Z),),) dW,) AW, (22)
slh
and

_ t t s
Zt:etA§+/0 e(t—s)AF(ZLSJh)dS_i_/O e(tS)AG<ZLSJh,/LSJhB(ZLSJh)qu) AW, (2.3)

for t € (0,T]. Both approximating processes implicitly depend on the current step size
of the time discretisation.

In Lemma 2.8 we will first show that Z and X are close in the weak topology. This
is the central proof of this work and represents the main difficulty. Here we need the
earlier facts about the regularity of the Kolmogorov equation as well as the theory
of mild Ito processes. As a byproduct we also obtain the convergence of Z to Z in
Lemma 2.9. Combining these with an elementary application of the triangle inequality
in Corollary 2.10 we prove the weak convergence of Z to X.

This chapter is structured as follows. In section 2.1, we show that the approximating
processes (which start in £ € LP(Q2, H)) stay bounded in LP up until the final time T.
Next, in section 2.2 we establish a kind of strong convergence result between Z and Z in
the weak LP(2, H_,) space. This is used in section 2.3 to show two weak convergence
results for locally Lipschitz test functions with a specific form. After showing in section 2.4
that the terms on the right-hand side of the Kolmogorov backward equation satisfy these
local Lipschitz bounds we can apply the previous results in section 2.5 to finally prove
the main weak convergence result.

2.1 Moment Bounds

First we need to establish suitable bounds on the moments of our two approximating
processes Z and Z. In this chapter it will be enough to know that the moments stay finite
on [0,7]. Later we will strengthen this result in section 3.2.1 as we will need explicit
estimates to carry out the mollification. Define for r € (0, 00) the constant

K, = sup }Hmax{l,HZsHH, A (2.4)

e R.
ste[0,T Lr(€)

This constant provides an upper bound for the moments in the sense that || Z¢[| 1 m) <
K, for all t € [0,T] and r € (0,00) and similarly for Z. In the next lemma we collect
some calculations that we will need frequently. Remember that we denote the stochastic
integral of B by Vi, = [! B(Z,) dW,,.

Lemma 2.1.

i) For all (s,t) € A and r € (0,p] there exists a constant Cyy_s, € [0,00) such that

Vs tllor,m) < Cvit—syr - [lmax{1, | Zs||m }| - (-
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We can choose Cvip—sr = Tr || Bllyip0 (1,1, (v, 1)) (t — s)% In particular, we have

sup sup Cys, = Cyrp.
s€[0,T] re(2,p]

ii) For all (s,t) € A and r € [1,p] we have
1G(Zs, Vsl r@.1ow,m)) < Ca(1+ Cvsy)[lmax{1, | Zs|[u }| - ()-
iti) For all (s,t) € A, u,v € [0,T] and r € [1,p] it holds that
Imax{1, || Zullzr, | Zoll 1, Vel Hlpr o) < (1 + Cvpesr) Koy

Proof.
i) The inequality follows from Corollary 1.10:

[

t % P
([ 18120 du) ]

1
< Tl Bllipo (o, ) (8 = 8) 2 [max{ L, [ Zs 1 H 2 (@) -

1Vsilloro,my < 7E

Monotonicity of the constant follows from the monotonicity of 7, for r > 2.

ii) This follows from Assumption 2 and i):

1G(Zs, Vs) |l Lr @, raw, i)y < |Ce max{L, || Zs||u, [| Vsl o H L o)
< Ca(|[max{1, [| Zs[|u }H|r) + Vsl oro.m)
< Cc(1+ Cvi—sy)llmax{L, | Zs||m }| - (q)-

iii) Similar to the previous one we have

Imax{1, || Zullm, | Zollar Vil Hl o)
< |lmax{1, | Zullm: 1 Zoll  } I - @) + 1 Vs.tl Lm0,
< (1 + CV,tfs,r)Kr-

Lemma 2.2.
Let ¥ € [0,1). It holds that

sup K, = K, < oco.
r€(0,p]
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Chapter 2 Weak Convergence for Regular Coeflicients

Proof. The claimed equality follows readily from Jensen’s inequality. To show that K,

is finite, we first show that the pth moment of Z is finite at the grid points. We then

deduce that also the moments at the intermediate time points have to be finite. This

is in essence a straightforward consequence of the used interpolation scheme. We make

repeated use of the Burkholder-Davis—Gundy inequality in the form of Corollary 1.10.
For n € {1,..., N} it holds with Corollary 1.10:

tn
1 Zt, | e, i) < 10, Zoll Lo (02, m) + Sstn RsF(Z)),) ds
0

Lr(Q,H)

. (2.5)
+ / Set RsG(Z)s1. \ Vis), 5) AW,
H tn BsG(Z|s)5 Vis)p,s) o
< Collzllom + [ s I e d
) 2 e (2.6)
+COTP (/0 HG(ZLSJMVLSJ}“S) LP(Q,La(U,H)) d8>
tn CﬁHF”Lipo(H,H,ﬂ)
< ol + | i fma (1,12 )], g @
1/2
+ Comp (/ CG 1+Cys LSJhp Hmax{l ||ZLthHH}’Lp(Q) )
(2.7)
tl 9 1
CO+Cﬂ||F||Lip0(HH, )T _ 9 + 7CoCq (1 + Cvpp)t ]
i 1—9
(2.8)
g a1 Zg o
By induction we thus get
Z Z 2.
tesuolgr]H 00| oo, 0r) = e pg2® H toll Lo,y < 00 (2.9)

which is finite since we assumed Zy = £ € LP(Q), H). Using again Corollary 1.10, we can
then see that for all ¢ € [0,7] we have

t
1Ztll o 0,1y < 150,420 || Le (02,11 +/ 1S5t Rs F(Z |51, )| Lo(02, 1) ds
0 ) (2.10)

! 2
+ 7 (/0 S5t RsG(Z 51,5 VLSJh7S)||%p(Q,L2(U,H)) ds)

t 019
< Col Dol + || sV F g ioonin_s) ds

1/2
ds)

(2.11)

t
+ TPCO (/0 Cé'(l + Cv,stth,p)2Hm&X{1, HZLSJ;L
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2.2 Strong Distance Between the Approximation and the Auxiliary Process

1-9

T
Co + Coll FllLipo (m1,1_ )

m + TpCOCG(l + C’V,T,p)TQ

(2.12)

- sup |max{l,||Z,
sE[O,T]H (L] LJ’IHH}‘L”(Q)

which together with (2.9) and the fact that supse[O’T}Hmax{l, HZI_SJhHH}HLT(Q) <1+
SUPsclo,1] ||Zsz h HLT(Q,H) shows that

sup || Ze|l 1o,y < 00- (2.13)
t€[0,T]

Now we still have to deal with the auxiliary process Z. Using one last time Corol-
lary 1.10 we see that

T1—19
sup Co + Co||F || 100 —— + 17,C0Cq(1 + Cypp)T2
te OT]H ‘ LP(Q H) Lip (H7H719) 1-— 79 P P (214)
- sup [lmax{L, [ Z¢|lz }H 1o (q)
te[0,7
Combining this with (2.13) we conclude
K,= sup Hmax{l 1 Zs |11, || 2 (2.15)
5,t€[0,T7]
< sup ljmac{L, | Zelm} oo + sup H et (2.16)
=7 1
<2|Cy+ CﬁHFHLipO(H,H, T—9 + 7CoCq(1 4+ Cypp)T 1
(2.17)
- sup [lmax{L, [ Z|lz}H o) < oo
tel0,T
O

2.2 Strong Distance Between the Approximation and the
Auxiliary Process

Lemma 2.3.
Let ¥ €10,1), r € [1,p] and p € [0,1). Then we have
sup HZt — < At K.h"

..
t€[0,] L (Q,H-p)

where the constant is given by

Tl —0 1
ATp,r =C,,+Cy pp”FHL1p HH_9)T g + 7,.Co, ppCG(l—FCVhT) (2.18)
Tl -9 T
2(Cpp+ Co—pp +7C0-pp) (1 + 7 + 7—
(Cop+Co,—ppp 0.-p.) < 1-9  1-— p) (2.19)

~max{L, [|Flly 0, max{l, Ca(l + Cypyr)}.
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Chapter 2 Weak Convergence for Regular Coeflicients

Proof. First we use the triangle inequality and then estimate each term separately using
Assumption 1 on the evolution family. Fix ¢ € [0, T.

|2~ 2y, < (S0 =) )

LP(QH_, L™ (Q,H-_,)

t
+ H / (S&tRS - e<t—8>A) F(Z5),) ds
0

Lr(Q,H_,)

t
+ / (SS,tRS — C(tfs)A> G(ZLSJh? V[sjh,s) dWs
0

LM QH-p)
(2.20)

For the first term we get
(5004 24

< _ tA
Lr(H_,) — HSO"“‘ € HL(H,H,,,)HZ(MU(Q,H)
< Cpph1 20|l L (00,1
< Cp oK hP. (2.21)

For the second term we have

t
/ (SsRs = =) F(2),,) ds
0

Lr(Q,H_,)

t
_ (t—s)A
S/0 ‘SS’tRS € “L(H_g,H_p) F(Zs),) LM (Q,H_y) ds
t
< [ Coph®(t =) N lsgoun i [maxt L 120, 1}, o 5
A=Y ,
< Cﬂv‘ﬂvPHF”LipO(H,H_ﬂ)mKrh . (2.22)

Here we need ¥ < 1 as well as p < 1. Lastly, we use Corollary 1.10 to deal with the third
term

t
/0 (SsiRs = €=94) G214, Vi), ) AW

¢ 1/2
<7 (/ ‘ d8>
0 L7(Q,L2(U,H))

. 9 1/2
S - </0 C&_p’thPCé(l + CV,S—LSJh:T)2HmaX{1’ ”ZLSJ}LHH}‘ Lr(Q) dS)

< 12Co—ppCi(1+ Cyp ) t2 K BP. (2.23)

Lr(Q,H_,)
2

Ss,tRs - e(t—s)AH

G(Z51: Vspos)

2
L(H,H_,)

Taking the supremum over all ¢ € [0,T] gives the claimed estimate. O

2.3 Weak Distance Between the Approximation and the
Auxiliary Process

In this section we prove two estimates that somehow characterise the weak distance
between our approximation scheme Z and the auxiliary process Z. The estimates are
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2.3 Weak Distance Between the Approximation and the Auxiliary Process

phrased in terms of a test function ¢ fulfilling some kind of local Lipschitz estimates.
As we will use the mild It6 formula in the proof, we need at least two derivatives
and then also the local Lipschitz estimates for all second order derivatives. We will
then show in the next section that we can choose ¥(z,y,z) = (a%u)(t, x)F(y) and
(T, y,2) = D peN (%u)(t, x) (G(y, z)en, G(y, 2)e,). Therefore, we need at least four
derivatives of the solution . This is guaranteed by Theorem 1.37 as long as the coefficients
F and B as well as the test function ¢ are Lip™.

The following two propositions are the analogues for our Milstein-type processes of
Proposition 5.3 and Proposition 5.5 in [JK21]. The first result deals with a kind of
smoothness in time of the auxiliary process. The third parameter in the test function is
the stochastic integral of B(Z) and vanishes in the second term as we have V, ¢ = 0.

Proposition 2.4.
Let 9 € [0,1), p € [0,1 =) and ¢ € C*>(H x H x H,V) be given. Assume that there
exist ¢ € [0,p — 3] and n € [0,00) such that for all x1,x9,y,z € H we have

i7j7k€N0

Qitith gitith
No Ww (:1,’17 Y, %) — Wiﬂ (x2,Y,2)
i+j+k<

< nmax{1, ||z1||a, |zl a, 1yl &, |2l &} 21 — 22|a-

max

Ltk vy (2.24)

Then there exists a constant C € [0,00) such that it holds for all (s,t) € A that

(t—s)
tP

|E[w (2,20, Vi) = v (20, 2,,0) || < C- (2.25)
Proof. In the proof we will use Proposition 1.32 repeatedly and then estimate all terms
using a combination of the assumption (2.24), the estimates on the evolution family
(Assumption 1) and standard tools like the triangle and Holder inequalities. For the rest
of the proof fix (s,t) € A and define for r € (0, p|

o = max{1, HF|’Lip°(H7H49)}

and

&y = max{L, || Bllpipo (s Ly(w.m)) Ca(1+ Cvirp) }.

For the sake of readability, we will use the subscript notation 1; ; » to denote the partial
o itj+k
derivatives W’lz}

Let us start by applying Proposition 1.32 to the mild 1t6 process (Yr)re[s,t] defined by

Z F(Z,,) G(Z 13}, Vielpr) elt2=t1)A
|z B 0 B v | g
Y, = Vfﬂ’ y Pr = 0 , @ = B(ZS) ) Stl,t2 - Idy
7z 0 0 Idy
(2.26)
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Chapter 2 Weak Convergence for Regular Coeflicients

forr € [s,t] and s < t; <ty <t, H = H = H* and the function f: H — V, (w,z,y, z) —
Y(w,z,y) — ¥(z,2,0). The function satisfies the polynomial growth assumption, since
we have for all (w,z,y,2) € H

1f(w, 2,9, 2)llv = [[Y(w, 2,y) = (z,2,0)[lv
< (w,z,y) = d(z 2, 9) v + [z, 2,y) = (2, 2,0)llv
< nmax{l, [wla, |2m, lylla, |2l w = 2]z

1
/ Y0,0,1 (2, z,my)y dr
0 H

< 2nmax{L, |||, |2/l [yl 2]}

+nmax{L, [lz]la, [yl g, |zl 3yl =
}Q+1

_'_

< pmax{L, [wlw, 2], Iyl |2l
<3y (1 + (ol + 203 + il + uzu%q)q;l) :
This results in
B[ (220 Vis) =0 (2, 22, 0)] |, < [[E[v (0722, 22,0) — v (22, 2 0) ],

Jar

1 t _
* 5/ E[| Y va00(e“4Z,, 2y, V) (' AG(Z ), Vi, ens
s neN

t _
+/S E[H%,o,o(e(t—rmzmZs,Vs,r)e(t_r)AF(ZLrjh)

e(t_r)AG(th, V\_rjh,r)en) HV] dr

+ E[| 3 vr0a (€ Zr, 20 Ve (€O AGZ Vi e B(Z)en)| Jar
s neN

+ ;/tE[HZ ¢0,o,2(e(t_T)AZr,Zs,V;,r)(B(Zs)en’B(Zs)e")Hv] dr.
s neN

(2.27)

For the first term we will again use Proposition 1.32. The other terms will be handled
directly.

We start by estimating the integrands using the assumptions on ¥ and the Hélder
inequality. To this end, we observe that the assumption (2.24) implies that for all
r,y,z€ H

11,002,y 2)l|L(mv) = sup 1,002, y, 2)hlv (2.28)
S
IRl z=1
th —
= sup lim Hw('x—i_ 73/72) w(:cvy?Z)HV (229)
heH t—0 t
IRl =1
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2.3 Weak Distance Between the Approximation and the Auxiliary Process

q
< sup i T0axXAL [l 4 thllg, ol [ylla, 12032t

heH t—0 t
lAllm=1
(2.30)
< nmax{1, [lz]|#, [yl 2]z} (2.31)
and analogously for the other integrands. We then get
E[|[r00(e" 2, 2y, Vir)e A F(2,,,)| ] (2.32)
<nE [maX{L e AZ 2, 11 2 1 HVs,rHH}qH@(t*”AF(th)IIH} (2.33)
< anHe(t_r)A”L(H_g’H)||F||Lip0(H,H,19) (2 34)
— q .
[ mas {1 12l 12l Va3 o 12003, ) g
< nCiCy(t — r)_ﬁ”FHLipO(H,H_ﬁ)(l + CV,T,qul)quill? (2.35)

E [H Z 1/}2,0,0(6@7”1427“; Zs, V:s,r) (e(tir)AG(ZLrJh’ VLrjh,r)eny
neN (236)
e(t_r)AG(ZLrJh,v VLTJh,T‘)en) ‘H

< [max {1, e Z g | Zullir | Ve i} S 164G (Z 0, Vi o enl ]

neN
(2.37)
2 = q 2
< G |max{1, 12, 1Zsll, Vel | o | G20t Vieso || v
(2.38)
< nCET2CE(1 + Cvrgr2) 2K, (2.39)

E[| 3 wr0a(e ™42, 20, Var) (4G 2y, Vi e BZJen) | | (2.40)
neN

< nE[maX{l, ||e(t7T)AZr||H, |\ Zs|lr2, | Vsl 1}

. (2.41)
S AGZ Vi el [ B(Zen ]
neN
q+1 7 I
HG(ZLrJh’VLrJh,T) Lq+2(Q7L2(U’H))||B(ZS)||Lq+2(QaL2(U7H))
< 1G8 " Cal| Blluipd (r1.1awary (1 + Cvirge) T K, (2.43)

and
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Chapter 2 Weak Convergence for Regular Coeflicients

IE{ > o022, Z4, Vi) (B(Zs)en, B(Zs)en) ] (2.44)
neN \%
< lmax{l e A Z N N Zall sz, Vel }® Y 1B(Z ennH] (2.45)
neN

< 0 max{ 1,122l 12 [ Vel

Lot ||B(Zs)\|%q+2(Q,L2(U,H)) (2.46)
< nCOHBHLipO(H,LQ(U,H))( + CV»TAH-Q) qu-_22 (2.47)

Since the last three estimates do not depend on the integration variable r we immediately

get an order of convergence of 1 in time for these terms as well as order 1 — ¢ for the
first term. More formally the above estimates prove that

t —
/ E[leoo<e“‘“>AZnZs,v;»e(t—r)AF(ZLrJh)

} dr

\%

2/ H Z¢200 Zst,VsT)( = T)AG(ZI_TJ}]7VI_T‘J}L,T‘)€TL7
e(tiT)AG(ZLTJh’VU"Jm )en) H ]d?‘

+/ [ 0r0a(e 20, 20 Vo) (G, Vi en BZo)en)|| ]
neN

1 A5
w1 fE I thoatet 2. 2, Vo) B Za)en. B ] ar
Cy _
<Ot KL - (- 5
+2n0q+2 GLEKIE - (t - s). (2.48)

Now we estimate the first term on the right-hand side of (2.27). In the case that s > 0,
we apply Proposition 1.32 to the mild It6 process (Y,,)TE[O,S} defined by

Zr (ZLTJ ) G(ZU"J y VLTJ ) v e(tQ*tl)A
Y, = y Pr h , @ = h hot , S =
(ZT> 7 (R F(Zy)) ReG(Z1r)ys Virgyr) ) 1002 St 1o

(2.49)
for r € [03] andO <t <ty <s, H= H = H? and the function f: H — V,
(z,y) — (et 9%, y,0) — ¢(z,y,0). The function satisfies the polynomial growth
assumption, since we have for all (z,y) € H
1 (@, 9)llv = (e, y,0) — v (z,y,0)|lv
< nCgmax{1, ||zl g, [y m}* )z — 2| m (2.50)

+1 2 2 %
nCe (1+(uxHH+Hy||H) )
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2.3 Weak Distance Between the Approximation and the Auxiliary Process

We obtain

Bl (442 20) - (2.2,
< HE[¢ (etAZo, 50,50, 0) —Y (€SAZO’ 50,520, Oﬂ H

“ el

+/0 E HBr,s,t(ZeraZLrJhaerjh,r) %

Vv
(2.51)
rst Zra Zy, ZLrJh>

Ja

| ar

where for r € [0, s] and w,v,w,z € H we abbreviated

Fypgi(u,0,w) = 1,000, S, 0,01t AR (w)
— 1,000, S, 0, 0)eC AR (w)
+1ho10(e AU, S, 0, 0)S, R F(w)
- ¢0,1,o(€(577‘)‘4u, Sy 50,0)S, s Ry F(w)

(2.52)

and
Bmt(u v, W, x)

5 Z 1/}200 (t=1) u Srsv 0)( (= T)AG(waw)eme(tir)AG(wvx)en)
nEN

- = Z 2,0,0(e (S "4, Sy,sv,0)(e (5= T)AG(w x)en, e (5= T)AG(w x)en)
nEN

+ Z 1/J171,0(€(t7T)AU7 Sy.sv,0) (e(tfr)AG(w, x)en, Sy s RrG(w, x)ep)
neN

— Z le,g(e(S_T)Au, Sr.sv,0) (e(S_T)AG(w7 x)en, Sy s RrG(w, x)ey)
nEN

+ = Z ¢0,2,0 (t ™) ua Sr,sva 0)(S7~75R7=G(w, f)em Sr,erG(wv x)en)
nGN

- = Zwogo (S "Au, Sy.s0,0)(Sy s Ry G(w, x)en, Sy s Ry G(w, x)ep,).
nGN

(2.53)

Now we begin by estimating the first term on the right-hand side of (2.51):

HIE[#J (6tAZO7 50,520, 0) -1 (68’4207 So,sZO,O)] Hv (2.54)
< nE [max{1, e Zoll, le** Zollm, | So.s Zoll || (e = e4) Zo|| | (2.55)

t—s)P t—
< g2 B max (1 20157] < nogez Yk (2.56)

where we used that ||€tA — 68A||L(H7H) S H@ AHL H_ H ||6(t S — IdHHL(H,H,p) and
Assumption 1. For F we get for all ~ € [0, s] and u,v,w € H
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H¢1,o,o (6(t_T)Au, S50, O) AR (w)

—11,0,0 (e(S_T)Au, SysU, 0) e(S_T)AF(w)HV

< H {1#1,0,0 (e(t_r)AU, Sy sV, 0) — 11,00 (e(s_’")Au, S s, 0)} e(t_’")AF(w)HV (257
+ H¢1,o70 (e(sf’")Au, S5V, O) els—mA (e(tfs)A — IdH) F(w)HV

< pmax{1, [l 4w g (| ul g, || Sy sv] 1}
et (A 1) ot =) IE ) .

+nmax{1, |l g, ||Sy.s0l| 1}

N o(s=r)A [ (t—s)A _
He (e IdH)HL(H,ﬁ,H)HF(w”'H*ﬁ
< a0y — U gy {1, el ol o} masc{1, e}
S0 T N — e 1 i gy XL s [Vl max s
. (t—s)P q
+ nCon0p+ﬁ7(S vy W Lo,y m0ax{ L, [|ullar, o]l max {1, lwl|}

(2.59)

and

H [%,1,0 (e(t_r)AU, Sr.sv, 0) — 0,10 (G(S_T)AU, S5V, 0)} Sr,erF(w)HV

(t—s)f
< ”Cgcgcﬁmw”mpom,mﬁ) max{1, [[u]l g, o] m}*" max{1, |w[|x} -
(2.60)
This shows that for all r € [0, s] and u,v,w € H it holds that
[ q 2 (t—s)*
‘ Frsi(u,v, w)HV < 3nCOCpCP+19CI9m”FHLipO(H,H_ﬁ) (2.61)
- max {1, [[ul| g, [[v]| } 7 max {1, [lw][ g}
and because p € [0,1 — 1) we have
/0 E H Fr,s,t(Zra Zr, ZLrJh) V] dr
(2.62)

, o 51—19—/7
< 3nCGCCoyoCoo Ky - (= ST,

Now we estimate B. Let r € [0, 5] and u, v, w, 2 € H. For the first pair of terms we get
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> w00 (70, 8,00, 0) (TG W, 2)en, G (w, 3)en )

neN

— 12,0,0 (e(S_T)Au, Sy.s, O) (e(s_T)AG(w,;r)en, e(s_T)AG(w,az)en)

14

7%\] {1#2,0,0 (e(t_r)AU, SV, 0) — 2,00 <€(S_T)AU, Sr.sV, 0)} 2.63)

(e(t_T)AG(w, x)en, e(t_r)AG(w, :):)en)

,
+ H Z Y200 (e(S_T)Au, Sy.s, O) ([e(t_T)A + e(S_T)A} G(w,x)en,
neN

els—mA (e(t_S)A — IdH) G(w, x)en)

|4
< Gy max {1, llull, loll i+ el (794 — 1 )| IG @, @), 0

+ 2CE maxc {1, [lul, o] 37| e (04 —1dp )| G, 20,

(2.64)

L(H)

S P
< 00§ 203 = a1, ol o) G ) .

(2.65)

(t —s)”
+ 2003 C; (5= 1) max{L, |[ull m, ol } NG (w, )T, 0,y

then for the second pair

Z wl,l,O( A, Sy sU, 0) ( (t— T)AG(w,:):)en,ST,SRTG(w,w)en>

neN

— 11,0 (e(S_T)Au, ST,SU,O) (e(S_T)AG(w,x)en, ST,SRTG(w,m)en>

v

% [%,1,0 (e(t_r)AU, Sr,sv,O) — 11,0 (e(s_r)Au, S5, 0)} 266

(e(t*’")AG(w, x)en, Sy s RrG(w, m)en)

Z Y110 (€ ( Au, S, g0, 0)

neN

(e(S_T)A (e(t_s)A — IdH) G(w,x)en, Sy sRyG(w, x)en>

’ \%

‘ 14
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+2 (t - 5)p 2
<nC§Cy max{1, ||ull . [[0]| }* G (w, 2) 1T, .y

Y
(s (’;)_ o (2.67)
g O {1l [l Gw. )
and for the last pair
> {1/)07270 (6(%7’)‘4% SrsV, 0) — 10,2,0 (6(87T)AU, S, sV, 0)}
neN
(SrsRrG(w, x)ey, Sy s Ry G(w, x)ep) (2.68)
%
t—s)P
< 00O e, Nl o} G w0, ) 1y

(s —r)P

This shows that for all r € [0, s] and u, v, w,z € H it holds that

- 2,0t —5)° 2
| Brsitu,v,w,2)| < ancgtc maxc{1, |[ull, o]l }* G (w, )10,y

(s —r)P
(2.69)
and thus
/O E [HBr,s,t(Zra Zm ZLrJha VLrJh,r) V} dr
Sl-p (2.70)
< 4nCgtCe GKITS - (t— 5) T >
Inserting (2.56), (2.62) and (2.70) into (2.51) we get that
B[y (420 2,0) = (2 2 0],
t—s)f
<nCYCaK - ( - )
g2 +2 s=0p
()P
1—p
U e A i S e p
< ACEAC2C, o Core? K (t— sy | L S 5
= 20 Fpt 009013 R a+s e T —p 10
if s > 0. To cover the case s = 0, we see that in any case we have
el (12, 2.0) - (2. 2.0)],

(t—s)A 7 Z | ((t=s)A _ 7 2.72
< Efpmax {1, |92 1 Zlm, 1 2ol ) | (e 1dy) Z|, | 272

q+1 7-g+1
<nCy K iy -
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Now we can combine the two estimates using that

min {(t—ls)"” Slp} =max {t —s,s} 7 < (;) - (2.73)

to get that

s (<42 2.0) o (2 2.9),

< AnCiT2C2C, 1 9Cyo52 s K13 - (t — s)F

. 1 1 sl=0=r sl=r
_mln{(t—s)P’%}+1—0—p+1—p (2.74)
< AnCYT2C2C, 1 9Cy0o52 s K13 - (t — 5)F
20 sl=0=r st=r
_t7+1—19—p+1—p

Combining this with (2.48) and inserting into (2.27) proves that

e[ (7 2% (2022 0)

< AnCIT2C20 L Caod2 . KIS o |2° gl=v-p sl=p
S 4anCy "CpCht W@ﬁ3q%'@_s)'¥5+1—ﬁ—p+1—p
) b g)lY
+ WCgCﬁUUZHKng ' (1_)19
+2CY GRS (E =)
1—9 1-9
02 2 _q42 1 q+3 (t—5)P r T T

< dnCo "CpCp9Cyod, 3Ky s - tP 2+ 1-9—p iz p 1= o

~ 771719 T t—g)P
< 87708+2C[%CP+19C790031§KSI§ (1 + T — + - p) . ( ) .

(2.75)

Since (s,t) € A were arbitrary, this completes the proof and the constant C' can be chosen
as

_ G422 a+3 'Y T
C = 8nCeHC2C, g CoKITE (14 +

1-d—p 1-p (2.76)

-max{1, HFHLipO(H,H,ﬁ)} max{1, ”BHLipO(H,Lg(U,H))7 Co(1+ CV,T7Q+3)}q+2

which is finite, because under our assumption on ¢ we have ¢ + 3 < p so that K 43 is
finite by Lemma 2.2. O

The second result in this section deals with the convergence of the Milstein approxi-
mation process to the auxiliary process as the step size decreases.
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Chapter 2 Weak Convergence for Regular Coeflicients

Proposition 2.5.
Let ¥ € [0,1), p € [0,1 —¥) and ¢ € C*(H x H x H,V) be given. Assume that there
exist ¢ € [0,p — 3] and n € [0,00) such that for all x,y1,y2, 2z € H we have

i:jzkENO

oitith gititk
No Ww (-%yh ) Ww (a:,yg,z)
i+j+k<

< pmax{L ||z, [yl as [y2ll o (12153 1 = valla-
Then there exists a constant C € [0,00) such that it holds for all t € (0,T) that

max

La+ite vy (2.77)

H]E[¢ (Zt,zt,o) (Zt,Zt, )}H <C. = (2.78)

Proof. In the proof we will again use Proposition 1.32 and then estimate all terms
using a combination of the assumption (2.77), the estimates on the evolution family
(Assumption 1) and standard tools like the triangle and Hélder inequalities. Additionally,
we will employ Lemma 2.3 on the distance between the approximation Z and the auxiliary
process Z. For the rest of the proof fix ¢ € (0, 7] and define for r € (0, p]

o = max{l, HF”LipO(H,H_ﬁ)}
and
& = max{L, | Bl ipo (gL, w,m))> Ca(l + Cvry)}-

We will again use the subscript notation v j x to denote the partial derivatives 5= 9 g;f ;Zk .

First, we apply Proposition 1.32 to the mild It6 process (Y;),¢[o, defined by

_ (% (Z15),) _ | G2, Virgr) y _ [eliA
Y= (Zr> o= (R F(ZLrJh)> ) & = (RTG(ZLTJ;”VU"J;“T)> 7 Stl’t2 B ( St1,t2
(2.79)
for r € [0,t] and 0 < t; < ty < t, H = H = H? and the function f: H — V,
(z,y) = ¢Y(x,y,0) — 1/1( 0) The function satisfies the polynomial growth assumption,

since we have for all (z, ) €H

||f(x7y)”V = Hw(xay70) - ¢(x7$>0)||v

< nmax{L, [[z/la, [yla} e -yl

(2.80)
q+1
<20 (1 (Jay + 1) ¥ ).
This results in
fle 20 2
< el (0 5000) o (2o 200,
(2.81)

+ el

+/O E[ Hér,t(z,ZT,ZLrJhanh,r)

ZT7 Zy, Z|_rj )

}dr

V} dr
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2.3 Weak Distance Between the Approximation and the Auxiliary Process

where for r € [0,t] and w,v,w,z € H we abbreviated
Eyy(u, v, w)
{1/1100( A, Sy 40, 0) — ¢1,0,0(€( Ny et=r) Ay, 0)} AR ()
+o,1,0(e (=) Ay, Sy +0,0)S, 1 R F(w)
— o 10(e Ay, =AY 0)e DA R (1)

(2.82)

and
B,y (u, v, w, x)

9 Z Q;Z)QOO u Srt'U 0)( (= T)AG(w’x)en’6(t_T)AG(wvx)€n)
nGN

-5 Z%oo (=4, =04, 0) (e G (w, w)en, e G (w, )ey)
nEN

+ Z Y1104, S, v,0) (e (t= T)AG(w,x)en,Sr,tRTG(w,x)en)
neN

— Z ¢171,0(e(t_T)Au, e(t_T)Au, 0) (e(t_T)AG(w, x)en, e(t_T)AG(w, x)en)
nGN

+ = 21/1020 (t-r)A u, Sr4v,0)(Sy Ry G(w, x)ey, SriRrG(w, x)ey)
nEN

-5 Z Yo.20(e" ™ u, AU, 0) (e AG(w, 2)en, TG (w, 2)en) .
nGN
(2.83)

We begin by estimating the first term on the right-hand side of (2.81):
[l (420 800200) - (420,04 200)] |
< et |, 15l (- ) B, ] oy

hP
1
< anCO ngi1 I

where we used that HSO’t — etAH < Cy,ph?t™P by Assumption 1.

H)
For the first integrand, F', it holds for all r € [0,¢] and w,v,w € H that

HW”O( (t-r)A u, Sy v,0) — 1 0,0(e (t= T)Au et Ay, O)} (= T)AF(w)HV

(t—r)A

ullr, 1Srevll | Snev = e~

1 (w) |y

—r)A
< O ooy max{L o]} mase{L, ol 3[4

.U

< pmax{1, ||el (2.85)

H
’ He(tir)AHL(Hﬂg,H)

L(H_g,H)

(tfr)AH

ot

L(H,H H)HU_uHH*P

(2.86)
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< NCGCIF g0 (. ) max{L, [full e, o]l } max{1, flwl| s}

. [ Co,ph?
(t—

2.87
gl + = gllo = ull 5

and
[0.1.0(e 40,5, 10,08, R, F ()
— o10(el Ay, e Ay 0)e AR (1) HV
< 9010040, 8,10,0) [SneRy — eIA] Fluw)| (2.88)
+ | [#01.0(e 7, 8140, 0) = 1.0, e, 0)]
A (w)

Vv
< pmax{1, |[e* | g, ||Sr,tU||H}q‘

1E(w)l[m_,

Sy v — e(t_T)AuHH (2.89)

SriRy — et4 HL(H—%H)

(t—r)A

ull, | Sl Y|

1E(w)l[m_,

+ nmax{1, |le
’ He(t_r)AHL(H_ﬁ,H)

hP
< NCENFllipo (i) max{ L, ull o, (vl m} max{1, ||w!\H}Cﬂ,0,pm

+nCaCH | FllLipo 1,1y max{1, [ullm, [0l g} max{1, [[w]|m} (2.90)

Co ph :
: [(t),ﬂrﬂ vllg + WHU —ullu_,

This shows that for all r € [0,¢] and u,v,w € H it holds that

Frg(a,0,0)|| < nCNF oy max (L, [0} max{L, |}

Coo,ph”  2CyCo ,h? 204C, (2.91)
=)t T = r)etd [oll & + WHU —ullg,

and thus using Hoélder’s inequality and Lemma 2.3 we get

t
/el
b Cooph? a1 2C9Co,hP s
< 77030/ ngJrl + ng+2

205C,
(t —r)pto 4

FT,t(ZTa ZT'7 Z\_’I’Jh)

Ja

(2.92)
K‘”%HZ Zy||l La+2(m ) dr

_l_

t1—19—p

< mC{o [Cy0, + CoCop+ CoCpAr pgra) KiT5 - hPT—p '

Next we estimate the second integrand, B, by observing that for all r € [0,t] and
u,v,w,xr € H it holds that
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2.3 Weak Distance Between the Approximation and the Auxiliary Process

> {1/12,0,0(6('577")’4% Sy 40,0) — 1bg g o(e A, =M Ay, 0)]

neN
(e(t*’")AG(w, z)en, e AG(w, x)en> (2.93)
v
2
< nCfmax{L, [ullr. [oll}||Sr 0 — e [ AC w2
<908 max{L . Joll )G, ),
Co,ph? C (2.94)
[(t (lpr)p ||”UHH + ﬁ”v - 'LLHH_P:| s

Z Y110 (ett=Ay, Sr.tv,0) (e(t_r)AG(w, x)en, Sy RyG(w, :U)en)
neN

~ na0(e M, 0) (0 DAG w,a)en, PG, ) |
.

<

> Y110, S, 40,0) (e(t_’")AG(w, z)en,
" (2.95)
[Sr,th - e(t_T)A} G(w, x)en>

‘ v

_l’_

> [1&1,1,0(6(1‘/4”% S0, 0) — 1. 1,0(e A, e Ay, 0)]
neN

(e(t—r)AG(w’ )en, A w, $)en) ‘

14
1 —r
< o w5 = 08, G
C«q+2 1 g _ (t-n)A G 2 ( ’ )
0O max (L, [l o3| Snew — e~ G w212 00
hP
< 00§ Coo gy masc{L [l o)1 Glw ) 0
2
0O max {1l o0 G 0, )R 1 (297)
Co.p,h* C
[ vl + = o=l

and
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Z Yo 2.0(e A, Sr+0,0) (Sr+ Ry G(w, x)ep, Sy RrG(w, x)ey,)

neN

— 1/)07270(6@77“)1411,, e(t*’")Au,O) (e(t*T)AG(w,x)en, e(t*r)AG(w,x)en) H
v

> o200, 8,0, 0)([Sra R + 4] Glw, w)en,

neN (2.98)

[Sr,th — e(t_’")A} G(w, x)en)

’ \%

> [¢0,2,0(€G_T)AU, Sp4v,0) — o,2,0(e Ay, e Ay, 0)]

neN

(e(t_r)AG(w, z)en, e AG(w, x)en) H
v

< G max{L, Julla, o]} Gw, 2)IF 00
‘STtR +€(t r) H

L(H,H) ’SMR el H HH) (2.99)

2
+ nCF? max {1, ||u &, |v]| & }¥|[S

v — et uHHHG(w,JT)HiQ(U,H)

1 2
< 204 Cog,p maxc{L, [[ullz, [oll )21 G (w, 2) 2, 0,

hP
(t—r)”
+nC T max {1, ulla, |[vll 3N G w, @) 1F a0 (2.100)

CO’ 70 V—1U
[l + o=l

This shows that for all r € [0,¢] and u,v,w,x € H we have

> 2
| Bratu,v,w,2)|| < 20CE ™ mas{L, llulr, vl Y| G w, @)1y 0

Co0,0h” ~ Coph? G (2.101)
|:(tr)p (t —r)p Jv HH-!—( )pHv ullm_,

and thus using Holder’s inequality and Lemma 2.3 we get

t - _
/0 E[|Bri(Zrs Zr, Zipy,s Viesar) |, | a0

" Coo,pl” c h?

Cp a+2 (2.102)
+ W q+3Kq+3 v — uHLq+3(Q m_,dr
1-p

5 t

Now we can insert the estimates (2.84), (2.92) and (2.102) into (2.81) to get that
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2.4 Bounds Related to the Kolmogorov Backward Equation

e[ (2. 2.0) - (7. 200)] ],

hP
+1
<nCiCo,nKgyy - I
19 tl—’ﬁ—p (2103)
+2nCGo [Cy0,p + CyCo,p + CoCpAT p g42] Kg+2 ’ hpm
+2nCE 62,3 [Co0,p + Cop+ CpArpgyal Kifs - b 1—p
< 27]C'g+2052+3 [C0,0,0 + Co,0,0 + CoCo,p + CoCpAr,p 18] Kgig
1 tlfﬁfp 2flfp (2104)
h | =+ +
tr  1—v—p 1—p

< 2mC 067 ,5(Co0, + Co0, + CCo,p + CoCpAr i) KIT3

' +1—19—,0+1—p N7

Since t € (0,T] was arbitrary, this completes the proof and the constant C' can be chosen
as

79 T
C = 2170(()1+2 [CO,O,,D + 019707/) + 019007,, + CﬁCpAT’p7q+3] ng_g (1 + 19— P + 1_ p)
- max{1, ”FHLipO(H,H,ﬁ)} max {1, HB||Lip0(H,L2(U,H))= Ca(l+ CV,T,qui%)}2
(2.106)

which is finite, because under our assumption on ¢ we have ¢ + 3 < p such that K, 3 is
finite by Lemma 2.2. O

2.4 Bounds Related to the Kolmogorov Backward Equation

Let u be the solution to the Kolmogorov backward equation associated to X (see (1.13)).
By Assumption 3 and Theorem 1.37 this solution exists and has the stated proper-
ties. We will now see that the functions ¥ (x,y, z) = ((%u) (t,z)F(y) and ¥(x,y,z) =
> neN (%u) (t,x) (G(y, z)en, G(y, 2)ey), which are the two terms on the right-hand side
of the Kolmogorov backward equation, satisfy the local Lipschitz estimates needed for
Propositions 2.4 and 2.5. Since we need bounds on all second derivatives, it follows that
u has to have at least four derivatives.

The proofs rely on the fundamental theorem of calculus (whereby “Lipschitz equals
bounded derivative”) and make use of the constants in Theorem 1.37. In order for
these constants to be finite, we would have to make the stronger assumption required by
Theorem 1.37 that our coefficients take values in H; instead of Assumption 3. This will
be done in the next section, where we have to assume that the coefficients take values
even in Ho.
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Chapter 2 Weak Convergence for Regular Coeflicients

Lemma 2.6.
Let ¥ € [0,1) and t € [0,T) and define the functions

v:HXxHxH—=V, (x,y,2)— <§u> (t,z)F(y) (2.107)

T

and ¢: Hx H =V, (z,2) — (z,2,2). Then we have that ) € C3(H x H x H,V) and
¢ € C3(H x H,V) and for all x,x1,%2,y,v1,Y2, 2 € H it holds that

max
1,5,k€ENg
i+j+k<2

( Hititk ¢> ( ) ( Hititk 1/]) ( )
,L'i' "'U].) y7 Z - 17 562, y7 Z
9z" Oyl 0z dz" Oy’ e LU+I+k) (H,V) (2.108)

|1 — 2|
S Fllez(am_y) (o0 + co00 + €9,0,0,0) max{1, Hy”H}(Tfth’

itithk gititk
Ww (Jfath) - Wﬂj (x,yQ,Z)

ly1 — v2l
S ||FHC§’(H,H_19)(C'§ + Cﬁ’(] + Cﬁ,0,0)ﬁ

max
i’j’keNO
i+j+k<2

LU+i+k) (HV) (2 109)

as well as

9iti 9iti
90107 ) 102 7\ g ) 207
21 — 22|l

<3N Flles(arm_yy(co + oo+ co00 + 0,0,00) max{l, lz1 | a, [ 22|} T 1)
(2.110)

max
7:’jGI\IO
i+5<2

LG+ (HV)

Proof. By Theorem 1.37 we have that [z — u(t,z)] € C}(H,V) and this ensures the
claimed differentiability of ¢ and ¢. Since ¥ and ¢ do not actually depend on the third
parameter, all the derivatives with respect to z vanish. The rest of the lemma is thus
equal to [JK21, Lemma 6.1]. O

Lemma 2.7.
Let t € [0,T) and define the functions

82

1/}: HxHxH — V7 (l’,y,Z) = %(Wu> (t,w)(G(y,z)en,G(y,z)en)
and ¢: H x H—V, (x,2) — (z,x,2). Then we have that ) € C*(H x H x H,V) and

¢ € C*(H x H,V) and for all x,x1,72,y,Y1,Y2, 2 € H it holds that
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2.4 Bounds Related to the Kolmogorov Backward Equation

az—i—]—i—k aH-J-Hf
s W grragran? ) @y ) — |\ grggian? ) @2 2)
i+ +k<2
< 4(co0,0 + €0,0.00 + ¢0.000) C&max{1, |lyllm, |2z} llz1 — =2 m,
oititk gitith
s N amagon? ) @2~ gragar? | @)
i+j+k<2

< 8(c,0 + 0,00 + €0,0,0,0) C& max{L, |[y1|la, |v2llers |2l P llvr — vellm

LU+i+R) (H,V) (2.111)

LU+ +k) (H,V) (2.112)

as well as

oiti oiti
(axaﬁb) (w1, 2) = (axaﬂ)) (e2,2)

< 14 (co,0 + €0,0,0 + €0,0,00 + €0,000) C&max{1, ||z | a, ||z2| a, || 2] 5 |21 — 22 a-
(2.113)

max
1,7€Ng
i+j<2

LG+ (H,V)

Proof. By Theorem 1.37 we have again that [z — u(t,z)] € Ci(H, V) and this ensures
the claimed differentiability of ¥ and ¢.
We will now use the fundamental theorem of calculus in Banach spaces to reduce the

proof to showing estimates for one further derivative. More formally, we use that for
0<i<land 0<j k <2withi+ 7+ k <2 we have for all x1,29,y,2 € H

Qitith gitith
ozt Oy 8zkw (x1,9,2) — Ww (x2,9, 2)

</

LU+i+k) (H,V)

dr||z; — z2||g
LUFI+H5+k) (H V)

oititk+1
Wy](?kw (z2 +r(z1 — 22),9, 2)

(2.114)
and we now provide estimates for
oititk+1
Opitl 8y] B k¢ ($2 + T(xl - .’BQ), Y, Z)(Uh cee 7vi+1+j+k) (2115)
1%

where v; € H with [jv||g < 1for 1 <1 <i+4+1+j+ k. The “i = 2” case, in contrast,
will be handled directly using the Lipschitz property (1.15). Together, these will then
imply (2.111). The estimates (2.112) and (2.113) will be handled analogously.

In the following, we will use the subscript notation ug; to denote the partial derivatives
61’

Let now x,y, z € H and vy, v2,v3 € H with ||vi||a, ||v2]l &, [|[vs||z < 1. Then using The-
orem 1.37, Assumption 2 and the fact that Y, cn||Ten |z ||Senlln < HTHLQ(U,H) HSHL2(U7H)

for S,T € Ly(U, H) it holds that
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0
H(8¢> Z,Y,z Z u03 t .73 )Gn,G(y,Z)en,’Ul)
z 1%
v
< c000 Y_IIG(Y, 2enllzllor
neN
< 0,00/ G )13, 0.1y
< c00,0CE max{L, |lyllsm, I|2]m}?, (2.116)
82
H (821’/}) (z,y,2)(v1, v2) Z up,4(t, ) ,2)en, G(Y, 2)en, v1,v2)
v \% neN %
< ¢0,000CE max{1, [yl z, |z}, (2.117)
H( e w>(aﬁyz)(vv 2Zu (t,z)(G(y, 2)e <8G>(yz)ve v2)
PR 1 2 0,3 ny\ o_ ; 1€n, U2
afl: 82 v neN 82; .
< 2¢0,00C% max{1, ||y, [|2[|z}?, (2.118)
5'3
H <ax 822¢> (Jj Y,z )(UlaUQaU3)
\%4
0 3}
2 Z uo,3(t, ) (0 G) (y, z)vab, (3G) (y, z)vien, v3)
neN z
82
+ uo3(t, ) (G(y, 2)en, <(‘32G> (y,2)(v1,v2)en, v3)
& 1%
< 40,000 max{1, |yl u, |2l }*, (2.119)
83
H <85E2821/)> (fL‘,y,Z)(’Ul,’UQ,’Ug) ”
2 Z up,4(t, x) ,2)eén <8G> (y, z)v1en, v2, U3)
Y 82 ) ) )
neN v
< 2¢0,0,0,0C8 max{1, [yl a, 2]z}, (2.120)
H( o w>(:1;yz)(vv 2Zu (t,z)(G(y, 2)e <8G>(yz)ve v2)
PR 1 2 03 ny\ o y 1€n, U2
axay 14 neN 8y v
< 200,000 max{1, ||yl a, [|2[|zr}?, (2.121)
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3
H <a ) (l’,y, Z)(Ul, V2, U3)

Ox Oy? v

2" wnalt. )56 ) (. )eab. (5.6 (v 2honen o)

neN
82
=+ U073(t7 l’)(G(y, Z)ena (82G> (y7 Z)(’U17 UQ)env 1)3)
Y 14
< 40,000 max{1, ||yl u, |2l }*, (2.122)

83
H (Way¢> (z,y,2)(v1,v2,v3)

\%

2 Z uoa(t, z)(G(y, z)en, (aayG) (y, 2)vien, v2,v3)

neN

14
< 2¢0,0,0,0C¢ max{1, |lylls, [|2]m}?, (2.123)

83
H ((MWT/J) (5U>ya z)(v1,v2,v3)

v

2" wnalt.)((5-6) (o (56 ) (v 2hnens o)

neN
82
+ uo,3(t, ) (G(y, 2)en, (WG> (y, 2)(v1, v2)en, v3) )
< 400,008 max{1, |yl . ||2]|u}. (2.124)

Now we use the Lipschitz property (1.15) to get that for x1,x9,y,2 € H and v1,vo € H
with ||v1]la, [[v2]la < 1 it holds that

2 2
H (;$2¢> (1,9, 2)(v1,v2) — (88x2¢> (2,9, 2)(v1,v2)

\%4

> [uoalt, x1) — uoa(t, x2)] (G(y, 2)en, G(y, 2)en, v1, v2)
neN

Vv
< @0,000C8 max{L, |yllm, 12|l g }*|le1 — 22| 5 (2.125)

The fundamental theorem of calculus and (2.116)—(2.124) as well as (2.125) prove the
first assertion (2.111).

To prove the second assertion, consider again x,y,z € H and vi,v2,v3 € H with
o1z, ||v2]l a2, ||vs]l g < 1. Then we estimate as before
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(5)enom

0
2 7%:1\] 0,2 (t7 :E)(G(ya Z)Gm <8yG> (y, Z)Ulen)

14
\%4

< 2¢0,0CE max{1L, [lyllu, 1]}, (2.126)

|4

2 Z u(],g(t,x)(((;{;G) (y, z)vab, ((;;G) (y, 2)vien)

neN

2
H (%w) (2. 2) (01, 02)

62
tu ) (t,l‘)(G( ,z)en, <G> ( 72)(7) ) U )en)
0,2 Y Dy? Y 1,02 y

S 460,002‘ ma'X{17 HyHHa ”ZHH}27 (2127)

v

23" una(t.)((556) (e 2)uab (526 (e 2Jwren)

neN

82
82

+ ug2(t, ) (G(y, 2)en, (WG> (y,2)(v1,v2)en)
1%

< degoC¢ max{L, |ylla, |1}, (2.128)

83
H <8y3w> (.T, Y, Z)(Ula V2, U3)

Vv

2
2 Z u072(t,x)(<a(1G> (y, z)vien, (383/2G> (y, 2)(v2,v3)en)

83
+ ugo(t,z)(G(y, 2)en, | =G , 2)(v1,v2,v3)en,
0,2(t,2)(G(y, 2) <5y3 )(y )(v1,v2,v3)e,) ”

< 8co,00% max{L, ||yllm, | 2]}, (2.129)

83
H <(9y2(9z¢> (.ZL', Y, Z)(Ul, V2, U3>

v

2
2) ot x)(((,iG) (y, z)vien, (08y2G> (y, 2)(v2,v3)en)

2
+ uo,z(t,a?)(<8yG> (y, z)vab, (E)ya((?zG> (y, 2z)(v1,v3)en)

56



2.4 Bounds Related to the Kolmogorov Backward Equation

2
+ uog(t,x)((;;G) (y, z)vsb, (8582’G> (y, 2)(v1,v2)en)

63
+ U[)Q(LCL')(G(?/, Z)ena (WG> (y7 Z)(’Ul,’l)g’l)g)en) y

< 8co,0CZ max{L, |lyllu, | 2]}, (2.130)

83
H <W¢> (z,y,2)(v1,v2,v3)

\%4

2
2)° U(]yz(t,l‘)((aazG> (y, 2)vi€n, (8582G> (y, 2)(v2,v3)en)

neN

2
+ UO,Q(tJ)((aaZG) (y, z)v2b, <8582G> (y,2)(v1,v3)en)

2

+Uo,2(taf'3)(<aayG> (y, z)vsb, (6822G> (y, 2)(v1,v2)en)

83
+ uo2(t, ) (G(y, 2)en, <WG> (y, 2)(v1, v2v3)en) y

< 8c,0C¢ max {1, |lyllz, 1]} (2.131)

The fundamental theorem of calculus combined with (2.121)—(2.124) and (2.126)—(2.131)
prove the second assertion (2.112).

Now we prove the third assertion. Let again z,z € H and vy,vo,vs € H with
o1l &, ||v2]| &, ||vs]l g < 1. Then we have

P P P
H(M) (@2 - H(aﬂ) (2,2, 2)on + (ayw) @2
< 2(cop + c000) C&max{1, ||z|m,||2] x}? (2.132)

\%4

2
()t )t

82 82
+ <8m8y¢> ($,$,Z)(U1,U2) + <8y2¢> (Jf,.%',Z)(’Ul,’UQ) ;

<4 (co0 + 0,00 + €0,000) C& max{1, [|z|| s, [|2]|}?, (2.133)
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z)(v1,v2)
H(@x@z) 12 v

02 92
<8az az¢> (x,z, z)(v1,v2) + (8y azw> (x,z,z)(v1,v2) g
< 4(cop + c000) CEmax{L, ||z||a, |I2]n}>, (2.134)

83
H((%Qa¢> (x, z)(v1,v2,v3) y

o3
H (8:1:2 02 ) z, 2, 2)(v1,v2,03) + <8x8y82¢> (x,z, 2)(v1,v3,02)

83
* <8x8y62w> (@, 2, 2)(v1, v2,v3) + (aygazw> (z,2,2)(v1,v2,03) y

< 8(co,0 + 0,00 + €0,0,00) C&max{L, [l [|2] m}?, (2.135)

|4

83
H <8x 82’2 ¢> (:B Z)(Ula V2, U3)
3

3
<8xﬁazgw> (x,z,2)(v1,v2,v3) + ((9y8€9z2w> (x,z,2)(v1, v2, V3) §

< 8(co,0 + c0,0,0) C& max{L, ||z a, ||z a}*. (2.136)

The last case is again handled differently. Observe that for all x,x1, 22,2 € H and
v1,v2,v3 € H with HleH, HUQ”H, HUSHH <1 we have

o [( o2 9?
(&) (] ],

o3
H <(9:E2 8y ) (z,2,2)(v1,v2,v3) + (Wyw> (z,z, z) (v, v1,v3)

3

+ <W¢> (x,z, z)(vi,v2,v3) + <axaay2¢> (x,z,2)(v1,v3,v2)

83 83
+ <W¢> (x,z,2)(v2,v3,v1) + <8y3¢> (z,z,z)(v1,v2,v3) .

< 12 (co,0 + 00,0 + €0,0,00) C&max{L, ||z[|m, | 2]} (2.137)

as well as
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9 2
H Kai?w) (w1,21,2) — (aigw> (acg,xg,z)] (v1, 02)

|4

02 0’
() (2o,
02 0’
+ (8391/)) (w2, 21,2) — (Ww> (x2,x2,z)] (v1,02) §
< 2(c0,0,0,0 + 0,000) C&max{1, ||z &, |22, |12 5 }l21 — 22| 5 (2.138)

Combining (2.137) and (2.138) with the fundamental theorem of calculus shows that for
all x1, 29,2 € H and vy,v2 € H with ||v1]|#, [|[v2||lg < 1 we have

2 2
(2] (i
.
2 2
< H l(;xgqﬁ) (w1,2) — (;xw) (!E1,x1,z)] (v1,v2)

) 2
o

\%

0? 92
+ <3$2¢> (x1,21,2) — (85521/}) (:cz,azg,z)l (v1,v2) .
< 14 (co,0 + €0,0,0 + €0,0,0,0 + €0,0,0,0) C&
-max{1, |21, |22l o, | 2] 2 lle1 — 22| a0 (2.139)

Finally, the fundamental theorem of calculus and (2.132)—(2.136) as well as (2.139)
prove the last assertion (2.113). O

2.5 Weak Convergence for Regular Coefficients

Now we will combine the results from the previous sections. The idea is to rewrite the
weak error in terms of the solution u of the Kolmogorov backward equation associated
to the true solution X evaluated at suitable time points of the auxiliary process Z and
then use the It6 formula Theorem 1.8. However, u is only differentiable on Hy. Thus, in
order to apply the usual It6 formula we need Z to be a (usual) Ito process on H;. That
is why we now make the following stronger assumptions for this section.

Assumption 4 (Mollified coefficients).

Let p > 2. We assume that the initial value satisfies & € LP(S, Hy), that the drift
coefficient satisfies F € Lip*(H, Hy) and that the diffusion coefficient satisfies B €
Lip*(H, Ly (U, Hy)).

Assumption 5 (Mollified diffusion).
We assume that G satisfies the following assumptions:
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i) G € C3(H x H,Ly(U, Hy)),
it) for all x € H we have G(z,0) = B(z) and

i) there exists a constant Cg € [1,00) such that for all x,y € H and 0 < i,j < 3 with
1+ j < 3 we have

1G>

O Dyl G) () H

< .
oo ey, < Camax{L izl )

Under these stronger assumptions we have Z € M(Pr, B(H;)) and we will see in the
following proof that also Z € €%(H;). These assumptions also ensure the boundedness
of the constants arising in Lemmas 2.6 and 2.7 — at least for 9 € [0,1). In chapter 3, we
will then see how to remove these extra smoothness assumptions to extend the results
to more irregular coefficients.

Lemma 2.8.
Let 9 € [0,3), p€[0,1—9), p>5 and ¢ € Lip*(H,V). Then there exists a constant
C € [0,00) such that

[Eletzn) - etxo]], < c -
Proof. Remember that the solution of the Kolmogorov backward equation is defined by

u(t,z) = E[p(X7_,)] for all t € [0,T], x € H. This allows us to rewrite the weak distance
solely in terms of v and Z as

E[¢(Zr) — ¢(X1)| = E[u(T, Zr) — u(0, Z)|. (2.140)

The next step will be to apply the standard It formula Theorem 1.8 to Z and u. Note
that by Theorem 1.37 we have that u € C12([0,T] x Hy, V). Thus, we still need to check
whether Z € €%(H;). By Assumptions 4 and 5 we have for every r € [2,p] that

E[( [ 1E @), dt)”]r

T
< [ 1P i a1, 1240, i Hl o

< ||F||Lip0(H,H2)TK7” (2-141)

as well as

Sl

T , :
E (/0 1G(Z )5 Vi)t Lo, i) dt)

Jun

T 2
< (/0 C&lmax{L, | Zysy, I, Vit ell 1o (o) dt)

< CG(l + CV,h,r)T%KT‘ (2'142)
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2.5 Weak Convergence for Regular Coefficients

Therefore, we can employ Lemma 1.34 to get that Z € ¢ (Hy) C QfOT(H 1) is a Hy-valued
1t process with

_ t o _ t
Zi=+ [ AZ+F(Ziy,) ds+ [ G2, Vo) AW, t€0.T) (2143)
0 0

and the following application of the It6 formula is valid. Remember the subscript notation

u;,; which is used to denote the partial derivatives 8‘2; 5,7 4 We get that

E[u(T, Zr) — u(0, ZO)]

=FE / u10 dt+/ u01 AZt+F(ZLtJh))d
0

i (2.144)
+/ uo,1(t, Zt) (G(ZLtJh7VLtjh,t)) dWy

+ = Z/ UOQ t Zt G(ZLtthVLtJmt)envG(ZLtthVLtJh,t)en) dt].

nEN
Now we can see that the integrand of the stochastic integral lies in 2%’2 (L2(U, V)) because

2

T _
E [/o |wo,1(t, Zt) (G(th, VLtjh,t)) HiQ(U,V) dt}

T
<o (/0 1G(Z 4y, VLtJh,t)H%z(Q,LQ(U,H)) dt)

< Cocg(l + CVVh’Q)T%KQ (2145)

N

which by Proposition 1.11 implies that the expectation of the stochastic integral in (2.144)
vanishes. We can now use the fact, that u solves the Kolmogorov backward equation
(1.13) associated to X to substitute the time derivative of u by space derivatives which
can then be compared to the existing space derivatives introduced by the It6 formula.
This allows us to then use the boundedness and Lipschitz estimates in Theorem 1.37 to
establish the weak convergence rate. We obtain that

E|u(T, Zr) - u(0, Z)]

_E /0 "ot 2) (F(21y,)) —uon(t.Z2) (F(Z) dt

(2.146)
+ = Z/ w2 (t, Zt) G(th,th,t)emG(meth,t)en)

nGN

—wo2(t, Z1) (B(Zi)en, B(Zi)en) dt] .
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Next we add and subtract some terms and use the triangle inequality in such a way
that we can make use of Propositions 2.4 and 2.5. Specifically, we get

|E[w(T, Zr) — u(0, Zo)] (2.147)

Iy

< /OTHIE{UOJ(t, 2) (F(Zy,)) —woa(t. 21,) (F(Z,))] |,
4 /OTH]E w1, Z,) (F(Zyy,)) — w0 (4. Zy0y,) (F(Z1,))] | e
+ /OTH]E wos(t, Zy,) (F(Zyy)) — won (8. Z0) (F(Z0)] |, a
+;/OT %uw(t, 22) (G(Zy11, Vg, )ens G211y, Viggt)en)
—wo2(t, Zyy,) (B(Z4y,)ens B(Zyy), )en) ] HV dt
+ ;/OTHE %uw(t, Z11,) (B(Z1,)en B(Zyyy, )en)
—uo2(t, Zyy,) (B2, )ens B(Z iy, )en) ] HV dt
+ ;/OTHE gNuw(t, Z11,) (B(Zyuy,)en. B(Zy, )en)

—wo2(t, Z1) (B(Zi)en, B(Zi)en) } HV dt. (2.148)

E

Now we use Proposition 2.4 together with Lemmas 2.6 and 2.7 to get that there exists
a constant Lj € [0,00) such that it holds for all ¢ € (0,7)

[Efwont. 20 (F(Z101,)) = woutt. Zu,) (F(Z1)
+ H]E{UO,I(t? th) (F(th)) - UO,l(qu Zt) (F(Zt))} HV

1 _
+ 2HE [ > uoplt, Zy) (G(thv Vigjp)ens G(Z4,, VLtJh,t)en>
neN

— up2(t, ZLtjh) (B(ZLtjh)enaB(ZLtJh)€”> v (2.149)

1 - _ _
+ QHIE [ > woalt, Zy,) (B(Zy, )en B(Zyy, )en)
neN

~ wa(t,21) (B(Zen B(Zen) |

L (=Lt
(T —t)? tP ‘

HV

< Ly - max{1,

In particular, we can choose
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Ly =72[cy + co0+ €9,00 + 9,000 + €00 + 0,00 + €0,0,0,0 + €0,0,0,0]
79 T
1—-9—p + 1—p

2 6
-max{1, HFHCg(H,H,ﬁ)} -max{1, HBHLipO(H,Lg(U,H))v Ca(l+Cvrs)}.

- CiCC 1 9Cy K2 (1 + ) (2.150)

Note that here we need the assumption that p > 5, since, on the one hand, by Lemma 2.7
the function (z,y,2) — > ,enu0,2(t, 2)(G(y, 2)en, G(y, 2)ey,) fulfils the assumption of
Proposition 2.4 with ¢ = 2 but, on the other hand, we required ¢ € [0, p— 3] to ensure the
constant is finite. Thus, we need to have at least the first five moments finite. Similarly,
an application of Proposition 2.5 together with Lemmas 2.6 and 2.7 shows that there
exists a constant Lo € [0, 00) such that it holds for all ¢ € [h,T')

[E[wws(t Zu,) (F(Z1,)) = woatt. Zi,) (F(Z1)] |,

1 _
S|E| 2 woalt Zy,) (B(Ziy,)en B(Zyuy,)en)
neN

_l’_

2

o2t Zy1),) (B(Zyyy, )en, B(Zyy), )en)

v
< Ly-max{l, —1 3. (2.151)
=~ 2 max 9 ° .
(T =) [t}
< %Ly max{l, —— 1.7 (2.152)
= (T -ty e '
while for ¢ € (0, ) both terms vanish. For the constant we can choose
Ly =8[cy + coo+ 9,00+ €00 + 0,00 + €0,0,0,0]
A 5 Tl—ﬁ T
- Cy [Co,0,0 + Co0,p + CCo,p + CyCrAr 5] K (1 4 + ) (2.153)

1—-9—p 1—p
~max{L [|Fllesa,m_,)}* - max{L, | Bllipo .1, (0, Ca(l + Cvrs)}

This combined with the fact that ¢t — |¢]; < h proofs that

HE[sD(ZT) — ¢(X7)] HV < /OT(L1 +2°Ly) - max {1, (Tit)ﬁ} - % dt (2.154)

A
< (L 2L5) - - h? 2.155
where we used that
T 1 1 T T 1 1
l, ——— - —dt < — dt — . —dt 2.1
/0 max{ ’(Tt)ﬁ} 2 _/0 2 +/0 T—17 (2.156)

and
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T Ly T Lo 51
At < - t :
/0 (T —t)9 tr _/0 maX{Tt’t} (2.157)
T T
g/ (T — t)~ 0+ dt+/ =) 4t (2.158)
0 0
271 =0=r
== 2.1
i, (2.159)

For the overall constant we arrive at

A
1—p+1—ﬂ—p

C = (L +2Ly) - ( (2.160)

<144 [ey + 9,0 + 9,00 + €9,0,0,0 + €0,0 + €0,0,0 + €0,0,0,0 + €0,0,0,0]
: 03 [C,prwCﬁ + CO,O,p + Cﬁ,O,p + CﬂCO,ﬂ + CﬂCpAT,pé}

{1 1} TR A 2 K3 (2101
B I1—-d9—p 1—0p 5

-max{1, “F|’CS(H,H_ﬂ)}2 ~max{L, || Bllpipo (a1, 0.m)) Ca(l + Cvrs)}°
]

Lemma 2.9.
Let 9 € [0,1), p€ [0,1 =), p >3 and ¢ € Lip*(H,V). Then there exists a constant
C € [0,00) such that

[elotzn) -tz < -

Proof. Since ¢ € Lip*(H, V) we have in particular

( - s0> (@) - ( =z <P> )

for all z,y € H. This means that we can apply Proposition 2.5 with ¥ (x,y, z) = ¢(y) to
get that there exists a constant C' € [0, 00) such that

< lelluip2m llz = ylla (2.162)
LOHV)

max
1€{0,1,2}

- C
H]E{W(ZT) — ¢(Zr)] HV < (2.163)
The constant C' can be chosen as
C= 2HSOHLip2(H,V)
- C§ [Co0,p + Copo.,p+ CoCop+ CoCrAr 3]
19 T\’

1 K3

<+1—19—p+1—p> 3
- max{1, HFHLipO(H,H,ﬂ)} - max{1, HB”LipO(H,Lg(U,H))7 Ce(1+ CV,T,IS)}2 (2.164)
O
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Combining Lemmas 2.8 and 2.9 with the triangle inequality we get the following weak
convergence result for the smooth case of Assumptions 4 and 5.

Corollary 2.10.
Let ¥ € |0, %), p€1[0,1-9), p>5and ¢ € Lip(H,V). Then there exists a constant
C € [0,00) such that

IE[p(Zr) — o(X7)llly, < C - 1P

Proof. Using the triangle inequality we see that we can choose

C =144 {H‘p“Lip2(H,V) + ¢y 9.0+ €9,00 + 9,000 + €0,0 + 0,00 + 0,000 + 50,0,0,0}

- C3 [C2C19C + Copp + Copp + CoCop + CoCpAr, 5]

1 19 T\’
. 1.=4V.[1 K2
max{’T} <+1—19—p+1—p> °

~max{L |Fllesa,m_p)} - max{L, | BllLipo .1, w,my) Ca(l + Cvirs) ).

We can estimate further using the estimate of Ar,5 (2.19) and the definition of Cy. 15
(see Lemma 2.1) as

C <288 [HSDHLip2(H,v) +¢o + €y0 + €900 + €8,0,0,0 + €0,0 + €0,0,0 + €0,0,0,0 + 50,0,0,0}

- C3 [C2Ch19C0 + Cop,p + Co0,p + CoCop+ CoCpl(Cop+ Co—pp + T5C0,-p,p)|

3
1 1/2\7 ™ T 5
-max{l,T}-<1—|—T5T ) .<1+1—19—p+1—p - K3

3

L max{L, | Flles )} - max{L I Blysyoqs i wm ) - (2.165)

O]
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Chapter 3
Weak Convergence for Irregular Coefficients

Now that we have seen how to approximate the solution of very regular equations we come
back to the general setting and describe a mollification approach that allows to transfer
the weak convergence results from chapter 2 to irregular coefficients. This mollification
procedure is based on similar approaches in [CJK19; JK21] and exploits the excellent
smoothing properties of the analytic semigroup. Unfortunately, the combination of this
mollification and the techniques used in chapter 2 do not allow us to obtain the expected
optimal order of convergence in all cases, namely we lose something for highly irregular
drift functions with values in the spaces H_y for ¢ > %

This chapter is structured as follows. We start section 3.1 with a brief detour into the
theory of fractional integral equations to motivate a generalised version of Gronwall’s
lemma. Afterwards, we recall a useful perturbation estimate based on this Grénwall’s
lemma and the Burkholder-Davis—Gundy inequality. Next, we explain in detail the
mollification procedure in section 3.2. The proofs that this strategy is indeed well-behaved
all rely on the aforementioned perturbation estimate. Finally, after the preparation is
done we will finish the main weak convergence proof in section 3.3.

In this chapter we again assume the general setting detailed at the start of chapter 2.

3.1 A Perturbation Estimate

In the following, we need a generalisation of the exponential function called the Mittag-
Leffler function (named after the Swedish mathematician Gosta Mittag-Leffler). It plays
a similar role as the exponential function but in the context of the fractional calculus
and in particular the theory of fractional differential equations [DielO; Gor+14]. It is
defined for o € (0,00) and = € R as an infinite series

k

Eo(z) =S —0 3.1
() kX:%)F(ak+1) (3.1)

where I" denotes the Gamma function. As the special case & = 1 we obtain E;(z) = e”.
Note that E,(z) > 1 for all z > 0 and « € (0, 00).

Using the Mittag-Leffler function one can formulate a kind of “fractional” Gronwall’s
lemma, see e.g. [Hen81, Section 7.1] and [YaglO, Section 1.9.1]. A common form of
Gronwall’s lemma states that all functions satisfying a particular integral inequality are
bounded pointwise by the solution of the corresponding integral equation. Let us look
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at a simple example. Suppose we have a continuous function v € C([0, 7], R) satisfying
ult) <1+ /0 “u(s)ds vite[0,T]. (3.2)
The corresponding integral equation is given by
wHt) = 1 +/0t w(s)ds Vi€ [0,T] (3.3)

for which the solution is readily seen to be u*(t) = e! for all ¢ € [0,T]. Thus, Grénwall’s
lemma states that we can bound the original function as

u(t) < e vt e[0,T). (3.4)

We now want to generalise this statement to consider also fractional integrals in (3.2)
and (3.3). In particular, we will use the so-called Riemann—Liouville integral of order «
which is defined for o > 0 and continuous functions u € C([0,T],R) as the continuous
function B, v € C([0,T],R) given by

(Bo u)(t) = F(la) /0 (= ) tu(s) ds Wt e [0,T]. (3.5)

This definition is motivated by Cauchy’s formula for repeated integrals, by which we
already see that B,, for an integer n € N coincides with the usual nth integral of a
function. In particular, for n = 1 we have the usual integral (Bju)(t) = fg u(s) ds.

Furthermore, utilising the Euler integral fol 1711 — )2l dt = % one can show

that these fractional integral operators satisfy a semigroup property, i.e. for all a, 5 > 0
it holds B, Bg = B,3.
If we now consider the fractional analogue of the integral equation (3.3) for a > 0
u (t) =1+ (Bau®)(t) Vtel0,T] (3.6)

then the solution of this equation can be expressed in terms of the Mittag-Leffler function
as u*(t) = Eq(t*). This underscores the importance of the Mittag-Leffler function as
the fractional analogue of the classical exponential function. The fractional version of
Gronwall’s lemma now tells us that, analogously to the classical case, every function
u € C(]0,T],R) satisfying the integral inequality

u(t) <14 (Bqu)(t) Vte[0,T] (3.7)
can be bounded as u(t) < E,(t*) for all t € [0,T].

Theorem 3.1 (Fractional Gronwall’s lemma).
Let a,b> 0 and o > 0. If u € C(]0,T],R) satisfies the integral inequality

bt
u(t)§a+w/0(t—s) Lu(s)ds Wt € [0,T]

then the following bound holds
u(t) < aEq(bt*) YVt e [0,T).
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3.2 A Mollification Procedure

For the proof we refer to [YaglO, Theorem 1.26] or [Hen81, Lemma 7.1.1].

With the help of the Burkholder-Davis—Gundy inequality (Corollary 1.10) and this
generalised Gronwall’s lemma one can then establish the following classical perturbation
estimate. A proof of the following proposition can be found in [JK21, Corollary 3.1].

Proposition 3.2. -
Let v > 2, 9 € [0,1) and X, X € M(Pp,B(H)) be two stochastic processes with

SuPte[O,T]HXt - X't’ L) < oo. If there exist y, z € [0,00) such that for every t € (0,7

there are processes ¢!, @' € £ (H) and ', d' € £0T’2(L2(U, H)) such that for all s € (0,t)
it holds that

SUPuefo,5] | Xu — X“‘ L7 (QLH)
‘ (Pt . @t <y- ;
s Sl (o,H) (t —s)?
su X, — X
|t - @ o, Puesl[[Fe T el my
* @) (t—s)?

then we have the explicit bound

sup HXt — )_(t‘
te[0,7

2. 1
719 T1-0 2

< . —
V2 E1_19<2F(2 19)(3/1 19+T7«Z 1 19>>

t t _ t t_
Xt—/ ¢gds_/ égdWS—{Xt—/ ¢gds_/ qf;dws}
0 0 0 0

L7 (Q,H)

- sup
te[0,7]

L7 (Q,H)

< Q.

3.2 A Mollification Procedure

Let us now describe the mollification procedure. As we have seen in section 1.2.1 (espe-
cially Theorem 1.24) the analytic semigroup generated by the dominating linear operator
provides a strong regularisation effect. We make use of this regularisation to mollify the
coefficients including the initial value of the SEE. We define for ¢ € [0, 7] the mollified
coefficients

F.:H— H_y, x+— “F(2)
B.: H— Ly(U,H), zw eB(x)
Ge: Hx H — Lo(U, H), (z,y)— Gz, ) (3.10)

and separately the mollified initial value for § € [0, T

& e LP(Q,H), & =ee. (3.11)
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Chapter 3 Weak Convergence for Irregular Coefficients

Note that, thanks to the regularisation the coefficients F., B. and G. actually take values
in H, for every o € R for strictly positive ¢ € (0,7]. In particular this means, that we
have F. € Lip*(H, Hy) and B. € Lip*(H,Ly(U, Hy)) for £ € (0,T]. Similarly we have
& € LP(Q, Hy) for every oo € R in case § € (0,7]. Therefore these mollified coefficients
satisfy Assumptions 4 and 5. In particular, the latter one is satisfied with constant
Cq. = CoCq.

Now we look at the mollified evolution equation

{ Axe0 = [AXf’5 + Fg(Xfﬁ)} dt + B.(X%) dWy, t € (0,7, (3.1

x50 =¢
which by Theorem 1.28 has a mild solution X given by X§’5 = &5 and
t ¢
X0 = X5 + / eU=)AE (X59) ds + / e=)AB_(X59) dw, (3.13)
0 0

that satisfies Supt€[07T]||X§’6||LP(Q’H) < oo for every €,0 € [0,7]. Additionally, we define
the corresponding approximation Z by ZS’(S = &5 and

t t s
750 = 50,25 + /O SeiRF(Z5] ) ds + /0 SeR G225 [ BZES ) aw,) aw..

Lsln
(3.14)
We also have Supte[o’ﬂ||Zt€’§||LP(Q,H) < oo for every g, € [0,T] by Lemma 2.2 since
Assumption 3 is fulfilled.

3.2.1 Explicit Moment Bounds

We now use Proposition 3.2 to obtain a priori estimates for both X%° and Z%°. This
will then also allow us to provide a quantitative version of Lemma 2.2.

Lemma 3.3.
Let r > 2 and 6 € [0, T]. Suppose that supcpo 1) HX?76||L7‘(Q’H) < 00. Then we have

0,6
sup || Xy e, i)
te[0,T)

Tlfﬂ 1
< V2 |CollésllLr,m) + Coll EOlm_y7—5 + TTCOHB(O)HLQ(U,H)TQ]

-

T1—19 T1—19 2\ 2
By [2I'(2 - ) Cﬁ|F\Lip(H,H,0)m + 7rCo| BlLip(a, Lo (U,m) T

1-9

Proof. We use Proposition 3.2 with

Xy = Xz?ﬁﬂ ()02 - e(tis)AF(Xg’é)v (F; = e(tis)AB(Xgﬁ)?
X; =0, @, =e94F(0) and ®! = =1 B(0).
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3.2 A Mollification Procedure

By assumption, we have sup;¢(o 7] | X: — XtHLr(QJ_[) < 0o. Furthermore, we get that

’ o — oL (o) < Co(t — 8) | Flip(ar.a_p 1 X2 | 1 .n) (3.15)
supye (0.9 1 X3 | r(,m
< Cy|F|rip(H,H_y) S E}t — :)19 (©.H) (3.16)
as well as
t  Zt 0,6
[#8 =2, ) < ColBluperiawam IX8 ) (317)

SupuE[O,s]||X3’5||LT(97H) (3 18)
(t—s)2

< Co| Blrip(H,Ls (U, H))

Proposition 3.2 thus implies that

0,6
sup HXt HL"(Q,H)
t€[0,T]

<2 sup
te€[0,7]

t t
eAx00 4 / e=DAF(0) ds + / eU=DAB(0) dW,
0 0

LT (Q,H)

Tlfﬁ Tl—z? 2
‘B9 | 2I'(2 - 9) Cﬁ|F|Lip(H,H_ﬁ)m+TTC'0!B|Lip(H,L2(U,H))T 13

(3.19)

Using the triangle inequality and further estimating the terms in the supremum as

s tA x 0.0 <C . 3.20
2 (4557, gy < Coltslzran (3.20)
t Tl—ﬂ
sup / t=IAR(0) ds < |FO)_,Cs (3.21)
tefo,7711/0 L7 (,H) 1-49
and
t
sup / t=AB(0) AWV, < 7| BO) |y CoT (3.22)
tefo,1]11/0 L (Q,H)
completes the proof. O

Lemma 3.4.
Let > 2 and 6 € [0, T]. Suppose that supcjo ) HZ£76||L7"(Q’H) < 00. Then we have

0,6
sup HZt HLT(Q,H)
t€[0,T]

<V2

1-v

T 1,1
Coll&slloro,m) + CﬂHF(O)HH_ﬁm + 7-CoCq (1 + Tr||B(0)HL2(U,H)h2)T2]

T1—19 1 T1-9 %\ ?
. El_ﬁ 2F(2 - 19) 019|F|Lip(H,H,19)m + TTC()CG(l + Trh§)T 1—9 .
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Chapter 3 Weak Convergence for Irregular Coefficients

Proof. We use Proposition 3.2 with

Xi =2, ¢h=SuRF(Z)), O =S,RG(Z] " B(Z)],) dW.),

X; =0, ¢l =S4 RsF(0) and @ = S, R,G(0, B(0) dW,).
Ls]n

By assumption, we have sup,¢(g 7] |1 X — XtHL'r(SlH) < o0. Furthermore, we get that

ol — @ < Cylt—s)" | Flvip(a, e )| Z LthHL (Q,H) (3.23)

Lr(QH) —

SUPyeo,s] HZu’ HLT(Q,H)

< Oyl F|vip(a,H_y) (t—s)7 (3.24)
and using Assumption 2 also
t 1 0,0
(o Uy < CoCall +mh2) |71, l-.m (3.25)
su Z09| ;.
< CoCa(1 —|—Trh%)T Pue[o,s}H u JL (Q,H)‘ (3.26)
(t—s)3
Proposition 3.2 thus implies that
t
sup HZ N < V2+ sup HSOtZO +/ Ss1RF(0) ds
tefo,T t€[0,T] 0
/ S RGO, [ B(0)dW,) dW,
Lsn L™(Q,H)
(3.27)

“Ei_y <2F(2 ) (Cﬂ’F‘Lip(H,Hg)Y;_;

2\ 4
+7,CoCq(1 + 7,h7)Ty/ T= ’9) )

Using the triangle inequality and further estimating the terms in the supremum as

S04 200 <C - 3.28

o 80425, ) < Collsllriarny (3.28)
T1—19

sup / Sy RyF(0) ds < I F Ol Cor—; (3.29)

te[0,1] L7 (Q,H) -

and
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3.2 A Mollification Procedure

sup / S, RGO, [ B(0) dWy) dW, (3.30)
te[0,T] [s]n L7(Q,H)
< sup ([ sy )0 a) e
t€[0,7] a Lo
1 § 2 %
< sup Trcocg<t2 +Tr< / / | BO)IZ, .41, du ds) ) (3.32)
te[0,T) 0 Jls|n
< sup TTCOCG(t% —i—T,«HB(O)HLZ(Uﬂ)hété) (3.33)
te[0,T
< .CoCe <1 + Tr||B(0)|L2(U7H)h§)T% (3.34)
completes the proof. O

Combining Lemma 3.4 with the last estimate in the proof of Lemma 2.2 gives the
following explicit moment bound.

Corollary 3.5.
It holds that

Ky < 8|Comax{L, €] 1.1n)

N|=
D=

1-9
+ CﬁHFHLip(H,H_g)% + TpCOCG(l + TPHBHLip(H,Lg(U,H))T )T

]2

2\ 2
o O <2I‘(2— )(Cﬂ\F’Llp HH_ ) =5 19 +TpCOC’G(1+TpT2)T T1 ﬂ) > |

-

3.2.2 Mollification of the Coefficient Functions

We again apply Proposition 3.2 to obtain estimates for the errors resulting from the
mollification of the coefficient functions. This is done separately for both X and Z. Here
it is crucial for us that we get a good rate of convergence in the mollification parameter
g, as this will in the end affect the convergence rate of the whole scheme. If we could
get an arbitrarily good rate, this would imply a convergence rate of 1/2 for the whole
scheme, independent of the regularity .

Lemma 3.6.
Let r > 2, €, € [0,T] and p € [0,min{l — 9, 3}). Suppose that supte[O’T]HX?"s -
X§76||Lr(Q,H) < 00. Then we have
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Chapter 3 Weak Convergence for Irregular Coefficients

0,0 8
sup || X, — Xl ,m)
t€[0,T7]

< 2ePTP [Co max{1, ||§6||LT(Q,H)}

2
1—9
+ CﬁCpCﬁ+p||FHLip(H,H,ﬂ)71T_19_p + 7 CoC | BllLip(H,Lo(U, 1)) \/ 1_T2p}

—9
‘Ei_y <2F(2 — ) (CoCﬁlF\Lip(H,H_ VI3 + 7031 BlLip(ar Lo, T g

Proof. We use Proposition 3.2 with

X, = X?»é’ CPI; _ e(t_s)AFE(Xg’6), (I)Z _ e(t—s)ABE(Xg,(S
X, =X, ot = eI (X2%)  and Pt = et=94B (X9

T1-9

);
).

))

By assumption, we have that sup,cjo 7 | X — )_(t”LT(QJ;[) < o0. Furthermore, we get that

‘ 0. — @ L (@) < Cy(t — 8) " Col FlLipar.ir_p |1 X0 = X0 oo
supyefo, o | X0 — Q.H
< CoCylFlrip(a,H_g) uel0.e] (z_ 5)? (.10
as well as

o - @

0 I
Lr(Q Lo(U,H)) — CO‘B’Llp H,Ly(U,H)) HX _.XE ”LT(Q H)

< Cg‘B’Ljp(H,LQ(U,H))T

(t—s)2

Proposition 3.2 thus implies that

sup [ X% = X7 m < V2 sup | [ e 0dn, e FX0) ds
te[0,T] te[0,T)

(t—s)A _ eA 0,0
n /O My B awi

Tl -9
. Elfg <2F(2 — 19) (Cocﬁ’F’Lm HH_y)7 aq 1—9

Tl —19 2 1
+ 7G| BlLip(a Lo, T -9

Next we use the triangle inequality and estimate
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3.2 A Mollification Procedure

t
/ e =1y, e F(X00) ds (3.40)
0

LT (Q,H)

t
S/OHe(tfs)AHL(H,g,p,H)||IdHﬂ9 _egAHL(H,ﬁ,H,g,p)HF(XS(;)HLT(Q,H,M ds (3.41)

b Cyy
< | o - Gt I it moe{L, X0 17 ) s (3.42)
< Cor CAFEI: ﬂ 1 x 0,9 . eP 3.43
> U4y p” ||L1p(H,H_g)1 J max{1, sup [|Xg HLT(Q,H)} € (3.43)
e s€[0,T)

and

t
/ =9)A(1d, —e=) B(X9) AWV, (3.44)
0

LT (Q,H)

1
2

t
<o (1B s =0 | B B iy ) (3:45)

NI

t C?
ST ( /0 o G 1Bl o,y max {1 1X0° .} ds> (3.46)

1
ta=r
< TrC;%HBHLip(H,Lz(U,H))7@ max{1, 2[1(1)PT1||X2’5||LT(Q,H)} -ef (3.47)
s€|0,

which requires p < 1 — ¢ and p < %, respectively. Combining this with Lemma 3.3 we
arrive at

0,0 0
sup || X, — X7 e o,m)
te[0,T

< 2ePTP [Co max{1, || - o,m) }

2
1—9
+ CﬁCpCﬁ+p\|F|\Lip(H,H,ﬁ)71T_19_p + 7 CoC | BllLip(H,Lo(U, 1)) \/ 1_T2p}

) -9 2
‘E1-9 <2F(2 — 1) (COC@,F|Lip(H,H_19)’I£119 + Tng|B\Lip(H,L2(U,H))T Tll,ﬁ )

Lemma 3.7.
Letr > 2, ¢,6 € [0,T] and p € [0,min{l — 9,3}). Suppose that supte[O,T]HZ?’(s —
Zlf’éHLr(Q,H) < 00. Then we have
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Chapter 3 Weak Convergence for Irregular Coefficients
0,6 ,0
sup |2, = Z; Nl e (o, 1)

te[0,T

T1-— 9

< 267 Comax{L, 16l 0.} + CoCyCorepll Flipisn_o)

Yo

2
By <2F(2 — 1) (COCMF\Lip(H,H_ ey 5+ C3Ca(1 + 7h2)T\ T 7;9> >

M=

+27,CoCACG(1 + 70| BllLip(#, 1 (0,1 1

Proof. We use Proposition 3.2 with

Xe= 2", &L= SuloF(Z]]). P, = SuRsGe(2])), / B(Z]j,) dW.),

X, = Z;:,S’ @1; — Ss,tRst(Z@(J;h) and <I> = S5+ RsGe( / B( Zfsj Wy).

By assumption, we have that supycp | Xt — XtHLr(Q,H) < 0o. Further we get that

t_ 9 )

k= G| ) < Cott = 9)Col Flupearr_) 1203, = 253, Iurumy - (349)

Supy, 0,s HZg’é - Zf/ﬂ’[ﬁ QH
< CoCol FlLip(H,H_4) St t—s) (.10 (3.50)

as well as
e,é
‘ LT(Q L2 (UH)) — < CoCo(1+ TThQ)HZL I~ 20 e ,m) (3.51)
Supyeios 1290 — Z59| 1r

SC'gCG( —I-Trh )T Pue(o, ]|| ’ L QH) (3.52)

(t—s)>

Proposition 3.2 thus implies that

0,6 5
sup [|Z,° = Z° || 1r(o,m)
te[0,T

t
<2 sup H/ SsiRs(Idp_, — )F(Zfsf ) ds
te[o,7]"/0 "

t
o Rs(1d —e) G208 B(Z}}),) AW,
+/0 SstRs(Idp )G( Is|n’ L] ( sz) W) L7(Q,H) (3.53)

Tl—'ﬂ

“E1_y <2F(2 — ) (COCﬁ’F|Lip(H,H_19)1_Q9

9 1 T1-9
+ 7,C5Cq(1 + 1.h2)T 9

76



3.2 A Mollification Procedure

Next we use the triangle inequality and estimate

t
H /O SeaRs(dp_, —)F(Z])) ) ds

L7 (Q,H)

t
5
S/o 1S5t BsllLiz_y_ oy I1dmr_, _egAHL(H,ﬁ,H,g,p)HF(Z[L)SJh)HL"(Q,H,ﬁ) ds (3.54)

b Cy 5
< /0 ﬁ - Cpe” - || Fl|Lip(rr,H_y) max{l, ”Z(L);MHLT(Q,H)} ds (3.55)
< CopColl Fl|vip(a, i ﬁ)LmaX{lv sup HZ[);]S ler@.m} - €’ (3.56)
1-9-p s€[0,7T h ’

and using Lemma 2.1 ii)

t
H/ SeuR (g —NG(28 | [ B(Z0S ) aw,)
0 ) slp? 5] s

L7(Q,H)
t
<o ([ ISuaBalBar a1 =,
1
0,6 0,6 2
G( ZLth / B( ZLth dWU)H%T(Q’LQ(U’H)) ds) (3.57)
t
2 2 1.9
([ Gt e GO Bl
2
w1, 1282, 1} o 45 (3.58)
2 1. t2o
< 2TTCPCG(1 +7'7’HB”Lip(H,Lz(U,H))h?)\Afizo max{1, SS[%P ||ZL5 lzr.m} €
(3.59)

which requires p < 1 — 9 and p < %, respectively. Combining this with Lemma 3.4 we
arrive at

0,6 5
sup [|Z,° = Z,° | Lr(o,m)
t€[0,T)

1—9

< 2ePT™ ”[Co max{1, sl r.m} + CoCpCorpll Fllip(ab_y) 1g=5

2
1
+ 27}00030@(1 + 70 || Bl Lip(a,Lo (U, 1)) P2 )/ il_Tgp

2
e <2F(2 -9 <COC’9|F|L1P 11y T + 7 C3Ca (1 + 3 )Ty 1 1;9) >
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Chapter 3 Weak Convergence for Irregular Coefficients

3.2.3 Mollification of the Initial Value

We use Proposition 3.2 once more, to also estimate the errors from the mollification of
the initial value. However, this time we are not interested in the rates of convergence. It
will be sufficient for us to know that these errors vanish as the mollification parameter §
goes to zero. Again, we treat X and Z separately.

Lemma 3.8.
Let r € [2,p]. Suppose that supcpo || Xt — X?’(;HLT(Q’H) < 00. Then we have

lim sup [ Xy — x99 ra.m = 0.
5_>0t€[0T‘ Xl (.H)

Proof. Let us first fix an arbitrary ¢ € [0,7]. We use Proposition 3.2 with
Xi = Xi, ol = eTIP(X,), ol = I B(X,),
X=X, gL =l F(X2?)  and ¢! = =94 B(x09).

By assumption, we have sup;¢jo r1l| Xt — XtHL'r(QJ{) < 00. Further we get that

k= A, ) = Cott = )1 Fluip(aran_ 1 = XNl (3.61)
< Cy|F|rip(H,H_y) B H)(i“__;ig’éuy(ﬂﬂ) (3.62)

as well as
|ot - @ N rany < ColBlpt Lo, a1 Xs = XN (o, m) (3.63)

SUPye0,s] | X — XS’J
9
(t—s)2

(Q.H)

< Co| BlLip(#,Lo(U, 7)) (3.64)

Proposition 3.2 thus implies that
0,6
sup [|X; — X HLT(Q,H)
te[0,T]

< V2. sup [ (¢ - &)

te[0,7)

L7 (Q,H)

Tlfﬁ T1—19 2\ 2
"By [2I(2 - ) 019|F|Lip(H,H_,9)m + 7-Co| BlLip(#, Lo (U, m5) T 1T-9 .

1
(3.65)
Furthermore, we have sup;¢ 11 H (€ — 55)‘ L (.E) < Coll§ = &l or,m-
Letting § go to zero we see that almost surely
lim [[€ — & = lim [|€ — ™€l =0 (3.66)
6—0 0—0

78



3.3 Weak Convergence for Irregular Coeflicients

by the properties of the analytic semigroup (Definition 1.16 iii)). Additionally, we have
almost surely for all § € [0, T

1€ = &llg = 1da —e*)é|la < Collélla (3.67)

as well as ||| zr,m) < €]l zp(,r) < 0o. Thus, we can apply the dominated convergence
theorem [Coh13, Thm. E.6] to conclude that

li —&llr — '
lim [€ = &l| 2 (o,m) = 0 (3.68)
O

Lemma 3.9.
Let r € [2,p]. Suppose that sup,cjo 1yl Zt — Z?’(SHLT-(QH) < 00. Then we have

. 0,0 _
liy sup 12 = 2" z-(0.m = .

Proof. The proof is analogous to the proof of Lemma 3.8 but with

! = 84 R.G(Z),, /L | B(Z,) AW
slh

and
=t 0,0 5 0,8
®S — SsﬂfRSG(ZLSJh’/\:SJh B(Z\_th) qu)

leading to

- SuPyero.s 1 Xu — X200 1r
ot — &t < CoCe(1 + mh 3 )T PuEl: | “u IEHRH) (3 69)
LT(QvLQ(UvH)) (t — S)E
The rest of the proof is, mutatis mutandis, the same. ]

3.3 Weak Convergence for Irregular Coefficients

After the preparations in section 3.2, we will now perform the necessary mollification of
the coefficients of the SEE as well as of the initial value. We have proved above, that the
mollified processes are still close to the original processes and thus we can substitute them
in our error criterion. Since the mollified processes satisfy the assumptions of chapter 2,
we can then apply Corollary 2.10 to prove the weak convergence. Unfortunately, it holds
only in the case of ¥ € [0,1/2).

The restrictions on the range of ¥ in Corollary 2.10 originate from Lemma 2.8 and
ultimately from Theorem 1.37 and are an active research topic (see e.g. [And+19; BD18;
Deb11]). Working with the result at hand, we can achieve the optimal order of con-
vergence of 1 — ¢ only in the restricted range ¥ € [0,1/2). For 9 € [1/2,1) the used
mollification strategy causes a reduction in the order relative to the expected optimal
order of up to two thirds in the limiting case ¥ — 1. Extending Theorem 1.37 to include
d1,...,0, €10,1) and 2?21 0; < 1 would unify the two cases below and yield the optimal
order 1 — 9 for all ¥ € [0,1).

79



Chapter 3 Weak Convergence for Irregular Coefficients

3.3.1 The Case v € [0,1/2)

In this case the coefficients are still regular enough to achieve the optimal order. Never-
theless, we need some kind of regularisation to extend Corollary 2.10 to the full generality
presented here.

Theorem 3.10.
Let 9 € [0, %), p€10,1-9), p>5and ¢ € Lip*(H,V). Then there exists a constant
C € [0,00) such that

[Ele(Zr) — o(Xp)]lly, < C - 1P

Proof. We proof the result first for mollified initial values, i.e. 6 > 0, and in the end use
the dominated convergence theorem to pass to the limit § — 0. To this end, we insert
the mollified (¢ > 0) processes and estimate separately the distance between the mollified
and non-mollified processes by Lemmas 3.6 and 3.7 and the distance between the two
mollified processes by the results from chapter 2, in particular Corollary 2.10.

The moral here is, that we can get the convergence of the mollified processes to be
independent of the mollification parameter € and thus we can choose it sufficiently small
to not destroy the overall convergence.

We use the mollified processes defined above and the triangle inequality to get that

[E[0(29%) - o(x32)]|| < [B[o(28%) - 0(Z50)]||,
+||E[0(22") - o(x5%)]
+[Ele(x2%) - o(x3)]

Iv

HV (3.70)

Iy

foralle, 0 € [0,T]. Since Supte[oﬂ"}HXfﬁHLp(Q,H) < 00 as well as suptE[O’T]HZf"SHLp(QH) <
oo for all €, € [0,7] we can apply Lemmas 3.6 and 3.7 with » = 2 and p = p/2 to
estimate

|E[e(22%) = 0(27%)] |, + |E[0(X5%) - e(x2)] |,

0,8 0 0,6 0
< |@|Lip(a,v) - (ts[l(l)I?’T}HZt — Z7° 2 ,m) + ts[%%}HXt - X; ||L2(Q,H))
€0, €10,

< Al 2T [co maxc{L, |&s| 200}

1-9
+CC,p2C 4 ppall Fll i, _) Tog =572
2

1
+ 213 CoC g max{ || Bllvip( 1w, C6 (1 + 72| Blluip(a o, m) T2 )/ 15

1—-9

‘Ei_y <2F(2 — ) (COCﬁ‘F‘Lip(H,H_,g)%

2 1 71—\ 2
+TQCO max{|B|Lip(H’L2(U,H)),Cg}(l +7’2T2)T ﬂ)
(3.71)
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3.3 Weak Convergence for Irregular Coeflicients

for all €,6 € [0,T]. Next we use Corollary 2.10 with p = p and ¥ = ¥ to bound the
second term for all €,d € (0,7 as

5 5
[E[e(2) - e(xz)] |,
< hP - Cf - max{1, HFEHCg(H,H_ﬁ)}B -max{L, || Be|lLip(r1 (1))}
- 288 [HSO”LiPQ(H,V) + 01(95) + 01(96,2) + 01(95,2),0 + 01(95,2),0,0

+ C(()E,()) + C((f()J,o + C((f()),o,o + Et(f()),o,o} (3.72)

. Cal [CﬁCpHgCﬁ + Co,0,0 + Cy0,p + CyCo,p

+ CyCp(Cpp+ Co—pp + 7'5C0ﬁp,p)]

3
1 1/2\7 ™ T 5
-max{l,T}-(1+T5T ) .<1+1—19—p+1—p - K3

where Corollary 3.5 shows that

1—9

K5 < 8|Comax{L, I 3,0} + Coll - hipinn o) 55

2
1

+ 75C0Ca. (1 + 75| Be llLip(,Lo (v, T2)T

N

B ) 2\ 2
‘E1-9 <2F(2 — 1) (Cﬂ’Fe’Lip(Hﬁ_ﬁ)Y;; +75C0Cq. (1 + 7T2)T 7;5) > '

Because F' is genuinely H_y-valued we can bound ”FEHCS(EH_@) < C’0||FHCS(H7H_0) for
all € € [0, 7] independent of € and similarly for B.

Putting (3.70)-(3.73) together we arrive at
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|E[e(22") - o(x3%)] |,

P
2

N
S <(T> . hp> 2304 G- Oy - max{L | Fll g )

-max{1, || Blluip(a Loy}
3
1 1/2\7 T T

(e) (e (e) (¢) (e) (¢) (¢) ~(e)
: [H‘PHLip?(H,v) ey’ +CyotCyoot Coo00 T 0T 00T €000 T 00,0,0,0]

[C2Ch19C + Co0,0 + Co0,p + CoCop+ CaCpl(Cop+ Co—pp + T5C0,p,p))|

1-9
: [max{l, €1l s (.} + CoCyaCorpyall FllLip(in i) 1572 + 275C s

10
1
~max{ || Bllvip(a Lo (U,5))> Ca (1 + 75| BllLip(H Lo (U, m) T'2) ﬁp}

1-9

“Ei_yp <2P(2 — 1) (C’oCﬁ\F\Lip(H,H%)%

5
2

. 2
+ 7504 max{| BlLip(m 1o, 1)) Ca (1 + 75T72)T T11_1;9> >
(3.74)

which holds for all €, € (0,T]. If we now couple the mollification to the step size of
the approximation as ¢ = h?T and simultaneously use Theorem 1.38 to see that the
constants arising from the Kolmogorov backward equation are bounded for € € (0,7
then we obtain for all § € (0, T
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P P
[E[e(22") —o(x3%)] |,
< B’ - 4608 - C' - CF, - max{1, ||FHCS(H,H_19)}3 -max{1, | BllLip(m.Lo.rr)}

3
1 17217 'Y T
'max{l,T}'(l—i-mT ) '<1+1—19—p+1—,0

[H%DHLlp vyt eS?pT] [07(95) (E) (s f92)0+ 1(952),0,0

+c()+ct()()]0+ct()())00+cé()]00]]

[C2Ch19Cs + Co0,0 + Co0,0 + CoCop + CoColCrp+ Co—pp + T5C0,-p,p)|

1—9
: [max{l, €1l @)} + CoCpaCorpyall FllLip( ir_s) =57
10
+275C2 ) max{|[| Bl|Lip(5,Lo(u,m))» Ca (1 + 75| Bl|Lip( HL2(UH))T2) =
Tlfﬂ
‘BEi1_g(2I(2 - 9) (COCﬁ’F‘Lip(H,H,g)ﬁ
5
T\ 2\ 2
+ 7504 max{|Bpip( HLg(UH)aCG}(1+TST2)T 19) ) :
(3.75)
Because the right-hand side of (3.75) does not depend on ¢ and since
75 ,(S
[E(z0) - 23] + [E[p22%) - o) | -
0,6 0,0 ’
< “P’Lip(H,V)HZT — Zr ‘ L) + ’@\Lip(H,V)HXT - XT‘ L)
we can use Lemmas 3.8 and 3.9 together with (3.75) to get that
0
[Elp(2r) — o(XD)]lly < lim [[E[¢(Zr) - o(22)] |,
+ [E[e(22%) - o(x29)]||, (3.77)
,0
+ HE[SO(Xg ) = @(XT)} HV
<CO-hP (3.78)
where C' € [0, 00) is the constant on the right-hand side of (3.75). O

3.3.2 The Case 9 € [1/2,1)

In this irregular case, we find that the kind of regularisation we employed in the previous
case would lead to a blow-up. We cannot remove the regularisation as fast as we would
like and thus have to accept a reduction in the order of convergence. But, we can at least
try to balance the step size and the mollification parameter in an optimal way. Thus, we
have the following result.

83



Chapter 3 Weak Convergence for Irregular Coefficients

Theorem 3.11.
Let ¥ € [3,1), p € [0, 4119;_191), p > 5 and ¢ € Lip*(H,V). Then there exists a constant
C € [0,00) such that

IE[p(Z1) = o(X)llly < C - RP.

Proof. The strategy is the same as for Theorem 3.10, but we have to choose some
parameters differently since Lemma 2.8 only holds for 9 € [0, %)

First, we use the mollified processes defined above and the triangle inequality to get
that

[E[e(23") —o(x2%)] |, < ||E[e(22") - e(257)] |,
+ |[E[e(22) — p(x77)]
+ [E[e(x7%) - w(x2)]

HV (3.79)

Iy

foralle, 0 € [0,T]. Since supte[oﬂ||Xf’5||Lp(Q’H) < oo as well as Supte[oﬂ"]||Zf’5||Lp(Q’H) <
oo for all €,0 € [0,7] we can apply Lemmas 3.6 and 3.7. In this case we want to apply
them with r =2 and p=1—19 — e where we fix e =1 -9 — (49 — 1)p € (0,1 — ¥]. The
choice of € will become clear later. We thus obtain

[E[e(22") —o(z20)]||,, + [E[(x7") — 0(x2%)] |,

0,8 5 0,6 0
< |<P\Lip(H,V) : (t S[lépT]”Zt - Zts ||L2(Q,H) + tS[%PT]HXt - Xte ||L2(Q,H)>
€ 9 S I

T
719 2
+ CyC19—C1—e|| FllLip(a,a_g) —c— + 272C0CT_y_

€

2
1
-max{ || Bl Lip(a,Lo (v, 7)), Ca Y (1 + 72| Bl Lip(a, Lo, m5) T2 )/ w_THgg] (3.80)

‘E1_y (QF@ — ) (COCﬂ|F|Lip(H,H,§)%

e 1
< A glupre™ max{l,} [co max{1, |/l 2}

1 =9\ 2
+ 72C¢ max{|Blrip(r,Lo (v, Ca} (1 + 12T2)T/ 21— ) )

for all €,6 € [0,T]. Next we use Corollary 2.10 with p = % and ¥ = % - %e to bound the
second term for all €,d € (0,7] as
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[E[e(z2%) - 0(x59)]]|,

1
< h2 - Cf, max{1, HFEHCE(H,H—%J%()}?) ~max {1, || Bel|vip(aro ()}
2881l @ e 4 F + )
ey + e s +e s el oo+ ey o
+C((f())+C((f()),o+C(()E,()),0,0+5((f()),0,0} (3.81)

-04[020 C C C Ci 1.0
0[C1C 1l 1T Cool T 101 TO1 101

+C;7;€C;(C
273¢ 3

11 1
2°2 2

N =

- max {1,

where Corollary 3.5 shows that

T71-79

Ks < s[co maxc{L, s e} + Coll Felluaprnirp) T
2

=

1
+ 75C0Cq. (1 + 75| B Lip(a,Lo 0, ) T2)T

_ 1 — 2\ 2
By <2r(2 — ) <0§1F€|Lip(HﬁHﬁ)Tf_l;9 + 15CoCe. (1 + 75T2)T 7;_;) ) .

This time we have to pay a price for the mollification. Because F' is H_y-valued and

9 > % — ée we have to use the semigroup properties to bound

1.1,
|Fellosqern 59| Fllosn ) (3.83)

for all ¢ € (0,7]. The diffusion term can as before be bounded as | Be |l Lip(#, Lo (U, H)) <
CollBllvip(a, Lo, H))-

Putting (3.79)-(3.83) together we arrive at
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[E[e(22?) - o(x7)]
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e e T A

+Ci_1,Ci(C

1_1 11
273 2 272
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2 ? 2 ’ 202

[ 1—9
- (max{L, €]l 5.} + CoCr—v—cCrel| Fllnip(a, e + 275CF g

10

1
) maX{HBHLip(H,LQ(U,H))a Ca}(1+ T5HBHLip(H,L2(U,H))T2 )\/ 7219,7£+2€

‘Ei_y (QF(Q — ) (%Qﬂﬂmmamm%

ot

1 —9\ 2
+ 5 Cf max{| Blup(aaians Cal1 + T HTYES )

(3.84)

which holds for all €,0 € (0,7]. If we now couple the mollification parameter to the step
1
size of the approximation as ¢ = (h/7)™-1 and remember that e =1 — 9 — (49 — 1)p

then we can estimate the critical terms as

B 3(0-+1¢)

1—9—¢
<h> 10—1 (h) Thl
N - 2
T + T
1

1. 1-0-e
< 2max{T, f}h =

N

e)}h

ol

1
e 777 4 max{1,e 302t

1
=2 T, =}h".
max{ ,T}h

(3.85)

(3.86)

(3.87)

Next we use again Theorem 1.38 to see that the constants arising from the Kolmogorov

backward equation are bounded for € € (0,7 and obtain for all § € (0, 7]

86



3.3 Weak Convergence for Irregular Coeflicients

0 0
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(e (©)
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|:H(P||L1p HV)+ sup [Cl
e€(0,T] " 2
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2
[%leée%f%e +Cho3 + Cygeny + O30y
+0y 3OOy 3+ 0y gy y + 7500y )]

1—9
' {max{l, 1€l 5.1y} + CoCrov—cCr—e | FllLip(m,_p) T + 275C7_g_

10
1
-max{ || Blluip(a, 1o, 1)) Ca (1 + 75| Blluip(araw,my T2 )\ 55=173¢
T1-7
"E1g(20(2 - 9) (00019|F|Lip(H,H_ﬁ)ﬁ
5
i\ 2\ 2
+ 75C3 max{|B|Lip(H,L,(U,H))> CG}(1+7'5T2)T ,9) ) .
(3.88)
Because the right-hand side of (3.88) does not depend on ¢ and since
0 5 0 ,0
el 39, + [t - s, "
0,6 0,0 ’
< |90\Lip(H,V)HZT —Z7 ‘ L2, + |<P|Lip(H,V)HXT - XT’ L)
we can use Lemmas 3.8 and 3.9 together with (3.88) to get that
0
|Elp(Zr) — o(XD)]lly < lim [[E[¢(Zr) - o(22)] |,
+ [E[e(28%) - o(x29)]||, (3.90)
,0
+ HIE[sO(Xg ) - @(XT)} |,
<C-hn* (3.91)
where C' € [0, 00) is the constant on the right-hand side of (3.88). O
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Conclusion

We have proved new convergence rates of time-discrete schemes for the weak approxi-
mation of the mild solution of semi-linear parabolic stochastic evolution equations. The
rates of convergence depend on the overall regularity parameter ¥ := max{«, 24} which is
composed of the regularity o € [0, 1) of the drift coefficient and the regularity g € [0,1/2)
of the diffusion coefficient. In the setting of this thesis, only regular diffusion coefficients
(8 = 0) are allowed for the Milstein-type schemes and thus ¥ = «. In particular, we
have shown that the considered Milstein-type schemes achieve a weak convergence rate

of almost
1—9 9€l0,i),
P = {1—19 geb)
19—1 25 4)

i.e. a rate of pM — ¢ for arbitrarily small € > 0 in the number of time steps.
Let us compare this to [JK21]. The authors investigated Euler-type schemes and
proved a weak convergence rate of almost

1—-9 9elod),
T00—1 €3 1)

Note that the restriction to f = 0 is not necessary for Euler-type schemes. Both
convergence rates are visualised in Figure 3.1. We can see that the rates coincide for
small ¥. In the regime 9§ > %, we have pM > pF| which seems to suggest an improved
convergence rate of the Milstein-type schemes over the Euler-type schemes. However,
this small improvement is solely an artefact of the restriction 8 = 0 that we must impose
in order for the Milstein-type schemes to be well-defined. If we repeated the proof in
[JK21] under the assumption that 8 = 0, we would obtain the same improved rate oM for
the Euler-type schemes as well. The remaining advantage of the Milstein-type schemes
would thus be an improved strong convergence rate. But we emphasise again that in
our setting no proof of a strong convergence rate is currently known. Knowledge of both
strong and weak rates would allow applications to multilevel Monte Carlo schemes, see
for instance [Gil08; Lan16].

The form of the proved convergence rates for Euler- and Milstein-type schemes very
strongly suggests that in both cases 1 — ¢} should be the correct order for all ¥ €
[0,1). Nevertheless, without an improved result on the regularity of solutions of infinite-
dimensional Kolmogorov backward equations (compare Theorem 1.37) we are not able to
prove this conjecture. In particular, we would need to allow §; € [0,1) in Theorem 1.37
instead of &; € [0, ) and also lift the restriction Sk < 1 to at least allow Sk <1
See also the introduction in [BD18] for a detailed account of this problem.
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Conclusion

Weak Convergence Order
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"~ - - - Milstein

Order p
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i~ >
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Irregularity 4

Figure 3.1: Convergence orders for the Euler-type schemes from [JK21] (blue, dotted)
and the Milstein-type schemes considered here (red, dashed) depending on
the regularity of the drift F': H — H_y and diffusion B: H — La(U, H_y/2).
For the Milstein-type schemes we require B: H — Lo(U, H).

In this thesis, we focused only on the time-discrete approximation. Since the Hilbert
spaces on which the solution lives are in general infinite-dimensional, we have to combine
the obtained results with a discretisation in space. For this purpose, we refer to [CJK19]
as an example of spatial discretisation by Galerkin methods. In addition, the Wiener
process also lives on a possibly infinite-dimensional Hilbert space. In order to successfully
implement such a numerical scheme we therefore have to discretise the noise as well. The
weak convergence of the noise discretisation was for instance investigated in [HM19].
The combination of these three building blocks was not covered in this thesis and is the
subject of future work.

Another possibility for further research directions is provided by Milstein-type schemes
that are not covered by our setting, for example, more efficient derivative-free Milstein
schemes [HR23] or so-called tamed Milstein schemes [HJK12; WG13b] as well as an
extension to Banach space-valued processes [HJK16].

Lastly, we aim to investigate the feasibility of lifting the § = 0 restriction of the
Milstein scheme by incorporating a small modification into the crucial iterated integral
term.
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