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Abstract

Neural networks and in general subsymbolic learning approaches perform well on usual
learning tasks, but they are black boxes lacking desired properties such as explainability
or trustworthiness. Fully integrated symbolic/subsymbolic systems account for these
properties, e.g., through the injection of symbolic information into a subsymbolic learn-
ing framework. Systems relying on embeddings can be considered as specific examples
of such systems where facts, expressed in some logic, are embedded into a continuous
space. Instances mentioned in the facts are mapped to points and the concepts men-
tioned in the facts are mapped to regions in that space. This allows to exploit geometric
regularities in order to tackle typical learning tasks such as link prediction. Embeddings
provide the first step towards filling the gap between qualitative, Tarskian style seman-
tics which is used for deductive reasoning over the facts, and quantitative structures
which are used for representing objects, relations, and concepts for learning purposes.
However, to enable meaningful reasoning, embeddings of relations and concepts are not
allowed to be shaped arbitrarily. Especially, convex sets turned out to be appropriate
due to their computational advantages and due to their foundation in cognition. Con-
vexity can be defined with a ternary betweenness relation and concepts can be defined as
betweenness-closed (= convex) sets. Though many interesting phenomena of cognitive
reasoning can be explained in such a framework, it is at least not obvious how to use
betweenness for other, more logico-formal aspects of reasoning that, e.g., require defin-
ing logical operators. However, convexity is not the only relevant notion for embedding
approaches. Next to it, also similarity is a notion vital for inference and allowing for
modeling negation in form of dissimilarity. This leads to the possibility of modeling
negation via the orthoframes of Goldblatt (1974). This dissertation tackles the question
of how these two fundamental aspects of embedding approaches can be combined.

In this dissertation, I provide results for connecting betweenness and similarity, thus
convexity and orthoframes. In particular, I investigate the construction of a space of
convex concepts equipped with an orthogonality relation. I give a universal construc-
tion of a betweenness relation over an orthoframe and show that based on Euclidean
betweenness (thus using the classical notion of convexity) and under some natural re-
strictions, convex cones (and a relaxation thereof) are the only structures capable of
modeling such a space. Next to the propositional case, also the extension to modeling
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Abstract

relations in an expressive way is considered, on the one hand based on reification allow-
ing for modeling expressive partial relations, on the other hand focused on modeling an
arbitrary quantifier depth. For increasing explainability and trustworthiness, it is not
only necessary to have an interpretable approach but also to be able to determine its
expressivity. Therefore, logical commitments are introduced as a way to determine the
expressivity of embedding approaches.
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Kurzfassung

Neuronale Netze und subsymbolische Lernverfahren im Allgemeinen liefern gute Er-
gebnisse flr klassische Lernaufgaben, ihnen mangelt es aber aufgrund ihres Black-Box-
Verhaltens an Erklarbarkeit und Vertrauenswiirdigkeit. Systeme, die symbolische und
subsymbolische Verfahren miteinander kombinieren, erlangen diese Eigenschaften, z.B.
durch das Hinzufiigen symbolischer Informationen in ein subsymbolisches Lernverfahren.
Systeme, die auf Einbettungen basieren, sind ein Beispiel hierfiir: Fakten, dargestellt
mithilfe einer Logik, werden in einen kontinuierlichen Raum eingebettet. Instanzen, die
in diesen Fakten genannt werden, werden auf Punkte in diesem Raum abgebildet, die
genannten Konzepte auf eine Region in diesem Raum. Das erlaubt, geometrisches Ver-
halten zu nutzen, um typische Lernaufgaben wie die Vorhersage von neuen Tripeln zu
erfiillen. Einbettungen sind der erste Schritt, um die Liicke zwischen qualitativer Se-
mantik im Stil von Tarski, die zum deduktiven Schliefen iiber Fakten genutzt wird,
und quantitativen Strukturen, die genutzt werden, um Objekte, Relationen und Kon-
zepte zum Lernen darzustellen, zu schliefen. Aber um ein aussagekraftiges Schlieffen zu
ermoglichen, diirfen die Konzepte nicht beliebig geformt sein. Konvexe Mengen haben
sich als besonders niitzlich herausgestellt, einerseits aufgrund ihrer Vorteile in der Re-
chenkomplexitét, andererseits durch ihre Fundierung in der Kognition. Konvexitét kann
mithilfe einer terndren Dazwischen-Relation definiert werden, sodass Konzepte als Men-
gen dargestellt werden, die abgeschlossen gegeniiber der Dazwischen-Relation und somit
konvex sind. Obwohl so ein System die Erklarung vieler interessanter Phénomene des
kognitiven Schliefens ermoglicht, ist es nicht offensichtlich, wie man diese Dazwischen-
Relation fiir andere, formal-logischere Aspekte des Schlieens nutzen kann, z.B. solche,
die die Definition logischer Operatoren notwendig machen. Konvexitét ist nicht das ein-
zige relevante Konzept fiir Einbettungen, auch Ahnlichkeit ist wichtig fiir Herleitungen
und erlaubt es, Negation als Unahnlichkeit zu modellieren. Das ermoglicht es, die Nega-
tion mithilfe der Orthorahmen von Goldblatt (1974) zu modellieren. Diese Dissertation
beschéftigt sich mit der Frage, wie diese beiden grundlegenden Aspekte der Einbettung
kombiniert werden kénnen.

In dieser Dissertation stelle ich Ergebnisse zur Verbindung zwischen der Dazwischen-
Relation und der Ahnlichkeit vor, d.h. zwischen Konvexitit und Orthorahmen. Insbe-
sondere untersuche ich die Konstruktion konvexer Konzepte, die mit einer Orthogonali-
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tatsrelation ausgestattet sind. Ich gebe eine universelle Konstruktion einer Dazwischen-
Relation iiber einem Orthorahmen und zeige, dass, basierend auf einer euklidischen
Dazwischen-Relation (d.h. unter Nutzung der klassischen Interpretation der Konvexitat)
und bei Erfiilllung einiger kleinerer Einschrankungen, konvexe Kegel (und eine Verallge-
meinerung dieser) die einzigen Strukturen sind, die so eine Modellierung erlauben. Zu-
sétzlich zu dem propositionalen Fall habe ich auch die aussagekaftige Modellierung von
Rollen betrachtet, einerseits basierend auf Reifikation um partielle Relationen abzubil-
den, und andererseits mit dem Fokus der Modellierung einer beliebigen Quantorentiefe.
Um Erklarbarkeit und Vertrauenswiirdigkeit zu erhéhen, ist es nicht nur wichtig, einen
interpretierbaren Ansatz zu haben, sondern auch die Moglichkeit zu haben, die Aus-
sagekraft des Verfahrens zu bestimmen. Ich habe den Begriff der logischen Garantien
(englisch: logical commitments) eingefithrt, um diese Aussagekraft formal zu bestimmen.
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1 Introduction

After a motivation in Section 1.1, related work is presented in Section 1.2. The chapter
ends with a presentation of the contributions in Section 1.3 and an outline of the structure
of the dissertation in Section 1.4.

1.1 Motivation

Subsymbolic! learning approaches have gained importance in the last decades, in par-
ticular with the increasing relevance of neural networks. In the last years, however,
awareness has arisen that not only the result quality in terms of quantitative criteria,
such as precision and recall, is of importance. Instead, in order to garner further accep-
tance for subsymbolic learning approaches, it is important to increase the explainability
and trustworthiness of the systems [Garcez and Lamb, 2023]. The aim of this dissertation
is to shine a light on the black box of subsymbolic learning approaches.

There are different ways of thought to increase the explainability of a system: Post-hoc
explainability of deep learning systems considers the explanation as one step at the end
of the prediction process by determining the reasons for the classification result [Arrieta
et al., 2020]. An example is class activation mapping [Zhou et al., 2016], highlighting the
part of the input-image responsible for a specific output. Though such approaches lead
to an increase in explainability, they still do not change the black box behavior, as they
try to disclose the secrets of the black box only after it was trained. This leads to the
idea of pre-explainability of a system in the sense of interpretability, namely changing
the structure of the learning approach and thus circumventing the black box behavior

! Here, the widely used term subsymbolic should emphasize the contrast to symbolic methods and
thus should depict the learning approaches based on instance-based information, e.g., similarity
of instances. The term subsymbolic was introduced by Smolensky [1988]. Beside this term, also
the distinction between subconceptual and conceptual and the terms associatist and connectionist
are used (see, e.g., the work of Gérdenfors [2000, pp. 40ff.]). These terms have slightly different
meanings. As the emphasis here is to clearly show the contrast to the symbolic paradigm, in this
dissertation, the term subsymbolic is used as a general term, denoting approaches not classically
classifiable as symbolic approaches.
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directly in the design phase [Arrieta et al., 2020]. Thus, the aim is to design controlled,
well-founded systems that follow mathematically and logically grounded principles.

An example for systems solely based on such principles are symbolic approaches. They
rely on symbol manipulation based on rules and are thus more explainable and trust-
worthier than subsymbolic approaches. However, they have problems that subsymbolic
approaches such as neural networks are able to circumvent. The most important prob-
lems are the symbol-grounding problem [Harnad, 1990], the impossibility of deriving the
meaning/semantics of a symbol, and the frame problem [McCarthy and Hayes, 1969],
the issue of choosing the relevant rules for the derivation of a desired result.

Therefore, the aim is to combine these two mindsets in order to get the best of
both worlds. Fields of study dedicated to tackling this are Hybrid-AI [Marcus, 2020]
and Neuro-Symbolic AI (Ne-Sy AI) [Garcez and Lamb, 2023]. Their aim is to create
a combined symbolic-subsymbolic learning approach, on the one hand allowing for a
sufficiently structured logically grounded system, on the other hand incorporating the
advantages of subsymbolic approaches such as inconsistency-tolerance and groundings
of symbols. These areas give only a broad context for the approaches and do not hint
at how this combination should be achieved. There are several methods, ranging from
creating an interface between a symbolic and a subsymbolic level to defining a complete,
coherent approach unifying both paradigms. One especially successful idea for tackling
the problem of combining subsymbolic and symbolic information is to model the sub-
symbolic information (thus instances and their similarities) geometrically as points in
some space, e.g., but not limited to, a vector space, and the symbolic information by in-
terpreting the symbols (concepts) as regions containing these points. This approach can
be cognitively motivated, as has been done, e.g., by Gardenfors in his work on conceptual
spaces [Géardenfors, 2000].

Geometric representations turned out to be useful also in practice, e.g., in the area
of Knowledge Graph Embedding (KGE). In KGE, knowledge graphs, i.e., sets of (sub-
ject, predicate, object)-triples, e.g., (“alice”,“loves” “bob”), are embedded into some
low-dimensional vector space (for an overview of KGE, see for example the survey of
Q. Wang et al. [2017]). In this context, approaches such as TransE [Bordes et al., 2013]
allow for link prediction with an accuracy that was impossible to achieve previously.
These approaches benefit from the ability to model similarity of objects geometrically
and the ability to do link prediction based on this similarity — and not only based on
known rules about the relations. Whereas TransE and related approaches cannot be
considered an instance of Ne-Sy Al, as they do not incorporate any symbolic informa-
tion, the pioneering task of TransE paved the way for enhancements of KGE, extending
learning with some form of additional information. This information ranges from using
natural language descriptions to considering role paths [Q. Wang et al., 2017]. One pos-
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sibility, hinting towards symbolic approaches, is to incorporate background information
in form of axioms about concepts and their relations geometrically in the embedding.
Concept subsumption can then be modeled as subset-relation and logical operators such
as conjunction with the help of geometrical operators — as cognitively motivated by
Gérdenfors [2000]. This allows for interpretability in the sense that a result is not only
based on similarity to other results but also on background knowledge. Accordingly,
such an approach increases the real-world plausibility. This is in contrast to the sym-
bolic approach — while a Ne-Sy Al-approach does not provide a full explanation, it
does give a strong indication in the direction of correct and thus trustworthy results,
explainable based on background knowledge while circumventing the drawbacks of a
purely symbolic approach. In an approach not incorporating background knowledge it
would be, e.g., possible to state that an object is both a cat and a dog, whereas when
the background knowledge that cats are disjoint from dogs is incorporated, this is not
possible. This is not only useful in such simple examples but also for real-world prob-
lems, e.g., in a medical context, in which background information is required to ensure
that two prescribed drugs are not contraindicative.

The aim, however, is not only to enable modeling structured information in some form
but to enable modeling a background logic of sufficient strength, to avoid biases in the
learning approach if, e.g., specific background information axioms cannot be modeled
based on the given geometric structure. This is particularly true for the representation of
negation and disjunction. However, there is a need for modeling negation in embedding
approaches. Negation in learning approaches is a topic that is becoming increasingly
popular, especially in learning for language models. Whereas in the past the word “not”
was considered a stop-word and removed before training, it is now considered a vital part
of the language model and its treatment is the subject of many research projects (see,
for example, the survey of Morante and Blanco [2020]). It is also gaining importance in
other areas, e.g., in KGE, as more and more KGE-approaches are able to model some
(weak) form of negation (e.g., by Garg et al. [2019], Kulmanov et al. [2019] and Zhang
et al. [2021]). Not only positive information but also information stating that something
is not the case is of importance. One prominent example is again from the medical
realm in which it is not only necessary to be able to model that a patient has a specific
disease but also to model that a patient definitely does not have this disease. One easily
modeled type of negation is negation as set-complement, where “e is not C'” is true if
it cannot be proven that “e is C'” is true. This is not appropriate, as a proper model
of negation is needed that enables expressing the difference between remaining silent on
the question of whether entity e belongs to a concept C' and stating that e belongs to
the negation of C'. Additionally, when considering this type of negation in the context
of embeddings, the negated concept is mostly less structured than the concept itself,
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e.g., it is possible that the negation as set-complement of a convex representation of a
concept is not convex anymore. At this point, the first technical question tackled in this
dissertation arises:

Question 1. What should a negation suitable for expressive embedding approaches look
like?

The area of negation is a widely researched topic and many different types of negation
for many different use cases were proposed, both on philosophical and logical grounds
(for an overview see, e.g., the book of Horn [2001]) but not all of them are both of
sufficient strength and sufficiently well representable in a geometric setting.

The definition of a suitable negation is not the only thing to consider for a good
learning approach. It is not only necessary to model logical operators but also to de-
termine their strength and know their expressivity. This is in particular important for
increasing the explainability and interpretability of a system. These attributes, together
with others, make up, what I call, the logical commitments of an embedding approach.
Logical commitments of a learning approach are its expressivity on different levels (not
only the expressivity of logical operators), e.g., which relations are representable, which
logic can be modeled, the question on the used inference service, i.e., whether a result
is achieved via induction or deduction etc. The knowledge concerning the commitment
of a learning approach is vital for a good result, as it is necessary to recognize biases
resulting from a lack of representability. If a dataset contains a lot of transitive tuples
but the embedding approach is not able to embed relations allowing for transitivity, then
the approach is not adequate, independent of the results of quantitative quality criteria.
This enforces the necessity to exactly determine in advance which logical commitments
are needed for a given task and to determine which learning approach is able to fulfill
these commitments and is thus able to model the given data in a sufficient way to enable
for correct, explainable and bias-free learning. This leads to the second question handled
in this dissertation:

Question 2. What are the logical commitments of learning approaches and how are they
determined?

Here, the main observation towards answering this question is that the aim is not to
model a perfect representation of reality but to find an approach of sufficient strength to
model the desired task as simply as possible to allow for efficient learning and reasoning.
Choosing an embedding approach based on the desired logical commitment sufficient
for the given task changes the way of defining an embedding approach. Whereas actual
embedding approaches are mainly based on the choice of some geometric object with
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appropriate properties as a basis and a determination of its logical commitments only
afterwards (if it is determined at all), the aim should be to define the geometric structure
based on some low-level attributes of the data and thus based on the data-oriented
information need. But what are the main ingredients of embedding approaches and,
thus, their foundational attributes? What attributes are at most necessary to model a
sufficient embedding approach?

One basic ingredient is the similarity of objects, as it is the foundation of subsym-
bolic learning approaches and thus a vital part of a Ne-Sy Al-approach. It is not only
important to gather information on the similarity of instances but also to determine
beforehand which type of similarity should be used. Whereas the classical similarity
is distance-based (e.g., based on the Euclidean distance), this is not the only one and
especially not the best fitting one for all circumstances and all datasets [Tversky, 1977].

Though similarity is a vital notion for subsymbolic approaches, it is not sufficient to
rely on similarity alone, in particular, when concepts and their interplay are considered.
It is necessary to analyze the structure of the concepts and to restrict their structure to
expressive representations. This can be done with the help of betweenness. Betweenness
between three elements a,b and ¢ states that b is in between a and c. This thus allows
for some notion of order of the elements, e.g., by enforcing that if two elements are in a
concept, then the element in between these elements is also in this concept. This leads to
a more natural representation of concepts by enforcing convexity (betweenness-closure).

Convexity is vital for embedding approaches, as, based on the principles of cognitive
economy [Gérdenfors, 2000, p. 70], a simple structure increases learning and reasoning
capabilities. This is underlined by practical aspects such as the computational advan-
tages of convex optimization and also the fact that actual embedding approaches mostly
rely on convex regions, e.g., spheres [Kulmanov et al., 2019}, boxes [Abboud et al., 2020]
or arbitrary convex structures [Gutiérrez-Basulto and Schockaert, 2018]. This is not
restricted to the standard Euclidean betweenness in terms of points on a line (just like
the similarity is not restricted to be based on the Euclidean distance) but allows for
betweenness (resp. similarity) of different strengths, depending on the use case.

This directly leads to the third question:

Question 3. How does a general framework based on similarity and betweenness look
like that can serve as basis for embedding approaches of different strengths?

To get an embedding approach based on such a framework, some additional steps are
necessary, e.g., defining a training objective or architecture. However, such a framework
can serve as a basis, giving, based on some basic notions of similarity and betweenness,
a possibility for modeling an expressive embedding. Using a geometrical structure as a
basis for the creation of an embedding approach, in contrast, leads to a more restricted
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approach. This construction also helps in finding adequate structures for modeling
negation, whereas many geometric approaches are unable to do so. Thus, starting with
an arbitrary concept shape lowers the chance to model a sufficient negation based on this
shape. Starting on the level of similarity and betweenness and using a general framework
accordingly leads to an approach incorporating negation.

To revisit the statement of the beginning: The black box can be enlightened by, first,
introducing symbolic information into the learning approach, second, determining the
logical commitment of this approach and, third, defining the approach based on low-level
properties of the underlying data.

Thus, to combine the three questions, the main question answered in this work is:

Question 4. How does a general framework for embedding look like, able to model an
expressive background logic and being as adaptable to specific needs as possible?

These three questions lead to the main hypothesis which will be proven in the course
of the dissertation:

Hypothesis. [t is possible to define a framework based on information about similarity
and betweenness modeling logical operators, especially negation, geometrically.

1.2 Related Work

Ne-Sy Al is a widely researched topic that led to many successful learning approaches.
The focus in this section lies on embedding methods and in general on geometric learning.
There are many KGE-approaches that incorporate background knowledge in many dif-
ferent forms and thus can be considered as Ne-Sy Al-approach. One variant is to model
concepts directly as geometric objects, e.g., spheres [Kulmanov et al., 2019], boxes [H.
Ren et al., 2020; Jackermeier et al., 2023; Xiong et al., 2022; Abboud et al., 2020; Peng
et al., 2022], cones [Bai et al., 2021; Zhang et al., 2021; Ozgep et al., 2020], subspaces
of a Hilbert space [Garg et al., 2019], general convex regions [Gutiérrez-Basulto and
Schockaert, 2018] and others. From these approaches, only those of Garg et al. [2019]
and Ozgep et al. [2020] are able to model negation sufficiently. Others, such as that
of Zhang et al. [2021] can model negation but only in its weaker form of negation as
set-complement. However, the approaches also differ in their way of handling logical
operations in general. Whereas, e.g., Garg et al. [2019] handle logical operations as
geometrical operations being able to model the properties of the logical operations ex-
actly (e.g., an object x is in A and B iff it is in A and in B), this is not the case in all
approaches. In contrast, in the approach of Zhang et al. [2021] conjunction is learned
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based on a neural network and thus models only approximately the correct behavior.
Accordingly, the logical commitments are not exactly determinable.

Other approaches of KGE are, e.g., TransE [Bordes et al., 2013] or RotatE [Sun et
al., 2019] which are simple models, embedding instances as points and relations (thus
predicates) as translation resp. rotation. They do not incorporate any background
information and, thus, are not able to model concepts sufficiently. Besides the approaches
only modeling instances and their relations, there are several approaches incorporating
some sort of additional information. This information ranges from textual descriptions
to information on the concept membership and rules [Q. Wang et al., 2017]. Here, the
focus lies on embedding background knowledge in form of concepts of a specific shape
and modeling logical operators as geometric operators. An example for an approach,
different from the explicit geometric approaches mentioned above, is, e.g., semantically
smooth embedding (SSE) [Guo et al., 2015], embedding entities belonging to the same
concept close to each other. Due to its simplicity it is not able to model subconcept
relations and does not allow for an instance having several concepts. Other approaches,
such as that of Xie et al. [2016], handle these restrictions but do not model the concepts
as intersecting regions. Instead, for an object having multiple concepts, an embedding
for each concept is learned separately. Then for link prediction only the embedding of
the concept relevant for the considered role is used.

The usage of geometric models is not restricted to KGE, as it can be also used, e.g.,
in the context of multi-label learning. There, general approaches such as Support Vec-
tor Machines (SVMs) can be considered as modeling concepts as geometric regions.
However, SVMs are mostly not able to model logical operators geometrically. Consid-
ering, e.g., two simple SVMs without a kernel having learned a discrimination between
concept-membership and non-membership with one SVM for each concept. Then, the
area depicting concept membership is a half space each, however, the conjunction of
these two concepts is mostly not a half space but a conjunction of half spaces and thus
not representable as a learned concept.

Geometric models are also used in their more abstract form in conceptual spaces [Gér-
denfors, 2000]. The theory of conceptual spaces is focused on the information processing
in the human brain and proposes that information is modeled geometrically in the brain
by representing concepts as regions and instances as points in a space. In contrast to
the embedding approach mentioned above, the focus here lies not on learnability but
on a semantically meaningful representation of the knowledge in an embedding, thus,
e.g., considerations on domains and meaningful dimensions. Conjunction should be, e.g.,
modeled not as set-intersection but as complex interplay of information of different do-
mains [Gardenfors, 2000, pp. 114 ff.]. Hereby, negation is described as being particularly
difficult [Gardenfors, 2014, p. 238]. In contrast, the focus in this dissertation does not
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lie on a representation having an exact semantics but on a representation enabling for
learning and reasoning.

Though the above-mentioned embedding approaches lead to a more or less good result
quality, they are, with two exceptions, not able to model a sufficient negation. These
two approaches are based on a specific definition of the shape of the concept, namely
subspaces of a Hilbert space and convex cones. Accordingly, the aim is to design a
more general approach based on similarity and betweenness. Though there are some
approaches that take into consideration the connection between similarity and between-
ness, e.g., Sheremet et al. [2007] propose a description logic incorporating similarity
information and Ibanez-Garcia et al. [2020] consider similarity and betweenness for con-
cept interpolation, none of these approaches consider negation.

Based on these works, I identified the need for the definition of a general framework al-
lowing for modeling expressive logical operators geometrically. Therefore, I introduced a
framework combining betweenness and similarity as the basis for embedding approaches
[Leemhuis and Ozgep, 2023]. The case of convex cones as a special case has been pre-
sented by Ozgep et al. [2020] for the propositional case (including an extension for an
approximated representation of roles) and I extended it for the incorporation of relations
[Leemhuis, Ozcep, and Wolter, 2022a]. T also presented the application of the frame-
work (again for the special case of cones) [Leemhuis, Ozcep, and Wolter, 2020; Leemhuis,
Ozgep, and Wolter, 2022b].

1.3 Contributions

The aim of this dissertation is to define an abstract embedding framework based on
betweenness and similarity, able to model negation and acting as a basis for embedding
approaches. The contributions are as follows:

(1) Identifying orthonegation as suitable negation The modeling abilities of the
proposed framework are highly based on the underlying definition of negation. I propose
to use the orthogonality relation, as it is a symmetric and irreflexive relation interpretable
as incompatibility and is thus strongly connected to the similarity being the basis of
subsymbolic learning approaches. Next to the negation, also the type of conjunction
and disjunction modeled is discussed. It turns out that such a modeling is both logically
and psychologically justifiable.

(2) Betweenness and similarity as basis for an embedding approach I identify two
basic notions, vital for embedding approaches, namely similarity and betweenness. This
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allows defining the negation based on dissimilarity and leads to an expressive and well-
structured embedding with, due to convexity (betweenness-closure), good computational
behavior.

(3) Conceptual Orthospaces Based on the orthogonality relation, betweenness and
similarity, I create the framework of Conceptual Orthospaces (COSs). This framework is
situated in the area of Ne-Sy Al and extends existing approaches by (i) enabling modeling
negation, (ii) giving an unified underlying framework and, due to its high expressivity,
enabling to act as basis for many different embedding approaches of different strength
and (iii) allowing for theoretical considerations on the possible expressivity of embedding
approaches and their limits.

(3a) Orthonegation-induced betweenness [ propose several options for creating a
COS. One option is to have an orthogonality relation given and to induce a betweenness
relation. I examine two variants, enabling, on the one hand, to induce a strong be-
tweenness relation based on a restricted orthogonality relation and, on the other hand,
to induce a betweenness for an arbitrary orthogonality relation — to the cost of hav-
ing a weaker resulting betweenness. Thus, I show that a COS can be created given an
orthogonality relation.

(3b) Betweenness-induced orthogonality It is also possible to induce an orthogo-
nality relation based on a given betweenness relation. This is done exemplarily for the
case of Euclidean betweenness.

(4) COS based on Euclidean betweenness I consider Euclidean betweenness and
show that (under some natural restrictions), the resulting COS based on Euclidean be-
tweenness is not arbitrary, in fact, it is restricted to closed convex cones and a relaxation
thereof and the orthogonality needs to be defined as polarity. Thus, it is possible to use
COSs based on Euclidean betweenness — and thus possible to model an expressive nega-
tion in an embedding situated in the Euclidean space. However, it turns out that cones
are vital for such constructions. This is underlined also when considering roles, as a
cone-based COS enables to model roles expressively.

(5a) COS with roles  COSs are not only usable in the propositional case but can also
be extended with roles. For the case of a cone-based COS, I propose an interpretation
of roles based on reification, enabling to model an expressive embedding, allowing, e.g.,
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for partial interpretations and in particular for the interpretation of all knowledge bases
in full ALC.

(5b) COS for faithful embeddings Next to the reification-based approach for roles
in a cone-based COS, I consider a different approach, also based on cones, enabling
modeling ontologies with arbitrary quantifier rank faithfully and thus allowing for an
high expressivity of the resulting COS.

(6) COS as basis for embedding approaches COS are not only usable on theoretical
grounds but can also be brought to practice. I demonstrate the usability of COS-
based embedding approaches with the help of two use-cases: Using COSs for Zero-
Shot-Learning increases the interpretability and trustworthiness compared to a reference
approach. Additionally, I underline the significance of the proposed COS by showing
that an existing embedding approach is a special case.

(7) Logical commitments of learning approaches COSs increase the interpretability
of learning approaches. However, to follow the lines of Ne-Sy Al, it is also important
to consider the post-hoc explainability. The explainability has been considered only for
subareas of embedding approaches, e.g., regarding properties of roles such as transitivity
or reflexivity before. I propose the consideration of logical commitments allowing for a
thorough view on the post-hoc explainability of embedding approaches, ranging from
considerations on concept representations to the expressivity of the modeled logic to the
inference service used.

1.4 Structure of the Dissertation

After the introduction, the dissertation starts with laying out the foundation for COSs.
First, in Chapter 2 the general problem is stated, namely enhancing embedding ap-
proaches with background information. Therefore, ontologies are introduced as a form
of modeling this background information and the combination of symbolic and subsym-
bolic information in general is discussed. Before coming to actual embeddings, I consider
in Chapter 3 in detail which logical operators should be represented. Thereafter, the
main part of this dissertation is divided into two parts:

o Part I introduces COSs as a framework for expressive embeddings.

— Chapter 4 identifies the vital parts of embedding approaches for concept
formation, namely betweenness and similarity.
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— Chapter 5 gives a definition of COSs.

— Chapter 6 considers the construction of COSs based on a given similarity
resp. betweenness relation

These three chapters are an extension of the publications

Mena Leemhuis and Ozgiir L. Ozcep (2022). “A Goodman-style Be-
tweenness Relation on Orthoframes”. In: Proceedings of the 8th Work-
shop on Formal and Cognitive Reasoning, co-located with the 45th Ger-
man Conference on Artificial Intelligence (KI 2022). Ed. by Christoph
Beierle, Marco Ragni, Kai Sauerwald, Frieder Stolzenburg, and Matthias
Thimm

Mena Leemhuis and Ozgiir L. Ozcep (Nov. 2023). “Conceptual Or-
thospaces—Convexity Meets Negation” In: International Journal of
Approzimate Reasoning 162, p. 109013. pO1: 10.1016/j.1ijar.2023.
109013

o Part II considers applications of these COSs.

— Chapter 7 considers the special case of a COS based on Euclidean between-
ness. This is an extension of parts of

Mena Leemhuis and Ozgiir L. Ozcep (Nov. 2023). “Conceptual Or-
thospaces—Convexity Meets Negation”. In: International Journal
of Approximate Reasoning 162, p. 109013. DOI: 10.1016/j.1ijar.
2023.109013

— Chapter 8 regards the extension of COS with roles. This chapter is based
on the following two publications, whereas from the second one only one
independent part was used.

Mena Leemhuis, Ozgiir L. Ozgep, and Diedrich Wolter (2022a).
“Knowledge Graph Embeddings with Ontologies: Reification for
Representing Arbitrary Relations”. In: German Conference on Arti-
ficial Intelligence (Kiinstliche Intelligenz). Ed. by R. Bergmann, L.
Malburg, S.C. Rodermund, and I.J. Timm. Lecture Notes in Com-
puter Science 13404. Springer International Publishing, pp. 146—
159. por: 10.1007/978-3-031-15791-2_13

Ozgiir L. Ozgep, Mena Leemhuis, and Diedrich Wolter (Oct. 2023).
“Embedding Ontologies in the description logic ALC by Axis-Aligned
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Cones”. In: Journal of Artificial Intelligence Research T8, pp. 217—
267. pOI: 10.1613/jair.1.13939

— Chapter 9 showcases the use of COSs in embedding approaches. Parts of this
chapter are based on the publication

Mena Leemhuis, Ozgiir L. Ozgep, and Diedrich Wolter (Oct. 2022b).
“Learning with cone-based geometric models and orthologics™ In:
Annals of Mathematics and Artificial Intelligence 90, pp. 1-37. DOTI:
10.1007/s10472-022-09806-1

— Chapter 10 considers the logical commitment of embedding approaches in
general, with a special focus on COSs.

The dissertation ends with a conclusion and a discussion of future work in Chapter 11.
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2 Enhancing Learning Approaches with
Background Knowledge

Multi-label learning as a classical learning approach aims at the determination of (pos-
sibly multiple) classes of a new instance based on training data in the form of instances
and their classes. Subsymbolic solution strategies are based on, e.g., a collection of
binary classifiers or on straightforward neural networks. They either do not incorpo-
rate the interrelation between classes or they incorporate it only implicitly based on
correlation [Gibaja and Ventura, 2014]. Using a symbolic approach for solving such a
problem can lead to problems when handling inconsistent data and to high complexity
of the determination of the result. The same problem occurs in KGE where in standard
subsymbolic approaches such as TransE [Bordes et al., 2013| the concept membership
of instances and rules restricting the relations are not considered, whereas in symbolic
approaches on knowledge graph completion, the huge size and low quality of knowledge
graphs can lead to problems [Hogan et al., 2021].

There are many ideas combining subsymbolic and symbolic approaches to utilize the
advantages of both. As the main focus of my work lies in employing these ideas, in
the following, the necessary technical basis is introduced. First, in Section 2.1, the
representation of symbolic knowledge with the help of ontologies and Description Logics
is considered. Ontologies serve as a suitable representation of symbolic knowledge as a
basis for a combined symbolic/subsymbolic framework. After that, in Section 2.2, the
advantages and disadvantages of both the symbolic and the subsymbolic paradigms are
discussed and Ne-Sy Al is explained as a general framework for a symbolic/subsymbolic
combination. There are different variants for such a combination, ranging from a loosely
connected, hybrid approach to a fully integrated approach, the focus in the following
lies on an integration based on embedding. This is explained in Section 2.3 and in the
following chapters.
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2.1 Ontologies and Description Logic

Symbolic knowledge comes in many different forms, ranging from automata to represen-
tations in predicate logic [Bader and Hitzler, 2005]. One way of representing structured
knowledge is via an ontology. An ontology is defined as “a formal explicit specification
of a shared conceptualization for a domain of interest” [Staab and Studer, 2009, p.vii]
(based on work of T. R. Gruber [1993]). In general, an ontology consists of concepts rep-
resenting groups of individuals (e.g., the concept “human”) and connections (relations)
between concepts resp. individuals. The basis of an ontology are generalization/spe-
cialization hierarchies [Guarino et al., 2009]. To define these, some structured formal
language is needed. One example for such a language are Description Logics which are
considered in detail later on in this section.

Ontologies are made for quite different purposes. It is, e.g., possible to differentiate
between top-level-ontologies giving an overview of a topic and core-ontologies represent-
ing the backbone of a domain [Guarino et al., 2009]. Ontologies are highly individualized
(at least the mid-level and core-ontologies) meaning that the modeled concepts are de-
pendent on the interest/focus (thus the domain of discourse) of the ontology engineer.
In fact, often several ontologies for the same domain exist, incorporating different con-
cepts and different relations between them. But the ontologies should also represent
some shared view (at least shared by a subgroup) [Guarino et al., 2009].

The choice of a suitable ontology expressive enough for the desired problem is thus
vital. Not all datasets/use cases need the most expressive underlying ontology. Instead,
the used ontology is chosen based on the information need. Accordingly, the most
complex ontology is not necessarily the best fitting one. This fact will become relevant
later on, when discussing the framework of Conceptual Orthospaces. There, the aim is
not to be able to model the most expressive ontology but to model the required strength.

The basic idea of ontologies is conceptualization, thus making up an abstract simplified
view of the world based on concepts [Guarino et al., 2009]. There, intensional knowledge,
thus knowledge being true in all possible worlds (in contrast to extensional facts, only
true in one specific world) is represented. To specify the semantics of concepts in an
ontology, axioms can be used.

One structured formal language tailored towards representing ontologies are Descrip-
tion Logics (DLs). They have a logic-based semantics and are especially useful for
reasoning [Baader, Calvanese, et al., 2007, p. 47]. The basis of DL is the distinction
between instance- and concept-level. The basic building blocks are atomic concepts
(unary predicates), atomic roles (binary predicates) and individuals (constants). A DL-
ontology is defined as a pair of terminological box (tbox) and assertional box (abox);
some researchers use it in a narrower sense considering only the tbox as ontology. The
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abox A contains extensional knowledge in form of assertions about the actual world, e.g.,
human(alice) stating that “alice” is an instance of the concept “human”. The tbox T
contains intensional knowledge being true in every possible world, e.g., woman T human
stating that women are humans. DLs support classification, both of concepts and of in-
stances [Baader, Calvanese, et al., 2007, p.48].

The thbox- and abox-statements can be represented by formulas in a fragment of first
order predicate logic [Baader, Calvanese, et al., 2007, p. 54]. DLs are also closely related
to modal languages, as it is possible to interpret roles as accessibility relations [Baader,
Calvanese, et al., 2007, p. 42].

In the following, the basic formalism is presented. There are different types of DLs
with different complexity. Here, ALC [Baader, Calvanese, et al., 2007] is considered in
more detail as it is a widely used DL allowing for modeling full negation which will be
the focus later on.

The vocabulary of a DL is given by a set of constants N, a set of role names Np and
a set of concept names N¢. The ALC concepts (concept descriptions) over No U Ng are
described by the grammar

C—A|0|TI|~C|CNC|CuUC|3R.C|VYR.C

where A € N is an atomic concept, R € Npg is a role symbol, and C' is an arbitrary
concept. As the focus lies in this dissertation on the DL-reading of KGE-problems, the
triple (subject, R, object) is denoted as R(subject,object) and thus in the following,
the term 7role is used to describe it. For readability, IR"*.C = IR.IR".C, where
IRY.C = 3R.C.

An ALC interpretation is a tuple (A%, (-)%) with a set AZ, called the domain, and an
interpretation function (-)* which assigns to each constant an element of A%, to each
concept name a subset of AZ, and to each role name a subset of AZ x AZ. The extension
of an interpretation function Z onto arbitrary concept descriptions is given in Table 2.1.
Though, this interpretation function is the standard one, it is not the only possible one as
can be seen, e.g., for inconsistency-tolerant Description Logics [Odintsov and Wansing,
2003]. Details on the definition of a different interpretation function, especially regarding
the negation, can be found in Sections 3.3 and 5.1.

As stated before, an ontology O is defined as combination of 7 and A, thus O =
(T, A). Atbox T consists of general concept inclusions (GCIs) C' T D (“C'is subsumed
by D”) for concept descriptions C, D. The equality C'= D can be defined as an abbre-
viation of {C'C D, D C C}. An abox A consists of a finite set of assertions, i.e., facts
of the form C(a) or of the form R(a,b) for a,b € N. and R € Ng. An interpretation Z
models a GCI C C D, for short Z |= C C D, iff C* C DZ. An interpretation Z models
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Name ‘ Syntax ‘ Semantics
top 1 AT
bottom 0 0
conjunction CcnbD ctn Dt
disjunction Ccub ctuD?
negation -C AT\ ¢t

universal quantifier | VR.C {z € AT | For all y € A”:

if (x,y) € R then y € C*}
existential quantifier | JR.C’ | {x € AT | There is y € AT s.t.
(r,y) € RT and y € C*}

Table 2.1: Syntax and semantics for the DL ALC

an abox axiom C(a), for short Z |= C(a), iff aZ € C% and it models an abox axiom of
the form R(a,b) iff (aZ,b?) € RZ. An interpretation is a model of an ontology (T, A)
iff it models all axioms appearing in 7 U .A. An ontology O entails a (tbox or abox)
axiom az, for short O | az, iff all models of O are also models of ax. A concept C' is
the most specific concept (msc) for an abox-element a and an ontology O, if O F C(a)
and for all concepts C’, O F C’(a) entails O F C C C". The most specific concept does
not necessarily exist.

An equality is a definition if its left-hand site is an atomic symbol. Thus, definitions
can be used to introduce names to complex descriptions [Baader, Calvanese, et al., 2007,
p. 55]. A set of definitions is called a tbox if no name is defined more than once. A
thox is definitorial if every interpretation of the base symbols only appearing on the
right-hand site of definitions has exactly one extension that is a model of the tbox.

In the rest of this dissertation, I understand the term “tbox” in the wider sense,
allowing for including general concept inclusions. Only in Section 8.2, it is necessary
to consider tboxes in a stronger sense. It is possible that the tbox contains a cycle,
in the sense that either directly or indirectly some concept uses itself for its definition.
Therefore, the notion of circular relationship is introduced, stating that a concept is part
of a circular relationship. This can be defined as a slight adaptation of the definition of
Baader, Calvanese, et al. [2007, p. 56]: For two atomic concepts A and B, A directly
uses B if it appears on the right hand side of the definition of A. A concept is part
of a circular relationship if it uses itself (where uses is the transitive closure of directly
uses). If a thox is acyclic, then it is definitorial, as it allows for iteratively expanding
the definitions by replacing the concept symbols on the right hand site of a definition
by the symbols it stands for [Baader, Calvanese, et al., 2007, p. 57]. However, this is
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not possible for cyclic thoxes, thus, cyclic tboxes are not definitorial.

A special case are inclusion axioms, as a terminology including inclusion axioms is
not definitorial. These are not problematic, as they can be reformulated into their
normalization — assuming the DL allows for equality and conjunction — by replacing
ALC Cby A= CnA with a new base symbol A [Baader, Calvanese, et al., 2007, p. 64].

The quantifier rank qr for arbitrary concepts C' depicts the maximal nesting depth of
quantifiers in it. Formally, for an ALC concept the quantifier rank is defined by recursion
as qr(A) =0, qr(=C) = qr(C), qr(Cy 1 Cy) = qr(Cy U Cy) = max{qr(C}),qr(Cy)} and
qr(3R.C') = qr(VR.C)) = qr(C) + 1.

Basic, more restricted Description Logics are ££, having the grammar

C—T|A|CNC|3RC,

and £L5', extending £L with the 0-concept [Baader, Calvanese, et al., 2007, p. 535].
Another more expressive but still tractable DL is ££7T, an extension of £Lg, allowing
for nominals, a restricted form of concrete domains and a restricted form of role-value
maps [Baader, Brandt, et al., 2005]. Though negation can not be modeled in E£*7,
it is at least possible to model disjointness via the bottom concept, thus two concepts
C, D are disjoint iff CM D = 0 [Baader, Brandt, et al., 2005]. Additionally, it is possible
to restrict the types of roles modeled, e.g., to transitive, reflexive or symmetric roles
[Krotzsch et al., 2012]. A detailed introduction to Description Logics can be found in
the book of Baader, Calvanese, et al. [2007].

We first consider theories based on propositional ALC (also called Boolean ALC in
the following, in contrast to full ALC including roles), thus ALC without roles.

Each propositional tbox T generates a Boolean algebra (for details, see Appendix A),
the so-called Lindenbaum-Tarski algebra [Tarski, 1935]. It is considered, as in order to
apply the theory of ortholattices (see Chapter 3 and appendix A), the ontology need
to be algebraized. The Lindenbaum-Tarski algebra can be defined for any theory in
any logic. It is shown here how it can be defined for an ALC tbox 7. For concepts
C, D let ~ be the relation defined by C ~ D iff T = C T Dand T = D C C.
Relation ~ is an equivalence relation inducing for each concept C' an equivalence class
[C]. Define operations A, V, - on the equivalence classes by setting [C] A [D] = [C'T1 D],
[ClV[D] = [CuD] and [C]/ = [=C]. As the relation ~ is not only an equivalence relation
but a congruence relation w.r.t. A, V, -, the given equalities are indeed well-defined and
one can show that the equivalence classes fulfill the axioms of a Boolean algebra. Just for
completeness, we show here for the case of negation that indeed the logical operations
on the equivalence classes are well-defined: [C] is defined by [~C]. Taken any other

! Originally, it is termed ££ , here it is termed €L to avoid overloading of L.
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representative D of the class [C], i.e. [D] = [C] or, equally, C' ~ D. By definition this
means 7 = C = D. But then by definition of the entailment relation and the definition
of = for concepts we also have 7 |= =C' = =D, in other words [-~C| = [-~D]. Hence,
indeed -* on the equivalence classes is well defined.

In the following, also weaker logics than ALC are used to represent background knowl-
edge. The strength of the DL and its interpretation is then clear out of context and
(mostly) not explicitly stated.

2.2 Neuro-Symbolic Artificial Intelligence

For problem solving, e.g., link-prediction in KGE, two different paradigms have emerged:
The symbolic and the subsymbolic paradigms.

Symbolic approaches are based on symbol manipulation and their aim is solely de-
ductive. Prominent examples are logic programs [Gelfond and Leone, 2002]. A symbolic
approach allows for exact and explainable reasoning. It does, however, have some draw-
backs, such as the symbol-grounding problem [Harnad, 1990], meaning that the symbols
have no grounding, e.g., in form of feature values, thus that a symbol is solely syntactical
without any underlying semantic meaning. Without a grounding, it is not possible to
define a new symbol based on new features, thus based on the underlying semantics, but
only as a combination of already known symbols.

Another problem which is not restricted to symbolic approaches, however, is there
particularly problematic, is the frame problem, the problem of finding the right rule to
apply in a specific context. This is in particular difficult, as it is not clear which of the
rules are actually relevant and help push the reasoning into the right direction. This
problem gets in particular relevant at increasing size of the knowledge base [McCarthy
and Hayes, 1969).

Supporters of a hybrid subsymbolic/symbolic framework, such as Gérdenfors, addi-
tionally state that symbolism can be considered as being incompatible with nature, as
it does not allow for creative inductions or genuinely new knowledge [Gardenfors, 2000,
p.40].

In recent years, in particular with the third wave of Al [Kautz, 2022], the subsymbolic
paradigm has gained importance, e.g., in the form of neural networks. Most subsymbolic
approaches exploit similarity between instances to infer information about new instances
based on their similarity to given ones. They circumvent some problems of the symbolic
approach, especially the symbol grounding problem, increase the inconsistency-tolerance,
and lead to a reasonable result quality. One well known drawback of neural network
approaches (and also of most subsymbolic learning approaches in general) is their lack
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of explainability and interpretability. Research on explainability is, particularly due
to the lack of explainability of neural networks, a topic of increasing importance and
makes up a whole research area, the area of ezplainable AI (XAI) [Arrieta et al., 2020].
This is also considered in the area of KGE [Bianchi et al., 2020]. Whereas in symbolic
reasoning, the way of getting a result is perfectly comprehensible, a neural network is
mostly a black box and has no formally defined computational semantics [Garcez and
Lamb, 2023]. This opens up the opportunity for adversarial attacks [K. Ren et al., 2020]
and reduces explainability and trustworthiness. Other widely known problems are the
generalization from training data and the vast amount of training data, time and energy
needed [Garcez and Lamb, 2023].

Although there are efforts to tackle the problems of symbolic and subsymbolic ap-
proaches inside their own field, a widespread solution strategy is to combine the two
paradigms. This combination can be done in several ways, e.g., as a neural subroutine
in a symbolic problem solver or a neural network that converts a non-symbolic input in a
symbolic output which then can be used as input for a symbolic problem solver [Kautz,
2022]. The need for neuro-symbolic approaches is illustrated in the following example.

Example 2.1. Consider the problem of the calculation of a term given in handwritten
digits (the example can be found in detail in the paper of Raedt et al. [2019]). Using a
symbolic approach seems natural, as the calculation can then be easily done. Howewver,
the determination of the handwritten digits is difficult, as the digits are imprecisely
written.  On the other hand, the determination of digits is a relatively simple task
for a neural network, whereas doing a calculation is complicated, error-prone and it is
definitely unnecessary to train a neural network when a calculator can easily solve the
problem. Therefore, this is a prime example for the use of a combination of symbolic
and subsymbolic approaches. In this case, it is a hybrid Al-approach, combining the
subsymbolic and symbolic parts via an interface (for details on the distinction between
hybrid-Al and Ne-Sy Al see below).

Another example is link prediction in knowledge graphs. It is possible to use an
embedding approach such as TransE [Bordes et al., 2013] on the subsymbolic level to
embed instances as points and relations as translations into a space. With the help of a
loss function an embedding of instances as points and roles as translation is learned by
minimizing the distance d(s+p, o) for each triple (s, p,0) in the training set. Then, a new
link, thus a new tuple (s',p’,0") is predicted if d(s' + p',0") < § for some fized threshold
0, thus if two points are connected via a translation vector representing a role. This
results in high quantitative result measures but is not able to incorporate known symbolic
information, e.q., in form of rules excluding some inferences from being valid. However,
this symbolic information in form of rules should be incorporated into the learning to
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2 Enhancing Learning Approaches with Background Knowledge

enhance correctness and explainability of the approach. Therefore, Ne-Sy Al is needed.

The general field of research looking into enhancing neural networks with symbolic
information is called Neuro-Symbolic Al (Ne-Sy AI) [Garcez and Lamb, 2023]. The field
of application of the principles of Ne-Sy Al is not restricted to neural networks but can
also include other subsymbolic approaches due to its generic ideas. Ne-Sy Al tries to
increase the explainability of neural networks by combining symbolic and subsymbolic
information, as the main statement of the advocates of Ne-Sy Al is that a semantically
sound, trustworthy and explainable system can only be achieved by not only considering
subsymbolic but also symbolic layers (reasoning layers) [Garcez and Lamb, 2023]. On
the one hand, this enables learning from experience and, on the other hand, it enables
to draw reasons from what has been learned [Valiant, 2003]. This pattern can also be
found in the human brain, as the brain can be seen as consisting of two systems: one
fast, intuitive and automatic system and one system for deliberate and complex decisions
[Kahneman, 2011].

In Ne-Sy Al, several different approaches are possible, roughly sortable along three
axes [Bader and Hitzler, 2005]: The first axis describes the interrelation of symbolic and
subsymbolic and thus whether the system is hybrid (as in Example 2.1) or integrated,
namely tightly connected. The second axis describes the language used on the symbolic
level and thus whether it is actually symbolic (as in automata) or logical. The third axis
describes the usage for learning or reasoning. Although the focus in this dissertation
lies on the theoretical foundations of such symbolic/subsymbolic frameworks and is
especially not restricted to the use neural networks as a basis, it can be considered as
following the paradigm of Ne-Sy Al

Well-known examples of Ne-Sy AT are logic tensor networks [Badreddine et al., 2022]
which enhance neural networks with a symbolic layer as a last layer, and also some
approaches in KGE where background information is modeled geometrically in the em-
bedding space (e.g., as geometric models by Gutiérrez-Basulto and Schockaert [2018]).
These ideas are also common in the area of cognitive reasoning. A key advocate of com-
bining symbolic and subsymbolic information is Gardenfors [2000]. In fact, we will make
use of ideas proposed by Géardenfors and others in the area of cognitive reasoning in order
to lay a foundation for a general framework of a fully integrated symbolic/subsymbolic
system.

As the symbolic/subsymbolic approach needed is highly dependent on the problem to
be solved, the problem to be solved in this dissertation is stated formally as follows: We
consider the general task of enhancing learning and reasoning by incorporating back-
ground knowledge information into a learning problem. Given an abox, a subsymbolic
learning approach based on this abox is improved by incorporating tbox information.
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Such a symbolic/subsymbolic framework enables us to improve correctness, trustwor-
thiness and interpretability by enforcing the prediction of ontologically correct results.
One instance of this problem is depicted in the second example of Example 2.1.

2.3 Embeddings for Incorporating Background
Knowledge

In Ne-Sy Al the idea is to combine the neural learning and the symbolic reasoning
parts in a way that allows utilizing the best aspects of both. But how can this be done?
What can an Ne-Sy Al-system look like that is able to model sufficiently expressive
symbolic information, e.g., in form of a tbox, especially information incorporating nega-
tion? When, e.g., considering link prediction in knowledge graphs, how can background
knowledge be incorporated into the learning process?

One solution, proposed by researchers such as Smolensky [1988] and Géardenfors [2000]
states that enriching the symbolic space with some geometrical structure would be a so-
lution for the symbol grounding problem. Numerical information enables defining some
distance measure and thus enables modeling similarity both of concepts and of instances.
The term “geometrical” is used in a broader sense by considering spaces with a between-
ness relation. When having sets of instances, it can be given some form of structure
to them by introducing betweenness relations between them (see Section 4.3). Such a
geometric representation can be realized by embedding instances as points and concepts
as regions in a geometric space. It enables modeling underlying symbolic information
in form of an ontology by enforcing that the concepts fulfill logical constraints which
can be modeled in a geometrical way, e.g., a subconcept relation via a subset relation.
This representation allows for a comprehensive representation of logical knowledge in
geometrical terms and thus enforces the classification result to adhere to the underlying
symbolic knowledge.

It is widely argued that this approach of embedding symbols into some space works
as model of brain processes. This is done, e.g., in the paradigm of conceptual spaces
[Géardenfors, 2000]. Cognition is described as a process involving three different levels,
the symbolic, conceptual and subconceptual representation, all considering the problem
in different levels of detail. Whereas the subconceptual (or associatist) representation
is the most fine-grained level, comparable with the granularity a neural network works
on, the conceptual level allows for seeing the bigger picture and recognizing non-local
dependencies and makes up the connection between the numerical part and the symbolic
part by representing symbols as regions in a space. The symbolic level depicts the most
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2 Enhancing Learning Approaches with Background Knowledge

abstract level, enabling abstract reasoning [Gardenfors, 2000, p. 33 ff.]. Though, as
mentioned by Bouraoui et al. [2022], KGE and conceptual spaces differ substantially,
e.g., regarding the modeling of explicit domains and quality dimensions, the basic idea
of conceptual spaces, namely the geometric representation of symbolic knowledge based
on convex regions, can also be applied to KGE.

As here the approach of embedding concepts as regions is considered, the question
arises how these regions, thus these geometric structures, should look like. The basic idea
of Gérdenfors and others is that the concepts and relations/logical operators between
concepts should be modeled as explicit geometric structures resp. operations to directly
combine symbolic and numerical data in a formal and clearly defined way. Gérdenfors
states that the concepts need to be convex but does not explicitly say how the logical
operators should be modeled geometrically.

There are many different embedding approaches modeling background information of
different strengths, partly able to model some sort of negation (see Sections 3.3 and 10.2).
In the following, however, it is not the aim to create another embedding approach sim-
ilar to the others but based on a different underlying structure, but to give a general
construction principle, pointing out which geometric (or even weaker, somehow struc-
tured) objects can be used as a basis for a learning approach and how logical operators
(especially negation) can be modeled.

To achieve this, the first question is how the logical operators should be modeled.
This question comes in two parts: First, it is necessary to determine the strength and
expressivity of the logical operators, independent of their representation in geometrical
terms. This is done, with a special focus on negation, in Chapter 3. Second, it needs to
be determined how these logical operators are modeled in geometrical terms. This is in
the focus of Part 1.
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3 The Basis: Choosing Logical
Operators for an Expressive
Embedding

Negation in learning approaches is a topic that is becoming increasingly popular, espe-
cially in learning for language models, as argued in Chapter 1. However, also in KGE,
the importance of modeling negation has increased, as more and more KGE-approaches
are able to model some (weak) form of negation (e.g., modeled via polarity by Garg
et al. [2019], non-intersection by Kulmanov et al. [2019] and set-complement by Zhang
et al. [2021]). As negation is an ambiguous notion with a wide range of interpretations,
the aim of this chapter is to identify the type of negation suitable for the framework
that will be presented in Part I.

The interpretation of negation has been widely discussed for centuries. One main ob-
servation, introduced by Aristotle [Horn, 2001, pp. 6 ff.], is the differentiation between
contrary and contradictory negation. Whereas a contrary depicts non-intersection be-
tween statements, e.g., “the apple is red” vs. “the apple is green”, a contradiction depicts
the literal negation, thus, e.g., “the apple is non-red”. Many embedding approaches are
restricted to contrary negation, thus are able to model non-intersection of concepts but
do not model the negation of a concept explicitly. An example for such an approach
is, e.g., ELEm [Kulmanov et al., 2019], where concepts are modeled as spheres in R".
Though this negation is simple to model, it is not sufficient for all use cases, as is reflected
upon in detail in Section 3.3.

Although there are many different interpretations of negation, in the following, I focus
on a specific one, the orthonegation, as it is philosophically justifiable and has logical
properties suitable for the use as the basis of an embedding approach.

The orthonegation is related to an observation, made by researchers including De-
mos [1917]. He states that a negative statement needs to be derived from a positive
perception, e.g., the statement of someone being not at home is based on the (invalid)
perception that someone is at home. Thus, the reference is the world of positive facts.
The term “not” is applied to the whole statement and leads to the fact that the “not”-
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Orthonegation
De Morgan negation Intuitionistic negation
— —a<a a<banda< —bonlyifa=0

\ /
Minimal negation

a S —7 —7a
(or equivalently: — = —)

Galois (split) negation
1< — —wzandz < — —x

Subminimal negation
a<bonlyif —b< —a

Figure 3.1: Dunn’s Kite of Negation (adapted from [Dunn, 1996))

relation can be considered as notion of inconsistency or opposition.

The Birkhoff-von Neumann-Goldblatt interpretation of negation [Dunn, 1996; Birkhoff
and Von Neumann, 1975; Goldblatt, 1974] follows this line of thought. Its main ingredi-
ent is that — A is true at a state of information y if all states of information a in which
A is true are incompatible with y. Informally, this means that something is false if there
is no possibility to make it true. Thus, a negation can be stated as follows [Dunn, 1996]:

x E — A iff for all a(a = A entails x/«),

where I depicts an incompatibility relation.

The following considerations on the type of negation are based on a poset g = (P, <)*
with bounds O and 1. Elements of P are propositions and a < b depicts “proposition
a implies proposition b”. Then, the negation — a of a proposition a can be seen as the
weakest proposition incompatible with a [Dunn, 1996]:

< —aiff zla.

The properties of the resulting negation are specified by the properties of this incom-
patibility relation, especially by the question of whether the incompatibility should be

1 For details on posets, see Appendix A.
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irreflexive and symmetric. In Figure 3.1, Dunn’s so-called Kite of negation can be seen,
showcasing the types of negation based on different strengths of the incompatibility re-
lation. Subminimal and Galois negations are based on a non-symmetric incompatibility
and thus on two different notions of negation, — and —, thus

r< —qaiff alz.

However, as symmetry of the incompatibility relation is justifiable, both negations can
be identified [Dunn, 1996, p. 10]. This symmetry leads to minimal negation, irreflexivity
and symmetry of the incompatibility to intuitionistic negation. Additionally enforcing
double negation elimination, thus — —a = a, and symmetry of the incompatibility
leads to de Morgan negation and symmetry and irreflexivity to orthonegation [Dunn,
1996, p. 15].

Although it is possible to argue for an incompatibility relation that is not irreflexive
and symmetric, in practice both properties seem to be reasonable and thus are assumed
to be valid in the following. Double negation elimination is considered a basic property
of negation [Horn, 2001, pp. 22 ff.] and, from a practical point of view, eases the han-
dling of the negation. In particular, learning problems can be approached easier, as,
e.g., overfitting is circumvented. However, these considerations can also be used as a
starting point for more complex constructions, e.g., without assuming double negation
elimination. Thus out of the possible negations (when considering Dunn’s Kite) we are
left with orthonegation.

In the following, the definition of orthonegation and the resulting orthologic are con-
sidered in more detail.

3.1 Orthologic and the Orthogonality Relation

Let P = {P; | i € N} be a set of proposition symbols and have logical symbols for binary
conjunction &, unary negation —, and define binary disjunction \/ as —(— A &
— B). The set of propositional formulae F'ml is defined as usual. A, B,C,... stand
for propositional formulae in F'ml.
Consider natural deduction calculi with a derivability relation . Let A 4+ B be the
short notation for A+ B and B F A and for a finite set of formulae I' = {By,..., B,}
the notation I' F A is a shorthand for ((B; & ...) & B,) - A.

Definition 3.1. [Goldblatt, 1974, Definition 1.1] An orthologic is a logic L such that
forall A, B,C' € Fml
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« AFA « A& - AFB

e ABFA e if AF B and B+ C, then AF-C

« A BFB e ifAFBandAtF C, then A B & C
o« AF - —A e if AL B, then —BF — A

e — —AFA

The smallest logic satisfying these axioms is called minimal orthologic Omin. Omin
is characterized by an ortholattice by defining & as lattice meet A and — as ortho-
complement - (for details on lattices in general, ortholattices and the restrictions of
ortholattices mentioned below, see Appendix A).

The properties of an ortholattice are the following:

e a<bentailsb <d (antitonicity)
e d =a (double negation elimination)
e O0=and’ (intuitionistic absurdity)

An ortholattice does not necessarily fulfill distributivity, nor modularity or orthomod-
ularity. Thus, it allows on the one hand for modeling very weak lattices, on the other
hand it has the Boolean algebra as a special case (an ortholattice fulfilling distributivity
is a Boolean algebra [Padmanabhan and Rudeanu, 2008, Proposition 4.10.1.]). Thus the
class of ortholattices allows for defining logics of different strength, depending on the
use case.

Goldblatt considers the orthonegation and the corresponding orthologic as a basis for
defining an orthoframe to provide a basis for an intensional model theory of quantum
logic. His main point is a representation theorem stating that every ortholattice can
be represented by an orthoframe, a space X equipped with a symmetric and irreflexive
orthogonality-relation L [Goldblatt, 1974].

Definition 3.2. [Goldblatt, 197/, Definition 2.1 and 2.2]

F = (X, 1) is an orthoframe iff X is a non-empty set and L is an orthogonality
relation on X, i.e., LC X x X is irreflexive and symmetric.

M = (X, L,V) is an orthomodel on the frame (X, L) iff V' is a function assigning to
each propositional variable p; a L-closed subset V(p;) of X. The truth of a Fml-formula
A at x in M is defined recursively as follows (where M b, A depicts that A is true at x
in model M ).
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o Mk, piiffz€V(pi)
e MIF, A& B iff M-, A and M I+, B
e M-, —Aiff forall y, M Ik, A only if v 1y.

A set AC X is L-closed iff for all v € X, x &€ A only if there is a € X such that a LA
and = [ a (where al A is a shortcut for aLa’ for all a’ € A) [Goldblatt, 1974]. Denote
At = {z € X|zLla for all @ € A}. This enables to define an equivalent definition of
L-closure: A set A C X is L-closed iff A = A, Later on, several different L -relations
1; are considered. For readability, the term 1-closure is used when it is clear from
context that it refers to _L;-closure.

These orthomodels are a structure of relevance, as Goldblatt shows that the logic
Omin is strongly determined by the class © of all orthoframes, thus, that each orthoframe
makes up an ortholattice and that each ortholattice is representable as a subortholattice
of an orthoframe.

Theorem 3.3. [Goldblatt, 197/, Corollary 3.6/ T\ A iff M : T I+ A.

This connection between lattice and algebraic representation gives a hint on the rep-
resentability of this negation in the context of an embedding.

In this construction, it is possible for an element a that neither a € A nor a € — A,
and it thus being “in-between”. This hints to two different types of negation, namely:
something is implicitly false by default, thus is not verified by any intended model, and
something is explicitly false by virtue of a direct proof, thus is falsified in any intended
model. These two negations can be differentiated as weak and strong negations [Herre
et al., 1999, p. 121] (for details, see Section 3.3). This distinction is especially important
in knowledge-based reasoning when relying on the open-world assumption. With the
closed world assumption, both types of negation are identical [Herre et al., 1999, p. 154].

These considerations motivate considering in detail this “in-between”, thus the ele-
ments a not modeling A but also not being incompatible to all elements modeling A.
This is the topic of the next section.

3.2 Orthomodels Induce Partial Interpretations

These in-between states induce a form of partial interpretation allowing for incorporation
of partial information. In the context of ontologies, the ability to account for partial in-
formation gets important if, e.g., the abox does not contain information about all concept
memberships for all instances. For example, consider the abox A = {A(a), B(a), A(b)}
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over the signature o = {4, B, a, b}, where no information is given whether B(b) or —=B(b).
In search for an adequate epistemic semantics a partial interpretation may help: it does
not enforce to infer each missing concept membership either positively or negatively but
enables to model this missing information as it is, namely as missing information. As
stated by Ozgep et al. [2023], this allows for modeling not only one possible, classical
model of an ontology but all possible models and enables a learner to use this incom-
plete information without enforcing it to give statements about the missing concept
membership assertions. A model having this property is termed faithful model. It is a
model allowing for modeling the incomplete information regarding each concept of the
ontology.

Definition 3.4. [Ozgep et al., 2023, Definition 3] Let O be a classically consistent (DL)
ontology (or any other representation allowing the distinction between aboxr and tbox).
For a (not necessarily classical’) interpretation T we have the following notions of being

a faithful model of O:

o T is a strongly concept-faithful model of O iff for each concept C' and each constant
b the following holds: if b* € CT, then O = C(b);

o 7 is a weakly concept-faithful model of O iff for each concept C' and each constant
b the following holds: if b € CT, then O U{C(b)} is classically satisfiable;

o T is a strongly (weakly) abox-faithful model of O iff it is strongly (weakly) concept-
faithful and for each role R and constants a, b the following holds: if (a*,b?) € RZ,
then O |= R(a,b) (resp. O U{R(a,b)} is classically satisfiable);

o 7 is a strongly (weakly) thox-faithful model iff for all thox axioms 7 = C T D the
following holds: if T \= 7, then O |= 7 (resp. O U {7} is satisfiable) and if there
is v € AT with x € (C M =D)*, then O U{(C T —~D)(a)} is satisfiable for a fresh
constant symbol a (resp. O = 7).

Because of their ability to model partial information, orthomodels are able to act
as a concept-faithful model of an ontology (see, e.g., the considerations on concept-
faithfulness of al-cones in Proposition 5.19).

As argued by Ozgep et al. [2023], such a partial interpretation must be differentiated
from partial models in the context of general logic programs, notably in the context of

2 For details on alternatives for the interpretation function, see paragraph “Negation in Description
Logic” of Section 3.3 and the interpretation based on COSs in Section 5.1. In Definition 3 of the
paper by Ozcep et al. [2023], geometric interpretations in form of some special type of cones have
been considered, the notion is, however, also useful for arbitrary interpretation functions.
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well-founded semantics [Van Gelder et al., 1991]. These differ from partial interpretations
since those partial models are meant to treat p <~ — ¢ and its contraposition g < —p
differently, whereas in this case the contraposition rule (and double elimination) holds.
In fact, as Van Gelder et al. [1991] note, there is a 3-valued logic interpretation for
partial models in the well-founded semantics whereas for our partial models this kind
of extensional semantics based on truth values is not possible: Consider the truth value
of pV q. Assume that the ontology does not entail p (so p gets assigned the third truth
value different from true and false) and ¢ is not entailed (so ¢ gets assigned the third
truth value different from true and false). These two assignments do not determine the
truth value of p V ¢: because the truth value of p V ¢ depends on whether the ontology
entails the disjunction or not.

Now that I have introduced the technical notions of faithful models, the philosophical
question on the type of modeled partiality might arise, in particular, one might ask
whether it allows to model vagueness, uncertainty or truthlikeness. All three notions are
highly discussed (e.g., by Williamson [1994] for vagueness and in Chapter 6 of the book of
Yablo [2014] for truthlikeness (there called verisimilitude)) and a detailed philosophical
discussion of the best fitting interpretation of the partiality in context of the Conceptual
Orthospaces is beyond the scope of this work. Nonetheless, the notion of an orthomodel
is that general that it should be possible to interpret it or an adaptation of it in each
of the three types of partiality. It is, e.g., possible to consider scaled Boolean Algebras
[Hardy, 2002] to model degrees of belief in uncertain propositions.

All three depict, in different variants, the “space in between” positive and negative
instances of a concept. These three types of uncertain information have to be differen-
tiated in order to (i) exactly determine the interpretation of the in-between in light of
orthonegation and (ii) to include this notion in the discussion on the logical commitments
of learning approaches in general (see Chapter 10).

Here we will focus on an interpretation of vagueness, uncertainty and truthlikeness by
Godo and Rodriguez [2008], as they argue in the context of similarity-based reasoning
which is related to the framework of this dissertation. Vagueness, also known from
fuzzy set theory [Zadeh, 1996|, describes the degree of truth of a statement when having
vague information, e.g., “the mountain is high”. In contrast, uncertainty is not based
on a degree of truth but on a degree of confidence or belief, thus relying on incomplete
information. Both notions are strongly connected, as having a vague premise might
lead to an uncertain conclusion. Truthlikeness is based on similarity of statements,
having a definitely false statement being similar to a true statement, e.g. the statement
“Mount Everest is 8800m high”. As Mount Everest is 8848m high, this statement is
definitely false (and thus neither uncertain nor vague) but closer to the truth than, e.g.,
the statement “Mount Everest is 80m high”.
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This in-between also influences the representation of disjunction. Whereas for the
conjunction “x is both in A and in B” it is naturally the case in an orthomodel that x
isin A and z is in B, this is not directly adaptable to the case of disjunction. Although
the law of excluded middle is valid in orthologic, it is not the case that from “x is in A
or B” it follows that x is in A or x is in B. When considering a two-valued logic, this
leads to the fact that some form of vagueness, uncertainty or truthlikeness is modeled.

3.3 Negation in Embedding Approaches

As mentioned above, negation in learning approaches is a topic of increasing popularity,
also for embeddings.

There are at least two embedding approaches using an orthogonality relation as basis:
Garg et al. [2019] use the classical interpretation of an orthomodel by interpreting con-
cepts as linear subspaces of a Hilbert space and the negation as orthogonality relation
in form of a polarity. Ozcep et al. [2020] uses also negation as polarity but a restricted
form of closed convex cones as concept interpretation.

But how is the negation in actual embedding approaches interpreted in general? It
turns out that besides the use of the orthogonality relation, there are two different
interpretations of the negation: Negation as non-intersection (not a negation in the
stronger sense, leading to contrary instead of contradictory elements) and weak negation.
Additionally, negative sampling is considered. The last is, in contrast to the first two,
not a type of negation but a strategy for choosing negative elements enabling to learn
the borders of a positive concept. However, as it is based on negative elements, it can
be considered a form of negation strategy (or, at least, enforces to have some thought
of the nature of negative elements).

Types of Used Negation

In the following, the two most common types of negation modeled in actual embedding
approaches are introduced. A third type, appearing at least in the approaches of Garg
et al. [2019] and Ozgep et al. [2020] is the orthonegation described in Section 3.1.

Negation as contrary: non-intersection As mentioned at the beginning of this chap-
ter, it is possible to distinguish between contrary and contradictory. When, e.g., con-
sidering the context of DLs, full negation can be modeled in the DL ALC or stronger
DLs, whereas non-intersection of concepts can be modeled in weaker DLs like ££5 or
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ELTT. Non-intersection is widely used, as many embedding approaches aim at embed-
ding £L£*". Examples are by Jackermeier et al. [2023], Kulmanov et al. [2019] and many
more. Details on these approaches can be found in Section 10.2. The advantage of such
an interpretation is its simplicity. It does not require to model a negated concept and
to think about its shape at all but only to satisfy non-intersection. This, however, also
means that it is not possible to state actual negation in the usual, stronger sense. Thus,
though it has a simple structure, it is not useful for our aim of modeling negation.

Weak negation There is a distinction between strong and weak negation. For example
in the context of knowledge bases, strong negation denotes explicit falsity, thus —p is true
iff p is false in all possible models , weak negation denotes non-truth, meaning —p is true
iff p cannot be verified in any model of the knowledge base [Herre et al., 1999, p. 121].
Weak negation can be interpreted as the closed world assumption being valid [Herre et
al., 1999]. In contrast, the interpretation, e.g., with the help of the orthonegation allows
for differentiating between strong negation (M f=, — A) and weak negation (M F, A).

Due to its simplicity, it is a negation widely used in embedding approaches. Stating
that everything not being true is false allows for dismissing the definition and learning
of negative concepts. An example is ConE [Zhang et al., 2021] which essentially embeds
concepts as cones and negated concepts as the set-complement of these cones. One main
disadvantage of this interpretation of negation is that there is no distinction between
not-knowing whether something is true and knowing whether something is false. This
is especially problematic, e.g., in the area of medicine where it is vital to state the
discrimination of whether an examination has not been done or an examination has
been done but has a negative output. Weak negation also leads to the fact that the
positive and negative concepts are not of the same strength. The positive is determined
and the negative is interpreted as “everything else”. Thus, the negative concept does
not have any intended meaning. Accordingly, this type of negation is unsuitable for the
embedding approach which is in the focus of the next chapters.

Negative Sampling

Negative sampling was introduced for the embedding approach word2vec by Mikolov
et al. [2013] and has been widely examined and improved since then.

When considering a standard KGE-approach such as TransE [Bordes et al., 2013] with
the training objective of maximizing the probability that each triple of the training-
data is classified as valid triple, then this would result in a trivial classifier, setting the
probability for each triple to one. As this is not appropriate, it is necessary to introduce
corrupted triples into the training process. Then, learning is possible by maximizing the
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probability that triples of the data are classified as belonging to the data and corrupt
ones are classified as not belonging to the data. This is called negative sampling. For
details, see, e.g., the considerations on negative sampling in the context of word2vec by
Goldberg and Levy [2014].

Whereas the basic negative sampling idea is based on drawing arbitrary corrupted
tuples, the idea has evolved to incorporate more complicated techniques for identifying
suitable negative tuples, as these tuples should, on the one hand, not be too restrictive —
leading to too many false negatives — and, on the other hand, not too broad — resulting
in many false positives.

In the area of KGE, the most-widely used technique for negative sampling is uniform
sampling, where in a correct (subject, predicate, object)-triple the object is exchanged
with an arbitrary other one [Qian et al., 2021]. As this mostly leads to easily distin-
guishable negative samples, several enhancements have been proposed, e.g., by using
generative adversarial networks (GANs) to do adversarial training or by restricting the
domain of which the objects are drawn (custom cluster-based sampling) [Qian et al.,
2021]. Though many of these approaches lead to a high result quality, they do not en-
able modeling an expressive negation. The aim of negative sampling is to find samples
as close to the positive ones as possible to determine the border of the positive region
as exactly as possible. Negative sampling has the sole aim of modeling the positive
correctly and has no incentive to model the negative. Thus, the negative samples do not
have any inherent meaning.

Negation in Description Logic

As mentioned in Table 2.1, the usual interpretation of negation in a Description Logic
setting is based on set complement ((—A)f = AT\ AZ). But DLs are not restricted to
this interpretation. An example is work on inconsistency-tolerant DL, introduced, e.g.,
by Odintsov and Wansing [2003], where classical negation is replaced by constructive
negation and thus (—A)7 is interpreted as ~ (A)? where ~ denotes the negation.
When considering an orthomodel as an interpretation of a DL, the problem occurs
that the interpretation of negation as set-complement (as done in ALC) is too strong,
as partial information can then not be modeled. Thus, especially in the context of faith-
ful models, it is necessary to change the interpretation. Therefore, for interpreting the
orthomodel as DL-interpretation, there are two possibilities: If the underlying ortho-
model fulfills distributivity, it is possible to interpret each element neither in a concept
nor its negation as either belonging to the positive or negative concept, thus resolving
the problem by approximating the interpretation in ALC. This has been done, e.g., by
Ozgep et al. [2020] and is discussed in detail in Theorem 5.18. The other possibility is
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to change the interpretation of negation. This is discussed in detail for an interpretation
based on COSs in Definition 5.3. In the following, an interpretation is used where the
negated concept (—A)Z is interpreted as (AI)L7 thus the interpretation of the negation
is defined as the concept orthogonal to A.

3.4 Resulting Options for Modeling Conjunction and
Disjunction

The last sections underline the advantages of using the orthogonality relation as basis for
a negation. Though the question of the type of negation has been the most urgent one,
it is also of importance to consider how conjunction and disjunction should be modeled.
Whereas this seems to be straightforward at first sight, in fact, it is not.

For modeling disjunction, as seen in Section 3.2, it is not sufficient to model it based
on the excluded middle in the sense that “z is in A or B” iff “x in A” or “z in B"3. This
phenomenon is also called overextension and, together with its opposite underextension
(an element belongs to concept A but not to A or B), is a widely researched topic both for
disjunction and for conjunction, as it occurs both in human reasoning [Hampton, 1988a)
and in logic in form of a truth-value gap [Priest, 2008, pp. 127 ff]. Overextension occurs
when an element is in neither of the two concepts but at least in some way close to both
and in between the two concepts [Hampton, 1988a]. It can occur in human reasoning
when the disjunction of two concepts leads to interpreting the disjunction as a new super
concept. One prominent example would be the disjunction “fruits or vegetables” possibly
leading to the idea of “green groceries” and thus interpreting “mushrooms” as “fruits or
vegetables” even though they are clearly neither fruits nor vegetables [Hampton, 1988a].
These considerations thus justify the use of the orthonegation and the disjunction based
on it. In contrast, underextension is not represented by orthomodels, as this would
interfere with its definition.

The representation of conjunction is also a highly researched topic. Whereas the
simplest way would be to model conjunction as set-intersection, it is mainly argued
that this is not sufficient. Resulting problems are, e.g., the so-called pet-fish problem,
depicting that, e.g., a guppy is more prototypical to be a pet-fish than to be a pet or to
be a fish [Osherson and Smith, 1981]. A more catchy example would be something “out
of stone an being a lion” which relates to the concept of “stone lion” and is definitely
not a lion in the usual sense. Another problem is borderline contradiction, e.g., stating

3 Note that it is possible to model an orthoframe such that “z is in A or B” iff “x in A” or “z in B”
for all L-closed sets A, B, e.g., for a space with two elements. These cases are, however, rare.

33
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that someone is tall and short at the same time. This could be true if he is of normal
size, thus in the borderline of both concepts [Bonini et al., 1999]. Additionally, the
overextension and underextension can appear for conjunction in the same way as for
disjunction [Hampton, 1988b].

These considerations lead to many different ideas of interpreting conjunction differ-
ently from set-intersection (see, e.g., the discussions in context of conceptual spaces
[Gérdenfors, 2000]). At least the borderline contradiction-problem can be circumvented
with the proposed interpretation based on the orthogonality relation, as based on the
in-between, it is possible to model that a person is in between of being short and tall. For
the other problems, however, it is necessary to find a trade-off between representability,
computability and cognitive correctness. Here, the focus lies on a feasible model, usable
in actual embedding contexts and therefore, the representation of conjunction as set-
intersection is chosen, enabling for easier learning and the representation of a classical
logic.

To wrap up the considerations in this and the last chapter, the aim is to create
an embedding approach, interpreting negation as orthonegation, conjunction as set-
intersection and disjunction as L-closure. Whereas there are some embedding ap-
proaches operating like this (e.g., by using cones [Ozcep et al., 2020] or closed subspaces
[Garg et al., 2019]), the aim here is not to find another approach but to find a general
framework that can serve as the basis of several embedding approaches. The aim, in
particular, is to exploit the properties of the given data to define a suitable embedding.
Thus, the question, to be answered in the next section, is what basic, mandatory proper-
ties an embedding approach should have and which properties are adjustable to specific
needs of the data on a low level of the embedding approach.

The aim is explicitly not to find a totally correct and psychologically grounded rep-
resentation of knowledge but an approximation in the sense of Ne-Sy Al to allow for
learning and reasoning.
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4 Concept Formation Based on
Betweenness and Similarity

In Chapter 2, I argued that a concept-based view on learning and, in particular, a
combination of symbolic and subsymbolic learning enhances correctness, explainability
and quality of the results and one way of achieving this is by using an embedding
approach. In Chapter 3, an opportunity for the interpretation of logical operators as
geometric ones was identified: negation can be modeled with the help of an orthogonality
relation, conjunction as set-intersection and disjunction as 1-closure. But how can an
embedding approach be defined that is, (i) as variable as possible and (ii) adaptable to
as many datasets and their needs as possible? The solution is to identify the most basic
properties of embedding approaches, adapting them to fit the properties of the dataset
and providing a framework that allows to define an embedding approach based on these.

When considering standard approaches of KGE such as TransE, it turns out that
similarity is a vital notion. An instance is considered being the object of an (subject,
predicate, object)-triple (where subject and predicate are given) if it is sufficiently similar
to the expected, calculated object [Bordes et al., 2013]. When considering also informa-
tion about concept membership in a KGE-approach, an instance can only be member
of the concept if it is sufficiently similar to at least some of the other members of that
concept.

Other approaches (not being based on embeddings but geometric information in gen-
eral) such as k-nearest-neighbor assign to a new instance the class label that most of its
k neighbors (k most similar instances) have [Bishop, 2006, pp. 124 ff.].

There are many options of modeling such a similarity, e.g., based on the Euclidean
distance. Choosing a suitable similarity relation is a design decision influencing the em-
bedding in general and, as the orthogonality relation can be interpreted as dissimilarity,
also the interpretation of the negation. Therefore, I identify the similarity as the first
vital property of embedding approaches.

Although similarity is highly relevant, decision-making is not solely based on it, as
conceptual information, e.g., in form of theories or rules may also be used (as argued in
Section 2.2, e.g., based on the two systems of Kahneman [2011]). Therefore, a sufficient
representation of concepts is needed. Solely based on similarity, this is, e.g., possible via
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prototype theory. Here, each concept is represented via a prototype and instances suffi-
ciently similar to this prototype are classified as belonging to the concepts represented
by the prototype [Geeraerts, 2006]. When defining concepts based on similarity with
the help of prototype theory, the definition of conjunction as set-intersection is coun-
terintuitive and not reasonable, as it leads to a new region based on a new prototype.
Thus, prototypes are only appropriate when considering contrast sets, i.e., sets of jointly
exhaustive and pairwise disjoint concepts [Schockaert and Gutiérrez-Basulto, 2021].

A different possibility is to represent concepts based on similarity, by interpreting the
dissimilarity as orthogonality relation (for details, see Chapter 5) and define concepts as
L -closed sets. An element is in the L-closure of a set iff it is orthogonal to all elements
which are orthogonal to the set. Thus, the concept membership is not determined by
considering the similarity to the instances of the positive concept but by considering the
dissimilarity to instances of the negative concept.

One way to get a more detailed understanding of the structure of concepts is using
betweenness. The notion of betweenness enables stating construction principles of the
form “everything having a specific attribute value ranging from z to y”, and, thus, states
that all elements sharing the attributes of the instances of a concept are also members of
this concept. Enforcing betweenness relations enhances the concepts with a structure. In
particular, betweenness allows for statements about convexity of sets (thus, betweenness-
closure) and enables restricting oneself to such convex sets. Convexity is both cognitively
motivated [Gardenfors, 2000] and motivated by practice, as many embedding approaches
rely on convex sets as basis, in particular because of their computational advantages (for
details, see Section 10.2).

Thus, in the following, these structures (similarity and betweenness) are introduced,
starting with similarity and its properties in Section 4.1. Then, Section 4.2 explains
in more detail why similarity alone is not sufficient and why, therefore, convexity is
needed. The notion of convexity leads directly to a notion of betweenness, introduced
in Section 4.3. At the end of this chapter, in Section 4.4, other existing approaches
using betweenness (in particular the ones using it in combination with similarity) are
discussed to underline the plausibility of the decision to use these two properties as a
basis. Although there are some approaches incorporating similarity and betweenness,
they either do not incorporate negation at all or only in a quite restricted form. Thus, this
discussion highlights the need for the framework of Conceptual Orthospaces, combining
betweenness and similarity and acting as the basis for expressive embedding approaches.
This will be the topic of Chapter 5.
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4.1 Similarity

The notion of similarity plays a fundamental role in theories of knowledge and behavior.
It is an organizing principle and helps for classification, concept formation and gener-
alization of learned results [Tversky, 1977]. This is long-established knowledge, voiced,
e.g., by the philosopher Hume [1894, p. 104] in the context of its role in analogy:

“ALL our reasonings concerning matter of fact are founded on a species of
Analogy, which leads us to expect from any cause the same events, which
we have observed to result from similar causes.”

Regardless of whether some conceptual information is considered or not, the notion of
similarity is vital for numerical learning approaches in general. Neural networks, in
particular, are based on similarity in such a way that they classify elements as belonging
to the same class if they are similar to each other. Similarity can be measured in different
ways and its definition is highly domain-dependent and hence there is no similarity
universally applicable for every use case [Goldstone and Son, 2005, pp. 30 ff.].

Thus, it is worth considering different types of similarity relations. One approach
commonly used is modeling similarity as a metric, thus stating that objects a and b
are similar if d(a,b) < 7 for a distance d and a constant 7. Using similarity relations
based on distance functions is not always appropriate [Tversky, 1977]. Tversky especially
argues against the three attributes of a metric (the distance from a point to itself being
zero, symmetry and the triangle inequality). First, he makes the point that enforcing
an instance having a non-zero distance to itself is possible. This is based on, e.g.,
an experimental finding of Podgorny and Garner [1979] regarding the perception of
similarity between different and also equal letters. People tend to find, e.g., letter C
more similar to letter O than letter W to another occurrence of letter W. Symmetry
is also not always given. As an example, Korea is more similar to China, than China
is to Korea, as China is more salient than Korea. The triangle inequality is also not
always fulfilled: Tversky gives the counterexample of Jamaica being similar to Cuba
(geographically) and Cuba being similar to Russia (ideologically) but Jamaica not being
similar to Russia.! Therefore, other, more general similarity relations are more useful in
some cases, e.g., similarity based on sets and their interplay.

It is also discussed whether similarity is domain-dependent in the sense that it is only
meaningful to measure similarity of two objects regarding one domain, Tversky [1977],

L All three counter-examples are of course highly debatable, in particular the first one. I will not
go into detail here, as the aim of this considerations is only to point out that there are different
viewpoints regarding properties of similarity.
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e.g., argues that the similarity of an apple and a traffic light needs to be considered based
on a domain, e.g., their color. On the other hand, e.g., Goldstone and Son [2005, p. 30]
argue that similarity is particularly necessary and helpful in cases in which no explicit
knowledge over the responsibilities of the domains is given or an assignment to a domain
is not possible. To conclude, the basic properties of similarity are widely discussed and
their validity is often questioned. As these decisions are highly dependent on the specific
use case, in this dissertation, I focus on the classical and general form, stating that a
similarity relation is a reflexive and symmetric binary relation and assume that similarity
can be an arbitrary relation fulfilling these properties — without considering domain-
dependence explicitly — in order to gain an approach that is as broad as possible. The
focus lies on the distinction similar vs. non-similar and not on a graded similarity.
This allows for a direct connection between similarity and the orthogonality relation, as
orthogonality is irreflexive and symmetric and thus depicts a notion of dissimilarity. As
the orthogonality relation is a general notion, it is possible to interpret it with the help
of an arbitrary (dis-)similarity relation. Thus, the negation of an instance is interpreted
as all elements which are sufficiently dissimilar to this instance. This goes perfectly
in line with the considerations of Dunn [1996] and Goldblatt [1974] on incompatibility
mentioned in Chapter 3.

Similarity as a Basis for Learning

Similarity is the basis for numerous learning approaches such as SVMs and those ap-
proaches based on neural networks. In the following, some standard approaches based
on similarity are presented and it is argued why these are not sufficient in targeting the
goal of defining an embedding with an expressive incorporated background knowledge.

One prominent example for the use of similarity is multi-dimensional scaling [Gold-
stone and Son, 2005], the embedding of objects and their similarity relations into a
geometrical space by modeling their distance related to their similarity. This enables
finding the underlying features representing the objects by interpreting the axes se-
mantically and allows for dimension reduction in the sense that only dimensions, thus
features, relevant for the similarity values are modeled [Goldstone and Son, 2005]. There
are several different applicable similarity-relations [Saeed et al., 2018]. The validity of
the approach is solely based on the chosen similarity. These approaches consider neither
the shape of the resulting concepts (in fact, they do not consider concepts explicitly at
all) nor background information in form of underlying rules. Thus, these approaches are
not suitable for an expressive embedding approach incorporating negation.

Another prominent example are Support Vector Machines (SVMs). Their main idea is
to do binary classification by finding a discriminator maximizing the distance to instances
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Figure 4.1: SVM classification as an example of missing homogeneity in classifiers

of both classes. Instead of using a linear classifier, it is possible to use the so-called
Kernel-Trick to train, e.g., a polynomial classifier (for details, see, e.g., [Bishop, 2006]):
Though SVMs are able to model some form of negation and also concepts, they are not
able to model an expressive logic, as has been argued by Leemhuis, Ozcep, and Wolter
[2022] and is restated here. Let us consider a simple example depicted in Figure 4.1. For
ease of presentation, we assume the classifier is a SVM without kernel (thus leading to
linear classification). The actual problem also arises with complex kernels as well as with
other classifiers. Figure 4.1 shows two concepts, C' and D, with the lines determined
by two SVMs (dashed lines) that separate the positive and negative training data for
the individual concepts. Data points labeled with + belong to C, labels enclosed by a
circle belong to D. Thus, a point labeled H is within C' and outside D. Consider the
conjunction of concepts C' and D which is naturally represented by the set intersection
of the concepts C' and D. The geometrical structure of half spaces as used by linear
kernel-SVMs lacks homogeneity in the sense that it is not closed under logic operations,
i.e., it cannot represent C'A D. Clearly, we could construct a specific kernel to single out
CAD, but this will only shift the problem towards other logic combinations which cannot
be represented. In other words, classifiers whose geometric structures lack homogeneity
show shortcomings when trying to learn multiple concepts which are interrelated by an
underlying logic structure.

Note that in order to support arbitrary concept disjunctions, full negation is required
as both are tied together by De Morgan’s law. The problem discussed above applies to
any form of classifier in which the expressiveness of the geometric and logic structures
is not balanced.

Other approaches, such as prototype theory, encounter issues with the representation
of logical operators geometrically (as argued above) [Schockaert and Gutiérrez-Basulto,
2021] and an interpretation solely based on the orthogonality relation, though it allows
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for the representation of conjunction and disjunction, does not incorporate explicitly any
geometrical structure and relies for concept definition on | -closure, thus on negative not
on positive information.

There are approaches considering the geometrical structure appearing in the activation
space of a neural network (thus the set of vectors being the output of each layer in a
fully connected network) and use the convex hull to increase the result quality [Jia
et al., 2022]. However, they neither explicitly incorporate background knowledge in
form of rules nor consider negation (nor logical operators in general) in a geometrical
sense. There are other approaches in this direction. The focus of these, however, lies
on post-explainability of the resulting structure and they are thus not helpful for our
problem. One possible solution along this line is to include the symbolic information
in an additional step, as has been done, e.g., in logic tensor networks [Badreddine et
al., 2022], where a neural network is trained of which in the last layer, the result is
interpreted logically. Although this leads to good results, it results in a separation of
the geometrical and the symbolic representation.

These considerations give a small overview and show that, though these approaches
use similarity and some form of geometric structure, they are only distantly related to
our aim of modeling logical operators geometrically and modeling concepts explicitly by
specific and expressive geometric structures.

4.2 Concepts and Convexity

Though the notion of similarity enables the creation of learning approaches with an
acceptable performance, the considerations on learning with similarity in the last section
show a severe drawback: it is problematic when the expressivity of geometric and logic
structures is not balanced.

Therefore, the problem must be approached from a different direction, based on the
goal of balancing the geometrical and logical structures. The solution is loosely based on
the conceptual spaces of Gérdenfors [2000] as discussed in Section 2.3: The concepts are
embedded as regions into the geometric space on which the similarity relation is defined.
Thus, the concepts are regions in a space X and a representation of an element e lying
in the representation of a concept C' is interpreted as e being of concept C'. Having
this as a basis, the first question is how the geometric representation of such concepts
should be defined. To balance geometric and logic structures, these representations are
not allowed to be arbitrarily shaped. When considering actual embedding approaches
allowing for the geometric representation of concepts, representations are, e.g., spheres
[Kulmanov et al., 2019], boxes [Abboud et al., 2020], cones [Bai et al., 2021], subspaces
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of a Hilbert space [Garg et al., 2019], general convex regions [Gutiérrez-Basulto and
Schockaert, 2018], thus are mostly convex structures. This practice justifies the theoret-
ical considerations about the specific shape of concepts done, e.g., by Gérdenfors [2000].
Concretely, he argues that a suitable shape of concepts is induced by the convexity
property. This is explained as following a principle of cognitive economy [Gérdenfors,
2000, p. 70] (which is underlined by the computational advantages of convexity, e.g.,
in convex optimization). Moreover, convexity also enables a simple type of prediction,
namely when instances a and ¢ are in concept C', then also everything in between a and
¢ needs to be in concept C. Although missing convexity does not necessarily lead to
overfitting, enforcing a simple structure (as convexity) leads to greater induction capa-
bilities (see, e.g., considerations on SVMs where having more support vectors leads to a
more complex structure and thus to overfitting [Cristianini and Shawe-Taylor, 2000]).

Though Gardenfors’ considerations mainly refer to Euclidean convexity, his consider-
ations are not restricted to it. He proposes that concepts should be convex regarding
some betweenness relation B(a, b, ¢) in the following way: a set C' C X, where X is an
arbitrary domain, is convez, for short isConv(C) iff for all a,c € C with B(a, b, ¢) (read-
ing “b is in between of a and ¢”) it follows that b € C' [Gérdenfors, 2000, p. 69]. This
can be formulated with a closure operator conv(C) via C' = conv(C). The set conv(C)
is sometimes called the convex hull of C' and can be defined as the smallest superset of
C that is convex:

conv(C') = m{A D C|isConv(A)}

Convexity can be seen as a special type of closure operator according to the usual
definition which we restate here.

Definition 4.1. [Faure and Frolicher, 2000, Definition 1.2.5] A closure operator on a
set X is a map cl : Pow(X) — Pow(X) satisfying the following two azioms:

1. ACcl(A) for every AC X
2. A Ccl(B) entails cl(A) C cl(B) for A;BC X

Convexity is strongly dependent on the choice of the betweenness relation. Whereas a
Euclidean betweenness leads to the well-known Euclidean convexity, there are other quite
different forms resulting from non-Euclidean betweenness. There are many different
betweenness relations but they all need to fulfill some basic axioms. These axioms and
some examples of betweenness relations are discussed in the next section.
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4.3 Betweenness

Betweenness plays a major role in concept formation and is a fundamental notion in
geometry in general. Broadly spoken, betweenness is a ternary relation stating that
some element is in between two other elements. In the Fuclidean sense, betweenness
depicts one element lying in between the other two on a line. Together with the notion
of equidistance it allows for developing the whole elementary geometry axiomatically
and, thus, can be considered as a basic notion of elementary geometry [Balbiani et al.,
2007, p. 345-346]. However, betweenness is not restricted to Euclidean spaces. It is,
e.g., possible to define lattice betweenness and to use the properties of this betweenness
to conclude whether a lattice is distributive or modular [Pitcher and Smiley, 1942, p.
13]. Thus, betweenness is in general a way of enriching the underlying structure of a
space. One main benefit of betweenness is that it allows for defining convex sets, namely
as betweenness-closed sets, and enables utilizing the advantages of convex optimization
(especially in but not limited to) Euclidean spaces.

The mathematically formal treatment of betweenness can be dated back to Huntington
and Kline [1917] and is based on an axiomatization of geometries by Hilbert [1913].
There are several different axiomatizations of betweenness, focusing on different usage
areas. In the following, the most basic properties of betweenness are given which are
universal in the sense that they can be used (mostly) independently of the underlying
space, stated, e.g., by Pitcher and Smiley [1942] and Gérdenfors [2000] and introduced
by Huntington and Kline [1917].

(A1) B(a,b,c) iff B(c,b,a) (symmetry in the end points)
(A2) If a # b # ¢?, then not both B(a,b,c) and B(a,c,b) (closure)

Axiom (A1) expresses symmetry, i.e., if a point b is in between a and ¢, then b is also
between ¢ and a. Axiom (A2) states that if a point is between two points it cannot have
one of the points in between itself and the other point.

Next to these axioms, the following two axioms are the only remaining axioms com-
patible with (A1) and (A2) including three elements [Huntington and Kline, 1917]. One
axiom depicts that each three points need to be connected via a betweenness relation
(which seems to be unreasonable in our context, as it is in many cases not the case, e.g.,
when interpreting betweenness in the Euclidean sense [Pitcher and Smiley, 1942], and
here the focus lies betweenness relations as general as possible). The other axiom is

(A3) If B(a,b,c) then a,b and c are distinct

2 Here and in the following, a # b # c is used as a shortcut for a # b, b # c and a # c.
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A betweenness fulfilling (A3) is called in the following open, one not fulfilling it is
called non-open. These three axioms can be interpreted as the basics for a betweenness-
relation. The validity of (A3) is a matter of definition whether an element can be in
between itself or not.

Considering axioms containing four elements, there are eight axioms [Huntington and
Kline, 1917] of which not all are appropriate for the general case. Huntington’s and
Kline’s [1917] axioms 4. to 8. are based on the assumption that a betweenness relation
makes up a line (in the usual, Euclidean sense) and that each two points are connected
via a single line. These line-like properties are considered in detail in the next subsection,
as they are too restrictive for the general case. From the remaining three axioms, the
third one can be derived by using (A1) and the first two axioms, thus, only the first two
axioms need to be considered:

(A4) If B(a,b,c) and B(b,c,d), then B(a,b,d)
(A5) If B(a,b,d) and B(b,c,d), then B(a,b,c)

Axioms (A4) and (A5) are sometimes called outer transitivity and inner transitivity.
The list of betweenness axioms can be extended to include axioms with five or more
points but these axioms are due to their complexity not further considered here.

Betweenness occurs in many different contexts and plays a major role in concept for-
mation, in particular when using the idea of conceptual spaces of Géardenfors [2000].
There, betweenness allows for defining convexity and thus enables establishing a psy-
chologically grounded definition of concepts and properties in a geometric space.

Gérdenfors introduced the following betweenness axioms from which (B0)-(B4) are
equivalent to the basic axioms mentioned before (including (A3)) and are mentioned
here for completeness. In the following, the tags (B0)—(B4) will be used when referring
to the betweenness axioms:

Definition 4.2. Betweenness axioms according to Gdardenfors [2000, pp. 15 ff] are the
following, based on a set X and a,b,c,d € X

(BO) If B(a,b,c), then a,b,c are distinct
(B1) If B(a,b,c), then B(c,b,a)

(a,b,¢)

(a,b,¢)
(B2) If B(a,b,c), then not B(b,a,c)
(B3) If B(a,b,c) and B(b,c,d), then B(a,b,d)
(

(B4) If B(a,b,d) and B(b,c,d), then B(a,b,c)
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and as additional (possibly valid) axiom
(B5) For any two points a and c in X, there is some point b such that B(a,b,c).

(B5) is an axiom not mentioned before and ensures density, making sure that between
all two elements lies at least one element. This axiom is not always appropriate, as it is
not applicable in discrete spaces, but is helpful as, unlike (B0)—(B4), it is a constructive
axiom: whereas the other axioms can be fulfilled with an empty betweenness relation,
this one can not. This axiom and some variants of it are considered further at the
end of this section, because an axiom circumventing trivial betweenness relations will
be of importance for the definition of COSs. (When considering an empty betweenness
relation there is no sense in reasoning about convexity).

Having the betweenness relation, it is possible to define some simple notions based on
it, especially the notion of half line and line. Let a,b € X be arbitrary, then define the
line L(a,b) through a,b (as has been done by Aboulker et al. [2016] for pseudo-metric
betweenness) as

L(a,b) :={x |z =aor x=0bor Ba,z,b) or B(x,a,b) or B(a,b,z)}

Given a line L and points a,b on L, one has two disjoint open half lines HL(a,b) and
HL*(a,b) starting at a such that L = {a} U HL(a,b) U HL*(a,b). These can be defined
as follows:

HL(a,b) = {z|B(a,z,b) or B(a,b,x) or x = b}
HL*(a,b) = {x|B(z,a,b)}

Observe here that this definition does not necessarily lead to a line in the usual (Eu-
clidean) sense, as can be seen in Figure 4.2 where all three examples represent valid
lines but only the left one represents a line in the Euclidean sense. The middle example
contains two elements b and " both in between a and ¢ but not interfering with each
other. In the right example, the line has two distinct endpoints. Thus, in order to define
a line in the Euclidean sense, it is necessary to define additional axioms for betweenness
which are later given as (C2) and (C3).

Obviously, similarity (introduced in Section 4.1) and betweenness are highly related,
or, to state it differently, similarity can be used to define a betweenness-relation. How-
ever, an element that is in between two others is not necessarily similar to both (or even
to one of them) and vice versa.
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Figure 4.2: Three examples of lines L(a,b) (where the edge indicates that from left to
right a betweenness relation is given), the left one also being a line in the
Euclidean sense.

Examples for Betweenness Relations

Betweenness relations are used in many fields, e.g., for antimatroids [Chvatal, 2009] and
for lattices [Pitcher and Smiley, 1942, p. 13].

Three of the betweenness relations are of greater importance for the construction of
COSs and thus are discussed in detail in the following: metric betweenness, intersection
betweenness and betweenness based on Goodman’s matching.

Metric betweenness The widest known betweenness-relations are in the group of
metric betweennesses B,,:

B..(a,b,c) iff d(a,b) + d(b,c) = d(a,c) for a,b,c € X with a # b # c,

where X is the domain and d is an arbitrary metric, e.g., the Euclidean, manhattan or
polar distance [Gardenfors, 2000, p. 72] in R™ or the angle where X is a n-ball. Whereas
betweenness based on the Euclidean metric fulfills the axioms (B0)—(B5), the one based
on an angle does not, as it does not fulfill (B3). This underlines the fact that the axioms
(B0)-(B2) belong to the minimal set of axioms to be fulfilled by a betweenness relation.
Metric betweenness based on an angle is in the following termed B, (and used both for
the case where X is a sphere and for the case where X = R", though it is in this case
not a metric betweenness).

The Euclidean metric and thus the Euclidean betweenness B plays a special role, as
in the area of Euclidean geometry, betweenness has great importance, e.g., for the axiom-
atization of Tarski mentioned above. This also applies to COSs, as the Euclidean space
with the Euclidean metric is a natural and reasonable research domain. Chapter 7 relates
to COSs in the context of Euclidean betweenness. This betweenness fulfills (B0)—(B5)
as well as other axioms, some of which will be discussed here, as they lead to a radical
simplification of the resulting set of possible betweenness relations because of their strict
constraints. One axiom [Borsuk and Szmielew, 2018, Axiom O5], complementing (B5)
is
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4 Concept Formation Based on Betweenness and Similarity

(C1) For any two (distinct) points a,b in X, there is some point ¢ in X such that
B(a,b,c).

Whereas (B5) ensures density in between two points, (C1) ensures density on the
outside of two points. Considering the following axioms [Huntington and Kline, 1917,
axioms 4. and 6.] leads to a restriction of the lines considered above. These axioms in
particular enforce that the middle and right figure of Figure 4.2 do not represent valid
betweenness relations anymore.

(C2) If B(a,b,c) and B(a, V', c), then either B(a,b',b) or B(a,b, V')
(C3) If B(a,b,c) and B(d', b, c), then either B(a,d’,c) or B(d',a,c)

It can be proven that these axioms are valid for Euclidean betweenness [Borsuk and
Szmielew, 2018, Theorem 18].

Intersection betweenness A betweenness relation which will be of great importance
for some considerations on COSs is the intersection betweenness. The intersection be-
tweenness enables defining betweenness on sets and is grounded on psychological con-
siderations [Restle, 1959]. It is based on the idea that objects can be compared based
on sets of their features. An object b is said to be in between a and c if it includes all
the features common to a and ¢ (but is allowed to have features which neither a nor ¢
have) [Tversky and Gati, 1982]. Intersection betweenness can also be abstractly viewed
as a betweenness relation on sets. When considering sets, some standard betweenness
relations such as metric betweenness cannot be defined, as there is only qualitative in-
formation about the sets given. To break up this qualitative definition, a notion of order
of sets based on betweenness is given. This notion was introduced by Restle [1959] and
is also mentioned, e.g., by Tversky and Gati [1982], Burigana [2009] and Rautenbach
et al. [2011]:

Definition 4.3. [Rautenbach et al., 2011] For a set system M = (M,),cv indexed by
the elements of a finite set V, the intersection betweenness B; induced by M 1is defined
as follows:

Bi(a, b, C) Zﬁc Ma N Mc g Mb
The intersection betweenness is called strict if a,b and ¢ are distinct.

Proposition 4.4 ([Restle, 1959, Theorem 3], [Burigana, 2009]). Strict intersection be-
tweenness B; fulfills (B0)—(B1) but neither of (B2)-(B4).
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4.3 Betweenness

Though (B2)—(B4) are, in general, not fulfilled, it is possible to find instances of inter-
section betweenness also fulfilling (B2)—(B4). The restrictions necessary for fulfillment
are mentioned by Burigana [2009] and Restle [1959] and are considered in some detail
in the context of an orthonegation-induced betweenness relation in Section 6.1.

An example for the use of intersection betweenness in the context of DL is given by
Schockaert, Ibanez-Garcia, et al. [2021]. Their aim is to model interpolation in DL,
thus modeling that concept B is in between concepts A; and Ay. Therefore, they used a
feature-based semantics and, thus, map each instance on a set of features with a mapping
7. Betweenness is defined via intersection betweenness as

Bi(a,b,c) iff w(a) Nw(c) C w(b).

Goodman’s matching A betweenness-relation situated in a quite different context is
the notion of matching introduced by Goodman [1977] and discussed in my publication
[Leemhuis and Ozgep, 2022]. In note 20 of his book on conceptual spaces [Gérdenfors,
2000], Gardenfors remarks that Nelson Goodman in his work on the “Structures of
appearance” [Goodman, 1977] established a notion of betweenness based on the notion
of matching. Matching is a binary, symmetric and reflexive relation and thus can be
interpreted as similarity relation and its negation as a dissimilarity, thus an orthogonality
relation can be defined. Gérdenfors notes that Goodman meant to show that he can
establish many properties of the betweenness relations, which suggests that not all of
(B0)—(B4) are fulfilled. In fact, Goodman’s book includes only proofs showing that
(B0)—(B2) are fulfilled.

The ideas of Nelson Goodman concern a betweenness relation of so-called qualia,
abstract phenomenal qualities, describing a sensory impression of a property under a
specific condition, e.g., an impression that something appears to be green based on a
given illumination. This restriction to qualia is, in fact, not a problem, as his general
construction can also be used for non-qualia (as stated by himself and as shown in Sec-
tion 6.1.2 for the adaptation). The theory of qualia is developed in a mereological system
(a theory of parts and wholes) with a mereological sum operator (see, e.g., [Simons, 1987]
for a modern, book-length treatment). I adapt Goodman’s approach to a set theoretical
setting (replacing sum by union). Though mereology has its merits and a long tradition
in epistemology, metaphysics, and ontology research there are technical reasons why it
has not found the same acceptance as set theory — at least by mathematicians [Hamkins
and Kikuchi, 2016].

Goodman defined his notion of betweenness only for finite domains. This is the other
point in which the adaptation of Goodman’s construction deviates from the original
approach: the adaptation considers also infinite (and even more: dense and continuous)
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4 Concept Formation Based on Betweenness and Similarity

spaces as they are used in general by embedding approaches.
The relevant betweenness relation of Goodman is called “betwixtness” (an old English
word for betweenness) and reads as follows [Goodman, 1977, Definition D10.02]:

x/y/z = M(x,y) & M(y,z) & M(x,z) &
Gtz aty) & Glatz ytz)

M (z,y) stands for Goodman’s reflexive and symmetric notion of matching. This
notion seems to be a primitive notion, i.e., to be undefined. The definition Goodman
gives for matching [Goodman, 1977, Definition DA-2| relies on the notion of allying
“A”. This notion in turn is defined on the basis of M. M is given only “implicitly”
defined by some axioms [Goodman, 1977, pp. 209 ff]. Goodman has a mereological
notion of symmetric difference denoted by the dagger T (p. 211) and a binary notion of
aggregatively greater than G(z,y). [Goodman, 1977, Definition D8.021] . This one is
based on a primitive notion of “is of equal aggregate size” Z. (Translated to set theory
Z just means: “has the same cardinality”). Definition D8.021 reads: G(z,y) iff there is
a proper part t of x such that ¢ is equal in aggregate size to y. This seems to be the
main place where Goodman assumes a finite domain: Because, if  were infinite, then
one could find a proper part (a proper subset of x) that is of equal size as z. In that
case, however, x would be greater than itself.

According to Goodman [1977, p. 219], his betweenness relation fulfills the following
axioms (with the corresponding enumeration in Goodman’s book given in brackets):
(BO) (Goodman: 10.25), (B1) (Goodman: 10.26), (B2) (Goodman: 10.27). There is no
proof of (B3), which this adaptation does not fulfill either, and of (B4), which, in case
of this adaptation, is provable.

(B3) is problematic due to several reasons. One problem is that each pair of z,y, z
must match. This cannot be guaranteed: Whereas each pair in {a, b, ¢} may match and
each pair in {b, ¢,d} may match, a and d may not match anymore. However, even when
matching of each pair is assumed, (B3) is not necessarily fulfilled, as, e.g., the creation
of circles in matching (meaning M (a,b), M (b, c), M (c,d) and M(d, a)) could lead to the
case that B(a,b,c) and B(b,c,d), but B(d,a,b) instead of B(a,b,d). In this paragraph,
the original definition of betweenness by Goodman was presented. Its aforementioned
adaptation is given in the context of orthonegation-induced betweenness in Section 6.1.2.

An Axiom of Density

This section ends with some considerations on the axiom of density (B5). This axiom
(and also (C1)) is different from the other axioms. Whereas the others can be satis-
fied by considering the empty betweenness relation, this is not possible for these two
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axioms. Even when not considering the trivial betweenness relation, it is still possible
to circumvent problems, e.g., with (B3) and (B4) by ensuring that each combination of
two elements occurs only in one betweenness relation. Thereby, the premise would not
be fulfilled and (B3) and (B4) would be trivially true.

Adding (B5) dismisses this possibility, as for each a and ¢ in X, there must be some
point b in X such that B(a,b,c) is valid. Thus, there must also be an d with B(a,d, b)
etc. and the premises of the axioms (B3) and (B4) are fulfilled and the axioms need to
be non-trivially fulfilled.

Thus, besides density, (B5) and (C1) additionally ensure some sort of connectedness:
It is not possible to have different clusters of independent betweenness relations.

In particular when arguing about convexity, it is not desired to have trivial (or nearly
trivial) betweenness relations or different clusters. The notion of convexity would lose
its expressivity, because in that case it would be usable only locally. But requiring (B5)
or (C1) or both to be valid for a betweenness relation is also not always reasonable as it
requires “inner” resp. “outer” density which is not possible in discrete spaces.

To keep the advantages of this axiom without requiring the considered sets to be
non-discrete, here a new axiom is presented combining the axioms (B5) and (C1):

(B5’) For any two points a and ¢ in X, there is some point b such that B(a,b,c) or
B(b,a,c) or B(a,c,b).

This is a relaxation of axiom I3 [Borsuk and Szmielew, 2018, p. 21|, based on Euclidean
betweenness, where it is stated that for all two distinct points there need to be at least
one line through both of them. As for a general betweenness, a line can not be defined
as in the usual Euclidean sense, here this relaxation is used.

4.4 Approaches Based on Similarity and Betweenness

The last sections showed that both similarity and betweenness are vital for an embedding
approach with sufficient capacity of representing logical information geometrically. The
next natural question is what such a combination could look like. Before proposing
the framework of Conceptual Orthospaces (COSs) in Chapter 5, in the following, some
approaches are surveyed which are related to an embedding approach based on similarity
and betweenness. As shown in Sections 4.1 and 4.3, similarity and betweenness are both
extensively researched areas. Therefore, in the following, no complete survey of related
approaches is given. Instead, only a few examples are showcased which are either highly
popular or closely related to the approach that will be proposed in Chapter 5.
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4 Concept Formation Based on Betweenness and Similarity

One paradigm, incorporating similarity and betweenness as the basis are conceptual
spaces as mentioned in Section 2.3. Although the main theory of conceptual spaces is
more of a paradigmatic nature, there are also several practical approaches using con-
ceptual spaces for learning and reasoning. For example, Bechberger and Kiithnberger
[2017] propose an approach based on star-shaped regions, able to model conjunction
and disjunction and having the usage areas of concept combination and clustering. The
framework, however, is not able to model conjunction and disjunction correctly in a
logical sense, as the star-shaped regions they consider are not closed under conjunc-
tion and disjunction. Therefore, they need a repair mechanism and thus lose the direct
interpretability of logical operators as geometric ones. Additionally, they argue that, de-
pending on the type of convexity chosen, convexity is not necessarily the best option for
modeling conceptual spaces, but they do not argue against convexity in general. Though
their approach has the advantage of being simple and psychologically grounded, they
are not able to reach our goals, namely convexity and modeling the logical operators as
geometrical ones.

A different approach, also enabling the use of conceptual spaces in a practical context,
was proposed by Jameel and Schockaert [2016]. There, an embedding into a vector space
is considered where semantic types (thus concepts) are modeled as subspaces of this
vector space. This allows for modeling type hierarchies and relations between entities of
the corresponding types. Up to this point, the approach is quite similar to that of Garg
et al. [2019] in which subspaces are also embedded. But in contrast to the work of Garg
et al. [2019], here the dimensions can be considered as quality dimensions in the sense
of conceptual spaces, thus having a semantic meaning. Though, this approach models
concepts as convex regions, it does not incorporate any negation. For computational
simplicity (and to allow for modeling negation as orthonegation), I neither consider
explicit domains nor quality dimensions with a semantic meaning, as both add to the
complexity of the learning approach [Bouraoui et al., 2022]. This differentiates COS
from conceptual spaces. The aim of the COS is not psychological plausibility but rather
learnability and simplicity of the representation. Therefore, the choice of the similarity
should not be based on psychological grounds but based on simplicity and learnability.

Many approaches in the area of KGE that incorporate background knowledge ge-
ometrically use convexity (for a thorough discussion, see Section 10.2) and of course
embedding is based on similarity. They, however, are focused on Euclidean convexity,
do not consider the attributes of convexity and similarity in detail and are constrained
to a specific geometric structure, whereas here the aim is to find a general form. Fur-
thermore they mainly do not incorporate negation.

A different approach based on convexity is presented by Gutiérrez-Basulto and Schock-
aert [2018]. There, the same goal as here was set, namely to enable for an embedding
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approach that is on the one hand as expressive as possible and on the other hand enables
defining the ontological commitment. They also identify convex regions as the basic ge-
ometrical structure both for the modeling of concepts and relations. They showed that
an ontology can be embedded based on their convex regions when it fulfills the so-called
quasi-chainedness property, but they do not consider disjunction and negation and re-
strict themselves to Euclidean spaces. This approach underlines the usability of convex
regions, however, does not consider similarity (and thus in particular not dissimilarity)
directly.

An area in which similarity in context of concept formation plays a vital role is the area
of similarity description logic [Sheremet et al., 2007] and related areas, e.g., fuzzy DL
[Borgwardt and Penaloza, 2017] and rough DL [Penaloza and Zou, 2013]. The similarity
DL SL was introduced by Sheremet et al. [2007]. It enables enhancing the usual DL-
axioms with information and reasoning regarding similarity of concepts. They introduce
the quantifiers 35°C', denoting all instances with a similarity of at least a to C'and C' &
D, including all instances being more similar to C' than to D based on some similarity
space. Thus, the similarity is considered based on different aspects (resp. different
domains). Though this combines conceptual reasoning with a notion of similarity and
enables for reasoning based on similarity (and allows also for the notion of closure and
interior [Alenda and Olivetti, 2012]), it does not consider the shape of the concepts
and thus does not enforce a geometric structuredness like convexity. Additionally, it
only considers negation as set-complement. Though similarity is considered, it does not
influence concept formation.

The approach most similar to the framework of COSs was introduced by Schockaert,
Ibanez-Garcia, et al. [2021]. They pursued a different goal but came to results leading in
a similar direction. Their approach is again situated in the area of similarity DL and they
consider the enhancement of deductive reasoning based on the description logic £L; via
the consideration of similarity information between different concepts. To accomplish
this, they use an intersection betweenness on the features of these concepts. Convexity
of concepts is enforced, however, the description logic ££; is considered as basis, and,
thus, the problems regarding negation are not considered.

These approaches underline the relevance of betweenness in embedding approaches,
e.g., in the context of conceptual spaces, not only by being the basis of convex con-
cepts but also to allow for identifying concepts being in between other concepts [Derrac
and Schockaert, 2015]. All these notions, though they incorporate some information
about similarity, do not address all problems of the geometric regularities needed to ease
reasoning and are not able to incorporate negation sufficiently.

One area in which negation can be modeled in a geometric (or at least topological)
space, is spatial logic. Smyth and Webster [2007] present an approach based on closure
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spaces which is able to model negation. However, it considers closure spaces in general
and does not consider convexity. The same problem appears for orthomodels. Though,
they do not incorporate similarity information directly, it is possible to interpret incom-
patibility as inverse similarity. They can be also geometrically interpreted but do not
contain any information about the shape of the concepts in form of convexity.
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5 Conceptual Orthospaces as a
Foundational Framework for
Embeddings

As pointed out in the last chapters, Ne-Sy Al can be used to combine symbolic and
subsymbolic learning approaches and, in this context, embeddings are widely used and
work well. To enhance these embeddings with background information, it is necessary to
model the concepts and the relations between concepts incorporated in the background
knowledge geometrically. In Chapter 3, I decided to model negation with the help of
the orthogonality relation and in Chapter 4 it was shown that similarity and convexity
are basic notions for embedding approaches. These ideas are now combined to approach
the main framework of this dissertation, the Conceptual Orthospaces.

At first, the definition of orthogonality as irreflexive and symmetric relation depicting
incompatibility comes into play. As similarity is a reflexive and symmetric relation (see
Section 4.1), the orthogonality relation can be considered as dissimilarity. This not only
matches syntactically but also semantically, as instances are orthogonal to each other
when they are sufficiently dissimilar. This enables modeling the orthogonality relation
based on the similarity relation and thus combines the two notions.

By now, the framework that is to be created has the building blocks of a similarity
relation (enabling the representation of the orthogonality relation), modeling conjunction
as set-intersection and disjunction as L-closure. The remaining and most important
question is how to represent concepts in this framework. As discussed in Section 4.2,
they should be convex. However, this restriction is not enough. It is also necessary to
balance convexity and similarity to allow for a suitable definition that enables modeling
concepts that are both convex and L-closed. The next example depicts a possible use
case.

Example 5.1. Assume a user would like to have concepts that are convex in the sense
that they fulfill Fuclidean betweenness as the basis for his embedding approach. Now, he
has to think about a suitable definition of negation. Figure 5.1(a) depicts an example,
showing two concepts A and B in R? that are conver w.r.t. Euclidean betweenness.
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Now, assume that the similarity relation has been chosen in a way leading to A+ and
Bt as shown in the figure. This embedding has several drawbacks: If we assume that the
concepts are a result of a learning approach, then, as B+ has in particular a complicated
structure, it is prone to overfitting and thus not suitable for inferring new information.
Though missing convezity does not necessarily lead to overfitting, enforcing a simple
structure (as convexity) leads to greater induction capabilities (see, e.g., considerations
on SVMs where having more support vectors leads to a more complex structure and thus
to overfitting [Cristianini and Shawe-Taylor, 2000]).

It can be argued that this problem is based on an artificial choice of a similarity
relation. However, though the choice of a suitable similarity relation is important, it
does not completely solve the problem. For illustration consider Figure 5.1(b): The
similarity measure is chosen as quite a natural one, namely the Euclidean distance, and
the negation is defined based on a threshold (thus, alb iff dg(a,b) > 7 for a,b € R", a
fized T > 0 and dg being the Fuclidean distance). But even then it turns out that, despite
A having a suitable structure, A* is not conver. This leads to a situation in which A
and At are not treated equally, which in turn means that, for a learning approach, a
mapping to A is learned based on a well-formed convex structure, whereas the mapping
to At leads to a non-convex structure representing the absence of information on A.

To sum up, the choice of an orthogonality relation is not arbitrary but dependent on
the goals of the modeling and the chosen betweenness relation. Therefore, a framework
that allows to define a suitable orthogonality relation for a given betweenness relation
is needed. However, even then, it is not possible to consider all (or arbitrary) concepts,
convex based on this betweenness relation. In fact, the definition of an expressive or-
thogonality relation could restrict the set of possible convex concepts. For example,
Chapter 7 will show that for Euclidean betweenness and an expressive orthogonality
relation, the only possible concept interpretations are some variants of convex cones.

Whereas in the example, the case of a given betweenness relation and the induced or-
thogonality relation was considered, another realistic scenario is that a similarity relation
is chosen beforehand, e.g., an orthomodel is given. Though orthomodels are expressive
structures to model concepts in a space equipped with negation, these concepts, though
they are 1-closed, are not necessarily well-shaped, e.g., convex in the Euclidean sense.
For example, when creating an orthomodel based on X = R", the concepts could be
arbitrarily shaped in a geometric sense, even if they are L-closed as can be seen in Fig-
ure 5.1(a). What becomes relevant here is that the betweenness relation is not necessarily
defined in the classical sense, thus as Euclidean betweenness. This enables determining
a (weak) betweenness relation such that all L-closed sets are convex. Although this
does not lead to the same expressivity in the sense of reduction of overfitting and com-
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Figure 5.1: (a) Example of an orthomodel in R? with two concepts A and B and an
orthogonality relation that is not distance-based; (b) an example of an or-
thomodel in R? with a concept A and a negation based on the Euclidean
distance.

putational complexity, it at least eases the learning, as the structure of the concepts is
examined and thus can be used, e.g., for optimization.

Thus, in general, there are two possibilities to model the connection between simi-
larity and betweenness. The case beginning with similarity and the one starting with
betweenness. The aim is not to define a framework modeling a betweenness leading
to the strongest possible convexity and also not to determine the perfect orthogonali-
ty relation, but to give an underlying framework that enables designing an embedding
approach accounting for logical operators, especially negation, based on either a given
similarity or betweenness.

But before determining the details of the construction, in the following the general
framework of the combination of similarity and betweenness is presented. This is then
used as basis for the construction of orthonegation-induced betweenness in Section 6.1
and betweenness-induced orthogonality in Section 6.2 and throughout the rest of the
dissertation.

The basic definition of the framework of Conceptual Orthospaces is given in Sec-
tion 5.1. It will turn out that for different use cases different restrictions are necessary
to gain sufficient expressivity. This is discussed in Section 5.2. The section is concluded
by general considerations on the properties of COSs. This chapter is an extended version
of my work presented in a journal publication [Leemhuis and Ozgep, 2023].
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5.1 Formalization

The main ingredients of COSs are the convexity of concepts based on a betweenness
relation (not necessarily fulfilling all betweenness axioms) and an orthogonality relation.

Formally, assume that an arbitrary domain X containing elements/instances, a ternary
betweenness relation B over X and a binary orthogonality relation 1 over X are given.
Additionally, there is a set Y of convex and _L-closed sets based on X, with Y C Pow(X),
where Pow(-) is the powerset of X. The set Y can be seen as containing the subsets of
X that make up the concepts, thus those entities for which the operators are defined.
Whereas for an orthomodel all | -closed sets can be considered, here it is necessary to
consider sets that are both L-closed and convex.

Definition 5.2. A Conceptual Orthospace (COS) is a structure S = (X,Y, B, L) with
the following components:

e a domain X,

o a ternary betweenness-relation B on X (not necessarily fulfilling all betweenness
azioms),

e an orthogonality relation 1. on X and

o asetY C Pow(X) where each A €Y is L-closed (based on L, for short cly(A) =
A) and convez (based on B, for short conv(A) = A) and which is closed under

conjunction and negation, where for A, B € Y
— conjunction of A and B is defined as set-intersection AN B and

— negation of A is defined as A*.

The set Y is called complete iff Y = {conv(A) | AC X} = {cl (A) | AC X}, de., iff

each L-closed set in X is convex and vice versa.

It is possible to interpret COS as DL interpretation, thus the elements of Y can be
interpreted as representation of concepts and X as domain AZ. Using a COS as basis
for an interpretation enforces the concept representations to be convex and | -closed and
thus have the structure which was identified as suitable in the last chapters.

Definition 5.3. Given a DL-vocabulary V = N.U N¢ of constants and concept symbols,
the COS-interpretation (also called geometric interpretation in the following) based on
a COS S = (X,Y,B, 1) is a structure (AZ,-T) where AT = X, T is the denotation
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function defined for allb € N., A € N¢ and concepts C, D overV such that the following
conditions are fulfilled:

V' e AT, (Cn D) =CTnDY,
Arey, (=C)T = (CT)",
17 = AT, (CUD)r = (~(=Cn=D))*

The interpretation of 0% depends on the use-case. Possibilities are, e.g., 0F = () or
0 = {0} for some element 0 € AT. Details on this can be found in Section 5.2.1.

The notion of a COS-interpretation being a model (of an abox, tbox, ontology) is
defined in the same way as for classical interpretations according to Section 2.1.

In the following are concept symbol and concept representation named equally when
the meaning is clear from the context. The set Y is intended to contain the concepts
which provide the basis for an embedding approach. To construct a COS, it is necessary
to follow some construction principles, as Y needs to be constructed in a way that it
is closed under logical operators and contains sets that are both 1-closed and convex.
Therefore, it is not possible to choose the betweenness and similarity arbitrarily.

First, we tackle the question of how to define the the Boolean logical operators con-
junction, disjunction and negation over Y. Negation and conjunction are already given
in the definition. Disjunction of A, B € Y, thus in DL-notation (AL B)* can be defined
via de Morgan as (AU B)f = cl, (AU B).

Corollary 5.4. (AU B)* =cl, (AU B).

Proof. By definition, it follows that (AU B)T = (AN B*)". And as A* N B* = {z |
VyeA: zlyandVze B: zlz} ={z|Vye (AUB): zly} = (AU B)", it follows
that (A* N BY)" = (AU B)™ and by definition (AU B)** = ¢l (AU B). O

Interpreting disjunction as the | -closure leads to the fact that Y, ordered by inclusion,
makes up a lattice interpreting lattice meet as set-intersection and lattice-join as |-
closure [Faure and Frolicher, 2000, Proposition 1.2.7].

The second closure operator needed is the convex closure conv, as all sets in Y need
to be convex. The equality conv(-) = ¢l (-) holds only for complete COS.

In the following, an example for a COS is given based on closed convex cones. There-
fore, first, closed convex cones are formally introduced:

Definition 5.5 ([Schneider, 2022, p. 7]). A convex cone is a subset C' C R™ withx+y € C
and \x € C for every x,y € C and A > 0. A closed convex cone is a nonempty convex
cone which is topologically closed (w.r.t. the Euclidean norm). “Convex” in the context
of cones is defined in the classical way, i.e., based on FEuclidean distance.
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n

Example 5.6. As an example of a COS, the set of closed convex cones in R™ (CI )
can be considered. Let the domain X = R™, the betweenness be the standard Euclidean
betweenness B and the orthogonality relation be defined as x Ly iff Z(x,y) > 90°. This
can be reformulated by using the standard definition of the scalar product (-,-) as xL,y
iff (xz,y) < 0. To determine whether S = (R",C%,...Bg, L,) makes up a COS, it is
necessary to prove (i) that L, is actually an orthogonality relation, (ii) that each set in
Y =C.,. is L-closed and convex and (iii) that the set of closed convex cones is closed
under intersection and polarity. Regarding (i), x L, x for x € R* and v L,y = yLl,x,
thus L, is irreflexive and symmetric, thus, an orthogonality relation. (ii) is the case, as
Y contains the set of closed convex cones which are L-closed and obviously convex. (iii)
is, e.g., stated by Schneider [2008]. Thus, S = (R"*,C% ..., Br,L,) is a COS. An example

» Ycone?

for such a COS with X = R™ and Y = {A, B} can be seen in Figure 5.2(a).

Thus, the main point of finding a COS is to find the two closure operators conv and ¢l ,
where the former relates to the betweenness relation and the latter to the orthogonality
relation. To ease this task, we consider the connection between conv and cl; in order
to find some restrictions which both closure operators need to rely on. For an arbitrary
set in Y, the convex closure of that set is always a subset of (or equal to) its L-closure.
When Y is complete, then 1-closure and convexity are equivalent. The other direction
does not follow directly, as it is possible to define Y as a subset of a complete Y'. In
this case, L-closure and convexity are equivalent, but Y is not complete.

Proposition 5.7. For a given COS S = (X,Y,B,1) and A,B € Y, the following

relations between cl| and conv hold:

1. cly (A) = conv(A) = A, ie., A= AL and for all a,c € A with B(a,b,c) also
bec A

2. conv(AUB) C el (AU B)

3. IfY is complete, then for all C C X: ¢l (C) = conv(C)

4. If for all C C X: ¢l (C) = conv(C), then there is a complete Y’ withY CY’
Proof. Let S = (X,Y,B, 1) be given.

1. This follows directly out of Definition 5.2.

2. Let A, B € Y be arbitrary. AsY is closed under disjunction, ¢/, (AUB) € Y, thus,
as each set in Y is convex, conv(cl; (AU B)) = ¢l (AU B). With the conditions
of a closure operator in Definition 4.1, it follows that AU B C conv(cl (AU B))
and thus conv(AU B) C conv(cl; (AU B)) and thus conv(AU B) C ¢l (AU B).
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3. Let €' C X be arbitrary and Y be complete. Then, as Y contains all 1-closed
sets, cl, (C') € Y and with 2. it follows that ¢, (C) D conv(C). Thus, it remains
to show that ¢l (C) C conv(C). As Y is complete, conv(C) € Y. Analogously to
2. it follows that ¢l (C') C conv(C).

4. This follows directly out of Definition 5.2.

]

In particular, the proposition entails that _L-closure and convex-closure need to be
chosen in a way that the 1-closure of a set results in a set equal to its convex-closure or
in a superset of the convex-closure. |-closure thus needs to be a more inclusive notion
than convex closure.

It is, in fact, possible that the subset relation in Proposition 5.7.2 is strict so that
conv(AUB) C el (AUB) for A,BeY.

Example 5.8. For the COS in example 5.6, 1 - and convex-closure of closed convex cones
can be defined both as convex hull (in the Euclidean sense), thus cl; (AUB) = conv(AUB)
for A, B € Y. However, there are also cases where this equality of convexity and -
closure does not hold. Consider again X = R™ and so-called convex pseudo-cones. A
non-empty conver set K C R™ not containing the origin is a convexr pseudo-cone if
Ax € K forx e K and A > 1. Betweenness is defined as FEuclidean betweenness Bg and
the orthogonality relation as xL,sy iff (x,y) < —1 forx,y € X based on the usual scalar
product (-,-) [Xu et al., 2023]. Thus, a possible COS is S = (R",PC",Bg, L,s) where
PC" is the set of all conver pseudo-cones in X. PC" is closed under conjunction and
negation but not under disjunction if (AU B)* is defined as conv(AUB) for A, B € PC".
Therefore, (AU B)T is rather defined as

(AU BT = conv(AUB) if 0 & conv(AU B)
R if 0 € conv(AU B).

Details can be found in Section 7.3.

Both, the set of L-closed sets and the set of convex sets can be interpreted as a lattice
each by interpreting lattice-meet as conjunction, i.e., set-intersection and lattice-join as
1- or convex-closure resp. The lattice of Y with lattice meet as set-intersection and
lattice-join as 1-closure makes up a sublattice of the lattice of 1-closed sets and thus
the next proposition follows trivially.
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\&A /
a b
(a) (b)
Figure 5.2: (a) Example of a COS based on closed convex cones with two concepts A
and B; (b) lattice representation of this COS

Proposition 5.9. (Y;V;A) with Y being the component Y of a COS with lattice meet
interpreted as set-intersection and lattice join interpreted as L-closure makes up an
ortholattice.

The ortholattice based on Y is denoted as Ly in the following. So the proposition
states that Ly is an ortholattice. The other direction is more interesting: How expressive
is the resulting lattice £y 7 Is it actually the case that it can represent every ortholattice?
Or to state it differently: can each orthomodel be represented by a COS?

This problem is approached from two directions. First, an example is given, showing
that COSs are able to model weak logics, especially those for which many of the well-
known properties such as orthomodularity and distributivity are not fulfilled. Towards
this end, the construction based on closed convex cones introduced in Example 5.6 is
used, especially a COS S = (R? {A, B}, Bg, L,) depicted in Figure 5.2(a). There, Y
makes up the lattice of Figure 5.2 (b). For this lattice it can be directly seen that it has
neither the property of distributivity nor orthomodularity (for details, see Appendix A).
It is also possible to model for some other, weaker rules counterexamples for this COS.
This topic is considered in detail in Section 10.3, when determining the logical commit-
ment of COSs based on cones. This example shows that COSs, in general, are able to
model quite weak logics, especially ones not fulfilling orthomodularity. Are they, how-
ever, able to model the whole orthologic? Is every orthomodel thus representable by a
COS?

As the betweenness relation is, by definition, not enforced to fulfill any betweenness
axiom, it is, of course, possible to choose the trivial, thus empty, betweenness relation.
Accordingly, every orthomodel can be interpreted as COS. However, the next theorem
shows that there are COSs, even with a non-trivial betweenness relation, that are able
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to model all ortholattices.

In the following theorem, the orthonegation-induced betweenness is used which will
be introduced in Section 6.1, as it enables defining a betweenness relation based on an
orthomodel (and thus an ortholattice). Details can be found in Section 6.1 and are
introduced in the proof whenever necessary.

Theorem 5.10. Each ortholattice can be represented by a COS S = (X,Y, B, L) with
non-trivial (i.e., non-empty) B fulfilling (B0)-(B4) (see page 47).

Proof. Let L be an arbitrary ortholattice. By Theorem 3.3, it is possible to construct an
orthomodel representing this ortholattice and thus L is given. Define S = (X,Y,B,, 1)
with the given orthogonality relation and Y = {cl; (A) | A C X}, thus Y containing
all L-closed sets (but Y not necessarily being complete). The betweenness relation is
defined as follows: B (a,b,c) iff at Nct C bt and b & {a,c} for a,b,c € X. This is,
in fact, the orthonegation-induced betweenness which will be introduced in Section 6.1.
As will be shown in Proposition 6.15 it is possible to extend this construction to get
a betweenness relation fulfilling (B0)—(B2) and (B4) and it will be shown in Proposi-
tion 6.16 that based on this definition each 1 -closed set is convex. However, B, does not
necessarily fulfill (B3). As will be discussed in Section 6.1, the fulfillment of (B3) turns
out to be difficult. However, here a simple workaround can be used: To gain (B3), the
observation is helpful that convexity is kept when deleting betweenness relations (e.g., if
{a,b,c,d} is convex based on B (a, b, c), B, (b, ¢, d), then it is also convex solely based on
B (a,b,c)). This opens up the possibility to accomplish (B3) by deleting betweenness
relations interfering with it. The resulting betweenness relation is not trivial, as to sat-
isfy (B3) it is sufficient that the precondition is not fulfilled, thus that no a,b € X exists
with B, (a,b,-) and B, (a,-,b) or B (-,a,b). More details regarding the construction of
the induced betweenness can be found in Section 6.1. ]

Although the betweenness relation used is not trivial, it is still quite weak and thus
does not answer the question of whether it is possible for an (arbitrary) strong between-
ness relation to model all ortholattices. Though this theorem states a positive result
regarding the expressivity of COSs, it also points out a drawback of the betweenness
relation: when defining Y based on _L-closed sets, it is always possible to define a COS
by modeling an arbitrary weak betweenness relation (especially the trivial one). The
weaker the betweenness relation, the more sets are convex — this is based on the fact
that there are less betweenness relations preventing a set from being convex. To gain a
meaningful betweenness relation, allowing for sufficiently structuring the space and for
convex optimization strategies, it must be as strong as possible. However, when oneself
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Figure 5.3: Example for a COS based on X = R? and Euclidean betweenness. Though,
it is a COS, the representation is not expressive.

is restricted to a given similarity relation, then having a weak betweenness relation is
still better than not having one.

5.2 Special Forms of Conceptual Orthospaces

At this state, the definition of the general framework of COSs has been given. The simple
structure of the COS as defined in Definition 5.2 and the discussion on the expressivity
of the betweenness in Theorem 5.10 directly leads to the following question:

Question 5. Is it sufficient to model betweenness and orthonegation as arbitrary closure
operators (as long as they fulfill the conditions of Definition 5.2) to gain an expressive
COS?

The answer is “No!”. Though, as discussed above, it is possible to represent both
convexity and | -closure as (nearly arbitrary) closure operators, this does not necessarily
lead to a sufficient level of expressivity. Consider the following example:

Example 5.11. Consider Figure 5.3, with the domain X = R? and let the betweenness
relation be Fuclidean betweenness. Y consists of A and B and their closure under
conjunction, disjunction and negation.

Based on the negated concepts denoted in the figure, all axioms of orthonegation are
fulfilled, each set is convex, Y is closed for conjunction and disjunction (as disjunction
is defined as L-closure), thus this example matches the definition of a COS.
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Although it is a genuine COS and use cases are imaginable, such a COS brings up some
peculiarities which are not suitable for all embedding scenarios. One peculiarity is the
contrast in expressivity between the 1 -closure and the convex-closure. Although exactly
equal strength of both is only possible for complete COS (and subsets of it), a strong
connection between convexity and 1 -closure could mean, e.qg., that they are equivalent
for all sets in'Y or at least are equivalent in the sense of conv(AUAL) = ¢l (AUAL) for
A €Y. In this case, however, neither of the two are fulfilled and the connection between
the two notions is quite weak. In particular, it is not possible to infer the negation of
new concepts geometrically. Instead, it is necessary to define it for each new concept.
Additionally, not all instances of the domain have a negation at all (thus, ¥+ = 0 for
somex € X ). Thus, another possible restriction of COSs would be to enforce all elements
to have a negation (not being the empty set). Another argument, discussed in detail in
Section 7.2, is that a COS is more expressive and can also be used better for learning if
some form of invariance of the concepts is given, and, thus, that rotating or translating
the concepts still lead to a valid COS. This is not the case in this example.

This topic of controlling and enhancing the expressivity of COSs, as pointed out in the
example above, is handled in the next sections. In Section 5.2.1, some axioms are pre-
sented, handling the peculiarities mentioned in the previous example. In Section 5.2.2; a
different way of controlling the expressivity is chosen by restricting Ly to be distributive
and in Section 5.2.3 faithful COSs are considered.

5.2.1 Conceptual Orthospaces with Enhanced Expressivity

To increase the strength of a COS without enforcing completeness, the following subsec-
tions present different axioms that increase the expressivity of a COS. This makes COSs
more suitable for learning and reasoning tasks, as argued in Example 5.1 and Section 4.2,
a structured embedding is less prone to overfitting than an unstructured one. Therefore,
using a strong convexity as the Fuclidean one leads to a structured space and, thus, to
less overfitting. However, relying on Euclidean convexity is not an all-in-one solution
and is in particular not helpful when based on it a weak orthogonality relation is defined
as in Example 5.11. Therefore, in the following subsection, restrictions of the COS of
different strengths are presented, allowing for the selection of the one appropriate for a
specific use case.

A natural restriction is the axiom of density (B5), thus to state that all elements
should have an element in between them. This enforces a form of connectivity of the
elements of a concept C'. Every element a € C has to be connected to every other
element ¢ € C via an element b with B(a,b,c). Thus, there aren’t any unconnected
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clusters in C. For clarity, (B5) is repeated here and given as first restriction (R1).
(R1) For any two points a and ¢ in X, there is some point b such that B(a, b, c¢).

This restriction does not hold for discrete sets. In order to widen applicability, (R1)
can be relaxed to (R2) that states that all elements need to be related via a betweenness
relation. In (R2), there is, however, no requirement for an element in between. This
depicts the betweenness axiom (B5’) and is repeated here for clarity.

(R2) For any two points a and c¢ in X, there is some point b such that B(a,b,c) or
B(b,a,c) or B(a,c,b).

When considering a non-complete Y, it is possible to relax this restriction even further,
because elements in the L-closure of an element x € X (i.e., elements in the concept
C = ¢l ({z})) can be considered as equal (or at least sufficiently similar). Therefore,
it can be argued that a betweenness relation between elements in C' interferes with the
principle behind (B0), as the elements are not distinctive enough. To state it differently:
if two elements are equal, they also need to behave equally and, thus, need to have
the same properties regarding betweenness. This restriction is only relevant if Y is not
complete, as otherwise {x} = ¢l ({x}), and thus the restriction would not be applicable.

(R3) For a,c € X, (R1) (resp. (R2)) is not valid iff (cl, ({a}) = ¢l ({c}) and for all
dye € X: B(d,e,a) iff B(d,e,c) and B(d,a,e) ift B(d,c,e)).

As argued in Example 5.11, convex hull and 1 -closure should have expressivities as
similar as possible. (R4) enforces equality of convexity and L-closure regarding all
elements of Y. As discussed in Example 5.8, this is not always achievable, therefore, as
a second, weaker restriction, (R5) is introduced. It only enforces equality of closures for
a concept and its negation.

(R4) Forall A,BeY, cl,(AUB) = conv(AUB)
(R5) Forall AeY, cl (AU AL) = conv(AU At)

Note that cl; (AUAL) = X is always the case, thus here the point is that conv(AUAL)
is enforced to be X. The next restriction is not based on concepts in Y but on elements
in X and states that each element should have at least a negation at all, enforcing that
the L -closure should, at least, not encompass the whole space.

(R6) Forallz € X: cly({z}) € X
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The next restriction handles the representation of the O-concept. Whereas one option
is to state that AN A+ = for all A € Y, another option is to model AN A+ = {0} for
all A € Y and some arbitrary but fixed element 0 € X. This means that X+ = {0},
thus {0} depicts the contradictory concept. This allows for modeling inconsistencies
in the data, and, thus, instances with contradicting labels in the space by explicitly
stating their inconsistency. Therefore, a differentiation is possible between inconsistent
information on an instance and a never-mentioned instance. The next axiom enforces
the existence of such an 0-element.

(R7) 0 €Y and there is exactly one 0 € X with for all A € X: 0 C A.

In contrast, it is of course also possible to enforce that such an 0-element does not
exists:

(R8) ¥ € Y (and thus X+ = 0).

If) €Y, then ) C A for all A €Y and thus 07 = (). An example for a COS with re-
striction (R7) is the COS based on closed convex cones as introduced in Example 5.6, an
example for a COS with restriction (R8) is the COS based on pseudo-cones as introduced
in Example 5.8.

In the following, some COSs are exemplarily discussed based on the restrictions they

fulfill. The first one considers the restrictions the example based on cones introduced in
Example 5.6 fulfills.

Example 5.12. Consider first the example based on closed convex cones mentioned in
Example 5.6. There, all betweenness axioms are fulfilled (including (B5), thus (R1)).
Additionally, the restriction (R4) and, as each convex cone contains 0, also (R7) is
fulfilled. However, Y is not complete, as for all x € X: ¢l ({x}) = { x| A > 0}.

This COS can be adapted to be based not on X = R" but on the unit sphere.

Example 5.13. Consider an n-dimensional sphere, where the orthogonality relation is
defined as polarity as in Example 5.6. Then, for each point x on the sphere, cl; ({x}) =
{z} and the L-closure is defined as convex hull and thus the COS is complete (or
Y CY' for a complete Y'). The betweenness based on the angle (B,) is used. Then'Y is
complete, but the betweenness relation fulfills only (B0)-(B2) and (B4)-(B5) (and thus
(R1)) but not (B3), as the definition of betweenness based on an angle introduces loops of
the betweenness in the form of B(a,b,c),B(b,c,d) and B(c,d,a) for some a,b,c,d € R".
When considering the same setup but based on closed convexr cones in R™ and not on
convez regions of a sphere, (R1) is not fulfilled, however, (R3) is, as the only elements
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not having a betweenness relation are the elements in the cone C = {Axz | A > 0} for
all x € R". (Note that C is actually a special cone called a ray, namely, the set of
points on the line segment starting at the origin and lying in the direction of a vector
x). Additionally, both variants fulfill (R4).

The third example, a different direction is considered. A betweenness relation is given
and an orthogonality relation is constructed based on it.

Example 5.14. Consider a COS with an arbitrary but given betweenness relation ful-
filling (B0O)—(B5) and define the orthogonality relation as follows: Take an arbitrary and
henceforth fized element 0 € X. Then define an orthogonality relation for all x,y # 0
by: Loy iff B(x,0,y). As intuition for this negation, a two-dimensional space with a
betweenness relation By based on the Fuclidean distance can be considered. 0 would be
the point of origin and the negation of a point would be a half line starting at the point
of origin. The relation is indeed an orthogonality relation: it is irreflexive due to (B0)
and symmetric due to (B1). All L-closed concepts are convez, however, not all convex
concepts are 1L -closed, thus Y is not complete. Consider, e.g., a convex set consisting
of one element x. Thus, in cl, ({x}), there are, amongst others, all elements z with

B(0, z, x).

The three examples showcase the usability of the above mentioned restrictions. These
restrictions are of interest in particular in Chapter 7 when considering the induced ortho-
gonality relation based on the Fuclidean betweenness. There, exactly the motivational
problem of this section occurs: without any restrictions, it is possible to create a variety
of COSs based on Euclidean betweenness which are, however, quite restricted in their
expressivity. When incorporating some of the above mentioned restrictions, it is possible
to get an expressive induced orthogonality relation based on the polarity of convex cones
(or pseudo-cones).

5.2.2 Distributive Conceptual Orthospaces

In the last subsection, some restrictions were presented to enhance the general expressiv-
ity of the COS, independent of thoughts about its logical commitments. In this section,
the most important (or at least, often desired) logical commitment to the logical opera-
tions disjunction and conjunction, the distributivity over each other, is considered. As
shown in Section 5.1, COSs have in general not the property of distributivity. I show
how a restriction of a COS (resp. the lattice based on Y') can be constructed such that
Ly is distributive. This is possible by applying an alternative definition of distributivity
which is not generally applicable, as an complement-operator is needed for the definition.
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However, as Ly makes up an ortholattice, this definition can be used (for details, see
Appendix A and the proof of the following proposition).

(wLLJ) aADb <O, then a < b

The rule is based on MacNeille’s axiomatization of Boolean algebras (according to [Pad-
manabhan and Rudeanu, 2008, axiom system B67, p. 114]) and is called (wLLJ) as it
is a weakening of Johansson’s constructive contraposition rule [Hartonas, 2016]. Thus,
to regain distributivity, either two sets A, B € Y must not intersect or each element
in A must be orthogonal to each element in B. This directly leads to the following
proposition which is a generalization of my work in [Ozgep et al., 2023, Proposition 5]

Proposition 5.15. Ly of a COS fulfills distributivity iff for each combination of two
sets A and B (with A, B € Y ) it holds that AN B € (0)* or for eacha € A,b € B: alb.

Proof. We use MacNeille’s axiomatization of Boolean algebras (according to [Padman-
abhan and Rudeanu, 2008, axiom system B67, p. 114]): He states that a set L equipped
with partial order < and complement - characterizes a Boolean algebra if the following
axioms are fulfilled.

1. VaVb(a <b& b<a= a=Db)

2. YVa¥bVe(a <b& b<c=a<c)

3. Va¥b[(aANb) <a& (anb) <b&Ve((c<a&ec<b)=c<(aAD))]
4. Yavb(a A a' < b)

5. (Ve(aAb<c)=>a<b

6. Va¥b(a <b=1b < a)

All but one axiom, namely the 5" axiom, of this axiom system follow trivially from the
definition of an ortholattice given in Chapter 3 and the geometric interpretation of COS
and are fulfilled by all £y of COSs. Thus, - can be interpreted as the orthocomplement.
This reduces the proof to show the validity of the 5" axiom above. This axiom corre-
sponds to the rule (wLLJ) which states that if a Ab < 0, then a < b". (Note for the
correspondence that a A b is smaller than all ¢ iff a A b is smaller than 0).

“—": (wLLJ) can be interpreted on a geometric level as follows: when A and B are
disjoint, then A must be a subset of B+. By the definition of negation as orthogonality
operator this is possible only if for each a € A and each b € B it holds that a_Lb. When
A and B intersect, then the condition is fulfilled trivially.

“~7: Follows from (wLLJ) and the definition of polarity. ]

71



5 Conceptual Orthospaces as a Foundational Framework for Embeddings

An application of this construction principle can be seen in the following example.

Example 5.16. Again, the COS based on closed convexr cones of Example 5.6 is con-
sidered. Consider the two different COSs in Figure 5.4. Ly of the left one is not
distributive: when using the standard definition of distributivity (see Appendixz A) then
bA (aVat) =0b but on the other hand (bAa)V (bAa’) =0. Ly of the right COS is
distributive and each two concepts either intersect or are orthogonal to each other.

Figure 5.4: Model for a COS based on convex cones and (a) non-distributive and (b)
distributive Ly

This example shows that it is possible to use a non-distributive Ly of a COS as a
basis (in this case the set C7, . of all closed convex cones) and restrict it by choosing a
distributive subset.

Instead of restricting an existing COS such that Ly is distributive, it is also possible
to create the COS based on a structure that already enforces Ly to be distributive. One
example of this is presented in the following in form of al-cones.

Example 5.17 (based on [Ozgep et al., 2023]). Consider again the example based on
closed convex cones presented in Example 5.6 and restrict the class of cones to so called
axis-aligned cones defined as follows:

C is an al-cone iff C = (C;)1<i<n = C1 X -+ x Cp, where C; € {R,R+,R_,{0}}.

It is still possible to consider the Fuclidean betweenness and an orthogonality relation
based on polarity. As shown by Ozcep et al. [2023, Corollary 1], the set of axis-
aligned cones is closed under conjunction, disjunction and negation and thus, S =
(R™.Y,Bg, L,) withY being the set of al-cones is a COS. According to Proposition 5.15,
the lattice Ly based on al-cones is distributive. An example al-cone-interpretation for
the domain X = R? and an empty thox can be seen in Figure 5.5.
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y-axis = (A <> B)?
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Figure 5.5: Representation of Y based on al-cones for an empty tbox.

Now, it is shown that Proposition 5.15, in fact, depicts a reasonable restriction, as
it enables restricting the COS in such a way that Boolean ALC-ontologies are repre-
sentable. It is easy to show that a classically satisfiable Boolean ALC-ontology can be
represented via a COS, as, similar as in Theorem 5.10, an arbitrary weak betweenness
relation can be used. Therefore, in the following, this direction is shown for an instance
of the COS, the al-cones, presented in Example 5.17. These are based on Euclidean be-
tweenness and thus represent a strong and expressive variant of COSs and thus show that
COSs are, in fact, also able to model Boolean ALC-ontologies in realistic circumstances.
The proof is mainly based on the proof of Proposition 7 by Ozcep et al. [2023].

Theorem 5.18. Boolean ALC-ontologies are classically satisfiable iff they are by a
geometric model based on a COS S = (X,Y,B, L) fulfilling the restrictions of Proposi-
tion 5.15.

Proof. “—7: The proof is based on the fact that with a construction based on al-cones
each ALC-ontology is representable. As al-cone models are a special case of COSs, it
follows that each Boolean ALC-ontology is representable by a COS. The rest of the proof
follows directly with the proof of Proposition 7 by Ozcep et al. [2023].

“<7: The following proof is a slight adaptation of the proof of Proposition 7 by Ozcep
et al. [2023]. Though the original theorem is proved for al-cones, it is also applicable
to general COS. Assume that a COS-interpretation Z, of the ontology O = T U A
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exists. We have to construct a classical model Z |= T U.A. For the specification of Z it is
sufficient to specify the denotations of the constants occurring in A, denoted by V.. in the
following, and for the concept symbols occurring in O, denoted by N¢ = {A4;,..., A,}
in the following. We may further assume that each abox axiom is of the form A;(c).
Otherwise, if the axiom is of the form C(c) we would add a new atomic symbol A, ;to
N¢ and replace C(x) by Any;(z), Apy; =C.

Let the domain AZ be just the set of constants N.. The constants are interpreted
by themselves, i.e., for any constant ¢ € N, set ¢Z = ¢. We are left with specifying
the denotations of each A; € Ng. For each constant ¢ € N, let Z C A’s be the
set representing the most specific concept including c?¢, denoted by concept C. Now
consider the following set of algebraic atoms' compatible with C, i.e., consider the set

ate(c)={L=1L,N... ML, | L; € {A;,—~A;} and L** C Z}

Intuitively, atc(c) describes the possible “groundings” of the concept C, as either C' is an
algebraic atom and thus atc(c) = {C'} or C' is not. If C' is not an algebraic atom, then
the ability of the geometric model of modeling partial knowledge is used. Thus, e.g.,
cfs € (C1UCy)s, but neither ¢ € (C1)%s nor ¢f € (Cy)%s. However, this ability is not
given in a classical interpretation. Thus, an arbitrary element denoted catc(c) € ate(c)
is chosen. Let catc(c) = Ly M ... M Ly,.

Now we can define A7 = {c € N, | A; = L; for some conjunct L; of catc(c)}. Indeed,
7 is a model of the ontology. It makes all abox axioms A;(c) true, because Z, = A;(c),
hence cate(c) contains A; and does not contain = A;. The constructed model makes also
every tbox axiom C' C D true. Because, assume ¢ € C%. As c is completely specified
w.r.t. each symbol A; we also have ¢?s € C%s, hence ¢*s € D*s and so ¢ € DZ. O

5.2.3 Faithful Conceptual Orthospaces

As discussed in Section 3.2, faithfulness could be a desirable property. Therefore, the
question arises, whether in COSs it is not only possible to model partiality but to model
faithfulness. This question can be answered positively. Due to the variety of possible
COSs, here I focus on a COS based on al-cones as defined in Example 5.17 and show
that such a COS can be defined such that it allows for a strongly concept-faithful and
tbox-faithful interpretation.

The following proposition is a slight adaptation of my work [Ozgep et al., 2023, Propo-
sition §].

! Usually called “atom”, here the term “algebraic” is added in order to prevent clashes with the atomic
concepts in description logics. For details, see Appendix A.
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Proposition 5.19. For classically satisfiable Boolean ALC-ontologies there is a strongly
concept-faithful and tboz-faithful COS-model on some finite R*™ based on al-cones of the
form by X -+ X by, with by; € {0,R,R_,R} and be;11 = by;. Here n is the number of
atomic elements in the Boolean algebra generated by the tbox of the ontology.

Proof. First a (non-faithful) geometric model of the given tbox is generated in size
n, as done in the proof of [Ozgep et al., 2023, Prop. 7] and restated here: Like the
ALC-ontology O, the induced Boolean algebra is finite, say containing no more than 2*
elements, with a finite number of algebraic atoms m. We choose a dimension n such that
4 > 2k and n > m/2, the idea being that we have to represent all of the 2¥ Boolean
concepts by embedding the algebraic atoms of the Boolean algebra directly onto half-axes
of R. Now one can see that O} is the n-wise Cartesian product of the diamond shaped
Boolean algebra O, = {{0},R,R_,R} with set inclusion as order: {0} C R,,R_ C R,
where M, LI, = are defined component wise based on the M, LI, = defined on O4. But in
this way ' over O, is nothing else than set intersection, — is polarity, and LI is defined
by de Morgan. So, if O is satisfiable, then we can construct a model.

By definition, this model is tbox-faithful, thus only strong concept-faithfulness needs
to be shown. In the resulting model every dimension is doubled, (AL B)Y = R, x R_ xR
for instance becomes (ALl B)Y = R, x Ry x R_ x R_ x R x R. To ensure strong concept-
faithfulness it needs to be the case that for any object a in the abox if aZ € C7, then
O = C(a). This can be achieved by embedding @ into its most specific concept (msc)
M?, for which not at the same time a € AZ with A C— M holds, i.e., not embedding it into
a concept properly subsumed by MZ. Let M be the msc of some object z. Consider the
concepts C; for ¢+ = 1,...,n properly subsumed by M. To ensure concept-faithfulness,
2t € M? must be valid, however 7 ¢ CT for all i = 1,...,n. Each al-cone C must
cover at least one dimension d where (C%); C (M%)4, as otherwise the subsumption
would not be proper. In this dimension d it is either the case that (M%); = R and
(CHy € {Ry,R_,{0}} or (M%); =R, (analog for R_) and (C#); = {0}. Consider first
the second case, there 27 can be placed in this dimension in R, \{0} and thus is not
contained in (Cf)4. For all other CF (with j # i), either (CF)4 = (C})q and thus z* ¢ CT
or (C]-I)d = R, then there must be a dimension k # d ensuring that C’jI C MZ. In the
first case this is not that easy. When considering the model without doubled dimensions,
it is possible to place (z%)4 in R_, when (C7)q = Ry, however, it is possible that there
is an Cf with (C})g = R_ and (C7 )y = (M%), for k=1,...,d—1,d+1,...,n, thus is
a proper subsumption of M only because of the difference in dimension d. Then placing
(z7)4 in R_ would result in 2% € C]-I, a contradiction. Thus, the doubled dimension is
needed. Therefore, (M%)gq11 =R X R, (C¥)a411 = Ry x Ry and (CJI)MH =R_ xR_.
Then, (2%)4441 can be placed in Ry x R_, being neither in Cf nor in C7. This follows
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5 Conceptual Orthospaces as a Foundational Framework for Embeddings

analogously for the other cases and the other C;. Thus, x is only contained in the
msc and not in any concept properly subsuming it and therefore concept-faithfulness is
given. [

5.3 Properties of Conceptual Orthospaces

As the framework of COSs is quite general and especially does not state many re-
strictions on the construction (as has been seen in the last section), many proper-
ties of COS are highly dependent on the specialties of the chosen COS and do not
hold in general. Therefore, the focus in this section lies on the most basic prop-
erty of COS, the completeness. To recapitulate, a set Y of a COS is complete iff
Y = {conv(A) | A C X} = {cli(A) | A C X}. Intuitively, this means that each
instance can be considered individually regarding its negation. This property can also
be justified by looking at properties of closure operators, as a closure operator cl is
called simple if it satisfies cl({0}) = {0} and cl({z}) = {z} for every x € X [Faure and
Frolicher, 2000, p. 58]. This can be considered as a weaker form of completeness. In the
further course of this section, it is shown that completeness is hard to gain but that it
is possible to find a slightly weaker notion that is easier to approach.

5.3.1 Completeness

Completeness is not easily satisfiable, especially, when all betweenness axioms have to
be fulfilled. This was pointed out in Example 5.12 for a COS based on closed convex
cones and in Example 5.14 for a COS based on a given betweenness. This intuition is
proven in the rest of this section. One main problem of completeness is that convexity
relies on the ternary betweenness relation, meaning that one element is added based on
two others. In contrast, L -closure can depend on an arbitrary number of elements. This
can be seen in the following example:

Example 5.20. Consider the example in Figure 5.6, where points connected by lines are
orthogonal (i.e., L-related). The following betweenness relation® is used: Let B(a,b,c)
iff at Nt C bt and b & {a,c} for all a,b,c € X. Then the set {x,y,z} is conver.
As 2t = {u,u", z,w,y}, vyt = {W U 2, w) and 2t = {u,u’,z,w}, it turns out that
cy({z,y}) = (z+ N yl)L = ({v",w})" = {x,y}. This follows analogously for the other
L -closures of two elements out of {x,y,z}. However, cl,({x,y,z}) = {z,y,z,v}, as
zt Nyt Nzt = {w} and vLw. Here, the interplay between more than two elements

2 This is again the orthonegation-induced betweenness discussed in detail in Section 6.1.
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Figure 5.6: Example for a structure with a convex but not 1 -closed set. Points connected
by lines are orthogonal (i.e., L-related).
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is necessary to add elements to the 1 -closure. This cannot be captured by the convex
closure: thus, {z,y,z} is convex but not L-closed.

To enforce completeness, the |-closure has to fulfill some properties to make it re-
ducible to ternary relations. The next proposition formalizes the intuition of the last
example: when an element is added to the _|-closure, then it must be possible to add it
based on the -closure of two elements.

Proposition 5.21. Let S = (X,Y,B, L). IfY is complete, then cl, fulfills the following
property for B C X :

if b € cly (B)\B, then there are by, by € cl) (B),b # by # by with b € ¢l ({b1,b2})
and there is no by € ¢l (B) with b # by and b € cly ({b3}).

Proof. Let Y be complete, B C X and b € ¢/, (B)\B. For the sake of proof by contra-
diction, assume that the condition is not fulfilled. Thus, there could be b3 € ¢l, (B) with
b # by and b € cly ({b3}), then YV is clearly not complete. Thus, assume there are no
bi,by € cl (B) with b € cl) ({b1,b2}) with b # by # by. According to Proposition 5.7.3,
cl1(B) = conv(B), hence it follows that there are no a,c € conv(B) with B(a,b,c)
(otherwise we would have by := a, by := ¢ with b € conv({b1,ba}) = ¢l ({b1,b2})). Thus
b can’t be added via convexity. Thus, cl, (B) 2 conv(B), a contradiction to complete-
ness. [

This can be considered as a weak form of the projective law (see below) which intu-
itively states that for two non-empty sets A and B the closure contains only elements
directly between elements of A and B (thus, on a line-like structure). However, if the
L -closure fulfills the projective law and has a sufficiently strong betweenness, then the
resulting COS is not complete.
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5 Conceptual Orthospaces as a Foundational Framework for Embeddings

Definition 5.22. [Faure and Frélicher, 2000, Definition 3.5.1] A closure operator cl :
Pow(X) — Pow(X) satisfies the projective law (pl) if for any non-empty subsets A, B C
X one has

c(AUB) =| J{c(zUy) |z € cl(A) and y € cl(B)}

As common betweenness relations such as Euclidean betweenness fulfill the projective
law they do not allow for a definition of a COS with a complete Y (if the betweenness
relation fulfills (B0)—(B4)).

Theorem 5.23. For a COS S as defined in Definition 5.2 the following implication
holds: if B fulfills (B0)-(B4) and is not trivial (thus not empty) and cl, fulfills the
projective law (pl), then'Y is not complete.

Proof. In the course of this proof, (B0) and (B1) are used without further notice. Let
S = (X,Y,B,1) be a COS with B fulfilling (B0)-(B4) and ¢/, fulfilling the projective
law and, for the sake of proof by contradiction, assume that Y is complete. Then, in
particular due to completeness of Y it holds that ¢l, ({a}) = {a} for a € X. Because of
intuitionistic absurdity (see page 26) it follows that cl; ({a}Uat) = X = conv({a}Ua™t)
and with (pl) it follows that cl, ({a} U at) = J{cl.({a,y}) | y € a*}. Because of
completeness it holds that ¢l (C) = conv(C) for C' C X (see Proposition 5.7.3). Thus,
cly ({a}uat) = U{z | B(a,x,y) withy € at}U{a}Ua*. Then, there are two possibilities:
First, there are b,c € X with B(b,a,c) (thus, a is in between some other elements). If
b,c € at, then by convexity, a € at, a contradiction. If b € a', then there is a B(a, b, y)
for some y € a*, as b € cl) ({a}Uat) and b ¢ {a}Uat and with (B3), it follows B(y, a, ).
If ¢ € at, then a € at, a contradiction. If ¢ € at, then as for b, there is B(a, ¢, z) for
z € at and with (B3) and B(b, a, c), it follows B(b, a, z) and based on this follows with
(B3) and B(a,b,y) that B(y, a, z) and thus a € a*, a contradiction. Due to (B1), this is
analogue for c.

The second case is that for a, there are no b, ¢ € X with B(b,a,c). Assume cl; ({a} U
at) 2 {a}Uat. Then, there is x € X with B(a,x,y) for y € a*. Thus, for z and z* the
same argument as in the first case leads to a contradiction. Thus, such an x does not
exist, meaning cl; ({a} Uat) = {a} Uat for all a € X, thus a* = X\a. Then, because
of convexity, the betweenness relation must be empty, thus trivial. O

As can be seen in the proof, the problem is based, in particular, on the axiom (B3).
When the betweenness relation fulfills only (B0) and commutativity (B1) (as natural
restrictions) and (B3), then a construction is still not possible when the projective law
is fulfilled. However, if (B3) is not fulfilled, then it is possible to create a complete COS.
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Corollary 5.24.

1. If B fulfills (B0)-(B1) and (B3) and is not trivial and cly fulfills the projective
law, then Y is not complete.

2. There is a COS S = (X,Y,B, 1) with cl, fulfilling the projective law and B
fulfilling (B0)-(B2) and (B4) with Y being complete.

Proof.
1. The proof of Theorem 5.23 does not depend on (B2) and (B4).

2. This is shown Example 5.13 (where X is an n-dimensional sphere).

5.3.2 Non-completeness

Though completeness has its merits, as it enables having notions of convexity and -
closure of the same strength, it is not always achievable, as pointed out above. Besides
these practical problems, it is also not always necessary or desired to call for completeness
of Y. On the one hand, this can be the case if specific geometric objects are asked for as
sets in Y because they have some desirable features, e.g., using convex cones to improve
the optimization capabilities. On the other hand, there could be some objects that are
not equal but should behave equal in a specific context, thus should have the same
negation. This can only be modeled in an incomplete setting, as for a complete Y, these
instances need to be identical.

Thus, it could be especially desirable to relax Proposition 5.21 such that if b €
cl; (B)\B, then there is by, by € ¢l (B) with by,bs # b and b € ¢l ({b1,b2}), but, in
contrast to Proposition 5.21, not enforcing b; # bs. Thus, it should be allowed that
there are elements € X with ¢l ({z}) 2 {x} but to keep the restriction that not more
than two elements should influence the addition of a new element to a set.

Definition 5.25. For a COS S with Y = {cl (C) | C C X}, Y is called restricted
complete if

Y = {conv(y(C)) | C C X} with
(€)= Jldule) e ¢}

For such a COS,; it holds that ¢l (AUB) = conv(AUB) for A, B € Y as the following
proposition shows.
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Proposition 5.26. For a COS S with Y = {cl, (C) | C C X}: if Y is restricted
complete, then cl; (AU B) = conv(AU B) for A, B €Y, thus (R4) is fulfilled.

Proof. Let S be given with Y = {cl,(C) | C C X} and Y restricted complete. Let
A, B €Y be arbitrary. Then, with the closure rules it follows that A = [J{cl, (a) | a €
A} (analogously for B). With the condition of restricted completeness, conv(¢¥(AUB)) €
Y and thus conv(A U B) € Y. With the same argument as in Proposition 5.7 it follows
cl, (AUB) =conv(AUB) for A,B €Y. O

This restricted completeness stays in contrast to (R3), for which the focus lies on the
behavior of elements regarding the betweenness relation, whereas here the connection
between _L-closure and convexity is looked at.

Now, the statement from the beginning of this paragraph can be proven, namely that
if Y is restricted complete, then either no more than two elements should influence the
addition of a new element to a set or an element should be added based on the I -closure
of one element alone.

Proposition 5.27. Let S = (X,Y,B, L). IfY is restricted complete, then cl, fulfills
the following property for B C X:

if b€ cly (B)\B, then there is by, by € cl  (B),b # by # by with b € cly ({b1,b2}).

Proof. Let Y be restricted complete, B C X and b € ¢l (B)\B. For the sake of
proof by contradiction, assume that the condition is not fulfilled. Thus there are no
bi,by € cly (B) with b € ¢l ({b1,b2}). Due to Definition 5.25, it follows that cl, (B) =
conv(J{clL({c}) | ¢ € B}). Thus, especially b & ¢l ({c}) for ¢ € B, as otherwise
by = by = ¢ could be chosen. Thus b € conv(|J{clL({c}) | c € B})\U{clL({c}) | c € B},
thus b is added via convexity, thus there are by, by € ¢l (B) with B(by,b,by) and thus,
due to Proposition 5.7.2, b € ¢l ({b1,b2}). A contradiction. O

An example is given by the convex cones of Example 5.12:

Example 5.28 (Example 5.12 continued). To repeat, let S = (R*,C ., Ba, L) be a
COS where C.,,. is the set of all convex cones in R", B, a betweenness based on an angle
and L, the polarity. Then cly ({z}) = { x| A > 0} for x € R", thus Y is not complete.
But'Y contains all 1-closed concepts and as L-closure and the convex closure over cones

can both be interpreted as conic hull, Y is restricted complete.

The notion of restricted completeness thus bypasses the problems of completeness
while keeping the advantages, especially the strong definition of convexity.
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There are two different possibilities for constructing a COS. Mostly, the structure of
the given data is known to the extent that either a betweenness or a similarity relation
are given or, at the very least, the desired structure of one of them is known. Then,
two natural possibilities to construct a COS arise: First, given a similarity relation
(and hence automatically an orthogonality relation), a COS is constructed by designing
a betweenness relation. This possibility is considered in Section 6.1. Second, given a
betweenness relation, a COS is constructed by designing a similarity relation. This is
discussed for the general case in Section 6.2 and, later, for the special case of Euclidean
betweenness in Chapter 7.

6.1 Orthonegation-induced Betweenness

Assume that a COS has to be created based on a given similarity relation. Although the
simplest approach is to use the empty betweenness relation to model all 1 -closed sets
as concepts (= betweenness-closed sets), this is obviously not suitable, as it does not
contain any useful information about convexity. Thus, the aim is to define a betweenness
relation relying on the similarity information. This would mean equipping the space with
a betweenness relation that is as strong as possible. In the ideal case, one would define
a betweenness relation such that Y of the COS is complete, meaning that closure with
respect to the betweenness relation has exactly the same expressivity as the L-closure.
But, as stated in the last section, completeness is not always achievable and appropriate.
Thus, the aim is to come as close as possible, and, thus, to define a betweenness relation
between as many elements as possible.

I illustrate the difference between an induced betweenness relation and an indepen-
dently defined betweenness relation with the following example. It depicts that there
is more than one possibility of defining a COS, even when the structure (in this case
closed convex cones) and the orthogonality relation as polarity are given. On the one
hand, it is possible to define an induced betweenness relation definable via an orthogo-
nality relation, on the other hand, it is also possible to define a betweenness relation
independent of the orthogonality relation. Both COSs look quite similar, however, have
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different properties regarding their betweenness.

Example 6.1. Consider two COS S; = (R",C%,...Bi, L), i € {1,2}, where C . is the
set of closed convex cones in R™. For Si, By is defined as the Euclidean betweenness
and 1y as xlyy iff Z(x,y) > 90°. For Sy, By is defined on the basis of the angle
operator Z(-,-), i.e., via B,, and 1o = 1. For both variants, the L-closure is defined
as convex hull and both behave exactly the same regarding Y. For Ss, the betweenness
can be directly defined based on the L-closure, as both are based on the angle. For Si,
howewver, this is not the case, as elements behaving the same way regarding the negation

could behave differently regarding a betweenness relation.

Defining a betweenness relation on the basis of an orthogonality relation proves to
be challenging, as the definition is not guaranteed to result in a betweenness relation
that fulfills all betweenness axioms (see Section 4.3) or some intended subset of them.
To regain these axioms, one may, in principle, follow two directions. Either the ortho-
gonality relation is restricted so that the induced betweenness fulfills all betweenness
relations and is complete (or at least as complete as possible) or an arbitrary orthogo-
nality relation is considered and the induced betweenness is restricted. Then, a wider
variety of orthogonality relations can be used. However, one has to cope with a weaker
betweenness relation. It turns out that a restriction of the orthogonality relation is easily
transferable to a restriction of the betweenness. Hence, we follow the first direction and
adapt it to the other one afterwards.

In the rest of this section, I define an induced betweenness, then consider case-by-
case each betweenness axiom (as defined in Definition 4.2) — identifying those that are
fulfilled — and propose restrictions of the orthogonality relation to fulfill the remaining
ones. After that, these restrictions are adapted as restrictions of the betweenness induced
by an arbitrary orthogonality relation. The task we tackle in the rest of this section can
be formally stated as follows: Consider the structure S as defined in Definition 5.2. Let L
be given. The question is (i) how B is defined to be a reasonable induced betweenness and
(ii) how L is defined such that the induced betweenness relation fulfills the betweenness
axioms.

Section 6.1.1 considers the definition of the induced betweenness and Section 6.1.2
discusses the betweenness of Goodman (see Section 4.3) as a special case. Sections 6.1.1
and 6.1.2 are mainly based on one of my publications, co-authored with Ozgiir Ozcep
[Leemhuis and Ozgep, 2023]. Practical aspects of this induced betweenness, including
its applicability to specific similarity relations, are discussed in Section 6.1.3.
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6.1 Orthonegation-induced Betweenness

6.1.1 A Definition of an Induced Betweenness

We aim at modeling a betweenness relation via an orthogonality relation. As the focus
lies here on the orthogonality relation, it should especially be the case that all 1-closed
sets are convex, so it should be possible to include all | -closed sets in Y and, furthermore,
the betweenness should mimic the properties and the structure of the orthonegation. As
betweenness is a ternary relation and 1-closure can also be interpreted as a ternary
relation (at least in special cases, compare Proposition 5.21), it is possible to directly
define betweenness based on orthogonality.

For a,b,c € X : B(a,b,c) iff b € cl; ({a,c}) (or, equivalently, iff a= Nt C bF).
(6.1)

Equivalence is valid, as cl; ({a,c}) = (a* N cL)L, thus b € cl, ({a,c}) iff b € (at N CJ‘)J_
iff (at N CJ‘)LJ_ C b* and thus a* N ¢t C b*. This definition is preliminary and will be
extended in Definition 6.2. This means that an element is between two others if this
element is added to the 1-closure of the other two elements.

It turns out that this definition of betweenness is an intersection betweenness as
introduced in Definition 4.3. For the convenience of the reader, I shortly repeat the
definition [Rautenbach et al., 2011]: For a set system M = (M,),cy indexed by the

elements of a (here not necessarily finite) set V', the intersection betweenness B; induced
by M is defined as follows:

Bi(a,b,c) ifft M, N M, C M,.

As discussed in Section 4.3, intersection betweenness is originally motivated by the
consideration of shared attributes of some elements. One element is in between two
others if it shares the attributes which the others have in common. The same principle
can be applied here to underline the validity of this definition. Instead of considering
the attributes of the elements, their negations are considered. If it is assumed that an
element is defined by its negation, then an element is in between two other elements, if
the negation of the element shares the negated objects which the others have in common.
Note the fundamental difference to the intersection betweenness and also to the approach
of Schockaert, Ibanez-Garcia, et al. [2021]: whereas intersection betweenness is based
on the idea that two sets are given, the set of elements and the set of attributes, in our
case both sets are the same.

The definition of the betweenness relation induced by the orthogonality relation is
stated in the following. This definition is in essence that given by Equation (6.1) but
it has the additional constraint b ¢ {a,c}. The rationale behind this to ensure that
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B (a,b,c) should be valid only if b is actually added to the L-closure and not if it is
already contained in it.

Definition 6.2. Let S = (X,Y,B,, 1) be a conceptual orthospace. The betweenness
relation induced by L on X (for short B, ) is defined as

B.i(a,b,c) iff a- Nt C bt and b & {a,c}.

In the rest of this section, we discuss properties that an orthogonality relation needs to
fulfill in order to establish a given (sub-)set of betweenness axioms as given on page 47.
For each of the betweenness axioms, first a counterexample is given and then a possible
restriction is presented. An exception is (B1) which is already fulfilled by B, .

Proposition 6.3. Let S be a conceptual orthospace according to Definition 6.2, then
B, fulfills (B1).

Proof. Bi(a,b,c) & atnNect C bt & ctnat C b, and as b ¢ {a,c}, it follows
Bi(c,b,a). O

The Axiom of Open Betweenness

First, the most basic axiom of betweenness, (B0), is established by stating that an
element b different from a and ¢ can only be in ¢/, ({a, c}) if a and ¢ are different. Thus,
a betweenness relation should only be establishable when both elements a and ¢ are
responsible for the betweenness. This circumvents statements of the form B (a, b, x) for
arbitrary = € X\{b}.

Proposition 6.4. Let S be a conceptual orthospace according to Definition 6.2.
1. B, does not necessarily fulfill (B0).
2. If L fulfills the conditional
ifat N et C bt and b ¢ {a,c}, then a # c,
then B, fulfills (B0) and (B1).
Proof.

1. Let X = {a,b,c} and alb,alec,b f c. Then b+ = ¢t = {a} and ¢t Nct C bt and
b ¢ {c,c} and thus B(c,b,c), a contradiction to (B0).
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6.1 Orthonegation-induced Betweenness

2. (B1) is obviously still fulfilled. Ad (BO): Let B, (a,b,c). Then a* Ne¢*t C bt and
b & {a,c} and thus a # ¢, therefore, (B0) is valid.
0

Up to this point, B does only fulfill (B0) and (B1). We now consider one by one the
remaining axioms.

The Axiom of Non-Exchangeability

Next, a restriction for the orthogonality relation to fulfill (B2) is defined, another basic
betweenness axiom. The motivation of this restriction is similar to that of (B0), namely,
that if B, (a, b, ¢) holds then both a and ¢ should influence the betweenness of b. Similar
restrictions have also been considered for intersection betweenness [Burigana, 2009].
This restriction includes the restriction of Proposition 6.4 towards fulfilling (B0).

Proposition 6.5. Let S be a conceptual orthospace according to Definition 6.2.

1. By does not necessarily fulfill (B2) (even if L fulfills the restriction of Proposi-
tion 6.4).

2. By fulfills (B0O)-(B2) if L has the following property:

ifbecli({a,c}) and b & {a,c} then
there are x € a*\c*t and y € ct\at such that bLx and bLly.

Proof.

1. As a counterexample, assume X = {a,b,c,d} and at = {b}, ¢* = {d} (and thus
bt = {a}, d* = {c}). Then, B, (z,y,z2) for distinct 2,9,z € X and especially
Bi(a,b,c) and By (b,a,c).

2. (B1) is obviously still fulfilled. Ad (B0): Let B (a, b, ¢) and let (B0) be not fulfilled.
As b & {a,c}, it must be the case that a = c¢. Then there is no z € at\at, a
contradiction to the assumption stated in Point 2.

Ad (B2): Let B, (a,b,c) for arbitrary a,b,c € X. Then B, (b,a,c) and B, (a,c,b)
must not be valid to fulfill (B2). Thus, a* Net C b but b Net € at and
at N b+ € c¢t. This follows directly based on the assumption stated in Point 2.

L]
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When B, fulfills the property of Proposition 6.5, the definition of betweenness a* N
¢t C bt can be strengthened to at Nct C bt This is due to the fact that when
at Nct = bt then there is no x € at\ct with # € b*. This may evoke the impression
that the restriction of B is too strong, as it prevents from defining betweenness relations
with a* Net = bt. This is however not the case. When a' Ne¢t = b, then b+ C a' and
b+ C ¢t. But this can’t be the case based on the condition for (B0) in Proposition 6.4.
With the antitonicity rule, it follows that a*+ C b*+. But as cl; ({z}) = {x} for x € X
(as b € cly({a,c}) only if a # ¢), it follows a C b and thus a = b, a contradiction to

b ¢ {a,c}.

The Axiom of Inner-Transitivity

The axiom of inner-transitive betweenness (B4) can be established through the restric-
tion that for a,b,c € X, B, (a,b,c) can only be the case if each element in b is either in
at or ¢*, i.e., that b+ has no members being unique in the sense that they are neither
in one of the other two sets, a* and ¢*. This restriction has also been considered for
intersection betweenness [Restle, 1959, p. 210]. If this restriction is valid, then the re-
striction of Proposition 6.5.2 can be simplified. Thus, this restriction also leads towards

a fulfillment of (B0) and (B2).
Proposition 6.6. Let S be a conceptual orthospace according to Definition 6.2.
1. B does not necessarily fulfill (B4) (even if L fulfills the restriction of Proposi-
tion 6.5).
2. B, fulfills (B4) if L has the following property:

if becly({a,c}) and b & {a,c}, then
for all xLb it follows that xLa or x_Lc (or equivalently b+ C a*t U ct).

3. By fulfills (B0O)-(B2) and (B4) if L has the property of 2. and, additionally, a # ¢

is enforced.

Proof.

1. Let at, b, ¢t and d* such that B(a,b,d) and B(b,c,d) is fulfilled and let ¢t N
(at\bH)\d*t # 0. Then at Nect € bt

2. Let the antecedent of (B4) be fulfilled, thus B, (a,b,d) and B (b, ¢, d) are valid.
It is shown that B (a,b,c) is valid, thus that a* N ¢t C b+ With By (b, c,d), it
follows that ¢t C b+ Ud+t. Thus, with at Nd*+ C bt et Net Catn(btudt) =
(at NbH) U (at Nndt) Cot. Thus, (B4) is valid.
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6.1 Orthonegation-induced Betweenness

3. (B0) and (B1) are trivially fulfilled and (B4) is still fulfilled. Ad (B2): For the
sake of contradiction, let By (a,b,c) and B, (b,a,c) be valid. As b+ C at U ct,
either b C a' or there is x € b* N ¢t with # € at. The second is a contradiction
to bt Nt C at. Thus, it must be the case that b+ C a*. With the antitonicity
rule for L, it follows that at+ C b*t. But as cl ({z}) = {2} for + € X (as
b e cly({a,c}) only if a # ¢), it follows a C b and thus a = b, a contradiction to
the condition.

]

Before we deal with the axiom of outer-transitive betweenness (B3), we provide an
example that illustrates how, for a given space and orthogonality relation, a betweenness
can be defined and how it is proven that the orthogonality relation actually fulfills the
rules leading to a sufficient definition of betweenness.

Example 6.7 (Example 5.13 continued). Consider a COS S = (X,Y,B,,1,) as defined
in Definition 6.2. Let X be an n-dimensional unit sphere with the point of origin as
center (as defined in Example 5.13). The orthogonality relation is defined via polarity
with 1,. As discussed in Example 5.6, this leads to Y being a subset of the intersection
of closed convez cones in R™ with the unit sphere. Thus, B (x, z,y) iff (z,a) <0 for all
a € X with (a,x) <0 and {(a,y) < 0. Because of the bilinearity of the scalar-product
B (x,z,y) holds for z being the linear combination of x and y: z = Ax+py with A\, u > 0,
as then (z,a) = (Ax + py, a) = Xz, a) + uly,a) < 0. For the case of z being not a linear
combination we make use of Farkas’ Lemma.

Lemma 6.8 (Farkas’ Lemma [Farkas, 1902]). Let C be the convex cone (convex in the
usual Euclidean sense) generated by wvectors vy,...,v, € R™ (i.e., C is the smallest
conver cone containing all v;, thus the conic hull conH ({vy,...,v,})) and let z € R™.
Then either z € C or there is a € R™ such that (a,v;) <0 for all i, and {(a,z) > 0.

FEssentially Farkas’ Lemma states that the element z is either between x and y (based
on a linear combination) or (z,a) > 0 for some a € X with (a,z) < 0 and {(a,y) <0
and thus not By (x,z,y). With Farkas’ Lemma, it follows that the induced betweenness
is exactly B, thus a metric betweenness based on the angle as introduced in Section 4.5.
For each point x € X by definition {x} = cly({x}). The orthogonality relation fulfills
the constraints of Proposition 6.6.3 and thus (B0)-(B2) and (B4), but, as argued in
Ezample 5.13, not (B3).

The Axiom of QOuter-Transitivity

Now, after having established (B0)—(B2) and (B4), the question arises whether the axiom
of outer transitivity (B3) can be established.
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Proposition 6.9. The betweenness relation B, of a conceptual orthospace S with L
fulfilling the properties mentioned in Proposition 6.6.3 does not necessarily fulfill (B3).

Proof. As a counterexample consider a COS based on a two-dimensional sphere as do-
main as defined in Example 6.7. (B3) is not fulfilled: Define some a as being at an angle
of 0°, b at 90°, ¢ at 170° and d at 200°. The premise of (B3) is fulfilled, however, not
Bi(a,b,d). O]

In general, when (B3) is not fulfilled it is possible to get some loop such that B (a, b, ¢)
and B, (b, ¢,d) but B, (d,a,b) instead of B, (a,b,d). Furthermore, it is possible to get
a chain of betweenness relations, where in between the both endpoints of the chain are
elements that are dissimilar to both endpoints. Restle [1959] gives a necessary condition
for making (B3) true based on a definition of intersection betweenness fulfilling the
restriction of (B4) mentioned in Proposition 6.6.3. We adapt his condition, which he
states for finite sets, to arbitrary sets and to the context of orthonegation in the following
proposition. The proposition rests on the notion of a linear array. A linear array is a
sequence of sets R = (ryt,rmpt,...) such that rt = A, U B; UC, A;, B;,C # () with
C=rtnrytn..., A 2 A and B; € B;_; [Restle, 1959].

Proposition 6.10. (based on [Restle, 1959, Theorem 5 and 6]). Let R* = (rit, ryt,...)
be a sequence of sets representing the negations of r1,ro,.... Then the following equiv-
alence holds for 1 fulfilling the restrictions of Proposition 6.6.3:

By (ri,rj,r) for alli < j <k iff R* is a linear array of sets.

Proof. Restle [1959] proved his Theorems 5 and 6 for finite arrays and states that it
could be trivially adapted to infinite ones. [

The difference between this condition and the others is that all others are based on
local statements regarding the interplay of at most four elements, whereas this condition
considers several betweenness relations making up a chain.

Proposition 6.11. Let S be a conceptual orthospace. Assume L fulfills the condition
of Proposition 6.6.3 and the following condition:

ifbecli({a,c}),ceci({bd}),c ¢ {b,d} and b ¢ {a,c},
then R = (a™,b", ¢+, db) is a linear array.

Then B, of S fulfills (B3).
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6.1 Orthonegation-induced Betweenness

Though this depicts a possible restriction, it is — because of the dependence on more
than three elements — difficult to restrict the orthogonality relation sufficiently to fulfill
these restrictions. Especially, it is not possible to fulfill (B3) if the projective law is
valid.

Proposition 6.12. Let S = (X,Y,B,, 1) be a COS defined as in Definition 6.2.3,
where Y = {cl (C) | C C X}. If cly fulfills the projective law (pl) (see page 78), then
(B3) is not fulfilled or the orthogonality relation is trivial in the sense that cl ) (A) = A
forall AC X.

Proof. Let S = (X,Y,B,, 1) be a COS defined as in Proposition 6.6.3, where ¥ =
{cl (C) | C C X}. Forall a € X: cly({a}) = {a}, as for b € X\{a} by Proposi-
tion 6.6.3, b € cly ({a}) is only the case, when a* Nct C bt with a # ¢, a contradiction,
as a = c¢. Because of intuitionistic absurdity, it follows that cl, ({a} Ua') = X. With
(pl) it follows cl) ({a} Uat) = {cl.({a} Uy) | y € at}, thus for b € cl,({a} Ua'),
b & {a} Ua' there is y € at with at Nyt C b*, therefore by definition B, (a,b,y).
Hence, cl; ({a} Uat) = J{z | BL(a,z,y) with y € at} U {a} Uat. As (B0)-(B2) and
(B4) are valid, the rest of the proof can be trivially adapted from the proof of Theo-
rem 5.23. There, it has been shown that for all a € X: cl;({a}) = {a} can not be
accomplished, when (B0) — (B4) are valid, with a contradiction solely based on the use
of axiom (B3). O

There are simple but radical means to restrict the orthogonality relation to fulfill (B3):
The orthogonality relation could be constrained to not fulfill the premise of (B3), the
space could be constrained in a way that only such a small subset is considered that the
negation of a always intersect with the negation of every possible d correctly or the space
is separated into subspaces where this is the case. However, these are severe restrictions
on the orthogonality relation and do not capture the basic principle of (B3). Finding
an orthogonality relation fulfilling (B3) non-trivially is difficult, as then (B3) excludes
the existence of chains of arbitrary length containing a point between two points a and
d such that this point is in the negation of both. At least for distance-based negations
this is not possible.

The Axiom of Density

The betweenness axiom (B5) is not necessarily fulfilled and it is also not always possible
to find a restriction such that (B5) is fulfilled, as it restricts the domain to dense ones.
However, the orthogonality relation can be restricted such that the induced betweenness
fulfills (B5). Axiom (B5) can be directly translated to a condition on the orthogonality
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relation stating that each 1 -closure of two elements must contain at least one additional
element.

Proposition 6.13. Let S be a COS according to Definition 6.2. If {a,c} C cl) ({a,c})
(for all a,c € X with a # ¢) then By of S fulfills (B5).

(B5) is strongly connected to (B3). If (B5) is not fulfilled for some elements a,d € X,
it is not possible to fulfill (B3) (if (B3) is not trivially fulfilled), because then, e.g.,
B(a,b,c) and B(b,c,d) are valid, but there is no element = € X such that B(a,z,d).
However, the fulfillment of (B5) obviously does not lead to the fact that (B3) is fulfilled.

Concluding the previous definitions for the satisfaction of the betweenness axioms,
we identify in the following a restriction for the orthogonality relation summing up the
previous results. As a consequence, if an orthogonality relation is found which fulfills
these restrictions, then it can be used to define a conceptual orthospace with an induced
betweenness relation fulfilling (B0)—(B2) and (B4).

Proposition 6.14. Let S = (X,Y,B,, 1) be a COS defined as in Definition 6.2.
By fulfills (BO)-(B2) and (B4) if for all b € cl) ({a,c}) with b & {a,c} the following
conditions are fulfilled:

e a+#cand
o for all x1b it holds that xLa or xlc.

Induced Betweenness Based on Arbitrary Orthogonality Relations

As stated at the beginning of this section, there are two possibilities of inferring an
orthonegation-induced betweenness: Either the orthogonality relation is restricted (as
done above) and a betweenness relation is established containing as many triples as
possible. Or the betweenness relation is restricted and the induced betweenness can
be established for an arbitrary orthogonality relation but at the price of having only a
subset of the betweenness relations.

In some applications, it might be desirable to allow for arbitrary orthogonality rela-
tions. Hence, in the following proposition, an adaptation of the definition in Proposi-
tion 6.14 to the case of restricting the betweenness is presented. Whereas the first and
third condition are directly taken from the condition on the orthogonality relation (but
interpreted as condition on the betweenness relation), the second condition regarding
inequality of elements has to be added. The reason is that in contrast to the restricted
orthogonality relation, the condition of a # b # ¢ does not enforce that cl, ({z}) = {z}
for x € X. Therefore, two different elements could have the same negation and, thus,
as an additional constraint, a* # b # ¢ must be added.
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6.1 Orthonegation-induced Betweenness

Proposition 6.15. Let S = (X,Y,B', L) for an arbitrary orthogonality relation L.
B’ fulfills (B0)-(B2) and (B4) if for all a,b,c € X : B (a,b,c) iff

1. at Net Cbt oand
2. at # bt #ct (and thus a # b # c) and
3. for all zLb it holds that v La or xLc (equivalently b+ C a* Uct).

Proof. Ad (B0): Follows directly out of condition 2.

Ad (B1): Trivial extension of the proof of Proposition 6.3.

Ad (B2): For the sake of contradiction, let B, (a,b,c) and B, (b,a,c) be valid. As
bt C at Uct, either b+ C at or there is z € b* N ¢t with € a*. The second is a
contradiction to b Nect C a*. Thus, it must be the case that b+ C a*. As at C bt Uct
and b+ C at (because of condition 2.), there is x € a* Nct with z ¢ b, a contradiction
to at Net C bt

Ad (B4): Assume that B, (a,b,d) and B', (b, ¢, d) is valid. The conditions for B’ (a, b, ¢)
are considered case by case. First, a* Net C bt as at Nd*t C bt and ¢t C b+ Ud* and
thus at Net Cat N (bt udt) = (et Ndt) U (at Ndt) C bt Second, at # bt # ct:
at # bt and bt # ¢t follows by assumption. Thus, assume for the sake of contradiction
that at = ct. ¢t C bt Udt and at Nd*t C bt (and thus ¢t Ndt C bt). Assume
ct & bt thus there is x € ¢+ with x € d+\b*, a contradiction to ¢t Nd+ C b+. Thus,
ct C bt and with bt # ¢t it follows ¢t C bt (and thus e+ C b+). With b+ C at U d*,
there is x € bt Ndt with z € a* (and thus z & ¢'), a contradiction to b+ Nd+ C ¢t
Third, assume for the sake of contradiction, b € a* U ¢*, thus there is x € b+ with
rZat,x gct. Asbt CatUdt and x € at, it follows that o € d+. But as btNdt C ¢t
and z € b Nd*, it follows = € ¢*, a contradiction. [

The constraint for (B3) is not adapted in the same manner here, as the restriction
mentioned in Proposition 6.11 is based on four (or more) elements. If (B3) is not fulfilled
directly by the induced betweenness relation, then it is not at all clear which betweenness
relations should be deleted to fulfill (B3). The other conditions lead to a unique result,
whereas this one does not and thus is omitted here.

Properties of a Conceptual Orthospace with Induced Betweenness

After regaining the betweenness axioms (B0)—-(B2) and (B4) (and to some extent also
(B3) and (B5)), here some notes regarding the properties of the resulting COS are
stated. The observation is that the induced betweenness ensures that all 1-closed sets
are convex, but not vice versa that all convex sets are 1-closed.
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Proposition 6.16. 1. Let S be a conceptual orthospace according to Definition 6.2
or Proposition 6.14 or Proposition 6.15. Then, for C' C X: If C' is L-closed, then
1t 15 convez.

2. Let S be a conceptual orthospace according to Definition 6.2 or Proposition 6.15.
Then, for C' C X: If C' is convex, then it is not necessarily L -closed.

Proof.

1. Let C' C X be L-closed and assume C' is not convex. Then there is b € X\C and
a,c € C with By (a,b,c) resp. B (a, b, c), but then by definition of B, , atnct C bt
and thus b € cl) ({a,c}). By the rules of closure operators (see Definition 4.1.2),
if {a,c} Ccl (C), then ¢l ({a,c}) C cl) (C) and thus b € C, a contradiction.

2. As a counterexample, Example 5.20 can be used. There, the betweenness is exactly
defined as orthonegation-induced betweenness and it contains a convex but not -
closed set.

]

6.1.2 The Induced Betweenness of Goodman as Special Case

An induced betweenness relation situated in a quite different setting is that of Goodman
[1977], introduced in Section 4.3. In the following, I show that it can be adapted to be
the basis of a COS and that it can be considered as a subset of the orthonegation-induced
betweenness defined in Proposition 6.15.

Let L, be defined based on the similarity relation ~ (called “matching relation” by
Goodman) as z f, y iff  ~ y for z,y € X. Let AAB = A\ BU B\ A denote the
symmetric difference of two sets A, B. A corresponding notion of symmetric difference
x @y for elements z,y € X can be defined as follows:

r@y={zeX|z~z}N{zeX|2z~y}

Thus, = @ y denotes the set of elements z which are similar to one of x,y but not the
other. Now, the adaptation of Goodman’s betweenness relation is given in the following
definition.

Definition 6.17. The Goodman-style betweenness relation based on subset-inclusion
B, is defined as follows:

By(z,y,z) iff z~y&ky~z&r~z&rdylaodz&ydzCadz (6.2)
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This mimics Goodman’s construction (see Definition 10.02 of Goodman [1977] and
Section 4.3) but replaces the greater-than relation G with proper set inclusion. The
reason is that we — in contrast to Goodman — do not assume that X is finite.

Which of the betweenness axioms (Bi) are fulfilled? We show that (B0), (B1), (B2),
and (B4) are fulfilled and construct a counterexample for (B3).

In the proof of (B4) we need the following lemma.

Lemma 6.18. Ifx ®y C x @ z holds, then: x ®y C x & z is the case iff y & z # (.

Proof. Assume x @y C o @ z, then thereisv € x @ zand v ¢ @ y. If v ~ x and not
v ~ z, then we must have v ~ y and hence v € 2@ y. If not v ~ x and v ~ z, then
v ~ gy cannot be the case and we again have v € z ®y. Assume now that y @ z # (), say
with v € 2 By, i.e., v ~ z iff not v ~ y. We have to show that x &y C = & z holds. If
not, then we have z @y = x @ z. On the one hand v € x @ z iff (v ~ z iff not v ~ 2).
On the other hand v € x @ y iff (v ~ z iff not v ~). So we have (v ~ z iff not v ~ z) iff
(v ~ x iff not v ~ y). Contradiction (with v ~ z iff not v ~ y). O

Proposition 6.19. The Goodman-style betweenness relation according to Equation (6.2)
fulfills (B0), (B1), (B2), and (B4) but in general not (B3).

Proof. Ad (BO0): If B,(x,y, z), then z,y, z are distinct. The definition guarantees that
x and z must be different. Because otherwise z @ z = () and the empty set cannot have
a proper subset. If © = y were the case, then substituting in the definition of B,(z,y, 2)
the y with  wold lead to x & 2z C x @ 2, a contradiction. Analogously the assumption
y = z leads to a contradiction.

Ad (B1): If By(z,y, z), then By(z,y, x). This follows from the fact that @ is symmetric:
let By(z,y,2),ie,e~y&y~z&ar~2&2xbyCaedz&y®zC xdz Then
r~y&y~z&r~rz&20yC 2@ &ydar C 2, e, By(z,y, ).

Ad (B2): If B,(z,y, z), then not B,(y, z, 2). Let By(x,y,2),ie, x ~y&y~z &z~
&y Cardz&ydz C oz and assume By(y, x, z). Then the former implies
y® 2z C o @ z, whereas the latter implies  ® z C y @ 2, a contradiction.

Ad (B3): Not necessarily: if By(x,y, z) and By(y, z,w), then By(x,y,w). Consider the
following counterexample: Let X = {a,b,c,d,e} and ~ with a ~ b,a ~ ¢,b ~ ¢,b ~
d,c ~ d,c ~eand d ~ e and assertions v ~ v and if v ~ w, then also w ~ v for all
v,w € X. Then: a®c = {d,e},a® b= {d},b® c = {e}, hence By(a,b, c); moreover,
bdd={a,e},c®d={a}, hence By(b,c,d). But a ~ d does not hold, hence By(a,b,d)
does not hold.
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Ad (B4): If B,(x,y, 2) and B,(y, w, z), then By(x,y,w). Let By(z,y, 2), i.e.,

r~y&ky~z&r~z& (6.3)
rPyCrdz& (6.4)
yozCzrdz (6.5)

and assume that B,(y, w, z) holds, i.e.,

w~y&y~z&w~z& (6.6)
ybwCydz & (6.7)
wezCyYdz (6.8)

We have to show: By(z,y,w), i.e., that the following conditions hold:

r~y&y~w&kr~wk (6.9)
rQyCrdwk (6.10)
ybwCrdw (6.11)

Proof of (6.9): We have trivially x ~ y and w ~ y. But we also have z ~ w due to
the following: y ® w C y ® z hold. Now, as y ~ = and z ~ z it follows that x ¢ y @ z.
Assume for sake of contradiction that not x ~ w. As y ~ =z, this would give us r € y®w,
but then = would have to be in y & z, leading to a contradiction.

Proof of (6.10): x @y € = ®w. We show first that the C relation holds: Assume that
v exists with v € £ @ y and thus v € x & z. Case 1: v ~ x and not v ~ y. Thus, not
v ~ z. We have to show that v € x ® w, i.e., not v ~ w. If v ~ w were the case, then
vewdz < ydz, thus v ~ gy, a contradiction. Case 2 is analog to case 1: not v ~ x
and v ~ y. Thus, v ~ 2. We have to show that v € © @ w, i.e., v ~w. If not v ~ w
were the case, then v € w @ 2z C y @ 2, thus not v ~ y, a contradiction.

Now we are left with showing that x @ y is a proper subset of x @ w or in other words
that x @& w is not a subset of x & y. Due to Lemma 6.18, in order to show z &y C = d w,
we have to show that y & w is not empty. But this is due to Lemma 6.18 and (6.8).

Proof of (6.11): We have to show y ® w C = & w. We start again by showing C:
Let v e y®w. Case 1: v ~ y and not v ~ w. We have to show v € x & w and thus
v ~ x. Assume not v ~ x. But then (as v~y ) v € x @ y. Due to (6.10) we then have
v € xPw, giving us a contradiction. Similar for case 2 having not v ~ y and v ~ w. We
are left with showing that z @ w is not a subset of y & w. Due to Lemma 6.18 we have
to show that y @ x is not empty which is due to Lemma 6.18 and Section 6.1.2. 0
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As Goodman’s construction is intended for sensory impressions, the matching opera-
tion is assumed to be a similarity relation which is usually not transitive. And in fact,
the betweenness construction according to Goodman does not work out for arbitrary
orthogonality relations. Consider an orthogonality relation 1, such that the following
holds:

For all z,y,z € X: if v 1 2, then z 1,y or yL,z. (Trans™)

This condition is equivalent to the condition stating that ~ is transitive!, i.e., as ~
already is assumed to be symmetric and reflexive, that ~ is an equivalence relation. In
this case the betweenness relation becomes trivial: if L, fulfills (Trans*) then no triple
of elements stands in Bj-relation. The reason is that as ~ becomes transitive, z ~ y
and y ~ z and y ~ z would mean that, e.g., for all v € X with y ~ v, it follows z ~ v,
therefore t ®y =y ® 2z = 2 ® 2z = (). But then 2 ® 2 cannot have any proper subset.

Having an arbitrary orthogonality relation and a betweenness-relation based on it
according to Definition 6.17, it is possible to show that the L-closed sets are actually
convex.

Proposition 6.20. If a set A C X is L-closed, then it is convez.

Proof. Assume A C X to be 1-closed and let a,c € A. Assume that A is not convex.
Thus, there is a b ¢ A with By(a,b,c). b ¢ A means that there is a d € A+ with d ~ b.
By definition of By, a®b C a®c. Asalyd, dca®b, thusd € a®ec, thusd ~c. A
contradiction, as then d ¢ A+, ]

Thus, the betweenness relation of Goodman makes up a conceptual orthospace, when,
e.g., identifying Y with the set of all L-closed sets. Thus, S = (X,Y, By, L,) is a COS
for Y C {cl; (A) | A C X} closed under intersection and orthonegation and an arbitrary
domain X. In the following, it is shown that this betweenness relation can be considered
as an instance of the orthonegation-induced betweenness defined in Proposition 6.15.

Proposition 6.21. Let 51 = (X, Y1, B, 1,) and Sy = (X, Ys, B, L,) with B, as defined
in Proposition 6.15. For all a,b,c € X :

if By(a,b,c), then B (a,b,c)

Proof. Let for a,b,c € X, By(a,b,c) be valid. The conditions of Proposition 6.15 are
considered one by one:

' With “if 2 L4z, then L y or y L 427, it follows that “if z ~ y and y ~ 2, then x ~ 27, thus transitivity.
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1. at Nect C bt Let at Net € bt therefore there is an 2 € a* N ¢t with 2 & bt
Then, x € a @b but z ¢ a @ ¢, a contradiction, as By(a,b, c) is only the case if
adbCadec.

2. at # bt # ct Witha @b C a® e, it follows that a ® ¢ # () and thus at #
ct. Assume for the sake of contradiction that a* = b, then b®c =a @ c, a
contradiction to b ® ¢ C a @ ¢ (analogously for b+ = ).

3. bt CatUct: Let bt € at Uct, thus there is an x € bt with z € a* and = & ¢*.
Then z € a ® b, but  ~ a, x ~ ¢, thus x € a @ ¢, a contradiction.

]

6.1.3 Application of an Orthonegation-induced Betweenness

Whereas in the previous subsection two definitions of an orthonegation-induced between-
ness relation were given, in this section I deal with questions of applying them. Concrete,
I deal with the questions whether some specific similarity relations are usable as a basis
for the definition of an orthonegation-induced betweenness in the sense of whether they
fulfill the restrictions of Proposition 6.14 and whether it is possible to gain an induced
betweenness relation in the style of Proposition 6.15. In the following, the term “ortho-
negation-induced betweenness” relates to the definition of it in the last section and does
not cover orthonegation-induced betweenness relations in general.

Before answering the questions, I want to discuss why the identification of an induced
betweenness relation is actually helpful. As explained in Chapters 4 and 5, similar-
ity and betweenness are both vital for a good embedding approach. However, when
starting with a betweenness relation, it is possible to enforce a specific strength of the
betweenness. This is not possible when having a similarity relation given. In this case,
the determination of the betweenness relation is passive in the sense that it is enforced
by the similarity relation to have a specific strength. One case where it is not possi-
ble to rely on a given similarity relation is when background knowledge is given and
the resulting COS based on an orthonegation-induced betweenness interferes with this
background information. Therefore, the induced betweenness can only be used when
either the given background knowledge matches the resulting COS or the background
knowledge is weak enough for not interfering or when only the type of similarity relation
is given as basis, however, the similarity of instances is determined via an embedding
approach.

It could be the case that the concepts are convex by definition of the induced be-
tweenness relation, but may, however, not be convex based on Euclidean betweenness
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6.1 Orthonegation-induced Betweenness

or another expressive notion of betweenness. In such cases, the arguments for the ad-
vantages of convex concepts cannot be applied directly, e.g., they have not necessarily
obvious computational benefits. The dissimilarity relation itself already results in an or-
tholattice. Ortholattices can represent negation, conjunction and disjunction sufficiently
— so why should betweenness be specified?

The first reason is that the determination of the betweenness allows for the exami-
nation of the underlying structure of the space. This structure is not necessarily rec-
ognizable solely based on the orthogonality relation given and, thus, considering this
structure in detail could help to use the advantages of convexity not visible beforehand.

In other cases, when one recognizes that the structure is weak, an option would be to
dismiss this type of orthogonality relation and use a different one which induces a more
expressive betweenness relation. It is also possible to rate the orthogonality relations
based on their ability to allow for expressive induced betweenness relations. As will turn
out later in this section where some examples of induced betweenness are considered, an
induced betweenness based on the Euclidean metric leads to a less expressive betweenness
as the one induced by the uniform norm. Though both are less expressive than, e.g., the
Euclidean betweenness, the latter one does at least contain betweenness relations at all.

This directly leads to the second option: If the orthogonality relation has to be kept,
it is at least possible to specify the structure as much as possible. It is, e.g., possible
that the concepts are locally stronger structured, thus, that, e.g., (B5) is valid, when
only one region and not the whole space is considered and, thus, the advantages of
convexity can be used locally. It is also possible to understand the structure of the data
better by recognizing which elements are influential in the sense that they are part of a
betweenness relation. The resulting COS need to be considered with care, though, as it
is mostly only weakly structured.

In the following paragraphs, the induced betweenness is determined for some well-
known similarity relations.

Minkowski Distance-based Orthogonality Relation

As mentioned in Section 4.1, distance-based similarity relations are widely used in many
contexts. Here, L1, is defined as an orthogonality relation based on the Minkowski
distance d,,(z,y) = > (Jx; — yi|p)% forp > 1land p < oo (p =1 and p = oo are
considered as special cases later on), by using a threshold 7 > 0, resulting in z 1,y iff
dy(x,y) > 7. However, it turns out that the induced betweenness relation is empty. An
illustration of the problem for the special case of a Euclidean metric and arbitrary 7 > 0
can be seen in Figure 6.1(a).
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[ 2

Figure 6.1: (a) Example for an induced betweenness based on Euclidean distance: For
each of the three points the respective - is outside of the respective circle.
There is an x € at Net with o ~ b, thus x ¢ b+ and thus not B (a, b, ¢); (b)
Example for an induced betweenness based on uniform distance (where again
the space outside the respective square depicts the resp. negated concept):
For the orthogonality relation interpreted as uniform norm, these a, b, ¢ lead

to B (a,b,c) .

Proposition 6.22. For S = (R",Y,B', L,,), the induced betweenness relation B'| is
empty (independent of the choice of T).

Proof. Assume for the sake of contradiction that there are a,b,c € R™ with B’ (a,b, c).
With Proposition 6.15, it follows that a # b # ¢. Thus, d,,(a,b) > 0. Choose x; and
xo orthogonal to the line ab such that d,,(z1,b) = 7 and d,,(z2,b) = 7 with d,,,(x1,b) +
dpm(22,b) = dy(x1,22), thus b lying in between x; and x5 in the usual sense. Then,
dm(a,r1) > 7 and dp,(a,23) > 7, thus z1,29 € a*. As x1, 25 ¢ bt it must be the
case that 21,2y & ¢t to allow for B/, (a, b, c). Based on the definition of the Minkowski-
distance, this is only possible if b = ¢, a contradiction. Thus, it is not possible to choose
a,b,c € R" such that B, (a, b, ¢) and thus the betweenness is empty. o

Uniform Distance-based Orthogonality Relation

Next, the uniform distance is considered, which is defined for xz,y € R™ by

The orthogonality relation is again defined as above as x L,y iff d,(z,y) > 7 for arbitrary
7 > 0. An example can be seen in Figure 6.1(b). It turns out that the problem as for the
Fuclidean distance does not occur. In particular, instances are in between each other
if they are on a line parallel to the axes and restricted to a distance between the outer
points smaller than or equal 27. When looking at Figure 6.1(b) the negated concept
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is still not convex in the classical Euclidean sense. But in contrast to the Euclidean
distance-based negation of Figure 6.1(a), it is at least possible to define betweenness
locally, thus the advantages of convexity can be used at least locally. Of course, for
many applications, it is desirable to regain stronger convexity. This is, e.g., possible
when considering angle-based similarity as done in the next paragraph.

The next proposition identifies the possible betweenness relations induced by a uniform
distance.

Proposition 6.23. For S = (R",Y, B/, L,), the induced betweenness relation is
B (a,b,¢) iff du(a,b) + du(b, c) = du(a,c) & dy(a,c) <27 &

the line through a,b, c is parallel to an axis.

Proof. Follows trivially out of the definition of the uniform distance. ]

The Manhattan-distance, defined for x,y € R™ by

dma(xay) - Z |xl - yz|
i=1

behaves similarly, instead of allowing for betweenness parallel to the axes allowing for
betweenness diagonal to the axes.

Angle-based Orthogonality Relation

The application of the orthogonality based on the angle between instances has already
been considered in Example 6.7 for the special case of an angle of 90°. There, it turned
out that the induced betweenness is the betweenness based on the angle. Thus, an
orthogonality relation based on the angle is a well-working orthogonality relation leading
to a strong betweenness relation. As shown in Example 6.7, in particular choosing the
domain X as a sphere leads to an expressive induced betweenness relation, as 1, then
fulfills the restrictions of Proposition 6.14. Even when considering X = R", the induced
betweenness in form of the betweenness based on the angle is a quite strong betweenness.
This does not work out if an angle different from 90° is chosen, i.e., setting

zly iff Z(z,y) > 7

for x,y € R™ and 7 # 90°. In this case, the same problem occurs as for the Minkowski
distance: the induced betweenness relation is empty for n > 2. Only when considering
the two-dimensional case, the induced betweenness is non-trivial and usable.
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Proposition 6.24. For S = (R*,Y, B/, 1)), the induced betweenness relation is empty
if T #90° and n > 2.

Proof. Leta S = (R",Y,B', L)) be given with n > 2. For the case of 7 < 90°, based on
the same argument as used in the proof of Proposition 6.22, it follows that the induced
betweenness relation is trivial.

For the case of 7 > 90°, it is possible to fulfill the statements of Proposition 6.15.1
and Proposition 6.15.2 but not Proposition 6.15.3 which can be again argued for based
on the proof of Proposition 6.22. O
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6.2 Betweenness-induced Orthogonality

In the last section, one variant of an orthonegation-induced betweenness relation was
presented. In the discussion of the application of such relations in Section 6.1.3, it
turned out that, although defining such an induced betweenness could be helpful, it is,
in most cases, impossible to regain a strong betweenness relation. There are many use
cases imaginable in which a strong betweenness is needed and the user hence would
like to define a COS based on the desired betweenness relation and choose a suitable
orthogonality relation based on it.

I tackle this problem in several ways: On the one hand, the special case of Euclidean
betweenness is discussed in Chapter 7; on the other hand, the induced orthogonality
relation based on arbitrary betweenness relations is showcased in this section. In contrast
to the case of orthonegation-induced betweenness, though, it is, in this case, not possible
to use a general construction principle for a betweenness-induced orthogonality relation,
as argued in the following and illustrated in Example 6.25.

The main problem is the different influence of the two closure operators on the result-
ing COS. Whereas the induced betweenness for an arbitrary orthogonality relation could
be empty — resulting in a correct (but not useful) COS — the orthogonality relation is
not allowed to be trivial. In particular, for all A,B € Y, conv(AU B) C ¢l, (AU B),
thus for a non-trivial betweenness, the L -closure is also not allowed to be trivial: If L is
trivial in the sense that for all z,y € X,z Ly, then cl, ({z,y}) = {z,y} for all x,y € X
and thus for a non-trivial betweenness ¢l ({x,y}) C conv({x,y}) for some z,y € X. If
L is trivial in the sense that for all z,y € X,z [ y, then 2+ = {0} and cl, ({z}) = X,
thus there are no L-closed sets beside () and X and thus the resulting COS is trivial.
A naive solution for this problem would be to define ¢/, (AU B) = conv(A U B) for
all A,B € Y with Y C {conv(C) | C C X}: this definition does not lead directly to
a definition of the orthogonality relation. The only information is that the rules of an
orthogonality relation need to be fulfilled.

This leads to the observation that the definition of a betweenness-induced orthogona-
lity relation is highly dependent on the chosen betweenness, the chosen domain X and
also on the desired Y. For orthonegation-induced betweenness, the orthoframe (X, 1)
makes up an ortholattice which is preserved in the constructed COS (as Y contains all
1 -closed sets). However, if in addition to an ortholattice, a domain X and a betweenness
relation are given, this ortholattice may not be representable anymore — even based on
an arbitrary orthogonality relation. This is illustrated in the following example.

Example 6.25. Let X = R and let the betweenness be the Euclidean one. The problem
of defining an orthogonality relation based on a given betweenness becomes relevant if
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(a) (b)

Figure 6.2: Illustration of the problem of inducing an orthogonality relation mentioned
in Example 6.25. The lattice in (a) should be represented, (b) shows one
possible construction. For illustration purposes, here the concepts are rep-
resented below each other but are all placed in R.

complex lattices are needed to be modeled. Therefore, assume that Ly is the lattice
represented in Figure 6.2(a), a simple, distributive lattice enforcing some non-trivial
conjunctions and disjunctions for the resulting COS. Let A, B,C C X with A, B,C be
convex such that ANC = B. Thus, A, B,C are all intervals of X. An example for
these three sets can be seen in Figure 6.2(b). Now the question arises as to how the
orthogonality relation is modeled, in particular, what A+, B+ and C* need to look like.
Asd < candc < a, the construction has to look like in Figure 6.2(b) or similar. But
independent of the actual construction, it is the case that B+ = cl; (At U Ct) and as
conv(At U CH) C cly (At U CL), it follows that B C B*, a contradiction. Thus, it is
not possible to construct a COS modeling the proposed lattice based on the Euclidean
betweenness. However, when dismissing the betweenness, it is possible to model the
lattice in the given domain, and, thus, to find a suitable orthoframe (in fact, the exact
same one as seen in Figure 6.2(b) can be used when considering a weaker betweenness).

This illustrates that given a domain and a betweenness relation it is not always possible
to construct a COS of sufficient expressivity.

Another related question regarding the process of constructing an induced orthogo-
nality relation is how Y should be defined. Following the construction of a COS based
on an induced betweenness, where Y = {cl, (C) | C C X}, the aim is to incorporate
the betweenness in the general construction as much as possible, thus enforcing the or-
thogonality relation to be of the same strength as the betweenness relation. The first
idea would be to require completeness. This, however, is difficult to gain (as has been
discussed in Section 5.3.1 and will turn out for the case of Euclidean betweenness in
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Chapter 7). Therefore, the relaxation in form of (R4) can be required, enabling for as
many betweenness relations as possible to be used as the basis for an induced orthogo-
nality relation:

cl, (AUB) =conv(AUB) for A,B€eY.

However, even in this case, it is, as discussed in Example 6.25, sometimes impossible to
construct an expressive COS at all. Even when an expressive COS can be constructed, it
is possible that only a small subset of the sets, convex based on the betweenness relation,
can be modeled. This is illustrated in Chapter 7 in which I show for the Euclidean
betweenness that based on some natural restrictions, the orthogonality relation needs to
be the polarity and the set of concepts considered needs to be a subset of closed convex
cones.

As illustrated in Chapter 7, the problem of finding an induced orthogonality relation
by no means leads to the fact that COSs based on a given betweenness are problematic.
In contrast, it states that due to the difference in expressivity of different betweenness
relations, it it necessary to construct a COS for each betweenness individually to get the
best solution.
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7 Euclidean Convexity as Basis of
Conceptual Orthospaces

The discussion on betweenness-induced orthogonality relations in Section 6.2 lead to
the observation that such an induced orthogonality relation is highly dependent on
the chosen betweenness relation. Therefore, here we focus on Euclidean betweenness,
because it is a widely used betweenness relation and helps to substantiate practically
the abstract definition of COSs. Moreover, Euclidean betweenness leads to a natural
form of convexity, facilitates calculation techniques such as convex optimization and is
in general a widely researched topic. The aim of this chapter is, on the one hand, to
exemplify the determination of an betweenness-induced orthogonality relation and, on
the other hand, to examine COSs based on Euclidean betweenness in detail. Thus, in
the following, the term “convexity” is used in its usual meaning as Euclidean convexity.

Euclidean betweenness was introduced in Section 4.3 and fulfills many betweenness
axioms, in particular, (B0)-(B5) and (C2)—(C3) (see pages 47 and 50).

The aim of this section is not only to find one COS based on Euclidean betweenness
but to examine the possible COSs based on Euclidean betweenness in general. The
overall result of this examination is a characterization result: Using theorems out of the
area of duality theory [Artstein-Avidan and Milman, 2008], I am able to characterize
the class of COSs induced by Euclidean betweenness as that class of COSs that rely on
different types of cones (as members of V).

Sections 7.1 and 7.2 are mainly based on a joint journal publication [Leemhuis and
Ozgep, 2023], whereas Section 7.3 extends this result by relaxing the constraints of
Sections 7.1 and 7.2.

7.1 Euclidean Convex Structures as Conceptual
Orthospaces

Let X = R" be the domain and let Br denote Euclidean betweenness, i.e.,

Bg(a,b,c) iff d(a,b) + d(b,c) = d(a,c) and a # b # ¢,
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with d(z,y) = \/Elgign(l‘i — 1;)? being the standard Euclidean metric.

This betweenness can be intuitively described as follows: an element b is between a
and c if it lies on a line segment through a and c¢. This can be reformulated to the
standard definition of Euclidean convexity: In R™, a set C' C R™ is convex iff for all
a,b € C, da+ (1 —=Xbe C for 0 < A < 1. Let C" be the set of all convex sets in R™
(including the empty set).

C":={C CR"|C is convex}

The convex hull of some C' C R" (for short conH(C')) can be defined as the smallest
convex set containing C', concretely, by constructing it as the intersection of convex sets
containing C"

conH(C) = ﬂ{A | AD C and A is convex}.

As the domain itself is a convex set containing C, the intersection is not empty, unless
C' is empty. Here the term “convex” is used for “convex w.r.t. Euclidean betweenness”.

Thus, it seems natural to set up a COS S over the domain of R” based on the Euclidean
betweenness, thus of the form S = (R", Y, Bg, L) with Y C C™. But now two questions
arise:

Question 6.
a) How should L be defined so that S is a COS?
b) Can we choose Y =C", i.e., can L be defined such that'Y is complete?

Before tackling the first question by defining a suitable orthogonality relation, we
deal with the disjunction operator. Disjunction is a closure operator ¢l and as proven
in Proposition 5.7, the disjunction needs to be interpreted as convex hull, when Y
is complete. However, also if Y is not complete, it seems to be natural to interpret
the disjunction of elements of Y as convex hull, both based on the interpretation as
a conceptual space in the sense of Gérdenfors [2000] and based on the discussion in
Section 6.2. Thus, in the following, the constraint (R4) (stating that for all A, B € Y,
cl; (AU B) = conv(A U B), see page 68 for details) is assumed to be valid.

This definition of conjunction and disjunction leads to the fact that (C™, A, V) makes
up a bounded lattice, where ¢ A d is interpreted as C' N D and ¢V d is interpreted as
conH(C'U D) for C, D € C", 1 is interpreted as R™ and O as 0.

Unfortunately, this result does not say that we can immediately construct an ortho-
complement on the lattice. In fact, the second question has to be answered negatively,
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as it is not possible to define a COS where each convex set is | -closed. The next propo-
sition is, in fact, not dependent on (R4): even the weaker restriction (R5) (stating that
for all A, At € Y it must be the case that cl, (A U AL) = conv(A U At)), prevents
defining a COS, as shown in the following proposition.

Proposition 7.1. S = (R",C",Bg, L) is not a COS for an arbitrary orthogonality
relation L fulfilling either (R4) or (R5).

Proof. For S = (R",C",Bg, L) to be a COS, it must be the case that A, AL € C" can be
defined to satisfy the rules of the orthonegation, in particular, cl; (A U A+) = R*. With
(R4) resp. (R5), it follows that conH(A U AL) = R™.

Assume for the sake of contradiction that S is a COS. Let A = {z} withz ¢ R". A
is convex and thus A € C" and thus it is by definition also L-closed. As A+ € Y needs
to be the case and thus conv(A+) = At due to the rules of convexity, AL can be at
most a half space (thus one of the parts in which an arbitrary hyperplane (an n — 1
dimensional linear subspace) divides the space R"). Assume Al is a half space, then
conH (AU AL) # R™ and, thus, this is also not the case for A% being smaller. O]

This goes perfectly in line with Theorem 5.23. B fulfills (B0)-(B4) and ¢/, fulfills
the projective law, thus, Y can not be complete.

As a consequence of the negative answer, we change the second question to the follow-
ing question: “Which subsets of C" are potential candidates for Y in the COS?” Note
that this question does not just ask to find some subset but to give a criterion on subsets
identifying them as appropriate candidates for Y.

In the following, we assume that restriction (R7) applies, thus for 0 € X it follows

that cl, ({0}) = {0} and {6}l = X = R" (where of course instead of {0} an arbitrary
other singleton set can be chosen) and focus on topologically closed sets. The case where
(R7) is not fulfilled and instead X+ = () is considered in Section 7.3. Thus, the largest
possible candidate for Y is the set Cj consisting of all (topologically) closed convex sets
containing 0.

Cy:={C | C eC"and 0 € C and C is topologically closed }

To construct an orthogonality relation, a mapping ¢ : C§ — Cg is needed which maps
each C' € Cy into some D € Cy such that ¢ fulfills the properties of the orthonegation.
In particular, ¢ has to fulfill ¢(¢(C)) = C for all C € Cf and C C D — ¢(C) D ¢(D)
for all C, D € CJ (double negation elimination and contraposition, if ¢ is interpreted
as negation operator). For these restrictions, there are corresponding restrictions in
projective geometry, especially in the concept of duality. Duality in a form adapted to
this setting is defined as follows:
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Definition 7.2 ([Artstein-Avidan and Milman, 2008, Definition 2])). A map ¢ : Cj — C
generates a duality in R™ if the following two properties are satisfied:

1. For any C € C}} it follows that ¢(p(C)) = C.
2. For any two C, D € Cy satisfying C C D it follows that ¢(C') 2 ¢(D)

Thus, we see that the map we are looking for has to be a duality map. Based on
this duality, some characterization results are given, leading to the definition of a unique
mapping representing the orthonegation. For the class Cj there are results examining
the properties of such dualities and one can prove that they are essentially unique.

Theorem 7.3. [Artstein-Avidan and Milman, 2008, Theorem 10] Let n > 2 and ¢ :
Cy — C§ be a duality as defined in Definition 7.2. Then there is a symmetric g € GL,
such that for all C' € CJ

o(C) = (4C)°"
where (gC)OI is the polar body
(9C)° = {z € R*|(z, gy) < 1 for all y € C}. (7.1)

Here we use the usual notation GL, for the general linear group of degree n, i.e., the
group over the set of invertible n X n-matrices with entries over the reals.

This states that a mapping having the properties of duality is nothing else than the
polar-body mapping (up to multiplication with an invertible matrix g).

As the similarity between the definitions of duality and orthonegation is obvious, it
might seem to be straightforward to use the polar body defined in Theorem 7.3 as a
negation. For this interpretation, it would be necessary to prove that the third rule of
orthonegation, intuitionistic absurdity, is valid. However, as Corollary 7.4 below shows,
this is not the case and thus, this restricted set C is also not an appropriate candidate
for a COS. But now, as stated in Theorem 7.3, this construction is the only one fulfilling
the first two rules of orthonegation based on the set C, further restrictions on the type
of convex bodies considered are necessary.

Corollary 7.4. For each map ¢ there is a C € C? such that C' N ¢(C) # {0}.

Proof. Let n > 2 and choose a g € GL,, according to Theorem 7.3. For the sake of proof
by contradiction, assume that CN¢(C) = {0} for all C' € Cf. Then, the following would
hold:
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(*) For all C there is no z € C with z € ¢(C) = (¢C)°".

We now construct C, z that falsify (*). Choose = € R"\{0} such that (z,gz) < 1. Such
an x always exists, as for arbitrary z € R™, (z, gz) = pu for some p € R. If y < 1, then
let x = z otherwise let z = iz, then (z,gz) = M—lg(z,gz) < 1. Let C = conH({0,2}) =
{Az | 0 < A < 1}. As C is defined as convex hull we must have x € C. But now, as
forally € C, y = Ax for 0 < X\ < 1, (z,gy) = (z,g(\z)) = Mz, gz) < 1, it follows that
z € ¢(C). But x € C holds by definition. So we reach a contradiction to (*). O

Note that C'N ¢(C) = {0} for C' € CJ means ¢ A ¢ = 0, hence this corollary indeed
shows that intuitionistic absurdity is falsified.

Thus, even the restriction to Cf is not enough to allow for the definition of an ortho-
gonality relation. As this construction is based on necessary conditions for the estab-
lishment of duality, it is not possible in general to construct an orthogonality relation
for general convex bodies including {0}. An exception would be of course to define
conjunction or disjunction in a different way which is not further considered here, be-
cause defining conjunction as set intersection and disjunction as convex hull seems to be
natural and also psychologically grounded.

Now, as I will show in the following, it is possible to restrict the set of convex bodies
further to allow for the definition of an orthogonality relation. There are several variants
of the duality result of Theorem 7.3 in the literature, e.g., for convex structures including
the point of origin in its interior [P. M. Gruber, 1991] or for ellipsoids [Artstein-Avidan
and Slomka, 2011], but it turns out that the only restriction of C§ fulfilling intuitionistic
absurdity is the set of closed convex cones. The following definition has already been
given in Definition 5.5 and is repeated here for clarity.

Definition 7.5 ([Schneider, 2022, p. 7]). A convex cone is a subset C' C R™ withx+y € C
and \x € C for every x,y € C' and A > 0. A closed convex cone is a nonempty convex
cone which is topologically closed (w.r.t. the Fuclidean norm). The set of closed convex
cones in R™ is named C.

cone*

With this definition, the next proposition follows:

Proposition 7.6. A set D C CJ' closed under the map ¢ of Theorem 7.3 and homoge-
neous in the sense that it is invariant under any rotation and reflection (i.e., application
of an orthogonal matriz) fulfills D N ¢(D) = {0} for all D € D only if D C C2

cone’

Proof. Let n > 2 and g € GL,, be arbitrary fulfilling the condition of Theorem 7.3 and
let DN @(D) = {0} for all D € D. Let D € Cf be arbitrary and € D with z # 0. To
fulfill D N ¢(D) = {0}, there must be y € D with (x, gy) > 1, as otherwise x € ¢(D).
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7 Euclidean Convexity as Basis of Conceptual Orthospaces

As D is convex, and x € D, also Az € D for 0 < A < 1. Let (x,gy) = 7 and
0<A< % Then (Az, gy) < 1 and thus Az € ¢(D) would be the case, a contradiction to

DN ¢(D) = {0}. Thus, it must be the case that 1y € D (or a different element z with
(z,9z) >1). As A > 0 can be arbitrary small, the line {1z | A > 0}, for some z € R", is
contained in D.

Thus, D could contain closed convex cones (including linear subspaces and half spaces)
and the convex hulls over convex cones and convex bodies. Though, when considering
only a few | -closed sets in Y, both constructions are possible, the construction based on
convex hulls over convex cones and convex bodies get problematic, when each element in
R™ should be contained in a concept in Y (and not only in the I-concept). Then, modeling
concepts in Y depends on the other concepts already contained in Y, as the set of all
convex hulls over convex cones and convex bodies is not closed under conjunction. Thus,
the resulting map ¢ is especially not invariant under rotation and reflection, whereas the
set of closed convex cones is closed under conjunction, negation and disjunction and for
each convex body, it can be defined a unique convex cone (the conic hull) which is the
minimal cone containing the convex body. ]

Note that we defined a homogeneity principle based on rotation applications because
this principle is compatible with the constraint DN¢(D) = {6}, whereas, e.g., invariance
under translations would not.

Considering the set of convex cones C

T ne, it turns out that the polarity operator can
be simplified to

v L,y iff (r,y) <0 for z,y € R" (7.2)

and thus
C° ={y € R"|(y,z) <0 for all z € C'} (7.3)
for C e C” We have to show C° = C°'. “C” is clear. For the other direction we show

cone*

that if y ¢ C°, then y ¢ C°'. Let y ¢ C°, hence there is z € C with p := (z,y) > 0. As
C'is a convex cone one can choose A\ > i and Ar € C. But now (y, \z) > 1. Soy ¢ C°.

7.2 Concepts in Euclidean Conceptual Orthospaces are
Convex Cones

When restricting the space of concepts to closed convex cones, obviously, the duality
based on polarity can still be used. However, the question arises whether this repre-
sentation is also unique for cones or whether it is possible to find a different mapping
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fulfilling the properties of the duality without relying on the polarity operator. The
answer is twofold: On the one hand, in R?, the uniqueness is no longer given, but on the
other hand, more importantly, the same theorem as for the convex bodies considered
beforehand can also be stated for closed convex cones in R™ for n > 3.

Theorem 7.7. [Schneider, 2008, Corollary 1] Let n > 3 and ¢ : C,. — C.. be a
duality as defined in Definition 7.2.
Then there is a symmetric g € GL,, such that

¢(C) = gC°

for all C € C2 . where C° is the polar body as defined in Equation (7.3) and GL,

is the general linear group of degree m. Note that here, in contrast to Theorem 7.3,

d(C) = gC° ={gz € R" | (x,y) <0 for ally € C}'.

This rule can be further restricted, as it turns out that ¢ € GL,, can not be arbitrary
and especially has to be a positive diagonal matrix.

Proposition 7.8. C'N gC° = {0} for all C € C", . is valid iff g is a positive diagonal
matriz.

Proof.

“+": Let g be a positive diagonal matrix. Let C'NgC° # {5} Then there is x € C with
x = gy for some y € C°. As y € C°, especially (z,y) < 0 and, as z = gy, (gy,y) < 0.
As g is positive and diagonal, this is only the case if = 0. Thus, C' N ¢gC° = {0}, a
contradiction to the assumption.

“—": Let g not be a diagonal matrix (or a diagonal matrix containing a non-positive
element). Then there is y € R”\{0} such that (y,gy) < 0. Let C = {\gy | A > 0} and
thus y € C°, as for x € C with = = Agy: (z,y) = (Agy,y) = Mgy,y) < 0. As ¢(C) =
gC°, it follows gy € ¢(C). As gy € C by definition, this leads to a contradiction. O

Thus, g can, in particular, be interpreted as identity and this leads to the following
conceptual orthospace:

Proposition 7.9. The structure S = (R*,C .., Bg, L,) with the set of closed convex

» Ycone?

cones C2 . in R™, the Euclidean betweenness Br and the polarity L, (thus xL,y iff

cone

(x,y) <0 for x,y € R") is a COS.

! This is done only for simplicity here, Schneider [2008] shows that (¢C)° = g~1C® for C € C" ., thus
both notions are interchangeably usable.
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7 Euclidean Convexity as Basis of Conceptual Orthospaces

Proof. B obviously fulfills the betweenness axioms and L, is an orthogonality relation,
as proven in Theorem 7.7 and Proposition 7.8, each closed convex cone is | -closed based
on polarity and the set C}, . is closed under conjunction, intersection and negation and

makes up an ortholattice [Schneider, 2008]. O

As shown by the derivation of this COS in this section, this is not only one of many
possible COS but it is also the only possible one in Euclidean space based on some
natural assumptions.

Theorem 7.10. For a domain R™ with n > 3 with a betweenness relation defined as
Euclidean betweenness By, L-closure of elements of Y defined as convex hull and X+ =
{0} (thus (R4) and (R7) are fulfilled), a COS has to be of the form of Proposition 7.9
where Y = C. .. or a sublattice of it and L, is possibly scaled by a positive diagonal
matrix.

Notice that this leads to the COS as defined in Example 5.6. Of course, when consid-
ering a domain X = R™ with n < 2, also other COSs could be possible. However, such a
construction in two dimensions or less is not expressive enough for most cases (consider,
e.g., the application of Helly’s theorem mentioned by Gutiérrez-Basulto and Schockaert

2018]).

7.3 Generalization to Pseudo-Cones

In the last section, it turned out that for a COS based on Euclidean betweenness and
some further constraints closed convex cones need to be considered as underlying struc-
ture. This has been established based on the assumptions that _L-closure of elements
of Y is defined as convex hull and that X+ = {6} Though, both restrictions are well
justifiable, the question comes to mind whether it is possible to find such a necessary
structure even when these restrictions are omitted resp. relaxed. Without any restriction
on the resulting COS, it is not possible to state much about the structure of the result-
ing concepts. This was discussed in Section 5.2 and, in particular, regarding Euclidean
betweenness, in Example 5.11.

Therefore, even when relaxing the constraints used in the last section it is necessary to
define some constraints. In particular, instead of (R7), (R8) is used, therefore X+ = ().
As argued in the last section, having (R4) would be beneficial, but due to reasons that
will turn out later on in this section, this is not always possible. For the following
propositions, (R5) is sufficient and, later on, the discussion on (R4) will be picked up
again.

These constraints lead to the following question:
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7.3 Generalization to Pseudo-Cones

Question 7. How should L and Y be defined for a COS S = (R",Y,Bg, L) such that

o For A,At €Y, cli (AU At) = conv(AU A1) (R5)
« Xt=10 (RS)
is valid?

Here and in the following, the focus lies again on topologically closed sets. First,
remember that Proposition 7.1 showed that Y cannot be an arbitrary set of convex
structures and especially not the set of all convex sets C".

For the determination of a suitable Y, in the following pseudo-cones known from the
literature and a relaxation of it defined by me are considered. As a first step, it is shown
that Y must be at least the set of relazed pseudo-cones and later on, this result can be
restricted to the stronger class of pseudo-cones.

Definition 7.11.

o A non-empty closed convex set C' not containing the origin is called pseudo-cone
if \e € C forallz € C and X\ > 1 [Xu et al., 2025].

o A non-empty closed convex set C is called relaxed pseudo-cone if for all x € C,
there is y € R™ with y # x or y = 0 such that for all A\ > 0: x4+ XNz —y) € C.

Let PC™ be the set of all closed pseudo-cones in R™ and PPC" the set of all closed
relaxed pseudo-cones in R". Relaxed pseudo-cones are relaxed in the sense that each
convex cone and each pseudo-cone are also relaxed pseudo-cones.

Lemma 7.12. Consider the set set of all pseudo-cones in R™ (PC" ), the set of all relazed
pseudo-cones in R" (PPC") and the set of all convezr cones in R™ (CL,..):

1. CL,.. € PPC"

2. PC" C PPC"

Proof. Consider the definition of relaxed pseudo-cones in Definition 7.11 and choose
y = 0. Then, the definition reduces to Vo € C': VA > 0 : 2 + Az € C. Based on this
definition, both C?  and PC" are special cases. ]

cone

An example for a pseudo-cone can be seen in Figure 7.1(a), an example for a relaxed
pseudo-cone in Figure 7.1(b).

The next proposition shows that an orthogonality relation can only be constructed if
the class of relaxed pseudo-cones or a subset of it is considered.
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Figure 7.1: (a) Example for a pseudo-cone in R?; (b) Example for a relaxed pseudo-cone
in R?

Proposition 7.13. If for a set D C C! (where C is the set of all closed conver sets
in R") an arbitrary orthogonality relation L (fulfilling (R5)) can be constructed, then
D C PPC".

Proof. Due to (R5) it must be the case that for A € D, cl; (AUAL) = conv(AUAL) = R™.
Due to the definition of Euclidean betweenness and thus of convexity, A+ can be at most
a half space. Therefore, A must contain at least a half line to satisfy conv(AUAt) = R™.
This is also the case for a smaller A+.

As each element in D is convex, it must be the case that conv(A) = A and therefore,
A must be a relaxed pseudo-cone. A special case is A = {0}. However, R* € PPC" and
conv({0} UR™) = R™. O

Despite this positive result, it is still not sufficient to restrict Y to PPC". The problem
is especially that PPC" is not closed under conjunction (consider, e.g., for some a €
R\{0}, A={da|A>1}and B={la | A< 1}, A, B PPC", but ANB = {a} ¢
PPC™). Therefore, a restricted set D C PPC" is searched for such that it is closed under
conjunction and disjunction.

There are two options: First, consider the relaxed pseudo-cone {6} e PPC". If it is
contained, then, as shown by the next proposition, it has to be the case that X+ = {6}
This leads to the fact that, based on a minor restriction, again closed convex cones need
to be considered.
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Proposition 7.14. Let a COS S = (R, D, Bg, L) for L being an arbitrary orthogonality
relation (based on (R4)) and D C PPC".

If {0} € D, then D C CZ,. and L is the polarity 1, as defined in Equation (7.3)
possibly scaled by a positive diagonal matriz.

Proof. There are two possibilities interpreting {0} € D: either {6}l =R" or {6}L # R™.
First, let {6}L — R". Thus, for each A € D, {0} € A. Due to Lemma 7.12, each closed

convex cone is a relaxed pseudo-cone and by definition {6}L = R", thus, as (R4) is valid,
with Theorem 7.10 the statemeglthollows.

The remaining case is that {0} # R™. But as argued in Proposition 7.13, there is no
A € PPC" with A C R” such that conv(A U {0}) = R". This contradicts the definition
of a COS, as then D is not closed under negation. O]

This proof can also be used as an alternative proof for the need of closed convex cones
in Section 7.1, independent of duality and thus underlines that result further.

The remaining option is that D C PPC" is considered with {0} ¢ D and either (0 ¢ A
for all A € D or 0 € A only for some A € D. As in the latter case again the problem
occurs that D is not closed under intersection, here the former case is considered.

Here, the same line of argument can be followed as for Proposition 7.6 regarding closed
convex cones. Though, in contrast to the case of Proposition 7.6, here, the representation
of the disjunction is not yet determined, it is sufficient to consider the case of closure
based on intersection of sets.

Proposition 7.15. A set D C PPC" where {0} ¢ A for A € D is closed under
intersection and invariant under any rotation and reflection (i.e. application of an
orthogonal matriz) only if D C PC" (where PC" consists of the elements of PC"
translated by an arbitrary but fived t € R™ (thus PC™ = PC" fort =0))

Proof. Follows analogously to the second half of the proof of Proposition 7.6. O

The next question is how the 1-closure should be defined. As argued, the best case
would be to satisfy (R4), thus achieving equivalence of convex hull and L-closure re-
garding elements of Y. However, the problem is that pseudo-cones are not closed under
conic hull. A problem occurs when 0 € conH (AU B) for A,B € PC", as illustrated
in Figure 7.2. Therefore, the constraint is relaxed as little as possible, resulting in the
following;:

Proposition 7.16. [Xu et al., 2023, Lemma 3.11] The class of closed pseudo-cones
PC" including {0} and R™ makes up a lattice where conjunction is again defined as
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Figure 7.2: Example for a convex hull conH (A U B) of two pseudo-cones A, B that is
not a pseudo-cone.

set-intersection, disjunction as

conH(A,B) if 0 ¢ conH(AU B)

= (7.4)
R" if 0 € conH(AU B)

(ALJB)I:{

for A, B € PC", where 0 is represented as ) and 1 is represented as R™.
Thus, the relaxed version of (R4) for the class of pseudo-cones can be stated as follows:
(R4)pseudo-cone For all A, B € Y: If 0 ¢ conv(A U B), then cl; (AU B) = conv(AU B).

Thus, the only possible COS to consider based on the Euclidean betweenness and
the constraints mentioned above is S = (R, PC", Bg, L). The question remains how L
should be defined and whether there is a unique definition for L given. It turns out that
the results for closed convex cones are adaptable to the case of pseudo-cones and that
1 can be defined based on the following polarity operator: The polarity C* [Xu et al.,
2023] is defined as

C*={y e R"|(z,y) < —1forall z € C} (7.5)
Thus, the polarity operator L, is defined as
rl,sy iff (z,y) < —1 for z,y € R" (7.6)

Each polar of a pseudo-cone is again a pseudo-cone [Xu et al., 2023].
Based on the same line of argument as done for the case of convex cones, the following
is stated:
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Theorem 7.17. [Xu et al., 2023, Corollary 1.2] Let n > 2 and ¢ : PC" — PC" be a
duality as defined in Definition 7.2. Then there is a symmetric g € GL,, such that

o(C) = gC*

for all C € PC" where C* is the polar body as defined in Equation (7.5) and GL, is the
general linear group of degree n.

It is possible to prove that intuitionistic absurdity is valid for g being a positive
diagonal matrix. The proof proceeds analogously to the one for closed convex cones in
Proposition 7.8.

Proposition 7.18. The duality as defined in Equation (7.5) fulfills
Cne(C)=CngC*=10
if and only if g is a positive diagonal matriz.

Proof.

“4~7: Let g be a positive diagonal matrix. Assume xz € C' N gC* # () for some C' € PC".
Thus, by definition, 2 = gy for some y € C* and (z,y) < —1 and thus (gy,y) < —1. As
g is positive and diagonal, this is not possible.

“—”: Let g not be a diagonal matrix (or a diagonal matrix containing a non-positive
element). Then there is y € R™\{0} such that (y, gy) < —1. Let C' = {\gy | A > 0} and
thus y € C*, as for z € C with 2 = A\gy: (x,y) = (A\gy,y) = A9y, y) < —1. As ¢(C) =
gC*, it follows gy € ¢(C). As gy € C by definition, this leads to a contradiction. ]

This leads to the following theorem, combining the results of this and the last section:

Theorem 7.19. For a domain R™ with n > 3 and a betweenness relation defined as
FEuclidean betweenness Bg, a COS S = (R™,Y ,Bg, L) fulfills (R4) (resp. (R4)pseudo-cone)

iff

« Y CC,. and L = 1, is the polarity operator as defined in Equation (7.2) —

possibly scaled by a positive diagonal matriz or

« Y CPC" and L = 1,4 is the polarity operator as defined in Equation (7.6) —
possibly scaled by a positive diagonal matriz.

These results show the importance of (pseudo)-cones for COSs based on Euclidean
betweenness and underline the intuition that convex cones are suitable structures for
representing negation, as, e.g., stated by Ozgep et al. [2020] regarding al-cones and by
Garg et al. [2019] regarding axis-parallel linear subspaces.
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8 Conceptual Orthospaces with Roles
(Binary Relations)

In the last chapters, the framework of COSs has been presented in a propositional
context, i.e., without including roles. To strengthen its applicability in the context of
classical KGE-approaches, in the following, the extension of COS with roles is considered,
in particular in the context of cone-COS.

Roles can be represented with the help of many different geometric operators, ranging
from translation — as, e.g., used in TransE [Bordes et al., 2013] and illustrated in
Figure 8.1(a) — to rotation as in RotatE [Sun et al., 2019]. In conceptual spaces, roles
are considered as being represented in a higher dimensional space than the instances
they rely on. For example, “longer than” for entities in an one-dimensional space can be
represented as a two-dimensional space containing a region representing “longer than”
where the value of one axis is greater than on the other axis [Géardenfors, 2000, p. 92].
This is illustrated in Figure 8.1(b). This idea is also widely used in practice, e.g., for
the embedding of closed subspaces of a Hilbert space [Garg et al., 2019], cones [Ozcep
et al., 2020] and convex sets in general [Gutiérrez-Basulto and Schockaert, 2018].

Y,

rWoman
Man E Aunt
Uncle

() (b)

Figure 8.1: (a) Illustration of TransE; (b) A geometric representation of “y longer than
x” (from [Gérdenfors, 2000, p. 92])

The representation of roles in KGE is a highly researched topic — as KGE is about
the representation of roles — resulting in a lot of approaches of different complexity and
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expressivity [Q. Wang et al., 2017].

TransE [Bordes et al., 2013] continues to be the classical reference for a knowledge
graph embedding of roles, drawing its charm from a simple geometrical representation
of roles that can be learned efficiently. Indeed, TransE represents roles as vector transla-
tions, and hence embedding a triple (s, R, 0) into a continuous space is easily integrated
with a loss function used for learning the embedding. The downside of this simple
representation is TransE’s limited expressivity [Kazemi and Poole, 2018]: only binary
relations that are functional in their first argument can be modeled. Such considera-
tions on expressivity have lead to many other embedding approaches that rely on more
complex representations of roles. Most of them are in the tradition of TransE — some
more such as TransH [Z. Wang et al., 2014], TransR [Lin et al., 2015] that rely on repre-
senting roles as translation, and some less, relying on other, more involved geometrical
operations such as SimplE [Kazemi and Poole, 2018] or Rescal [Nickel et al., 2011].

However, it is not only necessary to model roles for contingent facts of the form
R(a,b) (in DL speak: on the abox-level) but also for terminological assertions of the
form 3R.C' C D, say (in DL speak: on the thox-level).

Many KGE-approaches with incorporation of background knowledge suffer from lim-
itations in expressivity, both regarding expressivity on abox- and on tbox-level. This is
discussed in detail in Section 10.2. In particular, important features such as partiality
and non-functionality of roles can mostly not be modeled correctly. By Gutiérrez-Basulto
and Schockaert [2018] subjects and objects of triples are represented as vectors and ar-
bitrary n-ary relations as subsets of the n-Cartesian product over the embedding space.
An obvious downside of that approach is the high increase in dimensionality required
with adverse effects on learning. Here, I take a middle-road: I insist on representing con-
cepts (unary relations) as sets of vectors but allow representations of arbitrary binary
relations in mathematically well-behaved operations.

Thus, the aim is to enhance the COS with an interpretation of roles enabling to
model both abox- and tbox-axioms, ideally of infinite quantifier rank or at least of
an arbitrary but fixed quantifier rank and being able to model full negation also for
axioms including roles. Finding an adequate representation of roles highly depends on
the specific COS. Therefore, here, mainly the cone-COS as introduced in Example 5.6
is considered. However, the general idea of reification introduced in the following is a
notion independent of cone-COS.

To tackle the problem of finding a cone-COS with roles, first, the concept of reification
is introduced as a general approach of handling roles. I adopt the idea of relying on
matrix multiplication to represent roles previously used in KGEs, but I rewrite roles into
equivalent structures which allows to model arbitrary roles, including partial and non-
functional ones. The idea of reification is to represent roles as objects in the embedding

122



8.1 Cone Embedding with Roles

space. In my case, e.g., a triple (a, R, b) would be represented by an object cp(q,) and two
relations stating that its “arguments” are @ and b: 7 g(Cr(ap)) = @, T2,r(CR(ap)) = b. The
only relations 7; r that have to be represented and learnt, then, are functional relations,
namely projections of triples to its subject and its object. This construction also enables
to model partiality, as not each element needs to have a connection to a reified relation.
While reification is a well-known approach in logic modeling, the technical challenge
tackled here is to apply this approach to KGE and especially to the DL ALC.

In the following, reification is applied to the cone-COS in Section 8.1. In this context,
a restriction is presented considering the distributive case, enabling to show that each
ALC-ontology can be represented by a cone-COS with roles. Section 8.1 is based on my
joint work work with Ozgiir Ozcep and Diedrich Wolter [Leemhuis, Ozgep, and Wolter,
2022a).

The chapter ends in Section 8.2 with a consideration on faithful embeddings based on
cone-COS, not only for concepts, but also for roles, in particular regarding the repre-
sentation of arbitrary quantifier ranks, based on my previously published work [Ozgep
et al., 2023] co-authored with Ozgiir Ozgep and Diedrich Wolter.

8.1 Cone Embedding with Roles

The aim of this section is to present an extension of the framework of COS based on
convex cones to be able to model roles. These roles should not only be modeled on
instance level (thus modeling R(a,b)) but also on concept level (thus modeling, e.g.,
AC 3R.B).

We define H,, as the m-dimensional hyperoctant cone H,, C R™ generated by m
vectors {(10 ---0)7, (010 ---0)T, (0010 ---0)T,..., (0---01)T}.

We now define reification as illustrated in Figure 8.2(a) to relate two concepts C,
D. Roles are represented like concepts, i.e., by convex sets of specific geometric shape,
and projections 7y, my are introduced that link the embedded roles with the correspond-
ing concepts. The main advantage of this over previous attempts is that the use of
projections allows non-functional and partial relations to be represented. Approaches
representing roles by geometric transformations in the embedding space such as TransE
[Bordes et al., 2013] are attractive as they do not require further dimensions to be in-
troduced, yet at the severe cost of being only able to represent functional relations, i.e.,
any x is always related to exactly one y. Several work on remedying this severe limita-
tion has been done, but no general cure is possible when relying on a single geometric
transformation function.

Definition 8.1. We say a reification of a binary relation R between two cones C', D
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CO

(b)

Figure 8.2: (a) Reification of role R is based on linear functions m g, 7 p that project
role concept H,, to its arguments. (b) Illustration for reification requiring
H,, with m > n.

is given by a hyperoctant H,, and two linear functions m r and me r given as matrices
M e R™™,

Let us now extend the cone-COS with roles. A cone interpretation for ALC maps
symbols and formulae to cones in R™. The definition is as usual, except that we exclude
the origin 0 from the domain. This creates a convenient way for projections in the
reification of roles to map subspaces to a well-defined “nirvana” 0 whenever a mapping
to the empty set is required. For example, the formula VR.1 C 0 saying that nothing
is reachable by role R can elegantly be represented by setting mo r to 0 € R™™", the
projection to 0.

Definition 8.2. A cone-COS with binary relations for a given ALC vocabularyy = N U
NcUNFp of constants, concept and role symbols is a structure S = (R"\{0},C% ... Be, L),

cone?’

based on the set of closed convex cones C,.., Euclidean betweenness B and the or-
thogonality relation L, for some n € N and a denotation function = defined for all
be N.,,A € No,R € N and concepts C, D over V such that the following conditions

are (additionally to the ones in Definition 5.2) fulfilled:

RTC X x X, (3R.C)E = my g (75 z(CT) N Hyy)
1t =X, where H,,, T g, Tor are a reification of role R
0% =10, and w1 g (75 1,(CT) N Hy,) s a convex cone.

(VR.C)T = (-3R.~C)?

In the following, the term “cone-COS” depicts cone-COS with binary relations. We
now show that arbitrary ALC ontologies O = (A, T') consisting out of abox A and tbox

124



8.1 Cone Embedding with Roles

T are representable by a cone-COS. First, we define how roles on the abox level are
modeled.

Definition 8.3. Given an ALC vocabulary with concept symbols N¢, constant symbols
N, and role symbols Ng, and an ALC ontology O, we say that the roles in O are
representable if there is a cone-COS that is a model of O and O = R(a,b) if and only
if b € my,r(my p(a) N Hy) for some hyperoctant Hy,.

Proposition 8.4. A cone-COS maps all concept descriptions to closed convexr cones.

Proof. This is clear for atomic concepts, intersection, disjunction and for the polar op-
erator as shown in Example 5.6. Linear mappings also preserve cones, as they distribute
over arbitrary linear combinations (not only those with positive scalars). For the exis-
tential, being a convex cone is enforced directly by the definition. [

Note that enforcing closed convex cones for the embedding of existentials is not a
strong constraint. Taking the null vector into account one can show that the inverse
preserves cones: Let C be a cone and M be a linear mapping as used in reification. Let
v € M~1C], then M(v) =w € C. Then for A > 0 due to linearity M (\v) = AM (v) =
Aw and Aw € C due to the fact that C'is a cone. Let vy, vy, € M|, then M(v;) = w €
C, M(vy) = wy € C (for some wy, ws). Now M (v1+wvy) = M(v1)+ M(ve) = w1 +wsy € C,
so vy + vy € M.

Reification employs matrix multiplications like several previous approaches, but it
employs an ‘in-between stop’ at H,,, which is the central trick to represent 1-to-£ relations
by making 7 a k-to-1 mapping. Let us consider a simple example shown in Figure 8.2
to see that a stop H,, is necessary and that even m > n may be necessary.

Example 8.5. We consider the cone C' generated by vectors {(01)T,(0 — 1), (10)T}
in R% shown in Figure 8.2 (b). Its negation given by the polarity operator C° is the cone
generated by {(—10)T}. Now consider background knowledge AR.C' = 1 saying that any
entity is reachable from C by means of role R. 1 is interpreted as R?*\ {6} and it requires
four independent rays \ic;, \i > 0, ¢; € C' to span R?, more than offered by C. It requires
at least Hy to achieve the desired mapping:

(0 01 -1 {0 010
TE=\1 10 o)™\ 1 2100

For any point 7= (1'1 .. 'ZL‘4)T in Hy we have 7-(-2(;[7) =1 ((1)> + 9 (_01) + T3 ([1)) and

since x1, ..., x4 > 0 we have mo(Z) € C and w1 (Z) covers R? for ¥ € Hy. In general, H,,
with m > n is required when concept C' is a sub-space of lower dimensionality than the
concept it is related to.
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1
T1,R = ( O)
CI ’ 0 0
Sl teototete%s 1 1
I e 1 CZ 7T2,R —
SISO 7T2,R( ) 0 0

K o m((=C)F)

Figure 8.3: Example for the construction of a geometric model of a tbox consisting of

JR.C = C and IR.-C =0

Let us discuss a more involved example showcasing the ability to model complex
relationships.

Example 8.6. Consider concept C* represented as the positive z-axis, the complement
(~C)T is the negative half space in R* shown in Figure 8.3. This model fulfills the two
tbox-azioms IR.C = C' and IR.~C = 0. The first aziom is fulfilled, as wy n(CT) is the
region marked with arrows in the figure. The intersection with the region of possible
relational facts Hy results in Hy, the upper right quadrant. This is mapped to CT by
T r. As 7r2_7]1%(—|C’)Z does not intersect with Hy, 3R.~C = 0 is valid.

Therefore, partiality is obviously given. To show non-functionality, the instances need
to be considered. Assume & = (MN0)T for an arbitrary X > 0. 7T1_711%(CI> NHy={(Ap)T|
>0} and mopmy p(cf) = {(A+p0)" | p >0}, Thus, a & = (10)" has a relation to
all b = (y0)T for v > 1.

A property of this approach, besides its non-distributivity of M over LI, is its non-
distributivity of 3 over U, meaning (IR.(C' U D))* # (IR.C U 3R.D)*. Despite this
is not classical, e.g., different from ALC-semantics, it may be quite useful in modeling:
Assume a binary relation F is introduced to model whether a person is examined to
have a specific disease. Thus, by asserting E(person, disease) medical knowledge about
a person at a specific point in time is reported. Now, it might be the case that an
examination is not exact and thus results in the knowledge that the person could have
disease A or disease B. However, assuming 3E.(AU B) = 3E.AU3E.B would result in
the conclusion that at this stage of examination it is already known which exact disease
the person has. However, this exact specification was presumed not to be possible,
and therefore, the instance representing the person should be placed in the embedding
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of 3E.(A U B) but neither in the embedding of IE.A nor in the embedding of IE.B
because for both of them there is no justification in the examination. Thus, a lack of
distributivity can be helpful to bridge gaps in semantics.

Distributive Embedding

The approach described so far leads to a possibility of expressing relational knowledge in
general orthologics which may be relevant for some applications as we have argued above.
However, many knowledge bases consider stronger orthologics, i.e., expect distributivity
to hold, which include all classical logics.

One prominent example is ALC with classical semantics. Here one requires the or-
tholattice also to be a Boolean algebra. In fact, classical ALC-tboxes are characterized
according to Schild [1991] by the fact that the existential is a strong operator, i.e., the
existential quantifier with classical ALC semantics satisfies the following two properties:
(3R.0)* = (0)* and (IR.(C U D))t = (AR.C UIR.D)*.

Therefore, to adapt the approach to ALC, distributivity of M over LI and distributivity
of 9 over U must be achieved. The first property can be met by restricting cones
to al-cones as introduced by Ozgep et al. [2020] and explained in Example 5.17 since
geometric models based on al-cones fulfill distributivity. Al-cones have a finite basis and
their generating vectors only consists out of components +1, —1, and 0. The second
property can be met by restricting the modeling of roles in form of the role distributivity
property which is motivated by the intuition that if there is a relation for an element in
(C'U D) which is neither in C% nor in DZ, then this relation must be based on relations
of elements of C' and of D.

Definition 8.7. Role distributivity property RDP: if v € (CLD)*\C*\D* and 71'2_11%(:15) N
H,, # 0%, then it exists v, € (C)* and x4 € (D) with x = x.+ x4 and Wi}%(xc) C Hy,
and my p(2q) C Hp,.

Each two concepts C' and D must fulfill the RDP to regain distributivity of the 3-
operator.

Proposition 8.8. If RDP is fulfilled, then 3R.(C'U D) = 3R.C U3R.D is valid.

Proof. 3R.C U3R.D C 3R.(C'U D) holds in any case. Therefore, it is sufficient to show
JR.(CU D) E 3R.CU3R.D. Therefore, for all z € (IR.(C'U D))? it needs to follow
that z € (AR.C U3R.D)*. Let v ¢ (AR.C)%, x € (3R.D)?, as trivial in the other cases.
Therefore with RDP follows that z = 7TLR(7T2_7}2(JIC + z4) N H,,) for a . € C and a
zg € D. With linearity of my g it follows that = 7T17R((7T2_7112(ZL‘C) + 7 p(2a)) N Hy,) and
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ﬂz_jq(xc) C H,, and Wi}z(xd) C H,, means ¢ = 7r17R((7r2_7}2(xc) NH,)+ (71'2_}2(1‘,1) N H,)).
With linearity of 7 r follows equality. O

Having this property, it is possible to show that all ALC knowledge bases are repre-
sentable by a cone-COS.

Proposition 8.9. All ALC knowledge bases are representable by a cone-COS based on
al-cones.

Proof. We show that an al-cone-COS of an ALC knowledge base without roles, i.e., only
considering the Boolean part, can be extended to a model for roles as well.

Since ALC features the finite model property we may assume that the geometric model
is finite and represents all facts following from a given ontology O. Hence assume all
concepts to be represented by cones and all constants by vectors in R”. We write a’? to
refer to the vector obtained for constant a in the Boolean embedding and we write a?
for its embedding we seek to construct.

We iteratively construct a geometric model from a Boolean geometric model based
on al-cones and a corresponding ALC model by processing role after role in a two-step
process. Initially, we initialize -Z by setting -Z to the Boolean-only model 5. In the
first step, we consider a role R with |{(a,b)|O = R(a,b)}| = m, where | - | denotes the
cardinality, and assume R = {(a1,b1),..., (@m,by)} in the finite model. We extend the
dimensions of our model from n to n(m + 1) by cloning the components of all vectors &
that generate some concept. Let 0 denote k consecutive zero components in a vector,
then we can describe the modification of the embedding ¢ for any constant c as follows:

¢(c) = Z (U (CI)T Omfi)T (8.1)

i=1,...,m,c=a;Vc=b;
z 9(c) P(c) # Opmt1)
T { (AT 0pem)T otherwise (8.2)

Note that ¢(c) # Op(ms1) occurs exactly if there is at least one a; or b; with ¢ = a; or
¢ = b;. Doing so, we separate all entities in dom(R) U Img(R) that occur in the model.
In particular, we achieve that Aa? € dom(R), A > 0 if and only if a7 € dom(R) and
likewise for Img(R). We repeat the process for all roles.

In the second step, we need to construct the reification of any role R which can be
done as follows. Assume again R = {(a1,b1), ..., (am,bn)} and then define a reification
based on hyperoctant H; embedded in the model using projections

mo=lai-an] m = (b 0p]
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where |- - - | represents a matrix composed out of column vectors. By construction of aZ,
bf, we have CR(ap) = (0i—11 0,-1)T € H, which corresponds to R(aj, b;) since T1(CR(ab)) =
af and m(cR(ap)) = bF. It thus follows 71 (H;) 2 dom(R) and mo(H,;) 2 Img(R), respec-
tively. Also by construction, for any ¢ ¢ dom(R) we have ¢ ¢ m(H;) since aZ and ¢*
reside then in mutually exclusive sub-spaces according to Equation (8.2). ]

We note that this proof, albeit constructive, is of theoretical nature since it exploits
a large amount of dimensions for H,, to ease the construction.

It is not only possible to represent each ALC knowledge base with such a geometric
interpretation, it is also possible to interpret each geometric model based on the axis-
aligned cones introduced in the above proposition as an ALC-ontology.

Proposition 8.10. A geometric interpretation based on al-cones fulfilling RDP, where
m.r(ma,r(C)NH,,) maps to an al-cone for each half-axis C, represents an ALC knowledge
base.

Proof. A geometric interpretation without considering roles is shown by Ozcep et al.
[2023, Proposition 7]. Therefore, it is sufficient to show that the relational part also
fulfills the restrictions of ALC. 3R.0 = 0 is fulfilled by construction. The distributivity
of 9 over L is ensured by RDP, as shown in Proposition 8.8. As each half-axis is mapped
to an al-cone, because of linearity of 7, each concept is mapped to a union of al-cones,
which is still an al-cone. Also because of linearity, it is ensured that the properties needed
for roles, e.g. AR.C' C IR.1 are fulfilled. The negation of IR.C is given by polarity (as
it would not be a geometric model otherwise). Therefore, the resulting geometric model
represents an ALC knowledge base. [

8.2 Cone Embedding for Ontologies with Arbitrary
Quantifier Rank

In the last section, reification turned out to be a useful approach for the incorporation
of roles into cone-COSs. As stated in Proposition 8.9, it allows for modeling all ALC-
knowledge bases. In this section, the focus switches from solely modeling knowledge
bases to modeling them faithfully. For Boolean ALC-ontologies, constructing a faithful
COS is possible as shown in Proposition 5.19 (for the definition of faithfulness, see
Definition 3.4). This result is now extended to full ALC.

For a given tbox, faithfulness can be gained for each possible abox. Obviously, the
complexity of the resulting model correlates with the complexity of the abox. In the
proof of the construction of faithfulness for an al-cone-COS for Boolean ALC-ontologies
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in Proposition 5.19, the construction is done for an abox based on the atomic elements
in the Boolean algebra generated by the tbox of the ontology, thus for the most general
abox.

Thus, in order to gain faithfulness, it is necessary to look at each possible abox. For
Boolean-ALC al-cone-COSs, it was possible to model each atomic element on a half-axis.
However, an extension of this construction to full ALC is not straightforwardly possible.
Problems occur in particular because of the occurrence of chains of roles with arbitrary
length in the abox. In the rest of this section, I consider these problems in detail and
present a solution, based on al-cone-COSs but different to the reification-based approach
of the last section. The main result of this section is the proof that it is possible to model
each full ALC-ontology faithfully with the help of al-cone-COSs.

Remember: An al-cone-COS S = (R, Y, Bg, L,) is based on the Euclidean between-
ness B, the orthogonality relation L, based on polarity, and Y consisting of axis-aligned
cones. An axis-aligned cone is defined as

C'is an al-cone iff C' = (C})1<j<p = C1 X -+ x C,, where C; € {R,R;,R_,{0}}.

For details, see, e.g., Example 5.17. The definition immediately entails the fact that
al-cones in R™ are characterized by the sets of half-axes contained in it. So I introduce
an operator halfAzes(-) denoting the half-axes of an al-cone X:

halfAzes(X) = {H|H={0} x---x{0} x X; x {0} x---x{0} e X
for X; e {Ry,R_}andi=1,...,n}

In the following, for better readability, the al-cone-COS-interpretation is abbreviated by
the term geometric/al-cone interpretation (AT, T).

Our main task is to define semantics for roles and quantifiers. In contrast to established
embedding approaches such as TransE [Bordes et al., 2013] and to the last section the
aim here is not to model the role R(a,b) between two specific instances a and b directly,
but to model it on the conceptual level by proving assertions such as 3R.C(a). This
is done by defining an interpretation (R)? of role R as matrix R, such that R(a,b) is
represented by the statement that a’ is in the al-cone generated by RbZ. Likewise,
al-cones can be transformed by matrix multiplication. We will later see that R can be
chosen such that the transformation always yields an al-cone. Then, for an instance
a’ the interpretations of the type (IR.C)* with o € (IR.C)* can be determined by
applying the matrix R to the interpretation (C) (where C itself can also contain an
existential) and checking whether o is contained. Therefore, abox-faithfulness in its
original form cannot be ensured. This distinguishes this approach from the reification-
based on of the last section: that one discusses expressivity on abox- and tbox-level,
whereas this one is focused solely on the tbox and the faithful representation thereof.
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In technical terms, modeling (also roles) on the conceptual level amounts to showing
that the Lindenbaum-Tarski algebra of an ALC tbox makes up a Boolean algebra with
operators (BAOs) [Jénsson and Tarski, 1951; Jénsson and Tarski, 1952]. This in turn
amounts to showing that on top of having a Boolean algebra the semantics of IR.(-) in
a geometric model Z gives an operator with the following properties: (IR.0)% = (0)%
and (3R.(C U D)) = (3R.C)* U (IR.D)~.

This enables negation to be generalized for concepts that contain roles. So we may
express also negated concepts with roles such as (-3R.C)(a). (Of course we do not
model explicitly negation for roles as there is no negation operator for roles in ALC).

The aim is now to adapt the notion of faithfulness to roles and to find a faithful
geometric embedding based on al-cones including roles. Concept-faithfulness can be
directly adapted to full ALC, on the one hand restricted up to a specific quantifier rank,
on the other hand for an unrestricted ontology.

The next definition adapts the geometric faithful models from Definition 3.4 to full
ALC.

Definition 8.11. Let O be a classically consistent (DL) ontology (or any other represen-
tation allowing the distinction between abox and tboz). For a (not necessarily classical)
interpretation I we have the following notions of being a faithful model of O:

1. T is an m~(quantifier)-rank concept-faithful model of O iff for each concept C with
rank at most m and each constant b the following holds: if b* € C%, then O = C(b)

2. T is a concept-faithful model of O iff for each concept C' and each constant b the
following holds: if b* € C%, then O = C(b).

First, I consider the problem only on a conceptual level, by which I mean that I do
not specify a geometric interpretation of roles but only geometric models of concepts
including role information. An idea for the construction would be to consider algebraic
atoms including roles and to place them on half-axes as for the Boolean case. This is
not possible due to the fact that the algebra of ALC concepts is not an atomic lattice
as in the Boolean case.

Example 8.12. Consider as example an abox containing loves(narcissus, narcissus) and
Vain(narcissus) described by Baader and Kisters [2006]. The instance narcissus fulfills
all concepts of the form Jloves™.Vain, n = 1,2, ... which, connected conjunctively, give a
chain of concepts C; that become infinitely narrower and narrower. The C;s are defined
by:

Cy := 3R.Vain and C; := C;_; N Jloves™ . Vain

Thus, narcissus would be in a concept of each quantifier rank.
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Even without a circular relationship in the abox, it is possible to have concepts of
arbitrary quantifier rank in form of a chain of roles of arbitrary depth, e.g. R(ay,as),
R(as,as3), ..., R(a;_1,a;) for an arbitrary (unknown) i € N. Depth i cannot be de-
termined because, due to the open world assumption, it is possible that roles exist for
which the extension is not stated in the abox. Thus we see that the Lindenbaum-Tarski
algebra of ALC tboxes (in this case) may not be atomic and an abox may contain an
object for which there is no most specific concept as exemplified in Example 8.12.

Sketch of the solution.  Let me sketch my solution to tackle this problem of non-
atomicity before we embark on technicalities. I am going to show that I can embed the
Lindenbaum-Tarski algebra of an ALC-tbox into an extended algebra with elements that
play the role of atomic elements. These elements are constructed as infinite conjunctions
of algebraic elements of the Lindenbaum-Tarski Algebra of a special kind (elements of X;
in Lemma 8.28 below). So, actually, I am doing more than embedding just ALC-concepts
but I embed carefully chosen infinite versions of ALC concepts.

To be more concrete, the infinitary logic ALC™ 1 refer to is defined as follows: The
logical symbols formulae of ALC™ consist of strings that make up trees that can in-
finitely branch and can have infinitely long branches. As for finite trees, for these trees
we have a notion of a level, level 0 being the level of the root. The branches of the trees
are infinite words w : N — X where

E:NRUNCU{H,H,U,_‘,H, |_|7(7)a'}

is the alphabet consisting of a vocabulary, the logical symbols of ALC and two addi-
tional logical symbols [1], | |- Example words are of the form IR.3R.... or IR.IS M
C.3R.... Hence, if one wants to define specific subsets of those formulae (as done, e.g.,
in Lemma 8.33), one has to rely on coinduction [Rutten, 2005]: Operations on infinite
branches w (of a tree) can be defined by defining the operation on the head w(0) and on
the derivative w’ of w defined as w'(n) = w(n + 1). The two additional logical symbols
of ALC™ mentioned above, namely [, | ], are intended to model infinitary conjunction
and disjunction (these lead to the infinite branchings). The definition of an ALC™
concept extends the definition of an ALC concept by two rules: If X is a (possibly infi-
nite) set of ALC™ concepts then so are [1X and | | X. The semantics is as expected:
(MX)F=M{C|CeX}and (JX)" =-{-C|CeX}

Intuitively, the extended algebra is a natural limit of arbitrary Lindenbaum-Tarski
algebras for ALC tboxes. The notion of limit can be made precise by a (new) rank
notion. This notion is also necessary to account for the fact that with our construction
there might be infinitely many algebraic atoms in our extended algebra — due to the
fact that they are based on a possibly infinite number of conjuncts.
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I am going to consider first the simple case of an empty tbox in the non-cyclic and in
the cyclic case and then treat arbitrary tboxes.

Handling the Non-Cyclic Case

Now let us fill the sketch with details. How do the algebraic atoms in the extended
algebra look like? They are defined in the Lindenbaum-Tarski algebra of a tbox in ALC
considering the equivalence of ALC™ concepts.

The idea is to construct them by an adequate choice of its conjuncts by using, e.g.,
only one positive existential and infinitely many negative ones in it. One first approach
by Ozgcep et al. [2020] is to restrict ALC-ontologies to contain concepts up to a specific
quantifier rank to get a m-(quantifier)-rank concept-faithful model. But this restricts
the expressivity of the model, as faithfulness for higher ranks is lost.

Independent of the used construction, a drawback of a faithful interpretation is that
it results in an infinite-dimensional cone model because of its infinitely many algebraic
atoms (except for highly restricted ontologies). Because of the infinite-dimensional
model, it is not possible to create the model as a whole in a suitable way, therefore,
it is necessary to be able to extend the model iteratively whenever necessary without
influencing the existing one. This also enables us to stick to the half-axis based con-
struction principle of the Boolean case.

Thus, it is necessary to have a creation principle for algebraic atoms of the extended
algebra which is able to handle their (possibly) infinite number. One idea is to use
some notion of rank to model concepts of at most a specific rank, and create out of
those rank-restricted concepts algebraic atoms based on the extended algebra. Then
the modeling known from the Boolean case can be used. Therefore, a notion of rank
is searched for, for which rank-restricted algebraic atoms are also algebraic atoms (in
the extended algebra) in the non-restricted case and thus enables for iterative extension
without having to change the original model.

Therefore, first a definition of rank-restricted interpretations is needed.

Definition 8.13. An interpretation Z is an m-rank model of an ontology (7 ,.4) with
an empty tbox T iff for all constants a and concepts C' such that A |= C(a) and the rank
of C is at most m: I = C(a).

This definition is independent of the type of rank considered. To demonstrate the
necessary properties, we consider first the standard (syntactical) notion of quantifier
rank as introduced in Section 2.1 and show its inappropriateness.

Example 8.14. Consider a simple ontology with an empty tbox, a concept symbol A
and a role symbol R. For the creation of a 0-quantifier-rank model, only the algebraic
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atom A and —A need to be considered, as the rank qr(3R.1) > 0, qr(=3R.1) > 0. Thus,
a one-dimensional space is needed. Let Ry represent AL, then R_ represents (—A)L (or
vice versa). A higher-ranked concept, e.g., ATT3R.A can be approximated with concept
A, as ANIR.AC A. Therefore, all instances of (AN 3IR.A)T can be placed in Ry. The
same holds for instances in (AT1IR.~A)E. Therefore, each k-quantifier-rank model (for
arbitrary k > 0) can represent all instances of the abox correctly, however, not necessary
as specific as it would be possible using a higher rank.

Therefore, algebraic atoms of quantifier-rank restricted models are not algebraic atoms
of unrestricted models. If the model is extended to an 1-quantifier-rank model, A is not
an algebraic atom anymore, as it contains, e.qg., ATMTAR.A and AT —~3R.A. Therefore,
the instances placed in R, in the smaller model cannot be placed in Ry x {0} x---x {0} in
the bigger model as this would contradict IR.AT1-3R.A = 0. Therefore, increasing the
represented quantifier rank leads to the necessity of constructing a completely new model
and thus, the quantifier rank is not suitable for the creation of an iteratively extendable
model based on the rank.

To circumvent the restriction mentioned in the example, it is necessary to define a new
notion of rank, which I call the semantic quantifier rank. This leads to the possibility of
creating a semantic-rank-restricted model which depicts a subspace of the model of the
whole ontology, meaning that if an algebraic atom is modeled on a specific half-axis in
the model with rank-restricted concepts, this algebraic atom is also placed on exactly
this half-axis in the model of the whole ontology. Thus, algebraic atoms of a smaller rank
remain algebraic atoms in models of higher rank and the model is iteratively extendable
without influencing the underlying smaller sized model. To gain this, concepts of smaller
ranks cannot be interpreted as approximations of concepts of higher rank as done in
Example 8.14. If a concept is either of the represented rank or smaller, then it can be
represented correctly and accurate, if it has a higher rank, then it can not be represented
or approximated at all (meaning higher ranked concepts are modeled as 0 in a model
representing lower ranked concepts). By circumventing the approximation in this way,
it is not necessary to change the existing model when adding concepts with a higher
rank and thus adding new dimensions to the model.

Intuitively, the semantic quantifier rank describes on which depth it is possible to
model a concept having an actual extension (not being 0). It therefore represents the
necessary size of the model to be able to model a specific concept. The definition tests
in the beginning whether the concept or a part of the concept is equivalent to 1 or 0 and
then proceeds by induction on the structure of the concept. The semantic rank gives
either a natural number or co. Hence we assume in the following definition that oo is
greater than all natural numbers and that min, max, + handle oo accordingly.
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Both, srank and reduce are defined for existentials only, thus universal quantifiers are
interpreted as existentials by setting VR.C' = =3R.—C'". reduce(D) is defined inductively
as reduce(D) = D for D being an atomic symbol or reduce(D) = 1 when D is equivalent
to 1 or reduce(D) = 0 when D is equivalent to 0. reduce(C M D) = reduce(C) if
reduce(D) is equivalent to 1, reduce(C 1 D) = reduce(D) if reduce(C) is equivalent
to 1 and reduce(C M D) = reduce(C) M reduce(D) otherwise; similarly for L and —.
reduce(IR.C') = 0 if reduce(C) = 0, else IR.reduce(C).

Definition 8.15. The semantic quantifier rank srank is defined for each ALC concept
D = reduce(D'") as follows:

o srank(D) = oo if D is equivalent to 0

o srank(D) =0 if D is equivalent to 1

o srank(D) =0 if D is a concept symbol and different from 0 and 1

o srank(—D) =0 if D is a concept symbol and different from 0 and 1

(D

(

(

(

(

« srank(C'N D) = max({srank(C), srank(D)})

« srank(C'U D) = min({srank(C), srank(D)})

« srank(3R.D) = srank(D) + 1

. srank(-3R.D) = 0

o srank(~(C'M D)) = min({srank(~C), srank(~D)})
(=

o srank(—(C'U D)) = max({srank(—C), srank(—D)})

Note that the case of the universal quantifier is captured by its equivalent description
using the existential quantifier: VR.C' = =3R.—~C and thus srank(VR.C') = 0.
The following example illustrates the calculation of sranks.

Example 8.16. Consider concepts AR.C' and IR2.C for concept symbol C':
srank(3R.C) = 1, srank(—-3R.C’) = 0,
and

srank(IR2.C) = 2, srank(-3R*.C) = 0.
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The definition can be interpreted as follows. Concept symbols can be represented in
each model, for these it is not necessary to model roles. Having a conjunction, it is
necessary to model both conjuncts, therefore, the conjunct with maximal srank must be
considered. Having a union, it is sufficient to model the part with the smaller srank to
have a union which is not bottom. The srank is increased when an existential is used,
as it increases the depth of the path defined by the roles. A negated existential has a
srank of zero, as there is no role necessary to model it (only the nonexistence of a role
needs to be modeled).

It is necessary to consider concepts and parts of concept D equivalent to 0 and 1
separately. For a concept equivalent to 1 there is an extension independent of the srank
considered and an arbitrary srank can be used to model the extension. The srank of a
concept equivalent to 0 is oo, as there can’t be any concept extension (different from the
point of origin) representing the 0-concept. Therefore, concepts being equivalent to 0 or 1
are ignored for creating the srank. Thus, having a concept for which the srank should be
determined, it has to be transformed, e.g., by using de Morgan or the distributivity rule
to determine all parts representing the O-concept. After that, for the remaining terms
the srank can be determined. One can show that the defined rank notion is indeed
semantical in the sense that equivalent concepts (based on an empty tbox) have the
same quantifier rank. Later on, this approach will be extended to ontologies restricted
by a non-empty tbox.

Proposition 8.17. If C C D, then srank(C) > srank(D).

Proof. First, it is shown that the srank of a concept is independent of its syntacti-
cal form (except of subconcepts being equivalent to bottom and top as mentioned in
Definition 8.15). The rules of de Morgan preserve the srank, as srank(—(C M D)) =
srank(=C U =D) = min({srank(—=C), srank(—-D)}) = srank(—~C U —D). Distributivity
is also preserved by srank as for example

srank((AN B) U C)
= min ({max({srank(A), srank(B)}), srank(C)})
= max({min({srank(A), srank(C)}), min({srank(B), srank(C)})})
= srank (AU B) N (BUCQ)).
This follows in the same way for the other cases of de Morgan and distributivity.
Let C C D and srank(C) =i. As C C D, D = CUF for some E. Thus srank(D) =
min({srank(C), srank(E)}) < srank(C') = i. This can be done, as the srank of a

concept is independent of its syntactical form as shown above. Thus, srank(D) <
srank(C). O]
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The following lemma shows the necessary properties mentioned in the motivation. Let
a geometric model M; be defined as an i-srank-model.

Lemma 8.18. Model M; and model M;1 of an ontology O with an empty thox have the
following properties:

1. An algebraic atom C of M; with srank(C) = i is an algebraic atom of the unre-
stricted geometric model of O.

2. M; and M;y1 can be chosen such that M; is a subspace of M;.;.

Proof.

1. Let C be an algebraic atom with srank(C) = i and assume C' would not be an
algebraic atom of the unrestricted geometric model. Therefore, there is a concept
D with C' 1D # 0 with srank(D) = j > i. As srank(D) = j, D must contain
at least one conjunct D" with srank(D’) = j and thus srank(—-D) = 0. Now,
consider C'T1—D: If CT1=D # 0, then either C is not an algebraic atom in M; or
C C =D, but then C D = 0, a contradiction. Thus, assume C' =D = 0. Then,
C' C D (due to (wLLJ), see Appendix A for details) but with Proposition 8.17
srank(C) > srank(D), a contradiction, as srank(C) =i < j = srank(D).

2. Let M; be represented in some R™ where the algebraic atoms are interpreted as
half-axes. Let ); be the set of algebraic atoms of M; and ), the set of algebraic
atoms of M, ;. With 1. it follows that J; C V1. Algebraic atoms of Y;,1\Y; can
thus be represented in some R™ independently of the R™ of M;. Both spaces can
be concatenated to a space R™*™ representing M, .

]

Example 8.19 (Example 8.14 continued). Consider again the simple ontology with an
empty tbox, a concept symbol A and a role symbol R. In the following, it is shown that
the srank is suitable for the iterative creation of a geometric model. Consider a 0-srank-
model. It is as for the O-quantifier-rank model a one-dimensional space, but with the
difference that not A and —A are represented but the algebraic atoms of srank 0, thus,
AM—=3R.1 and -AM-3R.1 on R, resp. R_. Thus, only instances having no relation at all
can be represented and instances of, e.g., (ATI3R.A)E cannot be placed in this model. This
circumuents the problem which appeared in Example 8.14 when extending the dimension.
Here, the 1-srank-model consists of the algebraic atoms AT =3IR.1 and ~AT1=3R.1 on
the one hand and V 1 3AR.(W NM—=3R.1) N -3IR.(IR.1) for V,W € {A,—A} on the other

hand. As there is no algebraic atom in the 1-srank-model which is a proper subsumer
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of an algebraic atom in the 0-srank-model, it is possible to keep the representation of
(AN=3R.1)T by extending it from Ry to Ry x {0} x {0} (analogously for (-AM—-3R.1)%).
The algebraic atoms of the form VI3IR.(W N—-3R.1)MN-3R.(3R.1) for V,W € {A,-A}
can then be placed on the half-azes of the second and third dimension and thus do not
interfere with the lower dimensional model.

Having this notion of a semantic rank, it is possible to create a srank-restricted model
and extend it iteratively. However, this construction treats roles completely on a con-
ceptual level in the sense that there is no geometric operation for the representation of
the role. To mitigate this problem, we observe that it should be possible to describe
the changes in the semantic rank caused by a role in a geometrical way. For example, if
af € (AR?21 11 -3R31)* and R(a,b) is valid, applying an interpretation of R one time
should result in a b € (AR.1M—-3IR%.1)%. Thus, a representation R” of role R is needed.

The role R is represented as an incidence matrix R that maps each half-axis to ar-
bitrary many half-axes of the model. Interpreting R as incidence matrix allows for
extending it iteratively while increasing dimensions.

Definition 8.20. An al-cone interpretation Z is a Boolean al-cone interpretation in-
cluding additionally matrices R representing roles R. An al-cone interpretation of ALC
concepts is defined recursively as for Boolean concepts and defining the concepts of the
form AR.C' as al-cone, as (AR.C)Y = conH({RYy | y € C*}) with R interpreted as
incidence matriz R. The definition of the all quantifier is given by de Morgan, i.e.,
(VR.C) = (-3R.-C)*.

As R is an incidence matrix of size R**2?" where n is the size of the geometric
model, the above mentioned definition contains a slight simplification. More concretely,
it is based on the incidence vectors i/ € R?*" of y € R? where in even dimensions of
y' the positive half-axes and in odd dimensions the negative half-axes are represented.
Multiplication gives the incidence vector 2’ = RTy' which needs to be transformed to
al-cones by splitting it into half-axes. Therefore, IR.C' = conH ({halfAzes(z’) | 2’ =
Ry with ¢/ =incidenceVector(y) with y € CZ}). For simplicity this is abbreviated
with (AR.C)E = conH({R'y | y € C*}) in the following.

Example 8.21. Consider the ezample of Narcissus mentioned in Fxample 8.12. Assume
an empty tbox, one concept Vain and one role loves, for short V, R.
Let the al-cone interpretation be in R%, VI =R, x R_ and

RT =

o O O
o O OO
o O OO
o = O O
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The incidence vector of instance y* = (1 — 1)T € VT would be y = (1001)T. 2/ =
RTy = (1010)" and thus 2 = (11)T. This can be split into the half-ares R, x {0}
and {0} x Ry. Thus, when considering all instances of VZ, then it results in (IR.V)T =
conH({(10)",(01)"}) =Ry x R4

R can be used to determine possible roles for a specific instance z, e.g., it can be
checked, whether (Rz%) N CT # 07, to state that 27 € (3R.C)Z. As the concept IR.C
is created based on the instances of C', to answer such questions, the incidence matrix
needs to be used in non-transposed form R here.

As for the Boolean case, it is also possible in the non-Boolean case to model partial
knowledge, thus considering faithfulness, e.g., * € (3R.11 (35.1 U =35.1)) (where
the second part does not add any information and is only added for demonstration
purposes), meaning it is known that a relation with role R exists, however, nothing is
known about a role S. This can be modeled in the same way as in the Boolean case,
by placing instance zZ in (3R.1)%, yet between (35.1)F and (-35.1)%. Reasoning about
partial knowledge works as follows: Consider the question whether 27 € (35.1)%, St
would not result in 0%, but this does not mean that z* € (35.1)7 is necessarily valid.
Therefore, as a second step, it is necessary to check the other way around, namely, to
check whether 2% € conH({8Tc | ¢ € 17})). The combination of the two steps results
in determining whether x is a positive instance of a concept, or a negative instance or
whether only partial knowledge is given. Thus, x has possibly but not necessarily a role
S.

In fact, representation R of role R behaves as desired with existential (and hence also
with universal) quantifiers: it makes IR indeed to a normal, additive operator f in a
Boolean algebra with operators, i.e. f fulfills f(0) = 0 (where O is the smallest element
in the algebra; see Appendix A) and f(a V b) = f(a) V f(b).

Proposition 8.22.

1. Given an al-cone interpretation T and an arbitrary R, then (IR.C)* yields for
arbitrary al-cones CT an al-cone.

2. AR.C interpreted as RTCT maps the cone representing the bottom concept onto
itself: (IR.0)F = 0F and distributes over cone disjunction: RT(CT U D¥) =
conH(RTCTURTD?), i.e., IR.(C U D) =3IR.CUIR.D.

For the proof of this proposition, the following lemma is needed:

Lemma 8.23. [Ozgep et al., 2023, Proposition 3] For all al-cones X,Y :
halfAzes(conH(X UY")) = halfAzes(X) U halfAzes(Y)
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Proof of Proposition 8.22.

1. The incidence matrix R only consists of ones and zeros, i.e., (R);; € {0,1}.
Therefore, multiplication with arbitrary half-axes according to the aforementioned
calculation procedure results in a convex hull over half-axes, i.e., an al-cone.

2. (AR.0)F = 0%, as (3R.0)L = conH({R y |y € {6}} = {6} = 0Z.
Due to Lemma 8.23, for (C'U D)7 there is no half-axis (thus no al-cone) which is

not contained in either C7 or DZ, yet contained in (C'U D). Having this insight
and the above mentioned calculation rules for (3R.C)Z, it follows that

(BR.(CUD)* = conH{R"y |y e (CuD)?*})
= conH({R"y | y € halfAzes((C U D)*)})
= conH({R"y,R"z | y € halfAzes(CF), z € halfAzes(D*)}
= conH({conH{R"y |y € C*}),conH({R 2 | = € D*})})
= (3R.CU3IR.D)*

]

Now, our first aim is to find a satisfiable geometric model of a given ontology based
on the interpretation of roles as incidence matrices on a conceptual level, meaning, if
O | C(b), then b* € CT for each concept C and each constant b and, if O = R(a,b) and
O E C(b), then a* € (FR.C)%. In the first step, the focus does not lie on the correct
representation of roles, i.e., guaranteeing that if O &= R(a,b), then (aZ,b?) € RE. Thus,
“role-satisfiability” is considered, i.e. the mapping into correct regions in the sense that
if O = R(a,b), then b* € Ra’.

Theorem 8.24. ALC-ontologies are classically satisfiable iff they are satisfiable by a
concept faithful geometric model on some (possibly infinite) R™ using sets of the form
by X -+ X b, with b; € {{0},R,,R_,R} and incidence matrices in R*"*?".

In order to prove this theorem, we reduce it to the following subproblems. First,
concept-faithfulness is proven for an empty tbox with an acyclic abox. After that, it is
extended to an arbitrary tbox with an acyclic abox. At the bottom line this leads to
the case of an arbitrary tbox and a cyclic abox mentioned in Theorem 8.24 and thus to
the conclusion that it is possible to represent arbitrary ALC-ontologies using al-cones.

The algebraic atom that a half-axis represents should be determined by the applicabil-
ity of role R, thus by exploring the possible paths starting on this half-axis by applying
the incidence matrix R. The role matrix is as the geometric model dependent on the
srank and iteratively extendable.

140



8.2 Cone Embedding for Ontologies with Arbitrary Quantifier Rank

srank: 0 1 = 2 3

Figure 8.4: Visualization of the assessment of concepts to the al-cone AZ. Starting with
A, the arrows depict the application of the role R (thus incidence matrix R).
The numbers indicate the srank of the resulting concepts, thus, role R can
be applied until an srank of 0 is reached.

Example 8.25. An example can be seen in Figure 8.4. Assume only one role symbol
R and no concept symbols are given. There are three different connections starting
at the half-axis AT with R, the dashed, dotted and solid one. Following the possible
paths leads to the fact that A C 3R3.-3IR.1MIAR%2.-IR1 M IR.~3IR.1 and additionally
to the fact that all other roles are nmot possible, thus A T —3R*1, therefore, A =
JR3. ~3IRI1MIAR2.~IRIMNIR-IRIN-IR 1.

Additionally, it is necessary to define an underlying propositional model to determine
the intersection of a concept with the propositional concepts. This intuition can be
represented as incidence matrix.

Definition 8.26. Given roles R, S, T, ..., the incidence matrices R*,S*,... of R, S, T, ...
are defined as follows:

6—)0 R,1—>0 Rl2—>0 Rg—)O
0 0 Rh., Rhy., ..

R =] O 0 0 SO (8.3)
0 0 0 0

with submatrices R;_,;, where for alli, j,k € N with j < i and k < j there arem,n,o € N
such that Ri_,; € R™" and R_,; € R”>™, Ry_,q is a zero matriz and the submatrices

have a fized size dependent on the number of roles and concepts given.

depicts the application of role R to find relations be-

P
i—; influences

Intuitively, the submatrix R; . ;

tween instances of concepts with srank ¢ and srank j and thus, submatrix R
the region of the geometric model containing algebraic atoms of srank .
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Example 8.27. Consider an empty tbox, with no concept symbol and one role symbol R.
First, it is necessary to determine the number of algebraic atoms added to a i-srank-model
when considering an i+1-srank-model. Whereas this is straightforward fori € {0, 1} with
(=3R.1)? for the 0-srank-model and 3R.~3R.1M—-3IR21 for the 1-srank-model, there are
more algebraic atoms for the 2-srank-model: IR*.(-=3R.1) M IR.(-3IR.1) N —=3IR3.1 and
JR?.(=3R.1) N —~3IR.(-3FR.1) N —3IR3.1. Based on this, the following incidence matriz
R* can be created:

where the submatrices (in brackets) in the first row are from left to right Ry_o, R0
and R)_,, and in the second row R,_, ;. So, how was this matriz created and how can
it be used for determining the concept of some incidence vector x¢ In the incidence
matriz presented here, the roles up to a srank of two are depicted. Thus, all algebraic
atoms mentioned above are representable by the incidence matriz. In the following, it is
shown for the half-azes of the geometric model which algebraic atom they depict (where

at, ... 2% represent incidence vectors of half-azes). Considering wr = (10 ...)T: as
R*wr = {0}, there is no role starting in w and thus w € -3R.1. Forxt = (010 ...)7T,
Rt = (10 ...)7 = wr. Thus, for x there is a role R ending in w, such ending in

a region where no role is possible anymore. Thus, ¥ € IR.(-3IR.1) 1 -3IR21. For
P =0010 ..) ", Ry ={(010 ..) " =25,(100 ...)T = wk}. Hence it is,
on the one hand, possible to apply the role two times without reaching 0 (from y* over
2% to wr and, on the other hand, to directly reach w*, i.e., applying the role only one
time. Thus y* € IR*.(-3IR.1) N IR.(-FIR.I1) N —-3IR31. For zF = (00010 ...)T,
this is not possible, as z* is mapped to x*, however not to w? directly. Thus, z* €

IR%.(-3RI)N-3R.(-3RI) N -3R3 1.

In each dimension k, the two half-axes of the geometric model represent one algebraic
atom each. Interpreting half-axes as incidence vectors leads to the case that the positive
half-axis in dimension k is represented by a 1 in the incidence vector at position 2k and
that the negative half-axis in dimension k is represented by a 1 in the incidence vector
at position 2k — 1. The algebraic atom can be determined by considering the matrices

R*, 8%, ... at column 2k. Thus, to represent all concepts of a specific srank ¢, in each
submatrix containing the submatrices R;_,;, where j = {0,...,i — 1}, each possible

concept of srank 7 has to be created. Before stating the main theorem of reaching
concept faithfulness, first, the form and creation of srank-algebraic atoms is considered.
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Lemma 8.28. Let Np U No U N, be the signature of the ontology under consideration.
For a srank of 0, the set

Xy = {Z M (|_| RGNRHR.T)

depicts all algebraic atoms of srank 0. Here My depicts the set of algebraic atoms given
based only on the concept symbols.

For a given srank © > 0, the set of algebraic atoms of srank i can be created based on
the algebraic atoms of srank 0,... i —1

7 € Mo},

(|_| R;ENR for j:1,...,i+1ﬂE|R1-(E|R2.(- . HRHLT))) ‘

Z € Mo, prpB € {HR.B,ﬂR.B}},

such that for each A € X;, AC dR.B for an R € Ngr and B € X;_;.

Proof. Each concept A € X has srank i, as A C dR.B fora R € Np and B € &; 1. It
has to be shown that it is an algebraic atom. If this is not the case then there has to be
an algebraic atom A’ for which 0 # A'T1A and A’ = A. Assume srank(A’) = j > i, thus,
A’ C C where C' = 3Ry.(3Ry.(...3R;.1) for Ry, ..., R; € Ng, thus a chain of j positive
existentials must exists. Because of the second part of the definition of X;, AN C =0
and thus A A’ =0, a contradiction. Thus assume srank(A’) < i: By definition, each
conjunct containing positive existentials up to srank ¢ is either positively or negatively
contained in A (because of the first part of the definition of X;). Thus, it remains to
show that there is no conjunct of the type D = —-3dR.E of A’ for arbitrary R € Ng
and arbitrary concept £ such that AN D # 0 and D # A. Because of the second part
of the definition, all D including one negative and then ¢ or more positive existentials
are already included. Thus, assume D has one negative and k < ¢ positive existentials
(with £ > 0), followed by a negative one and arbitrary existentials afterwards. Then,
D = —dR.B, where B € X}_; and thus already positively or negatively contained in
A, a contradiction. Thus, A is an algebraic atom of srank i. As all combinations of
algebraic atoms of a lower srank are considered, X; contains all algebraic atoms of srank
i. O
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To clarify the construction of the algebraic atoms, a small example is given.

Example 8.29. Consider an ontology with one concept symbol A and one role symbol
R and an empty tbox. The algebraic atoms of the Boolean part of the ontology comprise
My = {A,~A}. The construction of Xy results in Xy = {AT1—-3R.1,~AN—-3IR.1} Then

X1 is constructed as follows:

XI = {Zﬂ <|—|B€XO¢R,B> 1 (_E|R2T>

={ZnN3R.(AN-3R.1)N3R.(-AN-3R.1) M-3R,
ZMN3AR.(AN-3R.I)N-3IR.(-AN-3IRT)N-3R*T,
ZM-3R.(AN-3RI)N3IR. (AN -IRI)N-3R*1| Z € {A, -A}}

Z € {A,~A}, or5 € {3R.B, ﬁﬂR.B}}

The second part, denoting the negative existentials, can be interpreted as all concepts
that are not accessible through the role and, thus, not accessible through the incidence
matrix.

Algebraic atoms are restricted so that there must be at least one B € A;_; of
srank(B) = i — 1 with a positive existential due to the fact that algebraic atoms of
srank ¢ are considered. Without this restriction, X; could contain algebraic atoms of a
lower srank.

Based on Lemma 8.28 it is possible to prove the next proposition that states that
interpreting the ontology based on the incidence matrices R* is a suitable concept-
faithful interpretation. The idea is to have an underlying geometric model which only
contains information about propositional concepts and having the incidence matrices
R*,S*, ... to define the algebraic atoms based on roles.

Proposition 8.30. Let O be an ontology with an empty tbox. Let T be a geometric inter-
pretation of O constructed based on an interpretation M which is M = My x Mg x ...,
thus an infinite direct product of one 0-(quantifier)-rank-concept-faithful geometric in-
terpretation Mg. Furthermore, let each role R be interpreted as R* as in Definition 8.26
with Ry_,o in R™™ and m = 2|My|. Then: It is possible to construct R* for each R
in a way that T is concept-faithful (w.r.t. O), and for each constants a,b and role R, if
O | R(a,b), then there is a representation b* and a* so that b* € R*a*, if R(a,b) is
not part of a circular relationship.

In the proposition above we rely on the usual “direct product” operation on structures
that is known in model theory and that can be applied to a possibly infinite number of
input structures [Chang and Keisler, 1990, p. 224]: the domain is the Cartesian product
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of the domains of the input structures and the interpretations of the non-logical symbols
are given component-wise.

Proof. First, it is shown that the construction is consistent, meaning no contradictions
are induced. The construction of the O-rank-faithful model can be done as shown in
Proposition 5.19 and is consistent, as it consists of Boolean ALC. As R* only influences
positive existential quantification, negation of an existential is defined via polarity. It
is by definition not possible that a concept and its negation intersect. As shown in
Proposition 8.22, the role operator results in an al-cone and fulfills (3R.0)% = 07 and
RT(AT U BY) = conH(R" AT U RTB?) for concept symbols A, B. To show concept-
faithfulness, it is sufficient to show satisfiability, as the construction principle of Propo-
sition 5.19 can be used similarly as in the Boolean case to construct a concept-faithful
model. Thus, it is shown that all algebraic atoms induced by the tbox can be repre-
sented. Therefore, in the following, only half-axes (as representatives of algebraic atoms)
are considered.

The proof is done based on induction over the srank. Therefore, it is shown that each
algebraic atom of a specific srank can be represented and therefore, for the geometric
interpretation of an arbitrary srank, faithfulness is reached. This is done by showing
that the construction of R*, &%, ... exactly leads to the atomic concepts represented
in Lemma 8.28. First, it is shown that the subspace R of the first m dimensions of
the geometric model is a 0-srank-model and incorporates all algebraic atoms of srank 0.
The subspace contains My, which is a 0-(quantifier)-rank-faithful geometric model. As

00 equals zero for all roles R, each application of the role operator (in form of R*d
for a half-axis d in R™) results in {0}, thus is not possible. Thus, it exactly matches the
definition of Lemma 8.28. Next, assume that the underlying geometric model combined
with the submatrix including all submatrices R’ up to R;_,_,,_, represents all atomic
concepts up to srank 7 — 1. It is shown that the submatrices R ,; for j € {0,...,i — 1}
for each role R represent in combination with the geometric model all algebraic atoms
of srank ¢ and do not lead to any inconsistencies. The submatrix

!/

1—0
/
i—1
Ri = Rli—n‘—l (84)
0

for role R combined with the respective submatrices for the other roles represents in each
column one algebraic atom in form of a mapping to lower sranks. Consider, e.g., the
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incidence vector x’ of an algebraic atom X which contains only one non-zero element.
R*z" can thus be reduced to a r - 1 = R*z’ where r is one column of R*.

The exact content of each column r is not considered here, it is adequate to show
that each possible algebraic atom could be represented in such a column as each col-
umn represents independent of the others one possible half-axis (algebraic atom). X;
as defined in Lemma 8.28 is considered. The first conjunct of each algebraic atom, the
Boolean concept A, is contained, as the geometric model consists of an infinite con-
catenation of the O-rank geometric models. Therefore, also in the area influenced by
the submatrix considered, there is an intersection with each of the Boolean concepts A
possible. Next, it has to be shown that the submatrix R} ,; maps an algebraic atom
of srank 7 really to one (ore more) algebraic atoms of srank j and only to them. This
is satisfied by the construction principle of the matrices mentioned in Definition 8.26.
It is not possible that the algebraic atom has a higher srank, as the space under the
diagonal of R* is not populated and therefore, only a reduction of the rank is possible
and thus ([ |reng [ |cexiir i, ~3R.C) is fulfilled. As R} can contain arbitrary many
ones in a column, it is possible to model an existential for arbitrary B € &} ;_; and
each combination of roles, as §*,7",... also can influence the column considered. A
column where all role-matrices R_,, ; have only zero entries is not allowed as it would
interfere with the restriction of Lemma 8.28 for having at least one role to an algebraic
atom with srank 7 — 1.

When each column-tuple of R*,S*,... is unique, then each algebraic atom is on a
unique half-axis. Therefore, for non-cyclic aboxes, instances a’ and b have a unique
al-cone each. Thus, when R(a,b) is valid, then b7 € R*(a?). O

Handling the Cyclic Case

Now we proceed with the problem of handling cyclicity. We observe that cyclicity cannot
be represented correctly in the construction above. Assume R(a,b) and R(b,a) is given
in the abox. Then, applying R on a concept A with a € A would not reduce its srank,
as afterwards it is still possible to apply R infinitely many times. Thus, it is necessary
to represent concepts with an infinite srank.

The set of possible algebraic atoms has been determined in Lemma 8.28. The incidence
matrix R* is created based on the idea of iteratively increasing the srank and modeling
all possible atomic concepts of this srank. Now, it is necessary to consider concepts
X € X, thus, circular relationships. These concepts are not considered in such an
iterative approach. To use the same construction principle of iterative extension it is
necessary to define a new notion of rank which is a combination of srank and the cycle
depth of the concepts. This rank then enables for iterative extension.
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This is done based on the idea that each application of a role is either part of a cycle
or not. For each non-cyclic role, the srank can be determined. Out of this, the maximum
is chosen. For non-circular relationships, the srank does not change. The motivation
behind this is that having a circular relationship, it is also possible to have non-cyclic
behavior in parts, e.g., Narcissus could love himself (a cycle) but could also love a person
not loving anyone (a non-cyclic behavior). This has to be determined for each part of
the cycle, as in the incidence matrix extended for circular relationships R**, which will
be considered in more detail in the proof of Proposition 8.34 below, it is necessary to
place the concept representing a cycle at a srank where a mapping of the non-cyclic
parts of the concept is possible. On the other hand, the maximum depth of a cycle can
be considered. A conjunct with a srank of infinity needs to contain a cycle. This means
that at some point, applying role R leads to an algebraic atom which has been visited
before. We introduce cycle_ depth to represent the depth of this cycle. Regarding the
Narcissus example, cycle depth would be one.

Definition 8.31. The cyclic semantic rank srank, (srank’,cycle depth) of a concept C
given by its defining formula is a pair determined as follows:

o IfC =0, then srank'(C) = srank(C) = oo and cycle__depth undefined.

o Let Cy be the (possibly infinite) computation tree that would unfold when computing
srank(C), i.e., srank(C) = srank(root(Cy)).

o If srank(C) =1r < oo, then srank. = (r,0);

o else transform Cy to C} by copying Cy and replacing any node N € C if a node
representing the same concept term as N occurs in the subtree rooted at N. N
is replaced by a new concept symbol N', which yields srank(N') = 0 according
to Definition 8.15; the subtree rooted at N is removed. This makes srank’ =
srank(Cy) evaluate to r < oo. Let cycle__depth then be the minimum number of
occurrences of 3 between re-appearances of N in the subtree in Cy, maximized over
all nodes N that were replaced.

Intuitively, the definition extends srank to infinite trees by cutting off re-appearing
nodes N and recording the maximum length of cycles cut off.
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Figure 8.5: Computation tree C; of the concept C' = AMIR-AMNIR.(ANIR-AN
JR.(...)).

Example 8.32. Consider again an empty tbor and an ontology with a role symbol R
and a concept symbol A as arising in Example 8.12 (narcissus-vain). Consider srank. of
concept C' given by the infinite term C = AT IR-ANIR(ANIR-ANTR(...)).
First, the computation tree Cy as shown in Figure 8.5 is created. The calculation of the
srank leads to srank(C) = 0o, as a cycle is included. As marked in the figure with N,
the node AR.(AMIAR.-AMIR.(...)) occurs several times and its first occurrence is thus
replaced with a new symbol N' and is given a srank(N') = 0. Since srank(3R.—A) = 1,
w have srank'(C) =1 and cycle_depth(C) =1, as both occurrences of N are connected
via one existential role quantification, thus every step the origin of the cycle is reached
again. Thus, srank.(C) = (1,1).

It is, analogously to Lemma 8.28 for the non-cyclic case, possible to define a srank,-
dependent construction principle for algebraic atoms.

Lemma 8.33. Let Nr U No U N, be the signature of the ontology under consideration.
Then X, as defined below depicts all algebraic atoms of srank.(i,0), and X1, which is
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defined by coinduction [Rutten, 2005] below, depicts all algebraic atoms of srank.(0,1).
Xio =&

X1 :{ Xg,l There is Z € M07¢R,X§1 € {EIR(X(])CJ),’ _‘HR'(X(I)CJ),} such that

X(])€,1 =ZMN (l_lReNR |—| BeXO,Xl,,,_—'HR.B>
i (HRENWR:(X&J) i (HRGNFHR%X&)') }

where M depicts the set of algebraic atoms given based only on the concept symbols and
for each X§, at least one O, x . must appear positive. (X§,) is the derivative of X§,
required for the coinductive definition.

Proof. Having a cycle-depth of zero, the construction reduces to the construction of A,
depicted in Lemma 8.28, thus ;o = A&}, as no cycles are contained. Now, consider
X, € X srank/(X[,) = 0, as all concepts B € Xy, X,... are only reachable by
negated roles. The cycle-depth of X{il is 1, as at least one WIC%, X,,, Must appear positive,
thus a cycle is included. It remains to show that X{il actually is an algebraic atom.
Assume this is not the case, thus an algebraic atom A T X}, must exists such that
X MA#0. First, assume srank’(A) > 0. A contradiction, as all concepts of a higher
srank’ appear negated. Second, assume srank.(A) = (0,0). This cannot be the case,
as all existentials not part of a circular relationship are negated and at least one cycle
appears positive in Xéfl and would interfere with the assumption of a cycle depth of 0.
Third, assume srank.(A) = (0,1). However, as in X}, all concepts with a cycle-depth
greater 1 are negated and each possible cycle of length 1 either appears positive or
negative, this is not possible. Fourth, assume srank.(A) = (i,7) with ¢ > 0,5 > 1, thus
there must exists a cycle of length at least two. However, as X(’il contains a conjunction
with |_|R€NRﬂEIR.—\X§71, it is not possible to have a cycle not ending in Xéfl thus it is
not possible to have a cycle depth greater one. Thus, X{il is an algebraic atom with
sranke(X§,) = (0,1). O

The sets of algebraic atoms X; ; can be derived based on the above two but are omitted
here for reason of readability.

Now, based on srank,, an iterative creation of the geometric model is possible. For each
of these tuples, a submatrix, thus, a specific region in the geometric model can be created
to depict the concepts having this configuration. The matrix where all submatrices
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representing a cycle depth greater than zero (thus containing a cycle) are set to zero
contains exactly the submatrices contained in R* and has its behavior (except including
more zero matrices). The basic idea for the submatrix R} ; ,; depicting a specific srank.. i
and a cycle-depth j is to place it at position Ry" ;. ; for some k and [ in the new incidence
matrix R**, thus, to enable to model connections trough roles between arbitrary columns
of the matrix, thus, creating arbitrary circles. In the same column, it is also possible to
place some R; ; ,;, for h < j and j is the srank’ of srank, .

Thus, Proposition 8.30 can be extended to a proposition covering cyclic aboxes.

Proposition 8.34. Let O be an ontology with an empty tbox. Let I be a geometric
interpretation of O constructed based on an interpretation M which is M = Mg x Mg X
..., thus an infinite direct product of one 0-(quantifier)-rank-concept-faithful geometric
interpretation M. Let further I interpret each role R as some incidence matriz. Then:
T is concept faithful (w.r.t. O), and for each constants a,b and role R, if O |= R(a,b),
then b* € R**a’.

Proof. In the following, it is shown how concepts having a cycle depth greater zero and
a srank’ of zero and concepts having a srank’ greater zero and a cycle-depth of one
can be modeled in an incidence matrix R**. The proof of the other concepts follows
analogously.

Assume a cycle depth of 7 and an srank’ of zero. It is shown that a submatrix R; ; ,; of
R3* 1 ... can be chosen which models these dependencies. As the srank’ is zero, all other
elements in columns k, ..., [ are zero. Thus, all possible combinations of conjunctions
of zero srank’ concepts with roles have to be considered. These are only finitely many
and could be represented in this submatrix.

The incidence matrix when considering only elements having a cycle depth of zero or
one has the following form:

/ / /
Ro,o»o 0 ,R’Q,laﬂ R3,1~>0

0 ! ! 0
1,1—1 2,1,1—0 ce
R™ = 0 0 211 0 o, (8.5)
0 0 0 0 -

where the first column with submatrices depicts srank. of (0,0), the second column
with submatrices the srank. (0,1), the third (1,1) and the fourth (1,0). R** contains
the submatrices of R* as submatrices, as there are concepts without any circular re-
lationshipy possible which are represented by interaction with the submatrices of R*.

The circular relationship is represented by the additional submatrices R/, ,; which are
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on the diagonal and enable to cover arbitrary connections between algebraic atoms. To
model cycles of length two, we have to ensure that when the submatrix is one at position
{k,l} it needs to be one at position {l,k}. As for each srank. there are only finitely
many combinations, it is possible to model the incidence matrix iteratively in this way.
Extension to more than one role and a higher srank, is achieved analogously. [

Non-Empty Tboxes

As in general it cannot be assumed and is not suitable to have an empty tbox, in the
following it is shown how the geometric model and the incidence matrix can be restricted
to fulfill the thox axioms.

The same iterative modeling approach from above is going to be used here. But now,
the information of each tbox-axiom has to be incorporated, even if the model is restricted
to an srank smaller than the srank of a part of the axiom. Therefore, it is necessary to
know the relevance of specific tbox-axioms to the srank-models. It is not possible to use
the definition of a srank for the empty tbox without change, as, e.g., having the axiom
A C JR.C, then the srank would be srank(A) = 0, srank(3R.C') = 1. However, A is
known to be a subconcept of 3R.C', this means, each for each a € A, there must be a
b € C with R(a,b). Therefore, it is not possible to place A in a 0-srank-model, as then,
it would be possible that an element in A does not have any role, what conflicts with
the axiom. Having a concept, e.g., R.C" with srank(3R.C) = 3, this influences also
concepts based on the srank of this concept, e.g., AR%.C, thus, this concept would have
srank(3R?.C') = 4, as applying a role increases the rank by one.

To model this, an extension of the semantic rank accounting for thboxes is defined.

Definition 8.35. The tbox-specific semantic rank sranksy (tbox-srank for short) is
defined as follows: srankr(C) = srank(C) = oo if C' is part of a circular relationship
(see Section 2.1 for details) and else is defined based on the same defining rules as for
the srank (see Definition 8.15), with one added rule:

srankr(C) = max({srank(C)} U{srank(D) | T £ C C D})

where the other rules are changed to

srank(C M D) = max({sranks(C), sranks+(D)})

srank(C' U D) = min({sranks(C), sranks(D)})
srank(=(C' 1 D)) = min({sranky(=C), srankr(—D)})
srank(—(C' U D)) = max({sranksr(—=C), sranky(—D)})
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We extend the arithmetics for oo in the usual way, setting co + 1 = oo.
Thus, the calculation of sranks is influenced on the one hand by the srank of the
concept but on the other hand on its subsumption-relation to other concepts.

Lemma 8.36. If a tbox contains a concept ~3R.C'" for arbitrary role R and concept C
and sranky(—3R.C') > 0 or contains a concept D with sranks(D) = oo, then the tbox
contains a circular relationship.

Proof. The lemma follows trivially for infinite srank. Assume a concept —=3R.C for
arbitrary R and a propositional concept C' and a tbox-axiom —=3R.C' C 3S%.D for arbi-
trary S, and propositional concept D. Then, we get sranks(—3R.C') = i. IR.C has
a srankr(3R.C') = 1, as C is a propositional concept. Thus, one disjunct of IR.C' is
JR.(CM—=3R.1M-38.1). This is a contradiction, as =3R.1M —35.1 = 0. Therefore, an
extension is necessary and thus 3R.C' = JR.(C 11 -3IR.11135".D). This can be done in
the same way for D and thus leads to an infinite extension of the concept and thus to an
infinite sranks. Therefore, a circular relationship exists. This can trivially be adapted
to general axioms. [

Example 8.37 (Example 8.16 continued). Consider a thox with 3R.C' = IAR?.C' (and
therefore =3R.3R.C' = —-3R.C'). Based on the sranks calculated above

srank(3R.C) = 1, srank(=3R.C) = 0, srank(IR*.C) = 2, srank(-3R.IR.C) = 0,
it is possible to calculate the tbox-sranks:
srankr(-3R.IR.C') = max({srank(—-3R.IR.C), srank(—-3IR.C)}) =0
For the first axiom, the calculation is more complex:

srank(3R.C) = max({srank(IR.C)} U {srank(IR*.C)})
= max({1}, {srankr(3R.C) + 1})

Therefore, srank7(IR.C) = sranks(IR?.C) = oco.

We first focus on acyclic tboxes and aboxes, this means that each concept has a finite
thbox-srank and each concept of the form —3R.C for arbitrary R, C' has an tbox-srank of
0. Then, the creation of a geometric model can be done as described in Definition 8.26
and Proposition 8.22, except that the axioms have to be considered. Thus, the first
appearance of a concept is at its tbox-srank, before that, it appears only negative.
Therefore, the 0-quantifier-rank concept-faithful model for the representation of the
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0-srank-model is only created with the propositional concepts which have a tbox-srank
of 0 and is extended for each tbox-srank with the propositional concepts having this
rank. Submatrices R, . are not allowed to perform any mappings that contradict the
axioms.

—J

Definition 8.38. A geometric interpretation for an arbitrary non-cyclic tbox and non-
cyclic abox is given as

e an incidence matriz R* as defined in Definition 8.26 for each role R;

o each Ri_,, ;1 is based on the part of the geometric model representing a product
of arbitrary many 0-quantifier-rank geometric models of the propositional concepts

having a tbox-srank of at least i.

Proposition 8.39. Let O be an ontology with an arbitrary non-cyclic tbox and non-
cyclic abox. Let T be a geometric interpretation of O as defined in Definition 8.38. Then:
T is concept-faithful (w.r.t. O), and for each constants a,b and role R, if O = R(a,b),
then there is a representation b* and a® so that b* € R*a®, if R(a,b) is not part of a
circular relationship.

Proof. As the tbox is acyclic, for each concept C, either sranks(C) = 0 or sranks(—=C) =
0. Thus, it is possible to model a k-srank-model for arbitrary k£ > 0 without having both
C and —=C to be contradictory. As a concept C' is only different from 07 in a k-sranks-
model, if sranks(C) < k, it has to be ensured that a concept does not appear at a lower
srank and that only non-contradictory algebraic atoms are modeled. Non-contradiction
is ensured for propositional concepts because of Definition 8.38.

As proven in Proposition 8.30, each algebraic atom can be represented. Based on this,
only columns are considered which represent the desired algebraic atoms and thus, the
restrictions are satisfied. [

This leads to the proof of Theorem 8.24 stating that it is possible to model a faithful
geometric model for ontologies over full ALC.

Proof of Theorem 8.24. Considering tboxes with finite ranks, the proof follows directly
from Proposition 8.39.

Now consider tboxes with infinite ranks, e.g., a tbox containing the axiom A = 3R.A.
Then sranky(A) = oo and sranks(—A) = oo. Or consider a thox containing a concept
—dR.C' with tbox-srank greater than 0, as described in Lemma 8.36. Therefore, it
is necessary to consider the construction introduced in Proposition 8.34. There, it is
allowed to model cycles in the abox, and therefore, infinite sranks. Based on this, the
construction principle depicted in Propositions 8.34 and 8.39 can be used. 0
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The approach presented above enables us to create a faithful geometric model of a
given ontology. It opens up the possibility to restrict the model to a given srank without
affecting the expressivity of the given concepts. However, even for a restricted rank,
the faithful geometric model could grow exponentially (depending on the tbox) and
is therefore possibly not practical because of its size. Therefore, on the one hand, it
is possible to extend the tbox with axioms which model a known bias in the data to
circumvent that this bias is learned. This incorporates helpful information and reduces
the size of the model. On the other hand, it is possible to focus on specific subparts of
the model and model them faithfully. Thus, being able to model an ontology faithfully
is not only helpful when full faithfulness is needed but also helpful as it is then known
that each desired subproblem can be modeled correctly.

Example 8.40. Consider again the example of Narcissus first mentioned in Ezam-
ple 8.12. Assume an empty tbox, one concept Vain and one role loves, for short V, R.

It is possible to create a faithful representation, yet quite complex and of infinite
dimension. Therefore, it is necessary to make suitable restrictions on the faithfulness.
Here, the focus lies on reflexivity of the role loves regarding Narcissus. Therefore,
reflexivity has to be modeled faithfully. This still results in an infinite model, however,
of a simpler structure.

One example for modeling is

VI = Ry xRyx...
(V)Y = RLxR_x....

Then the role R can be modeled as

0010111100
0001110011
10

R = 0 1 :
00

where the empty regions contain zeros.

The geometric model is based on only one concept. Thus, each odd column of R
represents a conjunction with VI, each even column a conjunction with (=V)%. The
first two columns represent the area of the geometric model where no role is possible.
Therefore, a person Charlie represented by the incidence vector ¢& = (100 ...)T would
be vain (as & € V) but would not love any person (as Rcf = {0} = 0%).
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The fifth to the tenth column represent the different algebraic atoms of srank 1. A
person Bob represented by bY = (000010 ...)T is vain, as b¥ € V. Rb leads to
the incidence vectors (10 ...)T and (010 ...)T, thus, b € IR.(V M -3R1) N IR.(=V I
=3R.1). Thus, Bob is vain and loves one person being vain and one person not being
vain, whereas both the beloved persons do not love anyone.

The third and fourth column represent the reflexivity and thus the property relevant
for expressing the narcissism of Narcissus. As Narcissus is vain, n* has to be modeled in
an odd dimension of the model. Thus, n* = (0010 ...)T. Rn? leads to (0010 ...)7,
thus it is mapped onto itself. Therefore, n € AR.(V M IR.(V M ...)) and reflexivity is
modeled. Additionally, it leads to (10 ...)T and n € IR.(V 1 —3R.1). Thus, Narcissus
loves himself and he loves a vain person which does not love anyone.
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9 Conceptual Orthospaces in Practice

I proposed COSs as answer to the question stated in the introduction: what does an
expressive framework modeling background knowledge have to look like? COSs are a
framework enabling to define a non-classical interpretation of an ontology. However,
COSs do not implement any concrete embedding approach, but are a foundation of
it. Therefore, in this chapter the bracket opened up in the introduction is closed by
illustrating the use of COSs.

9.1 Conceptual Orthospaces as Basis for Embedding
Approaches

Assume some dataset is given, containing instances and their (possible multiple) la-
bels/classes. Assume additionally that some background knowledge in form of an on-
tology is given. If roles are contained, than this dataset could be, e.g., a knowledge
graph.

The first distinction must be made whether dissimilarity or betweenness should be
used as starting point. The fact that similarity information is given does not directly
qualify for defining an orthonegation-induced betweenness. As discussed in Section 6.1.3,
many similarity relations are not suitable for the creation of an expressive embedding.
It could be the case that even with a given similarity relation it is more useful to choose
a betweenness as basis for training an embedding.

It is also necessary to think about desired restrictions of the COS, e.g., the strength of
the connection between similarity and betweenness as argued in Section 5.2. Based on
these considerations, a COS can be created with the help of the construction principles
of orthonegation-induced betweenness (see Proposition 6.14 or Proposition 6.15), with
the help of cones in case of Euclidean betweenness (see Chapter 7) or by creating a COS
from scratch.

However, having a COS is only the first step towards a learning approach. A concrete,
given COS opens up many possibilities to actually model a given ontology. In particular,
for a COSY is abstractly defined and it is necessary to choose relevant sets of Y to model
actual concepts resp. the actual Y needs to be constructed. It is also necessary to define
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the amount of faithfulness needed. Whereas a strongly faithful model allows for modeling
incomplete information correctly, it hinders inferring new labels for given instances and
thus increases overfitting. Additionally, it is possible that a faithful model leads to a
very high dimension needed for the representation. This is, of course, dependent on
the COS used but is, e.g., a problem for a COS based on convex cones. On the other
hand, a too severe reduction of the faithfulness is also not helpful, as it leads to a
reduction of the background knowledge information used and prevents from modeling
partial information. Next to the faithfulness of concepts, it is also necessary to consider
faithfulness of roles. The first question is whether roles are contained at all. If they are
contained, then a COS needs to be enhanced with roles, e.g., by, but not limited to,
using reification as introduced in Chapter 8.

The next question concerns the inference service used. The exact aim of the approach
needs to be determined, e.g., link prediction. This also influences the determination of
Y is it the case that Y is exactly determined, thus the concept representation is already
given and the embedding is solely learned for the instances or is it necessary to learn both,
the concept and the instance representation? In the following, Section 9.2 exemplifies
the former and Example 9.1 the latter case. A third case is that the instances are already
given in the domain X and only the concept representation needs to be learned.

In the rest of this chapter, the procedure of creating an embedding approach based
on COSs is exemplarily depicted based on two different use cases. On the one hand,
in Section 9.2 an approach based on zero-shot learning with an al-cone-COS based on
my joint work with Ozgiir Ozgep and Diedrich Wolter [Leemhuis, Ozgep, and Wolter,
2022b] is presented and, on the other hand, in Example 9.1 the quantum embedding
[Garg et al., 2019], situated in the area of KGE is presented which, though it was
invented independently, can be considered as being a special case of a COS.

Example 9.1. It is not only possible to create new approaches based on COSs, it is
also possible to underline the importance of COSs for KGE by showing that existing
approaches can be interpreted following the basic ideas of COSs. This is in particular
the case for the Quantum Embeddings of Garg et al. [2019].

The aim of Garg et al. [2019] is to do both link prediction and property testing, thus
examining whether an entity belongs to a concept. The idea of the Quantum Embed-
dings is based on quantum logic [Birkhoff and Neumann, 1936] and each unary and
binary relation (thus concepts and roles) is represented as linear subspace of a vector
space. Conjunction of concepts is represented as set-intersection, disjunction as convex
hull. The linear subspaces are restricted to axis-parallel ones to enforce the resulting
lattice (considering conjunction as lattice meet and disjunction as lattice join) having
the property of distributivity (though, the lattice of linear subspaces is orthomodular,
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here it is distributive, as only azis-parallel linear subspaces are considered). Negation
is defined via the polarity operator. Instances are mapped to unit-length-vectors in R%.
The embedding space can be considered as a restricted form of an al-cone-COS. Instead
of Y containing al-cones in general, Y is restricted to axis-parallel linear subspaces of
R™. Roles are represented as axis-parallel subspaces of R*. Then R(a,b) is mapped
to the vector (x4 x)T where z,, 1, € R represent a,b resp. and (z,xy)T € Sgr, where
Sk is the linear subspace representing R. To reduce the computational complexity, each
azis-parallel linear subspace is represented via a so-called indicator-vector yo € R for a
concept C' which is 1 in dimension i if the ith axis is part of the subspace representing
C. These indicator vectors then allow for modeling loss functions, e.g., for concept-
membership or fulfillment of tboz-axioms. For details, see the work of Garg et al. [2019].
Thus Quantum Embeddings are a special case of COSs and demonstrate that COSs can
be used as basis of actual embedding approaches.

9.2 A Conceptual Orthospace for Zero-Shot Learning

In the following, a COS-based learning approach for zero-shot-learning is presented.
First, zero-shot-learning is formally introduced and one established solution strategy
is discussed which will be used as basis for the proposed approach. After that, the
construction of the COS is shown, followed by the experiments done and their results.

The Dataset and the Zero-Shot Learning-Problem

Zero-Shot Learning (ZSL) is a multi-class learning task in which each instance has to be
assigned exactly one label. The distinct feature of ZSL is that new instances are classified
with labels that haven’t been seen while training [Xian et al., 2019]. To be able to label
previously unseen classes, some auxiliary information is needed. This information is, e.g.,
given in form of per-class-attribute information, meaning for each class a set of attributes
is given. For example, a ZSL task may require a previously unseen class ‘zebra’ to be
identified, provided the information that zebras exhibit the feature ‘striped’. A ZSL
learner would need to identify an instance of the zebra class, robustly discriminating
it from horses (which share many attributes of zebras but being striped) and tigers
(which are striped but unlike zebras otherwise). Formally, {(z;,v;)|i = 1...n} are the
training instances x; denoted with labels y; € V' that belong to the training classes.
Test instances {(z;,y;)|j =n+1...n+ m} with labels y; € Y™ constitute test classes,
where V' and )'* are disjoint. Additionally, for each class both of the training and test
set, the information about its positive and negative attributes is given.
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One prominent approach for solving the ZSL problem is EXEM [Changpinyo et al.,
2017] which is based on the insight that instances of unseen labels will cluster around
the semantic embedding of that class, thus, so to say, the instance representing these
attribute combination prototypically. Therefore, based on the seen classes, a predictive
function is learned to predict the semantic embeddings (called ezemplars) of the unseen
classes. The approach works in detail as follows: A transformation function ¢ is learned
which is able to map for each class ¢ its attribute vector a. to the exemplar in the
feature space wv., therefore, ¢(a.) ~ v.. Vector v. of a known class is the mean of
all instances of that class obtained after performing a class-unspecific PCA projection
computed based on training data of seen classes. Then, d Support Vector Regressors
(SVRs) (see, e.g., [Awad and Khanna, 2015] for details) with rbf-Kernel are trained,
where d is the dimension of the PCA. Using these regressors, the exemplars of unseen
classes can be predicted based on their attribute vectors. For a test instance, 1-nearest
neighbor (INN) is used to select the nearest visual exemplar based on (standardized)
Euclidean distance. For more details, see the work of Changpinyo et al. [2017].

For evaluation, we consider a standard dataset for ZSL, the Animals with Attributes
(AWA?2) dataset proposed by Xian et al. [2019]. AWA2 comprises 40 classes for training
and ten for testing, each class having 85 either positive or negative attributes. In total
37,322 images of animals are contained. The classes have 746 images on average, the
least populated class 100 and the most populated class 1645 images [Xian et al., 2019].
As feature space the embedding of the images as 2048-dimensional top-layer pooling unit
of the ResNet is used [Xian et al., 2019]. As train/test split, the standard split of this
dataset is used.

The Resulting Conceptual Orthospace

EXEM is based on classifying an instance based on its nearest neighbor and uses back-
ground knowledge in form of attributes. The aim is now to extend this approach by
using COSs. Thus, I am not relying on the nearest neighbor for classification but I am
using geometric information. Based on these preconditions, first a COS is created and
then, based on it, a learning approach is proposed. Here, instances and their numerical
features are given. Thus, one possibility would be to choose some notion of similarity
based on these numerical features and then create an orthonegation-induced between-
ness relation. This leads, however, as argued in Section 6.1.3, often to a weak structure
and does not necessarily mimic the underlying background knowledge. Therefore, I
choose here the other direction, having a betweenness relation as basis and defining the
orthogonality relation based on it. Then, the first question is which concepts should be
modeled. As zero-shot-learning is modeled, there isn’t any instance in the intersection
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of label names (nothing is a tiger and a zebra at the same time). Therefore, the COS is
modeled based on the attribute space: The exemplar of each known label can be placed
at the conjunction of its attributes (and negated attributes). However, how should this
space be defined? As distributivity must be valid and Euclidean betweenness seems to
be a good choice, the only possible construction (as shown in Chapter 7) is a cone-COS
and due to the property of distributivity, an al-cone-COS is chosen. This COS can be
directly created without training: Each unseen label is placed on a unique half-axis and
the concepts representing the regions are determined based on the attributes the labels
have. Thus, the resulting al-cone-COS is of dimension |Y*|/2. The exact placement can
be used as a hyperparameter to be tuned, here, the hamming distance is used: labels
which attribute vectors have a high hamming distance are placed more distant to each
other than labels with a smaller hamming distance, as they can be considered as suffi-
ciently similar. Due to the construction, the betweenness is not relevant here, however,
lead to the fact that a well-structured COS can be considered.

Now, this al-cone-COS can be used as the basis for an embedding approach. The
approach of Changpinyo et al. [2017] is focused on the distance of a new instance to
the predicted exemplars of unseen classes. Using the al-cone-COS allows for extending
this approach such that it is not only distance- but geometry-based and, thus, is able to
incorporate partial information. The overall approach is similar to that of Changpinyo
et al. [2017]: First, the approach of Changpinyo et al. [2017] is used to learn the mapping
¢(a.) = v.. However, now, the label of a new instance is not determined based on the
nearest exemplar of a label but the al-cone-COS is incorporated: The mapping ¢ is used
to train for each dimension of the al-cone-COS a SVM, discriminating instances with a
positive value in this dimension from instances with a negative value in this dimension.
The SVM is trained based on the mapping of these elements (thus based on the predicted
exemplars). This technique would suffer from lack of data, as on each half-axis only one
element is placed, namely the exemplar representing the unseen label. This would lead
to the fact that for the training of each classifier only two elements were present. As
in this case the advantages of the geometric model can’t be used (and the SVM can’t
be trained suitably), some additional partial information is added. This is done by
predicting not only the visual exemplars of the unseen classes but also visual exemplars
of unseen superclasses, e.g., A or B. Thus, an attribute vector can be determined which
could be A or B with the same probability. This vector would have positive (resp.
negative) attributes, when both A and B have this attribute (positive, resp. negative).
When A and B differ in an attribute, this would be set to zero. Introducing superclasses
for training leads on the one hand to the advantage of increasing the number of training
instances. On the other hand, it enables to consider the certainty of the classifier’s
decisions (I discuss this features in the result section further below). A new instance is
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then classified based on the SVMs for each dimension of the al-cone-COS. In contrast to
EXEM, not necessarily one label is proposed, it is also possible that partial information
is returned.

Implementation

For the baseline approach, we use the implementation! provided by Changpinyo et al.
[2017] for their approach EXEM. For adaptation to AWA2 we changed the kernel used
to a polynomial kernel because of better classification properties on this dataset. The
approach is evaluated by using a class-based five-fold cross-validation (thus, all instances
of one class are either completely in the training or completely in the validation set to
ensure ZSL also for the cross validation) to determine the best hyperparameters and
tested on the proposed test split. The hyperparameters of the regressor have been taken
based on the minimization of the Euclidean distance, as done by Changpinyo et al.
[2017]. Based on this, the hyperparameters of the SVM have been tuned as a trade-off
between overall recall and recall for returning one label, as the result should be as specific
as possible by being able to return labels to as many instances as possible. Execution
time of the training is very short (few seconds on standard laptop), due to consideration
of visual exemplars as representants of the class. The implementation can be found on
GitHub?.

Result and Discussion

Figure 9.1 presents precision and recall obtained for our approach in comparison to the
baseline and is accompanied by Table 9.1 which presents the numerical values and their
variance. Individual marks in the plot show precision and recall obtained for a classifier
output containing the nearest, the two nearest,.. exemplars of class labels in case of
EXEM. For my approach, for the case of one label only those instances are considered
for which a mapping on a half-axis was possible, thus those instances which can be
exactly classified. For the case of two labels, all instances are returned containing some
partial information, for which, however, only two labels are possible outcomes. This is
done analogously for the other cases.

For example, the best class label obtained in the baseline approach achieves about 0.71
precision and 0.71 recall, whereas a single class label obtained by our approach achieves
0.895 precision and 0.094 recall. As can be seen, the baseline outperforms our approach
in terms of recall as it can potentially generate any class label, even those not agreeing

1 See https://github.com/pujols/Zero-shot-learning-journal
2 See https://github.com/mleemhuis/AMAI_conelearning
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Table 9.1: Precision and recall with respect to the amount of labels returned for classi-

fication
# returned labels precision recall
our approach \ EXEM our approach \ EXEM
1 0.895£0.059 | 0.710 £ 0.048 | 0.094 + 0.041 | 0.710 4+ 0.048
2 0.465 £ 0.043 | 0.443 £0.014 | 0.549 + 0.092 | 0.885 4+ 0.028
3 0.399 £0.039 | 0.317 £0.005 | 0.816 + 0.112 | 0.950 4+ 0.016
4 0.378 £0.045 | 0.243 £0.003 | 0.926 + 0.064 | 0.973 £ 0.012
5 0.373 £0.047 | 0.20 & 0.001 | 0.955 + 0.031 | 0.987 4+ 0.007
6 0.372 £0.048 | 0.166 + 0 0.959 £+ 0.015 | 0.995 + 0.002
7 0.372 £0.048 | 0.1425 4+ 0 0.960 £ 0.013 | 0.998 + 0
8 0.372 £0.048 | 0.125+ 0 0.960 £ 0.013 | 0.999 + 0
9 0.372£0.048 | 0.111 £ 0 0.960 £ 0.013 | 0.999 + 0
10 0.372 £0.048 | 0.100 + 0 0.960 £0.013 | 1£0
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Figure 9.1: Recall and precision for our approach (black) and the other approach (white),
based on the proposed test set. Numbers represent the number of labels

returned.
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Table 9.2: Uncertainty in classification of maliciously crafted AWA2 variant: percentage
of instances labeled with exactly ¢ labels for our approach

number of returned labels | instances with i labels (in %)
0

o O O
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3.2
23.6
44.1
25.8
3.2
0.01

© 00 O Ul Wi~ O
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with the auxiliary information. In contrast, our approach is restricted to labels agreeable
with auxiliary information given, which in case of sparse and noise training data may
inhibit perfect recall. With respect to precision our approach outperforms the baseline,
both in terms of the maximal precision achievable and in terms of the precision relative
to the number of class labels generated. In other words, the proposed method is well-
suited to reject classifier decisions that are not agreeable with background information.
Such a feature can be important in applications where wrong decisions must be avoided.
This is accomplished by an approach capable of respecting the inherent structure of the
feature space.

The results with respect to the proposed approach can be explained based on the fact
that it splits the feature space into subspaces representing the areas of the geometric
model. The region close to the visual exemplar is represented by a half-axis of the
geometric model, further away from the visual exemplars (near the partial information
visual exemplar), the union of several half-axes can be found. Thus, is is possible
to determine the certainty of a classification result simply by counting the number of
possible labels. Considering the baseline, it is possible to increase the recall rate simply
by not considering the nearest neighbor but returning the labels of the two, three, four,...
nearest exemplars. Such an approach does however provide no information about which
distance is still agreeable with the auxiliary information. In contrast, our approach has
the ability to state which labels are definitely incorrect for a given instance.

To demonstrate the ability of rejecting labels that are not agreeable, I conduct an ad-
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ditional experiment involving incorrect attributes. I negate the attribute representation
of the test set (meaning a/, = —a.). Based on this, INN is executed, resp. the SVMs of
our geometric model are trained. The change has the effect that the stated exemplar
is not associated with the original exemplar. As expected, both approaches show a re-
call and precision near zero. However, with our approach one is able to recognize the
problem as it returns for no element less than four labels, as can be seen in Table 9.2.

As explained above, the amount of class labels is indicative for the uncertainty of our
classifier. Using the capabilities of modeling negation, it can be stated which labels are
definitely not correct for an instance. Therefore, the ability of the geometric model to
model negation and disjunction is used.

This approach on ZSL and the approach for KGE of Example 9.1 show that the
framework of COSs is not only usable in theory but can also be used as a basis for
actual learning approaches.
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10 Logical Commitments of Learning
Approaches

Embedding approaches such as TransE [Bordes et al., 2013] are simple methods to en-
able link prediction with a high accuracy. However, accuracy is not the only attribute
that needs to be considered, other important properties are explainability and trustwor-
thiness. The need for having explainable and trustworthy systems led to the research
area of explainable AI (XAI) [Arrieta et al., 2020]. XAI is a widely researched area
incorporating many different forms of explanations and many ways of increasing the
explainability of systems, e.g., by textual or feature relevance explanations. In the last
chapters, I discussed a framework able to incorporate information in the form of ax-
ioms and rules into the embedding process, thus increasing the interpretability of the
embedding. However, for such an approach, it is also necessary to consider its post-hoc
explainability. In KGE-approaches the incorporation of logical rules increases not only
the interpretability but also the explainability of a system [Bianchi et al., 2020]. How-
ever, the embedding of these rules introduces an aspect into the embedding approach
which needs explanations by itself because rules are expressed in a logic based on some
assumptions. We restate these assumptions under the term “commitments”. And, thus,
the question arises: which logical commitments are actually representable? Here, I focus
on the logical commitments of embedding approaches and apply them to COSs.

The main point is that even simple embedding approaches are able to model (im-
plicitly) some sort of logical information (the term “logical” is seen here in the widest
possible sense as some form of language of structured representation of knowledge). Ex-
amples are properties of roles, e.g., whether a role is transitive or functional, or the
behavior of concepts, e.g., whether they are closed under intersection.

This is particularly useful for determining whether a given approach is applicable to
a given dataset. When, e.g., the dataset contains a lot of tuples having transitive or
symmetric behavior and TransE is used, then even if the result has reasonably good
scores, it will be biased towards representing only the non-transitive, non-symmetric
parts of the data. However, when the dataset has a mostly simple structure, TransE
could be appropriate due to its feasibility and generally good performance. This problem
is not restricted to the properties of roles. It also occurs, e.g., when planning to model
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background knowledge in ALC with an embedding approach only able to model ££7
or when one has a dataset containing a lot of partial information and uses an embedding
approach unable to model this partiality.

The main problem here is not that the embedding should not be used because of its
restricted expressivity — TransE, e.g., leads to a good result quality despite its restric-
tions — but to use the embedding approach only in a context where it is appropriate
based on its expressivity. Although there are empirical proofs that the use of rules for
learning can improve the result [Gutiérrez-Basulto and Schockaert, 2018], it is not nec-
essarily the best option to model the most expressive embedding possible. The reason is
that an embedding technique can be considered as a special type of dimension-reduction
strategy as a smaller dimension enforces stronger regularities and thus enables induction
[Gutiérrez-Basulto and Schockaert, 2018].

Thus, the aim of this chapter is to give a framework to determine the expressivity
of a given embedding approach. Knowledge about the expressivity of an approach can
also help to increase the trust in the system by increasing its explainability. When one
knows that a system can only learn symmetric relations, it would be absurd to deduce
from the embedding that a relation has to be symmetric.

How can this “expressivity in logical terms” be quantified? Kazemi and Poole [2018§]
introduce the notion of full expressivity. They call an approach fully expressive if, for
a pair of disjoint sets of positive triples P and negative triples N, an embedding (with
arbitrary high dimension) can be found such that each triple in P is correctly repre-
sented whereas no triple of N is represented. Although this rule is a good basis for
considering the expressivity, it is not sufficient, in particular as it is based on an ar-
bitrary number of dimensions. Morevover, although it represents expressivity on data
level, it does not do so on ontology level [Gutiérrez-Basulto and Schockaert, 2018].
There are other approaches for defining the expressivity of KGE-approaches such as
the quasi-chainedness-property' or general considerations on the expressivity of learning
approaches by Schockaert [2021] and Kazemi and Poole [2018]. These, however, are ei-
ther not generally applicable or consider only a subset of possible expressivity features.
Therefore, I propose the concept of logical commitments to enable for a thorough de-
termination of the expressivity of embedding approaches. This term is inspired by the
term ontological commitment, used for example by Davis et al. [1993] and T. R. Gruber
[1995]. Davis et al. [1993] argue that a main part of knowledge representation is the
determination of ontological commitments. Although an ontology aims at representing
all facts true in every possible world, this representation is not possible in practice due

1 An existential rule (the datalog rule By A --- A B,, — 3X1,...,X;.H) is quasi-chained if for all
1 <i<n: |(vars(B1)U---Uuvars(B;_1)) Nvars(B;)| < 1 [Gutiérrez-Basulto and Schockaert, 2018].
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to its complexity. Thus, for an ontology engineer, it is important to focus on a specific
subarea, adapted to his problem; thus, he makes commitments to the modeled ontology.
Although an ontological commitment is a restriction of the modeled reality, it gives, as
Davis et al. [1993] state, guidance for both the human user and the reasoning machine
to find the relevant parts of the problem considered which would not be visible in an
overwhelmingly complex ontology. These ontological commitments come into play for
different levels of the ontology design process, starting with the most basic choices of
the representation system of the ontology and continuing with the choice of concepts,
relations and axioms.

Considering a KGE-problem incorporating background knowledge, the ontological
commitments of the background logic ontology play a vital role in the perception of
the problem and its solution. However, when considering the overall approach, not only
the ontology design needs to be considered but also its representation, e.g., the geo-
metric representation of concepts. Additionally, whereas the ontological commitments
are part of the ontology design process, here the focus lies on post-hoc explainability.
Thus, here logical commitments are considered. As we take a concept-centered approach,
these logical commtiments are determined on several levels reflecting relations between
concepts and operators on them: concept representations, representations of operators
on concept level, the properties of roles, role operators and quantifiers and the inference
services.

First, in Section 10.1 the different levels of logical commitments are introduced and
explained in detail. Their usefulness is demonstrated by applying them to several em-
bedding approaches in Section 10.2. Last but not least, in Section 10.3, I come back to
COSs and determine their logical commitments.

10.1 Types of Logical Commitments

There are several different types of logical commitments, discriminable into four levels.
The most basic decision concerns the representation of concepts, e.g., probabilistic or
fuzzy, and their negation, representing a weak or strong negation. A geometric rep-
resentation of concepts is not necessary (in this case, the logical commitment is only
considered based on level three and four), but when a geometric representation is given,
then it is necessary to consider it in detail, as the representation influences the strength
of the background knowledge representable. The second level is highly connected to the
first level and concerns the operators on concept level by considering their expressivity,
e.g., whether they make up a Boolean algebra. The third level depicts the expressivity
of role operators and quantifiers, on the one hand the relations between individuals on
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mfeI:ence deduction link prediction ... 4. level
services

role operators

and quantifiers 3 3RV Rlab) .. 3. level
operators on L @WOAV) (LOAV.) 2. level
concept level ortholattice ~ Boolean alg. '
concept 4. .. Dbinary binary

representation probabilistic partial total 1. level

Figure 10.1: Different levels of logical commitments, implicit or explicit choices in the
design of a knowledge representation. The arrow indicates a possible com-
bination of ingredients.

instance level, e.g., symmetry or reflexivity and, on the other hand, general assumptions
about roles and their axioms, e.g., existentials or modal operators. The fourth level
depicts the calculus used, e.g., (types of) induction or deduction. These levels can be
seen in Figure 10.1 and will be discussed in more detail in the following subsections.

Logical commitments are either explicitly or implicitly given. An explicit commitment
is, e.g., defined by Kulmanov et al. [2019], where concepts are represented as spheres
to allow for the representation of ££7. In the same approach, the relations are repre-
sented as translations. This leads, by design of the embedding approach, to the implicit
commitment that only intransitive relations can be represented.

10.1.1 Level 1: Concepts

The lowest level concentrates on the representation of concepts and their interaction in
geometric space. The first question concerns the attributes of the underlying embedding
space: are there explicit quality dimensions [Gérdenfors, 2000, p. 5], thus do the dimen-
sions have a semantic meaning? An example is the representation of the color domain,
given by Gérdenfors [2000, p. 11]: it defines the colors based on brightness, chromat-
icness and hue as quality dimensions. It is also possible that the embedding approach
results in implicit quality dimensions, and, thus, that it is possible to give dimensions
a semantic meaning after training, as done, e.g., by Jameel and Schockaert [2016]. A
related question is whether domain information is incorporated, e.g., in the form of ex-
plicit subspaces, depicting specific domains. The difference between using dimensions
with and without a semantic meaning is illustrated in the following example.

Example 10.1. Again, the embedding of colors is considered. When interpreting the col-
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Figure 10.2: (a) Example of a color spindle (third axis of brightness is omitted); (b)
Embedding of some well-known color terms with the help of word2vec.

ors as being attributes solely in the color domain and when using quality dimensions, this
results in the color spindle (as can be seen in Figure 10.2(a)) with the two quality dimen-
sions chromaticness and hue (brightness is omitted for simplicity). In Figure 10.2(b), an
embedding of some colors with the help of word2vec [Mikolov et al., 2013] is presented.?
This representation is not solely focused on the color domain (it seems some of the colors
are also interpreted as fruits (e.g., peach, olive) and grouped together) and there is no
quality dimension recognizable. Note that it is not necessarily the case that an embed-
ding like word2vec does not result in quality dimensions with a semantic meaning (they
are only not enforced to have a meaning) and that here the original embedding space is
high-dimensional, such that a reduction to two dimensions is a severe reduction and is
done here only for illustration purposes.

The most important question on the first level is how concepts are modeled. In
approaches modeling some background knowledge, this is done explicitly, e.g., as n-
dimensional balls [Kulmanov et al., 2019] or as convex regions [Gutiérrez-Basulto and
Schockaert, 2018]. In this case, different design decisions for the concept extension
can be made. One basic discrimination is based on whether a concept is embedded as a

2 Word2vec embeds words into a vector space based on a text corpus such that words appearing in sim-
ilar contexts are mapped closer together. Here, I used the pretrained model glove-wiki-gigaword-100
(https://huggingface.co/fse/glove-wiki-gigaword-100, accessed 18.10.2023). For illustration
purposes, I reduced the dimensions with the help of principal component analysis.
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primitive notion, as has been done, e.g., for spheres [Kulmanov et al., 2019] or whether it
is incorporated as a collection of attributes, e.g., representing an instance of the concept
“apple” based on attributes in the color, the shape and the taste domain, as proposed,
e.g., by Gérdenfors [2000]. On the other hand, it is also possible to model concepts
reified in form of points in the space, as, e.g., done in SimplE [Kazemi and Poole, 2018].

Another discrimination is whether negation is represented, and, thus, whether the
concept has not only an extension but also an anti-extension. Not all approaches declare
an anti-extension, as, e.g., by Kulmanov et al. [2019] the DL ££"" is modeled which only
incorporates non-intersection of concepts but no anti-extension. Approaches modeling
an anti-extension are able to model an expressive negation, thus modeling an anti-
extension opens up the possibility for modeling a wide range of ontologies/an expressive
background knowledge.

When including the anti-extension, there are several possibilities, e.g., modeling weak
negation, thus partitioning the space into extension and anti-extension (called binary
total in Figure 10.1), or modeling strong negation where extension and anti-extension
do not cover the whole space (thus resulting in a binary partial definition). Related
to modeling anti-extension — but also applicable when no anti-extension is modeled,
but, e.g., for disjunction overextension occurs — it is necessary to consider the space
“in-between”, namely, whether uncertainty, vagueness or truthlikeness or none of them
are modeled (for details, see Section 3.2). Besides this, there are other possible variants,
e.g., modeling with a three-valued logic.

In addition to having tight borders such as for spheres [Kulmanov et al., 2019], it is
also possible to define fuzzy or probabilistic concept extensions.

Another important point is whether inconsistencies can be modeled. On the one
hand, modeling inconsistencies can be achieved based on the loss function. In KGE,
the embedding is trained by minimizing a loss function. This loss function depends
on the proposed approach, however, in general penalizes embeddings interfering with
the background knowledge. If the training is continued until the loss equals zero, then
a consistent embedding is learned. However, not enforcing the loss to be zero allows
for modeling inconsistencies. This is, however, not comprehensible as the user is not
able to know whether a result is based on an inconsistent input. Thus, it is a logical
commitment to be able to model inconsistencies explicitly, as then it is possible to keep
the inconsistencies and analyze them, e.g., as discussed in Section 5.2.1 with the help
of an element 0 which represents 07. Another commitment is whether inconsistency of
the background knowledge can be tackled. Although this is not discussed further here,
approaches can be found, e.g., in the work of Flouris et al. [2006].

After analyzing the representation of concepts, the next question regards the model-
ing of logical operators geometrically. One needs to consider which operators are rep-
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resentable at all and how they are represented. Whereas, e.g., many approaches model
conjunction as set-intersection, doing so is not a necessary condition. For the cone-based
embedding ConE [Zhang et al., 2021], for example, the conjunction is approximated
based on weight vectors. Additionally, properties like over- and underextension, both
for conjunction and disjunction, need to be considered (for details, see Section 3.4).

10.1.2 Level 2: Operators on Concept Level

Based on the representation of concepts, their operators and their expressivity are con-
sidered. A binary total interpretation, e.g., will lead to a Boolean algebra if conjunction
and disjunction are interpreted as set-intersection and set union [Dunn, 1996, p.8|. This
level is strongly related to the one before, as the geometric representation of concepts
highly influences the logical expressivity.

At this level, in particular, the determination of the logical commitments is difficult.
Although it is relatively easy to determine whether, e.g., the represented lattice is re-
stricted to a Boolean algebra or an ortholattice, it is difficult to determine the exact
strength, thus, e.g., whether actually each Boolean algebra resp. each ortholattice can
be modeled.

Even when allowing for an arbitrary number of dimensions, such a characterization
result is non-trivial. For example, for the case of embedding concepts as linear subspaces
in an n-dimensional space as done in a practical embedding setting by Garg et al. [2019]
and in a theoretical setting in the area of quantum logic, considerations on represen-
tatbility made up a whole research area [Birkhoff and Neumann, 1936]. Even if the
strength has been determined for the general approach, it is additionally necessary to
consider differences in expressivity when a smaller number of dimensions is used. This
can be seen in the case of Example 6.25 in which I showed that some lattice was not
representable based on X = R. However, when increasing the size of the domain to
X = R?, it is possible to construct this lattice (an example relying on cones can be seen
in Figure 5.4(b)). Thus, even when finding an axiomatization, the number of dimensions
used for the actual learning problem has to be considered to determine whether the data
in this dimension is actually representable. In particular, an approach with a high ex-
pressivity in an infinite (or quite big) dimension could be less usable than an approach
having an overall lower expressivity, which is, however, higher in a lower dimension.

Besides the Boolean algebra and the ortholattice, DLs are often used in embedding
approaches to define the strength of the underlying background logic. There, mostly £L£
and its extensions are used (see Section 2.1), which can be equivalently represented in
first order logic. When modeling the expressivity of the concept operators with the help
of DL, this also influences the next level of logical commitments, the role operators and
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quantifiers, as they are incorporated in the definition of the DL.

After determination of the concept operators and the underlying logic, it is possible to
determine whether the given ontology can be modeled faithfully (regarding the concept
level) with the help of the given approach. As argued in Section 3.2, this faithfulness
is not necessarily a desirable property. Faithfulness has the same drawback as full
expressivity in the sense that it does not state anything about the number of dimensions
needed. The general possibility of creating a faithful model thus does not state that it is
actually possible to create one for an actual learning approach. However, in contrast to
fully-expressivity, it incorporates the ontological information and not only the instance
information.

10.1.3 Level 3: Roles, Role Operators and Quantifiers

The third level is relevant for all approaches, even if concepts are not considered, as
roles are of vital importance, in particular for KGE. For approaches not considering
concepts, level one and two are mostly not applicable, thus, for those approaches, the
logical commitments are determined based on levels three and four.

The ability to induce new triples in knowledge graphs is dependent on the ability
to model expressive role operators. This is a widely researched area. One embedding
approach for which its expressivity was widely discussed is TransE, whose relations
are either trivial or restricted to anti-symmetric, irreflexive and intransitive relations
[Kazemi and Poole, 2018]. There are many extensions of TransE able to circumvent at
least some of these restrictions (for more details, see the overview by Q. Wang et al.
[2017] and for their expressivity, see the overview by Y. Wang et al. [2018]).

The most basic properties of roles are (anti-)symmetry, (ir-)reflevity, (in-)transitivity
and (non-)functionality. These can be stated explicitly in a learning approach, e.g., when
modeling the embedding of a specific description logic, or can be enforced implicitly by
construction of the embedding of the relation, e.g., by using translation in TransE.
Additionally, there are other properties that can be considered, e.g., quasi-chainedness,
as introduced by Gutiérrez-Basulto and Schockaert [2018].

When considering not only instances but also concepts, it is possible to determine the
expressivity of quantifiers, e.g., whether exists- and forall-quantifier are representable
at all, whether they are dependent on each other or whether they are distributive (in
the sense that dR.(A U B) = JR.AUJR.B or VR.(AT B) = VR.ATIVR.B, resp.).
Whereas the propositional expressivity was considered in the last levels, in this level the
expressivity of the roles is considered, thus, e.g., whether only ££77 is representable
(where V-constraints are not representable), or whether only DL, is representable
which does not allow for qualified existentials on the left-hand side [Artale et al., 2009].
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This is again dependent on the first and second level, as, e.g., the definition of a full
negation leads to the fact that the all-quantor can be defined as a negated exist-quantor.
Strongly related to the considerations on properties of roles and tbox-axioms contain-
ing roles are considerations on the quantifier rank of concepts and the chain length of
abox-assertions that can be modeled. Transitivity, e.g., can not be modeled if it is not
possible to model the assertions R(a,b), R(b, c) at all, thus no chains of length 2.

Example 10.2. Consider a vocabulary containing arbitrary many constants x;,0 < i < n
for n € N and let the abox contain R(x;,x;41) for all i with 0 < i < n. Then, the abox
contains a chain of length n — 1. If R(x,,x1) is contained, then it contains a cycle.
TransE, for example, is not able to model cycles.

Thus, it is necessary to determine whether an embedding approach is able to model
such arbitrary long chains or even cycles. This commitment is not only needed on abox-
level but also on tbox-level. On the one hand, tbox-axioms could have an arbitrary
quantifier rank or could contain cycles. On the other hand, it should be possible to
model arbitrary quantifier ranks to construct a strongly concept-faithful model (see
Definition 8.11). The problem of arbitrary quantifier rank was considered in detail in
Section 8.2, where a solution strategy for the case of an embedding based on convex
axis-aligned cones was presented.

Next to roles, on this level, it is also possible to consider (other) modal operators and
their expressivity (note that DLs are closely related to modal logic when interpreting
roles as accesibility relations [Baader, Calvanese, et al., 2007, p.41-42]).

10.1.4 Level 4: Inference Services

The fourth level, the inference service, is the only one that is mainly based on an explicit
design decision. Here, the inference service is chosen based on the goal of the approach
considered. The goal can be, e.g., link prediction as in TransE and other classical KGE-
approaches or query answering, thus embedding FOL queries and answering a query
by following the corresponding computation graph and returning matching instances,
as done, e.g. by Zhang et al. [2021]. Other options are to do property testing, thus
examining whether an entity belongs to a concept, and the identification of the most
specific concept of an instance. It is also possible, as done, e.g., by Xiong et al. [2022] to
do non-classical plausible reasoning in form of predicting, e.g., C' C D with a probability
of 0.9, thus, inferring a new subsumption relation which is not entailed by the input
knowledge base. This can, on the one hand, be interpreted as the advantage of doing
non-classical plausible reasoning, on the other hand, it can be interpreted as problem of
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missing expressivity, thus, e.g., the choice of a dimension size which is too small for the
faithful representation of the knowledge base.

10.2 Determination of Logical Commitments Based on
KGE-approaches

After introducing the logical commitments and categorizing them into different levels, in
the following two sections, the level-based classification is applied to a variety of different
embedding approaches. To illustrate the applicability of logical commitments, three dif-
ferent approaches, resp. groups of approaches are considered. First, the logical commit-
ments of approaches not incorporating background knowledge are considered. For this,
I concentrate on TransE, a well-known member of this group. Next, SimplE [Kazemi
and Poole, 2018] is considered as an approach not able to model concepts explicitly,
however, can model them implicitly. After that, the logical commitments of approaches
incorporating information on concepts (thus, either explicit background information or
implicit information about concept relations incorporated into the training data) are
considered. Therefore, first, some logical commitments of such embedding approaches
are exemplarily examined and then, in Section 10.3, the procedure of determining the
logical commitments is exemplified using COSs.

TransE

Although TransE [Bordes et al., 2013] is a simple method, its application leads to sur-
prisingly good results. TransE embeds (subject, predicate, object)-triples into a low-
dimensional vector space. The subject and object are embedded as points in the space,
whereas the predicate is embedded as a translation. If ||s + p — o|| < § for some fixed
treshold 6 > 0 (where || - || is the standard Euclidean metric), then (s,p,0) is assumed
to be valid. With the help of negative sampling, corrupted triples are defined and both
correct and corrupted triples are used as input for a loss function. TranskE is solely based
on abox-information and thus does not incorporate any background information.

Now, the logical commitments are considered per level: Starting with the first level, no
quality dimensions or domains are modeled, neither explicitly nor implicitly. Concepts
are not modeled explicitly. Concepts could be modeled implicitly, as the abox-statement
C'(a) can be represented as triple (a, instance-of, C'), thus interpreting C' as reified in-
stance. However, as only functional relations can be modeled — in fact, relations (s, p, 0;)
where all o; are inside an n-ball of radius § — this leads to a scenario in which concept
C' is only allowed to incorporate instances that are inside a small margin ¢ around a.
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10.2 Determination of Logical Commitments Based on KGE-approaches

It is possible to model IR.1 as a concept, however, due to missing partiality, it leads
to 3R.1 =1 for all R € Ngi. Due to the missing representability of concepts in level 1,
commitments of level 2 are not applicable.

Level 3 and 4 stand in contrast to the first two levels and are also well applicable
for approaches not incorporating background information. Relations in TransE are,
e.g., functional (or at least nearly functional in the sense that two triples (s, p,0;) and
(s,p,09) are only possible if 0; and oy are close together (having a distance of at least
d)). It is not possible either to model partial information explicitly with TransE. A
subject-vector translated with a predicate vector needs to end up at some point in the
space. The only possibility to model partiality is if this point is not populated by any
known instance. This, however, can not be guaranteed. Other restrictions of TransE are
shown by Kazemi and Poole [2018].

An advantage of TransE is that it is possible to model an arbitrarily long chain in the
abox, as relations are modeled as translation in a vector space. However, the chains are
quite restricted: particularly, when more than one chain is modeled. Consider, e.g., the
two chains R(a,b), R(b,c), R(c,d) and S(d,b), S(b,c), S(c,a). It is not possible to model
both based on relations represented as translations, except a = b = ¢ = d. The logical
commitment of the fourth level is link prediction.

SimplE

I consider SimplE [Kazemi and Poole, 2018] as a second example of an embedding ap-
proach not relying (explicitly) on the embedding of concepts based on some geometric
structure. It is a widely known bilinear method, in which two vectors h,,t. € R? repre-
sent each instance and two vectors v,, v,-1 € R? represent each role. The loss function is
then defined as 0.5- ((he,, vy, te,) + (he,, v,-1, te,)), where (v, w,z) = 3" | v;-w;-x;. This
can also be written as (he, te,)” My (he, t.,)" with M, € R™>? (for details on the structure
of M, see [Kazemi and Poole, 2018]), thus SimplE is a bilinear model. Learning is done
based on stochastic gradient descent.

In the same manner as for TransE, concepts are not explicitly incorporated. However,
in contrast to TransE, concepts can be implicitly defined as convex regions. For example,
consider the two triples (a;, instance-of, C') and (as, instance-of, C') and assume they
are both correctly modeled. This is possible, as SimplE is not functional (as it is, in
fact, fully expressive (see the introduction of this chapter or the work of Kazemi and
Poole [2018] for details)). Thus, it needs to be the case that 0.5 - ({hg,, Vinstance-of, tc') +
(he, Vipstanco-of-15 ta;)) < 7 for i € {1,2}. Now, assume an instance ag is given with a3 =
a1+ (1—=N)ag, where a; = (hg, t,,)T fori € {1,2}. This leads to 0.5 ((Ras, Vinstance-ofs tc) +
(he, Vipstanceof-1, tas)) < 7 and thus leads to the fact that, although C' is represented as
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10 Logical Commitments of Learning Approaches

a vector (hoto)?, the set of instances in the extension of C' is convex.

Although it is possible to define conjunction and subset-relations straightforwardly,
SimplE does not model negation. Though, negative sampling is used for learning, neg-
ative information is not modeled in the system. Therefore, it is possible to embed
knowledge expressed in E£1T or a subset of it. Even for such a case, one needs to
examine whether the representation of the “instance-of”-relation is strong enough to
enable modeling arbitrary forms of conjunction and subset relations. This is, at least
based on my interpretation mentioned above, not possible. This is reflected in the work
of Gutiérrez-Basulto and Schockaert [2018], who argue that it is not possible to model
relations of the type “(a, instance-of, C') and (C, is-a, D) entails (a, instance-of, D)” by
bilinear methods without enforcing triviality [Gutiérrez-Basulto and Schockaert, 2018,
Proposition 2].

The Logical Commitments of Approaches with Explicit Representation of
Concepts

Of the last two approaches, TransE did not contain conceptual information at all,
whereas for SimplE, it was at least implicitly contained. Now, the approaches incor-
porating explicit geometric concept representations are considered. On the one hand,
there are query embedding approaches [H. Ren et al., 2020; Zhang et al., 2021]. On the
other hand, there are approaches allowing for KGE with the incorporation of background
knowledge information and, regarding a slightly different topic, approaches which handle
the embedding in general without being explicitly categorizable [Jameel and Schockaert,
2016; Gutiérrez-Basulto and Schockaert, 2018]. These approaches rely on the represen-
tation of concepts as boxes, spheres, several types of cones (including linear subspaces)
or general convex sets. These approaches have much in common, in particular when
based on the same concept representation. The approaches considered are: represent-
ing concepts as boxes by Query2Box [H. Ren et al., 2020], Box?EL [Jackermeier et al.,
2023], Faithful®> Embeddings in E£7 [Xiong et al., 2022] and ELBE [Peng et al., 2022,
as cones by ConE [Zhang et al., 2021|, Embed2Reason [Garg et al., 2019], conceptual
subspaces [Jameel and Schockaert, 2016], al-cones [Ozgep et al., 2020; Ozgep et al., 2023]
and cones with roles [Leemhuis, Ozcep, and Wolter, 2022a], as spheres by ELEm [Kul-
manov et al., 2019] and EmEL™* [Mondal et al., 2021] and as general convex regions
by geometric models [Gutiérrez-Basulto and Schockaert, 2018]. As al-cones and cones
with roles can be considered as COS, these are not incorporated in the discussion here
but considered in the next section when determining the logical commitments of COSs.

3 The term faithful refers here to the possibility of representing conjunction faithfully as set-intersection
and not to the faithfulness mentioned in Definition 3.4.
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As the identification of the logical commitments of all these approaches is beyond the
scope of this section, here, for each of the four levels, the logical commitments of these
approaches are sketched with a special focus on outstanding properties.

This collection is by no means complete. In particular, logical commitments can also
be determined for embeddings not based on explicit geometric structures but nonetheless
incorporating background knowledge, e.g., a cluster-based architecture by Aspis et al.
[2022] or Logic Tensor Networks [Badreddine et al., 2022], which incorporate a logic
layer as the last layer of a neural network.

Level 1: Concepts All of the above-mentioned approaches represent concepts as geo-
metric objects. In contrast to the other approaches, only Jameel and Schockaert [2016]
consider an embedding approach in which quality dimensions and domain information
are learned.

Most of the approaches are restricted to ££7F, and, thus do not incorporate any
information on negation. Garg et al. [2019] define concepts as axis-parallel linear sub-
spaces and their negation based on polarity. Therefore the concept representation is
binary partial. Zhang et al. [2021] consider cones and their negation as set-complement,
thus, a binary total representation. All other approaches mentioned above do not con-
sider negative information at all — except for training based on negative sampling (see
Section 3.3 for details).

All the approaches allow for some form of conjunction, but only a few allow for dis-
junction. Conjunction is mostly modeled as set-intersection, with four exceptions: H.
Ren et al. [2020] and Zhang et al. [2021] represent conjunction as multi-layer perceptron
to approximate set-intersection, Kulmanov et al. [2019] and Mondal et al. [2021] con-
sider spheres which are not closed under intersection and thus are only able to model
axioms of the foorm A B T C by approximating it by enforcing C% to be strictly
greater than (A1 B)%. Thus, this approach leads to overextension of the conjunction
(for details on overextension, see Section 3.4), whereas the multi-layer perceptron leads
to a non-determinable different interpretation of conjunction — and thus decreases the
explainability. Disjunction is only modeled for three approaches and of them only by one
approach geometrically: H. Ren et al. [2020] and Zhang et al. [2021] focus on query em-
bedding and propose rewriting the query into disjunctive normal form, then determining
the results for each part, doing a disjunction on symbolic level afterwards. Therefore,
the representation of disjunction misses the geometric information incorporated, e.g.,
in the representation of conjunction as set-intersection. The only approach modeling
disjunction geometrically is by Garg et al. [2019], where it is modeled as convex closure
of axis-parallel linear subspaces. Thus, there the disjunction leads to an overextension.
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Level 2: Operators on concept level Most of the approaches model the DL ££77,
as EL1T is a DL that is widely usable in many domains due to its simplicity [Baader,
Brandt, et al., 2005]. Exceptions are the work of Garg et al. [2019] considering ALC (in
fact, the construction would be able to also model orthomodular lattices) and, situated
in the area of query embedding, ConE by Zhang et al. [2021] who propose to be able to
model FOL-queries. However, they all need to be examined for their ability to model
each £EL71- resp. ALC-ontology. This is definitely not possible for a fixed dimension, as
shown by Gutiérrez-Basulto and Schockaert [2018] based on Helly’s theorem. However,
even for an infinite dimension, it is not necessary the case that all E£7"- resp. ALC-
ontologies can be modeled. As discussed in Section 10.1.2 for quantum logic, the exact
determination of the expressivity, e.g., in the form of a representation theorem, is com-
plicated and is therefore not discussed in detail here. However, it is possible to at least
find a lower bound on the expressivity by examining counterexamples for well-known
rules. This is done exemplarily for a COS based on closed convex cones in Section 10.3.
As DLs consider not only concepts but also roles, there is a tight connection to the
considerations on role operators of the next paragraph.

Level 3: Roles, role operators and quantifiers The expressivity of embedding ap-
proaches regarding properties such as reflexivity or functionality is frequently discussed
for many of the approaches considered. This can be seen, e.g., in the considerations of
Kazemi and Poole [2018]. As many KGE-approaches are mainly focused on link pre-
diction (see next paragraph on inference services), the representation of roles is that
part of the embedding approaches in which they deviate the most from each other to
overcome the restrictions in expressivity in terms of the logical commitments. In cases
in which the representation of roles is based on an established representation and only
extended to concepts, it is possible to infer the properties based on the properties of the
underlying approach. H. Ren et al. [2020], Kulmanov et al. [2019], Peng et al. [2022]
and Mondal et al. [2021], e.g., rely on the representation of relations as translation and
thus have to cope with most of the restrictions of TransE. As these properties have been
widely discussed for many of these approaches in the literature (see, e.g., the discussions
by Kazemi and Poole [2018]), they are not discussed in detail here.

One commitment particularly important for approaches incorporating conceptual in-
formation is the expressivity of roles on concept level, thus, whether, e.g., IR.C' C B is
representable. This has been discussed in the last paragraph in the context of the DL
represented.

Based on these considerations, one main point is to determine whether it is possible
to represent concepts with an arbitrary quantifier rank and relations with an arbitrary
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chain length. The relation-based approaches by H. Ren et al. [2020], Kulmanov et al.
[2019], Peng et al. [2022] and Mondal et al. [2021] are able to model arbitrary long chains
of instances (thus R(z;, x;41) for 0 < i < n for some fixed but arbitrary n € N) and
also assertions of the form IR.3R....1. However, they cope with the same restrictions as
TransE and are, thus, only able to model restricted chains (for details, see the considera-
tions on TransE earlier on in this section). Xiong et al. [2022] use affine transformations
and thus circumvent partly the problems of TransE. In their approach, it is, however,
still problematic, e.g., to model cycles. Garg et al. [2019] rely on representing the rela-
tions as 2d-dimensional axis-parallel linear subspaces for d-dimensional representations
of instances. The dimension is, thus, doubled to represent R(a, b) as vector (aZ b*)T lying
in axis-parallel linear subspaces R. Although an arbitrary chain length is possible, the
quantifier depth is restricted, as the number of axis-parallel linear subspaces is restricted
for a given dimension.

Level 4: Inference services Most approaches do link prediction and subsumption
reasoning. As described in Section 10.1.4, it is also possible to do non-classical plausible
reasoning as done, e.g., by Xiong et al. [2022]. As stated above, the aim of H. Ren et al.
[2020] and Zhang et al. [2021] is query embedding and thus query answering.

10.3 The Logical Commitments of Conceptual
Orthospaces

COSs enable incorporating an expressive background logic into an embedding approach,
in particular by allowing to model negation. However, what are the exact logical com-
mitments of such approaches, and, thus, what can actually be modeled? Parts of this
question have already been answered in the last chapters and are now combined in this
section to explore the overall logical commitment of COSs. In this chapter, I partly
determine the logical commitments of COS and, whenever an exact determination of
the commitments is not possible, discuss the problems in detail. For details on the
commitments mentioned, the respective chapters are referenced.

Level 1: Concepts

As one of the main motivations for defining a COS was to allow for the representation
of negation, the concept extension is binary. As discussed in Section 3.2, partiality
can be modeled, thus, it can even be considered as binary partial, where the exact
interpretation of the partiality is dependent on the specific COS and the use case. The
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concepts have a sharp boundary, and are thus neither probabilistic nor fuzzy. However,
it would be worth considering extensions of COSs allowing for it. Quality dimensions
and explicit domains are not considered. Whether they are implicitly contained needs
to be determined based on the actual embedding approach. Conjunction is interpreted
as set-intersection, disjunction as |-closure. Therefore, overextension of the disjunction
could occur (this is again dependent on the specific COS, as it could be the case that the
L -closure is equivalent to the set-union; for details, see Section 3.4). A nice property of
COSs is that, with the help of an element 0 € X which represents 0%, it is possible to
model inconsistent instances explicitly (for details, see Section 5.2.1).

Level 2: Operators on Concept Level

Lattice Ly of a COS is an ortholattice (as shown in Theorem 5.10). However, as can be
seen, e.g., in Example 6.25, the actually representable lattice is highly dependent on the
specific COS considered.

Therefore, in the following, the determination of the second level logical commitments
is illustrated with a COS based on closed convex cones, where the domain X is R™, Y is
a subset of the set of closed convex in R”, standard Euclidean betweenness By is used
and the orthogonality relation is defined based on the polarity (in the following, termed
“cone-COS”; for details, see Example 5.6).

As a COS is considered, the rules of orthologic are the lower bound of expressivity of
the cone-COS. The remaining question is whether each ortholattice can be represented as
induced lattice Ly of a cone-COS. As far as I know, the answer to this question is open.
It is at least possible to construct a number of counterexamples for many commonly
used rules, e.g., distributivity and orthomodularity, thus showing that cone-COSs are
able to model a wide variety of lattices. These rules are considered in detail below, to
give an impression of the expressivity of cone-COSs.

Table 10.1 summarizes some prominent rules for which counterexamples in a cone-COS
exists. The rules above the double line are rules in a propositional calculus that are either
discussed directly in the logic literature or that are obvious translations of rules discussed
in the context of lattice theory. The rules below the double line are defined without a
reference to a calculus but directly with lattice-theoretic notions because these are not
expressible in a propositional calculus without propositional quantifiers. The calculus of
Goldblatt [1974] considered in Section 3.1 does not need quantifiers. Counterexamples
for (D), (MSD), (wLLJ), (LLJ), (JSD) and (W) are shown in Figure 10.3. The instance
on the top right of Figure 10.3 is a counterexample to orthomodularity. Thus, it is also a

counterexample for (M) and (D). Moreover, the same instance serves as a counterexample
for the condition of Birkhoff (Bi) and hence also of (MS), (Macl), (SM):
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Table 10.1: Well-known rules excluded from a logic of cones.

Name Propositional Calculus Rule Comment
Adding (D)
Distributivity (D) ?A&&(g)\/\/((;zlzlz_ %) to ortholattices

gives Boolean logic

Meet-Semi-
Distributivity (MSD)

A& CH+ B&C
A& CH (AVB) & C

Weakening of (D)

Join-Semi- A\JCH B\ C )
Distributivity (JSD) AV C I (A& B)VC Weakening of (D)
CFA

Modularity (M)

A& (BVOFALB VO

Weakening of (D)

Orthomodularity
(OMR)

AFB, -—AFC

AV(BE&CO) T+ (AVB) & (AVC)

Weakening of (M)

Johansson’s minimal
negation (LLJ)

A& BFC
A& -CF —B

Only rule in Dunn’s kite
falsified by cones.*

Weak J’s negation

A&B+FD& —D

Weakening of (LLJ)

(wLLJ) A+ — B
Name Lattice rule Comment
M-symmetry

[Gratzer, 2011, p. 336]

If M(a,b) then M (b,a)

Weakening of (M)

Mac Lane’s Cond. (Macy)
[Stern, 1991, p. 111]

IfbAhc<a<ce<bVa
then thereisa d withbAc<d <b
and a = (aVd)Ac

Weakening of (M)

Semimodularity (SM)
[Stern, 1991, p. 2]

Ifanb<:athenb<:aVd
( <: denotes the covering relation)

Weakening of (MS)
and (Macy)
equivalent in the finite

Birkhoffs’s Covering (Bi)
[Stern, 1991, p. 3]

Ifand<:a,bthen a,b<:aVb

Weakening of (SM)
and (Mac;)

Whitman Cond. (W)
[Grétzer, 2011, p.479]

Ifanb<cvd
thena<cvdorb<evVvd
oraANb<coraANb<d

Used in discussion
of free lattices

Let a and b of the rule (Bi) be instantiated by b and @’ of the instance on the top right
of Figure 10.3. Then the precondition is fulfilled as 0 =bAa <:band 0=bAd <:da.
On the other hand we do not have b <:bVa =1lnora <:bVa =1.

As we can find cone-COSs not fulfilling the distributivity law (D) of A over V, the
logic generating cones is indeed a non-classical propositional logic. Moreover, some in-
tuitive rewritings known from classical logics are not possible. For example, Johansson’s
constructive contraposition (LLJ) and its weakening (wLLJ) do not hold. Closed convex

4 Based on the version of Dunn’s kite introduced, e.g., by Hartonas [2016], not mentioned in the
version discussed in Chapter 3
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Figure 10.3: Counterexamples for rulesfalsified by icones. Top left: excluded middle.
Top middle: distributivity. Top rlght orthomodularity. Bottom left: Join-
Semi-Distributivity. Bottom right: Whitman Condition

cones falsifying (wLLJ) show that there are two different notions of complement. The
first says that b is a complement of a iff a A b < 0, the second iff « < b'. In fact, it
is known that any ortholattice which has a unique complement must in fact have the
distributivity property and hence must be a Boolean algebra (though this is not the case
for arbitrary lattices [Dilworth, 1945]).

As orthomodularity is not fulfilled, the kind of logic induced by cone-COSs cannot
be that of quantum logics [Chiara and Giuntini, 2002] (in fact, the main underlying
geometric structure for quantum logics is not that of a cone, at least in the pioneering
work of Birkhoff and Von Neumann [1975], but that of a closed subspace of a Hilbert
space).

The Whitman condition is discussed in the context of free product lattices. A coun-
terexample in R? is portrayed in the bottom right of Figure 10.3.

Though the considerations above give a reasonable lower bound for the representability
of cone-COSs, they are not sufficient for a representation of the exact logic representable.
To give such a representation theorem, it would be necessary to state, on the one hand,
the general case for infinite dimensions and, on the other hand, the (more realistic) case
of the representability when the dimension is restricted. However, such representation
theorems are hard to establish and out of scope of this dissertation. Finding such
a representation theorem is in fact possible for a further restriction of the COS by
considering only axis-aligned cones. As discussed in Theorem 5.18, this leads to the fact
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that each and only Boolean algebras can be represented.

An advantage of cone-COSs (and COSs in general) is their binary partial inter-
pretation. Therefore, representing different levels of faithfulness is possible, e.g., for
COSs based on axis-aligned cones, I showed that for classically satisfiable Boolean ALC-
ontologies there is a strongly concept-faithful and tbox-faithful al-cone-COS (see Propo-
sition 5.19).

Level 3: Roles, Role Operators and Quantifiers

So far, I have considered COSs only in the propositional case, thus without incorporation
of any relations. COSs with roles were tackled in Chapter 8. These are again highly de-
pendent on the specific COS considered and therefore are discussed in Chapter 8 mainly
based on cone-COSs. One possibility is using reification (for details, see Chapter 8)
which lead to an embedding approach able to model expressive relations, fulfilling, e.g.,
partiality. This approach does not only allow for incorporation of relations in the abox
but also in the tbox by allowing for statements of the form dR.A C B, in fact, is able to
model all ALC knowledge bases (see Proposition 8.9). When considering the cone-COS
based on al-cones and a different technique of modeling relations, it is possible to model
(theoretically) an arbitrary quantifier rank and even cycles. This was discussed in detail
in Section 8.2. On the other hand, it is also possible to model non-distributive behavior,

thus, e.g., (AR.(C U D))t # (3R.C U3IR.D)~.

Level 4: Inference Services

The calculus is not only dependent on a specific COS but also on a specific embedding
approach which is based on this COS. Therefore, here no statement is possible. However,
as discussed in the last section, induction and deduction are conceivable.
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11 Conclusion and QOutlook

In the course of this dissertation, I showed that COSs are an option to answer the ques-
tions of the introduction positively. Or, to restate the working hypothesis: It is in fact
possible to define a framework based on information about similarity and betweenness
able to be the basis of an embedding approach modeling logical operators, especially
negation, geometrically, namely the Conceptual Orthospaces.

11.1 Summary of Contributions

The contributions of this dissertation are summarized as follows:

The Conceptual Orthospace as foundational framework COSs open up an expres-
sive opportunity for embeddings incorporating negation. They are able to rep-
resent the DL ALC and also non-distributive lattices. They are both usable for
propositional embeddings and for embedding of roles and thus full ALC can be
modeled. As COSs are based on a simple structure, they allow for general ex-
aminations on the expressivity of embedding approaches, e.g., I showed that an
ortholattice is representable based on a non-trivial betweenness relation.

The importance of cones for embeddings in the Euclidean space Cone-based COSs
occurred throughout the dissertation. In Chapter 7, I showed that this is not by
chance but based on the result that cones are vital for embedding approaches that
rely on the Euclidean space, are convex based on Euclidean betweenness and in-
terpret negation based on the orthogonality relation. In fact, they are not only
vital, but the only option.

Applications of Conceptual Orthospaces Though, COSs are a theoretical framework,
it is possible to bring them into practice, as demonstrated for Zero-Shot Learning.
Along this dissertation, many different COSs of different strength were proposed,
not limited to cones. Thus, though many embedding approaches are based on
Euclidean spaces and Euclidean convexity, this shows that there are more options
to create an embedding approach.
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Modeling relations with arbitrary quantifier depth I constructed an embedding ap-
proach able to model arbitrary quantifier depths faithfully. Though this needs an
infinite dimensions, it enables to increase the size of the geometric model itera-
tively when needed and thus does not enforce retraining of the whole model when
new data is given.

11.2 Future Work

Using the framework of COSs as basis, there are many possibilities, both theoretically
and practically oriented, to advance further. Some of them are presented in the following.

Extending research in actual learning approaches  Although this dissertation focused
on the foundational and theoretical aspects of COSs, the short consideration on learning
approaches based on COSs in Chapter 9 showed promising results and thus it seems to
be worth to be investigated further, both based on different datasets but also based on
other COSs or other/adapted learning approaches based on the COSs already defined.

Determining the logical commitments of learning approaches In this dissertation,
logical commitments are defined and applied to some existing learning approaches. This
can be extended to other approaches and extended further on the ones examined. One
open question is for example the exact expressivity of the lattice based on closed convex
cones. It is also possible to dive into more detail on the logical commitment of COSs as
such.

The interpretation of the partial interpretation  Another interesting topic is the
exact identification of the partiality. In Section 3.2 some possible interpretations have
been pointed out but a thorough discussion — in particular with discussion of approaches
in (analytical) philosophy — of these and possibly adaptations of the COS to fit to the
different interpretations is a topic of future work.

Identifying instances of COSs Perhaps the most important future work is to identify
possible other instances of COSs. Though, several different COSs have been showcased,
there is still a lot of potential, especially for not-distance based similarity relations or in
general COSs not based on Euclidean spaces.
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11.2 Future Work

Changing the preconditions At last, it would be also interesting to extend the ap-
proach to other variants of negations, such as those making up Dunn’s Kite of negation,
e.g., dismissing double negation elimination (such as in intuitionistic negation).
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A Lattices

Lattices enable representing logical structures in an algebraic way. They can be used,
e.g., to increase the understanding of logic, set theory, and projective geometry [Birkhoff,
1938]. Lattices represent an order structure based on joins and meets of objects. The
interpretation of join and meet is context dependent and can be defined, e.g., as the
least common multiple and the greatest common divisor for real numbers or based on
set operations [Birkhoff, 1938].

Lattices are defined as follows: A poset (L, <) is a pair of a domain L and a (partial)
order relation <. A poset is a lattice, if every two elements have a supremum (a smallest
upper bound, written sup(a,b) = a V b), called join, and an infimum (a greatest lower
bound, written inf(a,b) = a A b), called meet [Gratzer, 2011, p. 9].

A lattice is bounded iff it contains a smallest and a largest element (denoted by 0 and
1 respectively) [Gratzer, 2011, p. 10].

An element a is covered by b (written a <: b), if a < b, but there is no ¢ with ¢ # a,
c#band a < ¢ <b [Gritzer, 2011, p. 6]. a=0biff a <band b < a.

An algebraic atom® b in such a lattice is an element that covers 0, i.e., 0 < b holds
and for all ¢ with 0 < a < b either ¢ = 0 or ¢ = b. If the lattice is a Lindenbaum-Tarski
algebra, we call “algebraic atom” also a representative of the equivalence class that is a
algebraic atom in the lattice. The context makes clear whether we mean the equivalence
class or a representative. A lattice is called algebraically atomic iff each element has
an algebraic atom below it. Intuitively, in algebraic atomic lattices one excludes the
possibility of having an infinitely descending chain whose infimum is 0 [Gratzer, 2011,
p. 101].

Two elements a,b € L are perspective to an element ¢ € L iff a V¢ = bV ¢ and
a/Nc=>bAc=0 [Gritzer, 2011, p. 239].

Beside this general form of lattices, there are some special lattices, defined by the
rules they fulfill:

The most common rule is distributivity. A lattice is called distributive iff for all
a,b,c € L:aN(bVc)=(aAb)V (aAc)[Padmanabhan and Rudeanu, 2008, p. 53].

! Note that in contrast to the usual wording, we add the specification “algebraic” in order to prevent
clashes with the atomic concepts in DL.
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A Lattices

An element o’ is called the complement of a iff o’ Aa = 0 and @’ Va = 1 [Grétzer, 2011,
p. 97]. Let a € [b,c|. x is a relative complement of a in [b,c]if aVe =candaAz=0b
[Grétzer, 2011, p. 97]. A bounded lattice L is called complemented if each element a € L
has a complement and a bounded lattice L is called relatively complemented if each
element a € L has a relative complement for each interval containing it [Grétzer, 2011,
p. 98]. Each relatively complemented lattice is also complemented [Faure and Frolicher,
2000, p. 17]. The (relative) complement is not necessarily unique. A distributive,
complemented lattice makes up a Boolean algebra [Padmanabhan and Rudeanu, 2008,
p. 71].

A weaker notion is modularity. There are several ways of determining modularity.
One is the following: A pair od elements (a, ¢) of a lattice L is called modular (written
M(a,c)) iff ¢ < a implies that for all b € L, a A (bV ¢) = (a Ab) V ¢ [Gritzer, 2011, p.
335]. A lattice is called M-symmetric if M (a,c) implies that M (c, a) for every a,c € L.
A lattice is modular iff M (a,c) for all a,c € L [Gratzer, 2011, p. 336].

An orthomodular lattice is defined as follows [Rédei, 1998, pp. 35-36]: If a < b and
a <cthenaV(bAc) = (aVb)A(aVec) Here and in the following, - denotes the
orthocomplement. The above rules were presented in decreasing strength, meaning for
example that every distributive lattice is also modular and orthomodular.

A rule weaker than the ones introduced above is the ortholattice rule. An ortholattice
is the lattice-equivalent to orthologic which is introduced in Chapter 3. A lattice is called
an ortholattice iff an orthocomplement exists for which the following three conditions
hold for all a,b € L [Chiara and Giuntini, 2002, pp. 11-12]:

e a<bentails b <a (antitonicity)
e d =a (double negation elimination)
e 0=and (intuitionistic absurdity)

Due to these rules, an ortholattice satisfies De Morgan’s laws, i.e., for any a,b € L it
holds that (a A b)/ =a Vb (and dually: (aV b)/ = a Ab). An orthomodular lattice is an
ortholattice with some additional conditions. An ortholattice is distributive iff it fulfills
the following rule (wLLJ): a Ab < 0, then a < b [Padmanabhan and Rudeanu, 2008,
axiom system B67, p. 114]. The rule is called (wLLJ) as it is a weakening of Johansson’s
constructive contraposition rule [Hartonas, 2016]. Next to this lattice rules, there are
several others, they are introduced when needed, especially in Table 10.1.

Next to the order-based notion of an ortholattice there is an algebraic notion of an
ortholattice. These notions are equivalent in the sense that each ortholattice induces
an algebraic ortholattice and vice versa. A main difference comes with w.r.t. building
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substructures. As we need the notion of a subortholattice in the algebraic sense we give
here the algebraic notions of ortholattice and subortholattice. An (algebraic) ortholattice
is a set L with functions defined on it, namely a structure (L, A,V, -, 0,1) fulfilling the
following properties:

e aVa=a,aNa=a. (idempotence)
e aVb=bVa,aNb=bAa. (commutativity)
e (avVb)Ve=aV (bVe), (aANb)ANc=aN(bAc) (associativity)
e aV(aAb)=a,aN(aVb)=a (absorption)

e aN0=0,avV0=a,avV1i=1aNl=a

e d =a (double negation elimination)
e 0=aNd (intuitionistic absurdity)
e (aV b)/ —a AV, (aN b)/ =a Vb (De Morgan)

Given an ortholattice, its algebraic variant is defined as usual, e.g., defining a A b as the
largest lower bound of a, b. And vice versa, given an algebraic ortholattice, the order of an
ortholattice can be defined by setting a < b iff a Ab = a. An ortholattice in an algebraic
sense (K, A% VE, ~’K, 0% 1K) is a subortholattice of the lattice (L, ANE, VT, ~/L, 0F, 1%)
iff K C L and 0 = 0%, 1¥ = 1% and for all a,b € K: a A%b = a A*b € K and
aVEh=avibe Kanda" =a" € K.

A lattice can be converted into a logic an back by relying on the Lindenbaum-Tarski-
Algebra. The elements of the lattice are interpreted as equivalence classes of formula
and the ordering is based on derivability. Each letter representing a symbol of the logic
is denoted with the respective lower case letter in the lattice.

Definition A.1. [Restall, 2002, p. 183] The Lindenbaum-Tarski Algebra of a system is
defined as follows:

o The elements are the sets [A] = {B : A 4+ B} of equivalence classes of provably
equivalent formulae.

o The ordering < is defined by setting [A] < [B] iff A+ B.

« [A]V[B]=[AV B, [A]A[B] = [A & B] and [A] =[— A].
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