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Abstract

In this thesis we consider a family of second-order divergence-curl (DC) regularizers in
the context of image registration. Image registration describes the process of finding ge-
ometrical correspondences between two images and can be formulated as a variational
problem. Due to the ill-posedness of variational image registration problems, regular-
ization is unavoidable.

The considered family of second-order DC regularizers consists of second-order ener-
gies based on a convex combination of the gradient of divergence and the gradient of
the curl. Inspired by the physics of fluids, the second-order DC regularization allows the
inclusion of a priori knowledge about the problem under consideration and also enables
a coupling of the components. The second order naturally leads to smoother solutions
as compared to first-order regularization and thus allows for e.g. 2D /3D registrations or
corresponding landmark-based pre-registrations. The drawback of the second order is
that the numerical treatment of the registration problem is significantly more complex.
In addition to the investigation of second-order DC regularization in a continuous set-
ting, we therefore present a numerical method for solving the image registration problem
under consideration. In particular, we propose a discretize-then-optimize framework
based on a multigrid method, since multigrid methods are known for their high effi-
ciency. Although the efficiency of the proposed method could be further improved, we
demonstrate the suitability of multigrid methods for the considered image registration
problem with second-order DC regularization.






Zusammenfassung

In dieser Arbeit betrachten wir eine Familie von Divergenz-Rotations (DC) Regulari-
sierern zweiter Ordnung im Kontext der Bildregistrierung. Bildregistrierung beschreibt
die Suche nach geometrischen Zusammenhingen zwischen zwei Bildern und kann als
Variationsproblem formuliert werden. Durch die Schlechtgestelltheit von Variationspro-
blemen in der Bildregistrierung ist Regularisierung unverzichtbar.

Die betrachtete Familie von DC-Regularisierern zweiter Ordnung besteht aus Energien
zweiter Ordnung, die auf einer Konvexkombination des Gradientens der Divergenz und
des Gradientens der Rotation basieren. Inspiriert von der Physik von Fliissigkeiten, er-
laubt die DC-Regularisierung zweiter Ordnung die Einbringung von a priori Wissen
tiber das betrachtete Problem und ermoglicht auch die Kopplung der Komponenten.
Die zweite Ordnung fiihrt nattirlicherweise zu glatteren Losungen im Vergleich zur Re-
gularisierung erster Ordnung und ermoglicht so z. B. 2D/3D-Registrierungen oder ent-
sprechende landmarkenbasierte Vorregistrierungen. Der Nachteil der zweiten Ordnung
ist, dass die numerische Handhabung des Registrierungsproblems deutlich komplexer
ist.

Daher stellen wir, zusdtzlich zur Untersuchung der DC-Regularisierung zweiter Ord-
nung in einer kontinuierlichen Umgebung, eine numerische Methode zur Losung des
betrachteten Bildregistrierungsproblems vor. Insbesondere schlagen wir eine Diskreti-
sierungs-dann-Optimierungsmethode vor, die auf einem Mehrgitterverfahren basiert,
da Mehrgitterverfahren fiir ihre hohe Effizienz bekannt sind. Obwohl die Effizienz der
vorgeschlagenen Methode noch weiter verbessert werden konnte, zeigen wir die Eig-
nung von Multigrid-Methoden fiir das betrachtete Bildregistrierungsproblem mit DC-
Regularisierung zweiter Ordnung.
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1 Introduction

In this chapter we introduce the main topics covered in this thesis. We study variational
image registration problems with second-order divergence-curl (DC) regularization. A
proper definition of the regularizer follows In Def. 2.2.1. Moreover, we present multi-
grid methods as a tool of numerical optimization, to solve these variational problems in
combination with e.g. Gauss-Newton optimization numerically. We embed our contri-
butions in the related literature and clarify the organization of this thesis.

1.1 Variational Image Registration with Second-Order Di-
vergence-Curl Regularization

In this thesis we study variational image registration with second-order DC regulariza-
tion.

With two given images, the aim of image registration is to determine a meaningful trans-
formation, so that the transformed version of the first image is similar to the second
image [1]. As image registration has been extensively studied, we refer to the text-
books [1, 2, 3, 4, 5, 6] and the survey articles [7, 8, 9, 10, 11, 12, 13, 14] for a general
introduction to the topic. Variational methods [15, 16] are a standard approach to model
image registration, see e.g. [1, 7, 10, 17], next to other formulations such as e.g. Deep
Learning [18, 19] or Optical Flow [20]. Optical flow approaches are highly related to
variational image registration, as they also consider a variational formulation to align
images, but incorporate an additional time variable in their problem formulation; see
e.g. [20]. Due to this close relation we will also consider optical flow approaches, when
reviewing related literature.

The objective functional in the variational formulation of image registration, usually con-
sists of a data-fitting term and a regularizer [1, 15, 21]. The essential role of the regular-
izer is to ensure the existence of a solution; see e.g. [11, 22]. The regularizer further sta-
bilizes the problem against a potentially noise-corrupted data-fitting term, as typically
regularizers are based on derivatives and thus ensure a certain smoothness. Moreover,
by the concrete choice of the regularizer it is possible to model prior knowledge about
the expected solution of the considered problem.

We consider a second-order DC regularization for a two- and three-dimensional setting.
The family of second-order DC energies was originally introduced for two-dimensional
interpolation by Amodei and Benbourhim [23, 24]. The interpolation was extended to
three-dimensional settings by Dodu and Rabut [25] and Benbourhim and Bouhamidi [26].
Within the last years the second-order DC energy was extensively used for the task of
regularization; see e.g [27, 28, 29].

The considered second-order DC regularizer consists of a convex combination of the
gradient of the divergence and the gradient of the curl. The combination of divergence
and curl is physically inspired: The Helmholtz decomposition decomposes a vector-field
into a divergence free and a curl free part [24]. In [30], the physical background of the
second-order DC regularizer is outlined.

1.2 Multigrid Methods in Variational Image Registration

In this thesis, we present a novel multigrid method for the numerical solution of the
variational image registration problem with second-order DC regularization.



1.3. Overview on Literature Related to Variational Image Registration with
Second-Order Divergence-Curl Regularization and Multigrid Methods

We refer to [31, 32, 33] for an introduction to multigrid methods. Originally introduced in
the 1960s for the solution of discretized linear elliptic PDEs [34, 35], multigrid methods
were discovered for practical applications in the 1970s [36, 37, 38, 39, 40] and further
developed for other types of linear and nonlinear PDEs, eigenvalue problems, integral
equations, optimization problems and many more; see [32, 41, 42] and references therein.
Today, as multigrid methods are still relevant for many practical applications, theoretical
considerations and new solvers are a crucial part of current research; see e.g. [42, 43,
44]. The versatility of multigrid methods led to a broad area of application, including
variational image registration [45, 46, 47].

Multigrid methods are used for the numerical solution of registration problems for more
than 25 years, but still are state of the art due to their high efficiency; see e.g. [48, 49, 50].
Appropriate discretization and numerical optimization are required for the numerical
solution. Within the optimization of the discrete image registration problems, potentially
large linear systems need to be solved; see e.g. [51]. Here, iterative numerical schemes,
such as conjugate gradient [52, 53] or multigrid methods [31, 53] come into play. In this
thesis, we particularly study multigrid solvers, as they are known to be optimal in the
sense, that the computation of a solution has O(/N) complexity, where NN is the number
of unknowns [31].

Multigrid methods can also be applied to other related problem formulations such as
e.g. conformal image registration [54], optical flow [55] or deep learning approaches [56],
which underlines their versatility.

Multigrid methods rely on an efficient interplay between a smoothing effect and a rep-
resentation of the problem on several coarser discretizations. The concrete choice of the
multigrid components is problem-specific. Thus, convergence cannot be guaranteed for
a general framework. A tool to capture the theoretically expected convergence of a cer-
tain multigrid method for a specific problem is local Fourier analysis (LFA) [57]. More
specifically, the h-ellipticity is a measure to ensure the existence of a point-wise smooth-
ing procedure for a certain discretization; see [31, p. 300]. Furthermore, the smoothing
factor, is a tool to verify, that an iterative procedure is a smoother for a certain choice of
parameters; see [31, p. 298].

Our contribution is a novel multigrid solver for variational problems with second-order
DC regularization. We further present a local Fourier analysis of the considered dis-
cretized second-order DC regularizer, to show its suitability for multigrid. Moreover, we
propose an implementation of the multigrid method for variational image registration
with second-order DC regularization. The implementation is validated by numerical
experiments.

1.3 Overview on Literature Related to Variational Image Reg-
istration with Second-Order Divergence-Curl Regular-
ization and Multigrid Methods

In this section, we review approaches that combine variational image registration with

second-order DC regularization. Moreover, we provide an overview over multigrid
methods for the solution of the image registration problems.

First, we give an overview of the variational image registration approaches in combina-
tion with second-order DC regularization.



1. Introduction

The optical flow community was the first to discover the second-order DC energies
for regularization. In particular, Suter [27] recognized the potential of the coupled en-
ergy for the regularization of two-dimensional optical flow problems. Later, Gupta and
Prince [58] introduced an extension to three-dimensional optical flow problems, where
not only the second-order DC regularizer but also the first-order DC regularizer was
considered. The Helmholtz decomposition was used in [59] to reformulate the two-
dimensional optical flow problem in the stream and velocity potential leading to a third-
order problem. To reduce the order of the considered problem, [59] uses the approach
with auxiliary variables of [60]. The problem formulation by [59] was further extended
with a regularization on the boundary in [61].

Later on, the second-order DC energies were also discovered for classical variational
image registration tasks. A two-dimensional landmark-based registration based on the
splines from second-order DC interpolation was introduced by Chen and Suter [62].
Furthermore, a landmark-based followed by an intensity-based registration with the
second-order DC regularizer for two-dimensional images was proposed by Sorzano,
Thévenaz and Unser [28]. The intensity-based registration in [28] was parametrized
with B-splines. A further extension of the approach [28] with an additional penalty
term inspired from consistent registration was considered in [63]. Tzitzimpasis and co-
authors [29] proposed a three-dimensional intensity-based registration approach with
the second-order DC regularizer. In [29], a generalization of the DC regularization for
image registration tasks was considered as different orders of the regularizer are pos-
sible. Moreover, the solution of an image registration problem in [29] is obtained by a
reduction to a lower order problem based on the Helmholtz decomposition.

The recent applications of the second-order DC regularizer to variational image regis-
tration problems [64, 65, 66], emphasizes the relevance of the proposed regularizer to
todays image registration problems.

The following is an overview of multigrid solvers for different regularization strategies
in the context of variational image registration.

Multigrid methods were first applied to variational image registration approaches with
elastic regularization. As the elastic regularizer is a coupled first-order regularizer, a cou-
pled second-order PDE is obtained. Henn and co-authors [67] introduced a multigrid
framework for the elastic registration of brain data based on a discretization with finite
differences. In the follow-up paper by Henn and Witsch [68], more advanced multigrid
settings, such as full multigrid, are applied and more details, as e.g. the specific dis-
cretization and the full approximation scheme, are described. Further multigrid solvers
for elastic registrations are presented in [46, 69, 70]. Both [46, 69] combine the multigrid
solver with a multilevel strategy. Furthermore, in [46] a new staggered grid discretiza-
tion is presented and a LFA is provided. LFA is also performed in [70] for an elastic
registration approach with a volume preserving penalty. Both papers determine the h-
ellipticity measure to ensure the existence of a smoother. This enables a comparison to
the h-ellipticity of the second-order DC regularizer, which we determine in Ch. 7.

There are also multigrid frameworks for other first-order regularizers, leading to a second-
order PDE. For example, multigrid solvers for the well-known uncoupled diffusion [71],
the uncoupled total variation-based [72, 48] and the coupled hyperelastic [47] regularizer
exist. Also in [47], the h-ellipticity measure is determined. More recently, in [73, 74, 75] a
special form of diffusion energy inspired from a large deformation diffeomorphic metric
mapping approach is presented in combination with multigrid solvers.

Multigrid solvers were also used for registration problems with second-order regular-
ization, i.e. fourth-order PDEs. Existing fourth-order schemes such as [76, 77, 78] enable



1.4. Contributions and Outline

the splitting of the operator. One common example is the biharmonic problem
Ay = f

that is split into two Poisson problems

(& 8) ()= 6):

see [31, §8.4] for details. In [31, §8.4] it is outlined, that the solution of the two second-
order problems one after another is numerically more efficient than the solution of the
original fourth-order problem. Henn [76] introduced a fourth-order PDE based on the
biharmonic diffusion equation with higher-order boundary conditions. Note, that the
biharmonic regularizer is also known as the uncoupled curvature regularizer. Further-
more, Henn presents a special treatment of the boundary conditions. Moreover, in [77]
two coupled nonlinear fourth-order PDEs rise from the image registration problem with
a full curvature regularizer. The authors propose different methods to tackle the problem
including a splitting of the operator, leading to multigrid solvers for second-order PDEs
but also a multigrid solver for the fourth-order PDE. In particular, the method that relies
on a reformulation to second-order PDEs is shown to be superior to a method based on
the fourth-order formulation [77]. Within LFA, the local smoothing factor is determined
numerically. Since we determine the local smoothing factor for a multigrid framework
with the second-order DC regularizer in Ch. 7, this again enables a comparison. Fur-
thermore, in [78] the uncoupled second-order curvature as well as the uncoupled first-
order diffusion regularizer are used as application examples for a new smoothing proce-
dure for image registration problems. Here, the h-ellipticity measure as well as the local
smoothing factor are determined for both regularizers.

Two other fourth-order PDEs obtained from optical flow problems and solved with
multigrid are outlined in the following, as they are related to our variational image reg-
istration problem with second-order DC regularization. Kostler [55] proposed a regular-
izer, that consists of an uncoupled first-order diffusion and an uncoupled second-order
curvature-based part. Due to the uncoupled components, the PDE can be reduced to a
second-order one. The h-ellipticity measure of the combined regularizer is determined.
The extension of the curvature regularization to the family of second-order DC regu-
larizers is mentioned in the outlook in [55], but, to the best of our knowledge, it was
not performed so far. In [79], multigrid is used for an optical flow problem, that con-
tains a special second-order DC regularizer. Here, the same preliminary factor is used
for the gradient of the divergence and for the gradient of the curl. Hence, the approach
is uncoupled in the components and the fourth-order PDE can again be split into two
second-order PDEs.

1.4 Contributions and Outline

The overarching goal of this thesis is to study different aspects of second-order DC reg-
ularization in the context of variational image registration. This thesis is based on and
linked to the two publications

1. S. Neuber, P. F. Schulz, S. Kuckertz and J. Modersitzki. Segmentation-inspired im-
age registration. In BVM Workshop, pages 205- 210. Springer, 2024. [80]
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2. S. Neuber and J. Modersitzki. A multigrid approach for fourth-order equations
in image registration. In International Conference on Scale Space and Variational
Methods in Computer Vision, pages 391-403. Springer, 2025. [81]

The contributions of the two publications are the following;:

¢ We were the first to propose a three-dimensional variational image registration
problem with second-order DC regularization in [80].

¢ We presented a novel combination of landmark-based with intensity-based regis-
tration in [80]. In contrast to [28], we followed a non-parametric approach for the
intensity-based registration.

¢ We proposed a new multigrid approach for the fourth-order PDE, obtained from
image registration with second-order DC regularization in [81]. More precisely,
we presented a discretization with Dirichlet-0 boundary conditions on a staggered
grid and verified with LFA its suitability for multigrid. In particular, we showed
the h-ellipticity and determine the local smoothing factor of an w-relaxed Jacobi
iteration explicitly for the two-dimensional setting.

In addition to the publications, the contributions of this thesis are the following;:

¢ We determine the natural boundary conditions for second-order DC regularization
and explore its kernel for a parametrization with second-order polynomials.

¢ We propose a second-order DC regularizer with sliding boundary conditions and
determine its kernel and a spectral decomposition of its Gateaux derivative.

* We extend the LFA from our publication [81] to the three-dimensional setting.
* Numerous numerical experiments support the theoretical finding of this thesis.
The thesis has the following structure:

In Ch. 2, we give an introduction to variational image processing, in particular we present
a variational image registration approach with second-order DC regularization.

In Ch. 3, we examine second-order DC regularization with natural boundary conditions.
We explicitly determine the natural boundary conditions of second-order DC regulariza-
tion and study the kernel for a parametrization with second-order polynomials.

In Ch. 4, we propose a second-order DC regularizer restricted to the space of displace-
ments with sliding boundary conditions. We determine its kernel and a spectral decom-
position of its Gateaux derivative.

In Ch. 5, we propose a discretize-then-optimize approach for the considered variational
image registration problem. We present a discretization of the second-order DC regu-
larizer with sliding, Dirichlet-0 and Neumann-0 boundary conditions. We examine the
consistency and convergence of the discretizations in numerical experiments.

In Ch. 6, we outline the main idea of multigrid methods and, in particular, give an intro-
duction to LFA.

In Ch. 7, we present a multigrid framework for variational problems with second-order
DC regularization. The framework is based on the proposed discretization of the second-
order DC regularizer with Dirichlet-0 boundary conditions. Furthermore, we provide a
LFA of the proposed multigrid framework to obtain a solid theoretical foundation for



1.4. Contributions and Outline

multigrid. Numerical experiments illustrate the theoretical findings. A comparison with
a multigrid framework for a variational problem with the elastic regularizer enables to

classify the results of the proposed framework.



2 Variational Image Registration with Second-Order
Divergence-Curl Regularization

Variational methods [15] are a standard approach for image registration, see e.g. [21, 1,
7,10], as they are very versatile and offer the opportunity to model a priori knowledge.
Since image registration is inherently ill-posed and the data is typically noise-corrupted,
regularization is inevitable for the existence of a solution of the image registration prob-
lem; see e.g. [11]. In this thesis, we study a concrete regularizer, more precisely a family
of second-order divergence-curl (DC) regularizers [58].

The chapter is organized as follows: First, we formulate a variational image registration
problem in Sec. 2.1. Second, we present different regularization approaches and focus
on a family of second-order DC regularizers in Sec. 2.2.

2.1 An Introduction to Variational Image Registration

For the formulation of the image registration problem, we briefly define its components.
As the focus of this thesis is on a certain form of regularization, we only cover the com-
ponents, that are relevant in the following. For a more detailed introduction to image
registration and further options, we refer to e.g. [1, 7, 2, 3]. Here, we follow the notation
and the ideas of [1, 5].

In this thesis, we use the following common symbols for functions spaces:

o CK(RP,RY) for the space of k times continuously differentiable functions from R?
to RY,

o LF(RP,RY) for the Lebesque space, i.e. the space of measurable functions from R?
to R? for which the p-th power of the absolute value is Lebesgue integrable,

e HF(RP,RY) for the Sobolev space of k times weakly differentiable functions from
RP to RY.

In image registration we have given two images. In this thesis, we assume a continuous
model for images, as this allows for a convenient theoretical analysis of the image regis-
tration problem. We use the definition from [1] and make some further assumptions to
simplify the following image registration framework.

Definition 2.1.1 (Images, modified Modersitzki [1, Def. 3.1]). Let Q = (0,1)¢ with
dimension d = 2,3 be a domain, i.e. a bounded, connected and open subset. The
boundary of the domain  is denoted by 9Q. A function Img € C?(R%, R) is called a
d-dimensional image, if

1. Img is compactly supported in €2,
2. 0 < Img(x) < oo for all z € R,
3. [ga(Img(z))*da is finite for k > 0.




2.1. An Introduction to Variational Image Registration

The set of all images is denoted by

Z(d) := {Img € C*(R%, R)|Img is d-dimensional image}.

The two given images are the so called template image 7 € Z(d) and the reference image
R € I(d). The goal is an alignment of these images. In particular, to find a reason-
able transformation, such that the reference and the transformed template image are as
similar as possible in a certain sense. A transformation is defined as follows.

Definition 2.1.2 (Transformations and Displacements, Modersitzki [1, p. 77]). Let
Q = (0,1)¢ be a domain. A transformation is a vector-field y : Q2 — R<. For a given
transformation, the vector-field u with u(xz) = y(x) — z is called displacement or
deformation.

The similarity between the reference image R and the transformed template image 7 [y] :=
T (y) is measured by a so called data-fitting term D. For simplicity, we fix the data-fitting
term to the popular sum-of-squared-differences [82, 46, 74].

Definition 2.1.3 (Sum-of-Squared-Differences (SSD), Modersitzki [1, Def. 6.1]). Let
d € Nand 7, R € Z(d) be images according to Def. 2.1.1. For a transformation y :
Q — RY, see Def. 2.1.2, we define the data-fitting term sum-of-squared-differences
(SSD) by

DSY(T Riy) = 5 [ (Tl(a) ~ R(@) e

where 7 [y] is the transformed image with 7 [y](z) := T (y(x)) for all z € Q.

SSD intuitively describes the similarity between the reference and the transformed tem-
plate image [83]. One of the reasons for the popularity of SSD is due to its simple math-
ematical structure. SSD is based on an L?-norm. Hence, within the optimization we
obtain a least-square problem, which is a well understood class of problems; see e.g. [53,
§10]. The disadvantage of SSD is that the gray values of the corresponding points must
match [5], which might not be fulfilled e.g. for multimodal image registration. For an
overview about other data-fitting terms in image registration, see for example [84, §2]
or [5, §7].

A variational formulation based on the data-fitting term alone is ill-posed in the sense
of Hadamard [85]; see [11]. Hence, further assumptions about the transformations are
needed in the problem formulation. This allows for the formulation "reasonable” trans-
formation. These assumptions can be divided into parametric and non-parametric ap-
proaches; see e.g. [1].

The idea of a parametric image registration approach is to restrict the space of admissi-
ble transformations. Within parametric registration, a transformations only depends on
a finite number of parameters. We refer to [1, §§4-7] for a discussion of parametric image
registration.

Non-parametric image registrations assume a certain smoothness of the deformation in
form of a regularizer S, to ensure the existence of a solution of the registration prob-
lem [1, p. 78]. Moreover, the regularizer enables the inclusion of apriori knowledge and
thus a preference for certain solutions, e.g. obtained from a physical model. In this the-
sis we study non-parametric registration approaches, in particular on registration with
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second-order DC regularizers. Hence, we discuss regularization strategies in Sec. 2.2 in
more detail. .

Altogether, the considered image registration problem reads as follows.

Definition 2.1.4 (Image Registration Problem). For a given template and reference
image 7,R € Z(d),d = 2,3 the image registration problem is formulated as a mini-
mization of the joint functional

T HY QRN 5 R, J(y) = DFP(T, Riy) + aS(y). (1)

The joint functional J consists of the data-fitting term SSD DSSP from Def. 2.1.3
and a regularizer S. Moreover, y € H*(Q,R?) is the desired transformation. The
Sobolev space H*(Q,RY), k € N is chosen, such that the regularizer S is defined.
The regularization parameter a € R>q weights the influence of the regularizer.

2.2 Regularization Strategies

The aim of regularization is not only to ensure the existence of a solution y of the regis-
tration problem (1), but furthermore to model apriori knowledge, such as physical prop-
erties, about the transformation y. This section outlines several common regularization
strategies, that are relevant in the following. For the sake of simplicity, we assume, that
the transformations y are sufficiently (weakly) differentiable so that the regularizers can
be defined. We present a family of second-order DC regularizers in more detail, as this
form of regularization is the overarching topic of this thesis.

2.2.1 An Overview of Common Regularization Strategies

For an overview of regularization strategies in image registration, we refer to [1, §§9-12]
and [14]. Tab. 1 lists all regularization strategies, that are explicitly mentioned in this
thesis. In the following, we categorize and discuss the regularizers from Tab. 1.

Table 1: An overview of common regularization strategies, which are all of the form 3 [, I(y)dz
with the integrand 1(y) as below. The parameters a; € R, j = 1,2, 3 are typically non-negative
and problem-specific. For meaningful choices, we refer to the related references. Similar, concrete
choices for the scalar-fields ¢., 1 of the hyperelastic regularizer are outlined in the corresponding
publication.

Regularizer Integrand 1(y)

Curvature [86] ST A2

Diffusion [87] S Vi3

Elastic [88] arl|divyl3 + a2 S0 Vil

First-order DC [58] a1 || divy||3 + asl| curl y||3

Full-curvature [89] Z?zl(Ayi)Q — 2(011Yi022y; — (D12¥5)?)
Hyperelastic [82] a1||V(y —id)||? + ag¢e(cof Vy) + agip(det Vy)
Second-order DC [27] | a1 ||V divyl|3 + az||V curly||3

Total-variation [90] Z?Zl V|2
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Typical choices of regularizers in image registration are given by a bi-linear form a :
H™(Q,RY) x H™(Q,RY) - R, ie.

Sw) = 50(0.9) = 5 [ (Bue).By(a))da @
with a differential operator B of order m; see [1, p. 78]. Thus, regularizers can be catego-
rized by their order, i.e. the highest-order of the differential operator B of the bi-linear
form (2).

Hence, diffusion, elastic, first-order DC, hyperelastic and total-variation regularization
are so called first-order regularizers.

The remaining regularizers from from Tab. 1, i.e. curvature, full-curvature and second-
order DC regularization, are of second order. Second-order regularizers lead to smoother
transformations and thus enables the so called 2D /3D registration [91, 92]. Another ad-
vantage of the second-order regularizers is their corresponding interpolation schemes,
which enables a landmark-based registration. In case of the curvature and full-curvature
regularizers the thin-plate spline interpolation [93] corresponds to the regularization.
The second-order DC regularizer corresponds to the vector-spline interpolation [23].
The relation between the regularizers and the interpolations enables a matching pre-
registration [94, 28, 80] based on landmarks.

Furthermore, we categorize the regularizers into those that allow for large transforma-
tions and those that allow for small transformations. If only small displacements are pos-
sible, a pre-registration might be necessary to obtain a good alignment of the images. All
mentioned second-order regularizers have affine linear transformations in their kernel,
see [86, 89] for the curvature regularizers and Ch. 3 for the second-order DC regularizer.
This makes large transformations within the registration possible. Also the hyperelastic
regularizer allows for large displacements [82], whereas the elastic regularizer assumes
small displacements [1, §9.1].

The elastic, hyperelastic, first- and second-order div-curl regularizers are physically in-
spired regularizers.The elastic regularizer builds on the theory of linear elasticity and
and in particular on the Navier-Lamé-equations; see e.g. [1, §9]. The hyperelastic regu-
larizer [82, 22] is an extension to a regularizer which builds on non-linear elasticity and
furthermore controls the tissue compression and extension, i.e. the change of lengths, ar-
eas and volumes. The first and second-order DC regularizer are inspired by the physics
of fluid dynamics [30, 29]. Even though, the regularizers are not based on equations that
describe fluid motion, such as the Navier-Stokes equation, it can be observed, that the
regularizer leads to a velocity field behavior, that is qualitatively similar to that of real
fluids; see [30]. Note, that fluid-like bodies are expected to deform like honey [1, p.136],
which is not a suitable model for the application of e.g. hands registration.

An advantage of these physically inspired models is, that they couple the components.
If an unidirectional force is applied, a deformation in all dimensions is observed. This
is a property, that is observable in many real-life scenarios. A problem is that the same
material properties independent of location and direction are assumed by these regular-
izers [14]. A solution for this problem is e.g. to define new domains within the original
image [29].

In contrast to the physically inspired regularizers, the diffusion, curvature, full-curvature
and total variation regularizer do not couple the components. This enables fast numer-
ical schemes. In particular, the diffusion regularizer is based on the Laplace equation,
which is the standard partial differential equation (PDE) for many different fields; see

10
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e.g. [31]. Also the curvature regularizer is related to the bi-Laplace/ biharmonic equa-
tion and is well understood; see e.g. [95].

Diffeomorphisms are desirable for many applications [22]. If the strain is small enough,
it can be shown, that the elastic regularization leads to diffeomorphic deformations;
see [1, Rem. 9.1]. The hyperelastic regularizer also ensures bijective deformations, but
cannot ensure invertibility [22]. We show in Ch. 3, that the second-order DC regularizer
has non-bijective transformations in its kernel.

The total-variation regularizer is the only regularization strategy, that allows for local
discontinuities. For most applications a smooth deformation is desirable, but sliding
motion can e.g. be observed on the boundary of organs; see [14]. This can be captured
by the total-variation regularizer. A disadvantage is its non-differentiability [96], which
leads to possible numerical instabilities, e.g. for gradient-based optimization.

2.2.2 A Family of Second-Order Divergence-Curl Regularizers

In this thesis, we focus on the family of second-order DC regularizers. As discussed
above, second-order DC regularization was inspired by the physics of fluids [30]. This
is also taken into account when looking at the interpretation of the meaning of the dif-
ferential operators, based on [97, §3.4] in the following. We consider d = 2, 3 as these are
the relevant cases for image registration.

The divergence

div: HY(RL,RY) — HORLR), divf=01f1 + -+ 0afa

turns a vector-field into a scalar field. The value of the divergence of a vector field at a
particular point is a measure of the flux density of the vector field in or out of that point.
Assuming that f is the velocity of a fluid. Then, div f = 0 describes, that the rate of fluid
flowing into the point is the same as the rate of fluid that is flowing out. For div f < 0
the point is a sink, while it is a source for div f > 0. Thus, the operator V div measures a
change in the diverging flow.

The curl
O2f3 — O3 f2
curl : HY(R3,R3) — HOY(R3,R3), curlf = [ O3f1 — O1f3
O1fs — 02 f1

turns a vector-field into another vector-field. We denote its application by curl f but the
notation V x f makes its relation to the cross-product x obvious. The curl measures the
circulation of a vector field. Assuming again that f represents the velocity of a fluid,
such as a the circulations of the lake. A dropped twig travels with the current in the
lake. The curl measures how quickly and in what orientation the twig itself rotates as it
moves. The operator V curl measures a change in the rotation of the twig around its own
axis. Its two-dimensional version

curl : HY(R? R?) — HO°(R%,R), curl f =01fs —dofy

turns a vector-field into a scalar field. An extension of the curl to higher dimensional
spaces is not guaranteed. Only for the seven dimensional space there exist an extension
of the curl [98].

Thus, the family of second-order DC regularizers penalize a change in the flux density
of the vector-field and a change in the “self circulation” of an object moved by the vector-

11
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field. These terms are weighted by a parameter v € [0, 1]. The family of regularizers has
a second-order and enables a coupling of the components of the transformation .

The parameter v enables to incorporate apriori knowledge about the underlying defor-
mation; see [28]. In the following, we fix the parameter v and use the term "the” second-
order DC regularizer.

The special case v = 0.5, leads to a decoupling of the components. More specifically,
it was shown in [23], that for functions from the Beppo-Levi space of order two and an
infinite domain 2 = R? the same weighting of the summand leads to the popular thin-
plate-spline [93, 99, 100] energy, which corresponds to the curvature regularizer; see [86]
or [1, §12.2]. Even though we consider a finite domain Q = (0,1)? in our registration
approach, one can prove, that the decoupling remains.

Table 2: Differential operators Bgiy and Beyn for d = 2, 3.

d=2 d=3

011 012 O3

Baiv (gn gu) O12 0Oz 0a3
12 2 O13 Oz 033

0 =013 02
O3 0 —0n

—012 O 0

0  —0 O
Beun (:312 gn> 023 0 02
b2 O12 Oy O 0

0 —0O33 O3
033 0 —0Oi3

—0o3 013 0

Remark 2.2.2 (Bilinear Form). The differential operator B in the bilinear form given by (2)
of the second-order DC regularizer and has the form

B .= ( ﬁBdiv )
. V - ’YBcurl ’

where the differential operators

Baiv : H*(Q,RY) — H(Q,R?Y), By = Vdiv

12



2. Variational Image Registration with Second-Order Divergence-Curl Regularization

and By : H3(Q,R?) — H?(Q,R?) for d = 2but By : H?(,R3) — H2(Q,RY) ford = 3
with
Beurn = V curl

are defined according to Tab. 2.

Note, that the operator By, is the Hessian matrix.

2.2.3 Conclusion

In this section, we discussed different regularization strategies. It becomes clear, that
the second-order DC regularizer has many desirable properties for image registration:
It is, obviously, of second-order and Ly-norm based and hence provides smooth defor-
mation. Furthermore, there exists a corresponding interpolation energy, which enables
a matching landmark-based pre-registration. The second-order DC regularizer models
transformation y as fluids, which makes an interpretation possible. Moreover, the phys-
ical motivation leads to a coupling in the components, which is an appropriate model
for e.g. most medical applications. The ability to weight the divergence and curl part
separately was demonstrated to be advantageous for image registration e.g. in elec-
trophoresis [28] or in thoracic or pulmonary registration [29]. Nevertheless a decoupling
is possible and leads to a form closely related to the well-understood curvature regular-
ization.
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3 Second-Order Divergence-Curl Regularization

In this chapter, we study the family of second-order divergence-curl (DC) regularizers
from Def. 2.2.1. We assume a fixed parameter v € [0, 1] and use the term "the" second-
order DC regularizer.

The natural boundary conditions obtained from the Euler-Lagrange equation of the im-
age registration problem from Def. 2.1.4 are implicit. Thus, they do not change the regu-
larization, but provide additional information about suitable transformations. They are
the optimality conditions for a transformation on the boundary. The knowledge of the
natural boundary is in particular important for the discretization of the image registra-
tion problem. Other boundary conditions may change the space of admissible transfor-
mations, such that the real minimizer is excluded.

To the best of our knowledge, we are the first to determine the natural boundary con-
ditions for the second-order DC regularizer. The natural boundary conditions of the
second-order DC regularizer in Thm. 3.1.2/Thm. 3.1.3 are more complex compared e.g.
to the elastic [1, Thm. 9.4] or the curvature regularizer [1, Thm. 12.1] due to the second
order and the coupling of the components.

Transformations in the kernel of the regularizer must be captured, if they are relevant
for the considered image registration, as the regularizer does not penalize them. E.g.
non-bijective transformations are not desirable in the context of image registration, since
a convolution of the transformation suggests that a certain area/volume disappears,
which would generally not be physically plausible.

We investigate the kernel of the second-order DC regularizer under the assumption, that
the considered transformations can be parameterized by second-order polynomials. We
observe certain second-order polynomials in the kernel of the second-order DC regu-
larizer with natural boundary conditions. This suggests that bijective transformations
cannot be ensured by second-order DC regularization.

This chapter is structured as follows: First, we present the necessary condition for a
minimizer of the considered image registration problem and derive the natural bound-
ary conditions for this regularizer in Sec. 3.1. Second, we determine the kernel of the
second-order DC regularizer for a parametrization with second-order polynomials in
Sec. 3.2.

3.1 Deduction of the Natural Boundary Conditions

A necessary condition for a local minimizer y of the image registration problem from
Def. 2.1.4 is a vanishing Gateaux derivative. The resulting condition is the so called
Euler-Lagrange equation, that is presented first. From this, we deduce the natural bound-
ary conditions of the second-order DC regularizer from Def. 2.2.1, that are the intrinsic
boundary conditions of the corresponding differential operators.

3.1.1 Euler-Lagrange Equation of the Considered Image Registration
Functional

To determine the Euler-Lagrange equation we determine the Gateaux derivative of the

image registration functional in a first step. Due to the linearity of the Gateaux deriva-

tive, we determine the Gateaux derivative of the data-fitting term and the regularizer
from Eq. (1) separately.

14



3. Second-Order Divergence-Curl Regularization

Let 7,R € Z(d). The Gateaux derivative of the data-fitting term SSD from Def. 2.1.3 is

dDSSD(T, Ry U) — }ILIIT(l) %(DSSD(T7 R;y+ hv) — DSSD(T, R; y))
%

- /Q (T(y) - R)VT(y), v)d:

see [1, Thm. 8.1] for detalils.

Lemma 3.1.1 (Gateaux Derivative of the Second-Order DC Regularizer). The Gateaux
derivative of the second-order DC regularizer from Def. 2.2.1 is

dS(y, U) = / ’Y<Bdiv Y, Bdiv 'U> + (1 — '7) (Bcurl Y, Bcurl U>dx
Q

Proof. With the definition of the Gateaux derivative and of the second-order DC regular-
izer, we obtain

1
dS(y;v) = ,lg% o <’>’ /Q<Bdiv (y + hv), Baiv (y + hv)) — (Baiv ¥, Baiv y) dx

+ (1 - ’Y) / <Bcur1 (y + hv), Bcurl (y + hU)) - <Bcur1 Y, Bcurl y>d$> )
Q

where the differential operators By , Beurl are defined according to Tab. 2. Without loss
of generality we set v = 1 and concentrate on the divergence-part. With the linearity of
the scalar product, we have

. 1
dS(yv ’U) = }llli}% % ( /Q<Bdiv (y + h’l)), Bdiv (y + h’U)> - <Bdiv Y, Bdiv y>dx>

1
= lim — </ 2h<lgdiv Y, Bdiv U> + h2 <Bdiv v, Bdiv ’U>d$>
Q
= / <Bdiv Y, Bdiv ’U>d(17
Q

With v = 0 and the same arguments for the curl-part, we obtain the Gateaux derivative.
O

As the Gateaux derivative need to vanish for a minimizer of the image registration func-
tional, we obtain the so called Euler-Lagrange equation in its weak form

1
dF (y;v) : = lim o (T (y + hv) = T (y))
h—0 h
= dDP (T, R;y;v) + adS(y;v) =0 Yo € H2(Q,RY).
The Euler-Lagrange equation in its strong formulation is

(T(y) —R)VT (y) + aAy =0 ye HY(Q,R?) (4)
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3.1. Deduction of the Natural Boundary Conditions

with the differential-operator A : H*(Q,R%) — HO(Q,R%)
-A = 7Adiv + (1 - V)Acurl = V(Bdiv )TBdiv + (1 - ’Y) (Bcurl )TBcurh

where Agiv , Acurl can be found in Tab. 3. As the focus of this section is to deduce the
natural boundary conditions and the concept is well-known for regularizers with a bi-
linear form, see e.g. [1, p. 78], we keep the arguments rather short and refer to e.g. [101,
§17.3]. The strong formulation is obtained through partial integration and by restricting
the perturbations to those that vanish on the boundary 9%2. The natural boundary con-
ditions that arise from this formulation are given in Thm. 3.1.2 for the two-dimensional
and in Thm. 3.1.3 for the three-dimensional regularizer.

Table 3: Differential operators Agiy , Acurt : H*(Q,R?) — HO(Q,RY) for d = 2, 3.
Ford = 2:

-Ad' — [ 01111101122 O1112+01222
v O1112+01222 O1122+02222 | °
A o 01122402222  —(O1112+01222)
curl —(01112+01222)  O1111+01122
For d = 3:
01111+01122+01133 O1112+01222+01233 O1113+01223+01333
Agiv = | 91112+01200+91233 91122+92202+90233 J1123+02223+0333 |
01113+01223+01333 O1123+02223+02333 01133+02233+03333
91122+01133+92222+292233+93333 —(91112+91222+91233) —(91113+91223+91333)
Acurl = —(81112+91222+91233) 01111+281133+01122+02233+83333 —(91123+92223+92333)
—(91113+91223+91333) —(91123+92223+92333) 91111+201122+92222+01133+92233

3.1.2 Natural Boundary Conditions of the Second-Order Divergence-
Curl Regularizer

We present the natural or also called implicit boundary conditions of the second-order
DC regularizer, which result from the Euler-Lagrange equation (4). Therefore, we need
the set 00}, that is visualized in Fig. 3.1.1. Even though the curl has a completely differ-
ent structure for the two- compared to the three-dimensional case, a transfer of the nat-
ural boundary conditions from the three-dimensional findings to the two-dimensional
findings is possible.

Natural Boundary Conditions of the Two-Dimensional Regularizer

We first consider the two-dimensional second-order DC regularizer and its natural bound-
ary conditions and outline the idea of the proof in detail. An extension to the three-
dimensional case with a less detailed proof can be found in the following paragraph.

Theorem 3.1.2. Let n = (n1,n2)" € R? be the outer normal vector on 9. The

natural boundary conditions, that arise from the Euler-Lagrange equation (4) with
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Figure 3.1.1: Visualization of 00<) for d = 2 (left) and d = 3 (right).

A according to Tab. 3 and y € C*(Q, R?) are
. ni —nNng9 .
A | ydiv(y) + (1 — ) curl(y) =0 ondQ,
n9 ni

8, (7 (g;) div(y) + (1 - 7) (_3?2) curl(y)) —0 ondQ,
Bn <7 div(y) (Z;) + (1 — ) curl(y) (_71”2» =0 ondoqQ.

Proof. The proof is based on the following scheme: We assume y € C*(Q,R?) to be
a minimizer of the minimization problem from Def. 2.1.4. Thus, the Euler-Lagrange
equation (4) needs to hold. We determine the first variation of the problem (1), perform
partial integration, cancel out the summand from the Euler-Lagrange equations (4) and
deduce the natural boundary conditions.

The Gateaux derivative of the joint functional (1) with second-order DC regularization
is

Oz}lLiir%)j(erhv)—J(y)
= /Q<(7'(y(l’) = R(x))VT (y(z)), v(z))dz
+ <7/Q<V divy, Vdive)dz + (1 — ) /Q(V curly, chrlv>d:ﬁ> . 5)

This follows directly from the bilinear form of the regularizer; see Lemma 3.1.1.
For the ease of presentation we first focus on the curl-part, i.e. we set v = 0. We use the
representation

2
(Vcurly, Vcurlv) = Z Z (—1)(iﬂ)amg,ikymiamg,jkvmj
k=1ij=1,2
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3.1. Deduction of the Natural Boundary Conditions

with
m = (m1,m2) := (1,2).

This representation may seem unnecessarily complicated, but allows a direct extension
to the three-dimensional case; see Thm. 3.1.3. Without loss of generality we consider one
arbitrary summand. For the ease of presentation we use the substitutions

a:=m3_;, o:=m; b:=mz_; andpf:=m;.

Partial integration yields

/ 6a8kya8b6kv5dx

Q

= 0, 8kyanbakv5d5 / 0, 8b8kyaakvgd$
o0

= O0aOkYampOrvpdS(z) — O0aOpOkYanivpdS(x / 0aOpO0KO0kYavpdr,  (6)
o0 o0

where n = (ny,n2)' denotes the outer normal vector on 9. As we have the domain
Q = (0,1)?, the outer normal vector n is a unit vector +e;,j = 1,2. Furthermore, we
obtain

/8a8kya8b8kvﬁdx
Q
= O0aOkYaniOpvadsS(x /abakﬁkyaabvgdm
o0
= 0, 8kyank8bvgd5 / 8b8k8kyanbv5ds /8 8b8kakyav5dx (7)
o0

Thus, for the integral over 2 we use

[p>

and we can reformulate Eq. (5) to

)(i+j)am3—7:am3—j8kakymivm3—jd$ = / (Acur y, v)dz
k=11,j= 12 .

0= /Q (T(y(x) — R(@)VT (y(), v(@))dz +a /Q (Acur 7, v} +a /8 _R@)as(z) @

=0 due to the Euler-Lagrange equation (4)

for some R(x) as discussed above in Eq. (6) and Eq. (7). We take a closer look, at R(x) on
05}, as this yields the natural boundary conditions.

First, we consider perturbations v with a derivative that vanishes on the boundary, i.e.
the first summand of Eq. (6) and Eq. (8) vanishes. We re-substitute and deduce from

Eq. (6)

/ 1)(i+j)8m37iam37j 6k:ymz”k”mad5(x) =0.
M1 J= 1 2
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3. Second-Order Divergence-Curl Regularization

From this, the conditions
0=0, <_82> curly on 02
7}
follow. With similar arguments we obtain from Eq. (7)

/ (=) D8,y 0k O0kYmi im0, dS () = 0 ©)
0 14 j= 1 2

and thus the conditions
0 = Acurl(y) <n2> on 0.
ny

The remaining summand from Eq. (6) is
/ O0aOkYanpOrvadS(x)
onN

and the remaining summand from Eq. (7) is

/ OaOkYaniOpvdsS(x).
0N

We further extract the boundary conditions over 002 from these summands as they need
to vanish too. For a visualization of 002 see Fig. 3.1.1. We define ¥ := [0, 1] and consider
the boundary 0S2. The boundary consists of four lines and without loss of generality we
consider I' = {0} x ¥ with the outer normal vector n = (—1,0)". From [102, p. 357] we
know, that it holds

/3 OkYanpOrvgdS(x) / 0aOkYa (0, 22)np0kva(0, z2)ds.

Then we apply partial integration and have

/ 0a0kYa (0, 22)np0kva(0, x2)dze = | 020kya(0, x2)npnivs(0, 22)dS(z2)
> o%

- / 8b8k8kya(0, xg)nbvg(o, Z’Q)dafg — / &ﬁkya(o, mg)aknbvg(o, Z’Q)dafg.
b b

=0 due to Eq. (9)

With a perturbation v which is zero on 9%, the last summand needs to vanish. We have

/ 0a0kYa (0, 22)0npva(0, x2)dze = | 020kya(0, 22)ngnpvs(0, 22)dS(z2)
> o

- / abakakya(o, xg)nbvg(o, .%'2)(1332 — / 8aakya(0, mg)nbﬁkvg(o, .%'2)(1332.
P b

=0 due to Eq. (9)
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3.1. Deduction of the Natural Boundary Conditions

Within the last term the last summand needs to vanish and furthermore we obtain

2
Z Z (_1)(i+j)/ amsfiakymi(oaxZ)nknm:afjvmj(O’xQ)dS(‘TZ) =0.
ox

k=11,7=1,2

The same arguments are repeated for all other lines of 02. Thus, we get the conditions

0 = Oy curl(y) <_nn2> on 0012.
1

The divergence-part is obtained through the same argumentation with v = 1 and with
the representation

2 2 2
<V div y,VdiV v) = Z Zé?ijyjé?ikvk.
i=1 j=1k=1
From this, we get the conditions
Agivy = 0on €,

Adiv(y)n = 0 on 09,
0,V div(y) = 0 on 92 and
O div(y)ng = 0 on 9OS.

O]

Due to the second order of the regularizer, we obtain natural boundary conditions that
require rather smooth transformations on the boundary 02 and 99(2. This makes the
boundary conditions more complicated compared to the natural boundary conditions of
the elastic regularizer, that are only formulated on 02 and consist of first-order deriva-
tives of the deformation. Moreover, the coupling in the components of the second-order
DC regularizer is also reflected in the coupling of the natural boundary conditions.

Natural Boundary Conditions of the Three-Dimensional Regularizer

We extend the results of the previous paragraph to the three-dimensional second-order
DC regularizer.

Theorem 3.1.3. Let n € R3 be the outer normal vector on 9 and x be the cross
product. The natural boundary conditions, that arise from the Euler-Lagrange equa-
tion (4) with A according to Tab. 3 and y € C*(Q, R?) are

A(ydiv(y)n + (1 —v)(curly x n)) =0 on 01,
On(vV div(y) + (1 — ) curl(curl(y))) =0 on 99,
Op(ydiv(y)n + (1 — v)(curly x n))) =0 on JON.

Proof. The proof follows the same scheme as for d = 2; see Thm. 3.1.2. For the three-
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3. Second-Order Divergence-Curl Regularization

dimensional setting, we use the representation

(V curly, Vcurlv) = Z Z Z )0 kYimi Orm kUm;

k=1meM i,j=1,2

of the curl-part with
M ={(2,3),(3,1),(1,2)}.

The representation of the divergence-part

3 3 3
(Vdivy, Vdive) = ZZZ 5795 Oik V.-

=1 j=1 k=1

is a direct extension of the two-dimensional representation.
To obtain the boundary conditions over the set 902, we consider the six faces of 0.

O]

3.2 Exploration of the Kernel of the Regularizer for a Para-
metrization with Second-Order Polynomials

We use a parametrization with polynomials of second-order for the transformation. From
this, we observe, that some second-order polynomials are in the kernel of the second-
order DC regularizer from Def. 2.2.1. Thus, the regularizer allows for non-bijective trans-
formations, since second-order polynomials are in general not bijective.

Exploration of the Kernel of the Two-Dimensional Regularizer

We start to explore the kernel of the two-dimensional second-order DC regularizer. An
extension to d = 3 is provided in the following paragraph.
We consider the polynomials of second-order

M(R?*) =< y:R? = Ry

J2
g gawx “wy e, aij €ER

i=1 jeJ
where J = {j € N2: 37 | j; < 2} and ¢; € R? is an unitary vector. It holds
dim(M3(R?)) = 2- #J = 12.
Clearly, due to the second-order of the differential operator B all first-order polynomials
I12(R?) are in the kernel of the regularizer. This also ensures, that affine linear trans-

formations are in the kernel, which is a desired property for a global alignment of the
images.

Theorem 3.2.1. For a parametrization of the transformation with second-order poly-
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3.2. Exploration of the Kernel of the Regularizer for a Parametrization with
Second-Order Polynomials

Table 4: Vector-fields by, € TI3(RY)\II{(R?) that are in the kernel of the second-order DC regu-
larizer for d = 2 (top) and d = 3 (bottom).

ko] 1 2
v | () ()
k| 1 2 3 4 5 6 7
0 0 —2z123 173 TI—T —2xox3 122

Table 5: Conditions for transformations the kernel of the differential operator B from Tab. 2.

d=2: 0Ouy; + az-jyj =0 and

Diiyj — O0ijyi =0 withi,j=1,2, j #1i.
d=3: Oyy1+ Oojy2 + 035y3 =0,

025y3 — 02512 =0,

03jy1 — 0153 =0 and

O1y2 — 0251 =0 withj=1,2,3.

nomials I13(IR?), the kernel of the second-order DC regularizer from Def. 2.2.1 is
6 2
ker(S) = {Z a;p* + Zﬁkbk D, Bk € ]R} ,
i=1 k=1

where (p%,i = 1,...,6) is a polynomial basis of the first-order polynomials I1? (R?)
and b* € TI3(R?)\I12(R?) are the vector-fields from the top of Tab. 4.

Proof. 1f y € TI3(R?) is supposed to be in the kernel of the second-order DC regularizer,
the conditions from Tab. 5 need to be fulfilled. The number of conditions for the kernel
is

C(S) =4.

Obviously, all polynomials of degree one are in the kernel of the differential operator, i.e.
[13(R?) C ker(B). With (p’,i = 1,...,6) we denote a basis functions of I13(R?). Moreover,
from the conditions in Tab. 5, we deduce a homogeneous system of linear equations for
the coefficients a;; of the second-order polynomials with [ € L = {l € NZ| Z?:1 l; = 2}.
We obtain the linear system

SO O
-
—_

_ o O O

O = O O
O O =

o O = O
S
N
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3. Second-Order Divergence-Curl Regularization
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Figure 3.2.1: Visualization of the two-dimensional vector field ( “”‘;_xg ) € 3(R?), that is in
—2x1T2

the kernel of the two-dimensional second-order DC regularizer. Plot of the vector field (top) and
of the first (bottom, left) and the second (bottom, right) components of the vector field separately.

Solving the linear equations yields the vector-fields b* € I13(R?) from Tab. 4, that are
in the kernel of the differential operator B. Exemplarily, visualizations of the two-
dimensional vector-field b' € I13(R?) are given in Fig. 3.2.1. It can be shown that

(p17"'7p6’b17b2)

is linear independent. The completeness for a parametrization with second-order poly-
nomials follows from

dim(ker(S)) = dim(IT3(R?)) — C(S) = 8.

O]

The second-order polynomials b* from Tab. 4 fulfill divb* = 0 and curl¥* = 0 and thus
also the natural boundary conditions from Thm. 3.1.2. Moreover, they demonstrate, that
the regularizer does not guarantee the bijectivity of the transformations.

For the special case 7 = 0.5, we obtain the uncoupled regularizer. As shown in [23], the
uncoupled regularizer is similar to the curvature regularizer for functions of the Beppo-
Levi space of order two. The kernel of the curvature regularizer is known [89] to include
all harmonic functions and thus is infinite dimensional. This indicates, that the kernel
of the second-order DC regularizer might be infinite dimensional. A rigorous analysis is
left to future work.
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3.3. Conclusion

Exploration of the Kernel of the Three-Dimensional Regularizer
We extend the results of the last paragraph to the three-dimensional setting.

In the three-dimensional setting the set of indices J = {j € N3 : 3¢ | j; < 2} has ten
elements and thus it holds

dim(TI3(R3)) = 3 - #.J = 30.

The extension of Thm. 3.2.1 is as follows.

Theorem 3.2.2. For a parametrization of the transformation with second-order poly-
nomials II3(IR?), the kernel of the second-order DC regularizer from Def. 2.2.1 is

12 7
ker(S) = {Z aip’ + > B, B € R} :
i=1 k=1

where (p%,i = 1,...,12) is a polynomial basis of the first-order polynomials IT}(R?)
and b* € TI3(R?)\IT3(R?) are the vector-fields from the bottom of Tab. 4.

Proof. The proof is obtained through the same arguments as in Thm. 3.2.1. Note, that we
formulated twelve conditions for d = 3 in Tab. 5, but 013y> = db3y1 is redundant to the
conditions

O12y3 = O13y2 and  Oazy1 = Or2y3.

Hence, the number of conditions for the kernel is

C(S) = 11.

3.3 Conclusion

In this chapter, we examined the plain second-order DC regularizer with its natural
boundary conditions. In a first step we deduced the natural boundary conditions from
the Euler-Lagrange equations. Due to the coupling of the components in the regularizer,
there also is a coupling in the components of the boundary conditions. The second-
order of the regularizer request for very smooth transformations. This makes the inter-
pretation rather complex. Due to the complexity of the natural boundary conditions, it
would furthermore be challenging to discretize them explicitly. For their discretization
we would rather suggest an implicit discretization e.g. with the ghost-cell method [103].
Within the ghost-cell method, extra grid points are added outside the domain to enforce
a closed linear system. Thus, the optimization incorporates the optimization over the
boundary conditions. In this thesis, we consider boundary conditions, that can explic-
itly be discretized, for an easier implementation of the grid changes within the multigrid
framework in Ch. 7.

Another disadvantage of the plain second-order DC regularizer with natural boundary
conditions is, that bijective transformation cannot be guaranteed by the regularization.
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3. Second-Order Divergence-Curl Regularization

Specifically, we observed that certain second-order polynomials are in the kernel of the
second-order DC regularizer.

Yet, another strategy to get the kernel under control, is to impose further boundary
conditions. From the curvature regularizer [89], for example, it is known that further
boundary conditions reduce the kernel and lead to a finite-dimensional kernel. Hence,
we present in the following chapter 4 a second-order DC regularizer with additional
boundary conditions.
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4 Second-Order Divergence-Curl Regularization
For Displacements with Sliding Boundary Con-
ditions

In this chapter, we further study the second-order divergence-curl (DC) regularizers
from Def. 2.2.1, but restrict the analysis to displacements with sliding boundary con-
ditions. In particular, we show, that the regularizer has a trivial kernel for displacements
with sliding boundary conditions in Thm. 4.2.1. We further derive a spectral decomposi-
tion of the Gateaux derivative for the second-order DC regularizer restricted to displace-
ments with sliding boundary conditions.

Sliding boundary or also called slipping boundary can e.g. capture the movement of the
lung within the rib cage; see [104, 105]. These boundary conditions fix the boundary in
the sense that the boundary is mapped onto the boundary, but the boundary points can
slide along the boundary [1, p. 95]. The boundary conditions are formulated for the dis-
placement and not the transformation. Thus, sliding boundary conditions are additional
assumptions towards the considered space of displacements. They were proposed to-
gether with other regularizers as e.g. the elastic regularizer [106, 107]. To the best of our
knowledge combining the second-order DC regularizer with displacements restricted to
sliding boundary conditions is a novel approach.

A spectral decomposition can be found for numerous differential operators, such as the
elastic operator in [1, 106, 107], or the operator V div in [108], but it was missing for the
operator corresponding to the second-order DC regularizer, so far. The spectral decom-
position from Thm. 4.3.1 enables a structuring of the frequencies, i.e. the eigenfunctions,
of the operator [107]. This interpretation is particularly helpful for understanding multi-
grid methods (see Ch. 6 and Ch. 7), as these divide the frequency space into two parts:
the low and the high frequencies.

The chapter is organized as follows: In Sec. 4.1, we present sliding boundary condi-
tions for the displacement. In Sec. 4.2, we show a trivial kernel for the second-order DC
regularizer restricted to the space of displacements with sliding boundary conditions.
Furthermore, in Sec. 4.3 we provide a spectral decomposition of the differential operator
A from Tab. 3 for displacements with sliding boundary conditions.

4.1 A Space of Displacements with Sliding Boundary Con-
ditions

Since sliding boundary conditions are formulated in the displacement u and not in the
transformation y, see Def. 2.1.2, we reformulate the whole image registration problem (1)
with respect to the displacement. In particular, we consider the functional

T HY QR =R, J(u) =DSP(T,R;id + u) + aS(u) (10)

in this chapter. Compared to (1), we apply the regularizer to the displacement and not
to the overall transformation. It is easily possible to incorporate a preregistration, by
substitution id with the obtained transformation gP*.

In this section, we present a generating set for the considered space of smooth displace-
ments, that fulfill sliding boundary conditions. We rely on the notation used in [1, §9.2.1].
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4. Second-Order Divergence-Curl Regularization For Displacements with Sliding
Boundary Conditions

For the ease of presentation, we start with the definitions for the two-dimensional setting
and continue with the three-dimensional setting afterwards.

Two-Dimensional Displacements with Sliding Boundary Conditions

We consider a two-dimensional displacement u : Q — R? according to Def. 2.1.2 and use
the same definition of sliding boundary conditions as suggested in [1, p. 96].

Remark 4.1.2 (Relation to Dirichlet-0 and Neumann-0 Boundary Conditions). Sliding
boundary conditions are a combination of

¢ Dirichlet-0 boundary conditions [109, p. 294], i.e. v = 0 on 052, and

¢ Neumann-0 boundary conditions [109, p. 345], i.e. d,u = 0, on 9f2 for a normal
vector n on the boundary 052,

for the different spatial dimension of a component u;, j = 1,2 of a displacement .

We need the following definition for the construction of a generating set of smooth func-
tions, that fulfill sliding boundary conditions. It is based on a product of sine and cosine
functions to ensure the sliding boundary. Furthermore, a scaling matrix enters into play.
The scaling factor, i.e. the amplitude, is chosen in dependence of the frequency of the
considered function to simplify the proof of Thm. 4.3.1.

Example 4.1.4 (Construction of Scaling Vectors). We construct scaling vectors according
to Def. 4.1.3 for a given vector z € R?

1. Letx = (1,0)". As nz(x) = 1, we only obtain the vector 7!(z) = .
2. Letz = (1,1)" and thus nz(x) = 2. We obtain

He)=—=1, 1), %(z)=—=(1,-1)".

1
V2

Sl
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4.1. A Space of Displacements with Sliding Boundary Conditions

The proof is given for the three-dimensional setting in [106, §5]. The two-dimensional
case follows directly by restricting the domain to 2 = [0, 1] x [0,1] x {0}.

Three-Dimensional Displacements with Sliding Boundary Conditions

Next, we present the definitions for a three-dimensional displacement w.

For the construction of the scaling vector we have three cases.

Example 4.1.8 (Construction of Scaling Vectors). We construct scaling vectors according
to Def. 4.1.7 for a given vector z € R3
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4. Second-Order Divergence-Curl Regularization For Displacements with Sliding
Boundary Conditions

1. Letz = (1,0,0)". As nz(z) = 1, we only obtain the vector 7!(z) = z.

2. Letx = (1,1,0) " and thus nz(z) = 2. We obtain

@) = \}5(1, L), (z) = \}5(1, ~1,0)7.
3. Letx = (1,1,1), hence nz(x) = 3. Thus, we have
@)= —1, 1,17, 2@) = -—(1,-1,0)7, )= —(1,1,-2)".
ﬁ ) ) ) \/i ) ) M Jé ) )

Due to the Neumann-0 boundary condition in the additional spatial dimension of the
component of the displacement u;,j7 = 1,2,3, we need a multiplication with another
cosine when building on the two-dimensional setting.

Lemma 4.1.9 (Day and Romero [106]). Let 7 = (r1,79,73) " # 0 € Z3,0C;,8;:10,1] —
0,1], C;(&) := cos(rjm€) and S;(€) := sin(r;n€) and further w? : @ —» R,j = 1,2,3
with w, = (w}, w?,w?) : Q — [0,1]* and

wl(x) := C3(x3)Co(x2)S1(x1) = cos(rzmas) cos(romes) sin(rymey ),
wy () := C3(x3)Sa2(x2)C
w

3(x) := S3(x3)Ca(22)Cy (1) = sin(rsmas) cos(romas) cos(rimey).

(1) = cos(rsmxs) sin(remes) cos(rimey),

[y

Let t/(r) = (t,8,t})T € R3 be a scaling vector according to Def. 4.1.7 and D,; :=
diag (#/) € R®3 be a scaling matrix. Then any function u € C*(£2, R3) that satisfies
sliding boundary conditions can be expanded in terms of the functions

V" = Dyjwy.

The proof of Lemma 4.1.9 is given in [106, §5]. The main idea of the proof is, that the
divergence operator is applied to a function satisfying sliding boundary conditions. The
divergence of that function can then be expressed by the complete set of eigenfunctions
of the Laplace operator with Neumann-0 boundary conditions.

4.2 Kernel of the Regularizer For Displacements with Slid-
ing Boundary Conditions
We show, that the second-order DC regularizer has a trivial kernel, when restricted to

the space of smooth displacements with sliding boundary conditions. In particular, we
analyze the kernel of the differential operator B from Tab. 2.

Theorem 4.2.1. Let v € (0, 1). The kernel of the differential operator B from Tab. 2
restricted to C*°(R%, R?) functions, that fulfill sliding boundary conditions is trivial.

The proof is provided for the two- and three-dimensional setting separately in the para-
graphs at the end of this section.
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4.2. Kernel of the Regularizer For Displacements with Sliding Boundary Conditions

Remark 4.2.2 (Special Cases). The kernel of the differential operator restricted to the
C>(R%,RY) functions with sliding boundary conditions is not trivial for the special cases
v = 0or~ = 1. For example for d = 3 and v = 1 all functions v"/ with scaling vectrors
t/ | r are in the kernel.

Due to the restriction to sliding boundary conditions the polynomials of second order
from Thm. 4.2.1 are eliminated form the kernel, but so are the affine linear transforma-
tions. Therefore, it is expected that a pre-registration yP'™ to capture the affine linear parts
will improve the results of image registration.

Proof of Theorem 4.2.1 for the Two-Dimensional Regularizer

We provide the proof of Thm. 4.2.1 for the two-dimensional setting.

Proof. From Lem. 4.1.5, we know, that any smooth displacement, that fulfills the sliding
boundary conditions, can be expanded in terms of the functions v™7. '
The application of the differential operator B from Tab. 2 to a function v™7, leads to

— (¥ + rrath)mPwl
—(T‘g?"lt{ + T%tg)Wng = () Driayrwr,
T

Baiy 0" = <
and

. _ t] _ T’Qtj)ﬂ'QUJQ _w2
B o™ = (T1T2 1 1%2 ™) = —(7)2D - _ s
cur! (—(r%t{ — rirotd)mlw}! (M) Dy iy w!

Thus, for v™ to be in the kernel of By;, and Be,, we need

(r"tHhr=0 and (11)
(rTr)t — (rTth)r = 0. (12)

For r # 0, we need ¢/ L r from Eq. (11) and thus it follows #/ = 0 from Eq. (12). Hence,
we end up with the trivial kernel. O

Proof of Theorem 4.2.1 for the Three-Dimensional Regularizer

We provide the proof of Thm. 4.2.1 for the three-dimensional setting.

Proof. The application of the differential operator B from Tab. 2 to a function v™/ from
Lem. 4.1.9, leads to

—(r3t] + rirath + rirst]) mw

2.1

T

By o™ = —( + 247 V202 = —( )2D N w

div = rary 1+72 2 ‘{'7‘27’3 3)71— W, T (rTti)yr%rs
—(r3rit] + rarot) + ritd)wiw?
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Boundary Conditions

and

(—7“1’/‘3752‘ + 7“1?”2#) 251(
(— rlrdtl + rltj) 2 w3 (z
(T17’2t1 — rltj)7r w?
(T2T3t] —T‘Qtj)ﬂ‘ 7?3
Bcurl UT;] (.7}) = (Tgrgt]l — Tlrgtj) (l‘ )SQ(%Q)Sg(xg)
(r3 t] — rlrgtj) Zw}(
(r3th — rorgth) 2w ()
(frgtjrl + r1r3t3)7r
(—rorst] + rlrgt%)ﬂ'QSl(xl Sa(x2)S3(x3)

Analogously to the two-dimensional proof, we need r L ¢/ for r # 0 for v to be in the
kernel of By;, . Furthermore, for v™/ to be in the kernel of B, we need ry(r x t/) = 0
forall k = 1,2,3i.e. 7 x t/ = 0 for r # 0. Hence, we end up with ¢/ = 0 for v™/ to be in
the kernel of B and thus have a trivial kernel. O

4.3 Spectral Decomposition of the Corresponding Fourth-
Order Differential Operator For Displacements with Slid-
ing Boundary Conditions

This section provides a spectral decomposition of the differential operator A from Tab. 3
for smooth displacements with sliding boundary conditions.

Theorem 4.3.1. Let the functions
V"I = Dyjw,

be defined as in Lem. 4.1.5 for d = 2 and according to Lem. 4.1.9 for d = 3. The
functions v"+ are a complete set of eigenfunction of the partial differential operator
A ( see Tab. 3) with respect to the sliding boundary conditions. The corresponding
eigenvalues are

y forj =1,
A = I {(1 —v) forj=2,3

The proof is provided for the two- and three-dimensional setting seperately in the para-
graphs at the end of this section together with simple examples.

The spectral decomposition enables a natural structuring of the space of displacements
with sliding boundary conditions via the eigenfunction [107]. The eigenfunctions are
also called frequencies; see [31, p.16]. This concept is used for the multigrid approach in
Ch. 7. Moreover, it verifies the results for the kernel, as stated in the following remark.

Remark 4.3.2. Let v € (0,1). Then the spectral decomposition from Thm. 4.3.1 verifies

the trivial kernel ker(B) = {0} for all C*>*(R?, R?) functions, that fulfill sliding boundary
conditions as stated in Thm. 4.2.1.
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4.3. Spectral Decomposition of the Corresponding Fourth-Order Differential Operator
For Displacements with Sliding Boundary Conditions

Spectral Decomposition for the Two-Dimensional Setting

We consider the two-dimensional differential operator A in the following and provide
the proof for Thm. 4.3.1.

Proof. With C;,S; : [0,1] — [0,1] defined as in Lem. 4.1.5, it holds
00C;(€) = —m*rjCi(€) and  90S;(€) = —m*175;(€)
it follows
Awl(z) = —m2(rf + 13wl (z) = —*|[r|wl(x).
Further, it holds

OjnAw] = mhrjrg|r 5wy
O Awl = mhryry|r||3w?
for j,k =1,2. Lett € R? and D; = diag (t) € R?? be a scaling matrix. Thus, it holds
. . tlanAw} + tgalgA’w?%
Adlv (DtU)T‘) — (tl(?lQAU}; + t2822A’U)3
_ <W4IIT!\§(TTt)T’1W%>

mtflrl3(r T raw?

= 7T4||T||%D(TTt)er7

and

Acurt (Dywr) = (_tlaqu,} + tr011 Aw?

_ m|rl3ra(tirs — tar)w
T3 (—tirs + tari)w;

= HT||§ﬂ4(D(rTr)t—(th)er) :

tlaggAw; — tgamsz >
1
r

Henceforth, we have
A(Dyw,) = ymt||r3D o pywr + (1= )7 P 3D (7 e (o7 1y 0 (13)

For D,w, to be an eigenfunction, we have A (D;w,) = AD,w, for some A € R, i.e. we
need ¢ to fulfill

t = al(th)T + ag((rTr)t — (th)r) (14)

fqr some constants o, as. Thus, for r # 0, we either need ¢t L r or ¢t € span(r). Let
ti € {r9(r),j =1,...,nz(r)} be chosen according to Def. 4.1.3. Then t! := L, and t? 1 r

"
by construction. Hence, Eq. (14) is fulfilled for ¢! and ¢2, since we have
Il

I

(r"tHr=0

r=|r|
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and

(TRt = (T = (Il = [ =0

(rTr)t2 — (r T2 = ||r]| 22
Henceworth, Eq. (13) yields

forj =1,

. 7
A(D,;w,) = 7|r||2p;Dyw, with L=
(Dy r) H H2PJ ti Wy Pj (1—~) forj=2.

From Lem. 4.1.5 the completeness follows immediately. O

1
—~ 0
&
g

-1

1

Figure 4.3.1: First (left) and second (right) components of the eigenfunction v(x) =
X ( Sm(”l)cos(”?) ) for the differential operator A from Tab. 3. Details are provided in

V2 \ —cos(mzy) sin(mrx2)

Ex. 4.3.3.

Example 4.3.3 (Spectral Decomposition for d = 2). For the partial differential operator
A from Tab. 3 for d = 2 with respect to the sliding boundary conditions we obtain the
eigenfunctions

oD Ly — 1 [sin(mz1) cos(ma2) LA 20 1 [ sin(m21) cos(m)
() V2 <cos(7r:c1)sin(7m;2)> ’ (z) V2 < cos(Tr:vl)sin(Trmg).>

The eigenfunction oD 2 g visualized in Fig. 4.3.1. Here we choose r = (1,1). Hence,

with Def. 4.1.3 we obtain the scaling vectors t! = \/5(1 )T and 1?2 = %( ,—1)T; see
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4.3. Spectral Decomposition of the Corresponding Fourth-Order Differential Operator
For Displacements with Sliding Boundary Conditions

Ex. 4.1.4. We can easily see that for v?,i = 1,2 with v' = (vi, vi)T

Av' = yVAdive' + (1 —v)VA curl v’

= a11A 612A> Ui—}—(l—’y) 822A _(aIQA) ’Ui
A DA —(0124)  OnA

_ ([yauA + (1 — 7)822A]v§ + [(2’}/ - 1)812A]U§>
(27 = 1)Or2Av] + [y022A + (1 — 7) 011 A]vy
_ ( 2t + (1 — )20 o]+ (—1)ED[(2y - 1>2w4}v5)
(16D = )20k + 2 + (1 = )2 e
I EZ fori=1,
-0 {(1 —)4(n)* fori=2.

Thus, we have the eigenvalues

>‘(1,1)T; 1= ’747"4, >\(171)T; o =(1- 7)471'4.

Spectral Decomposition for the Three-Dimensional Setting

We outline the proof of Thm. 4.3.1 for the three-dimensional setting.

Proof. The proof follows the same scheme as in the two-dimensional setting. The appli-
cation of the three-dimensional differential operators to D;w, leads to

tlanAw% + t2812Aw3 + t3813Aw,§
Adgiv (Dyw,) = | t1010Aw} + 2000 Aw? + t3003 Aw?
tlalgAw% + t2823A'LU§ + t3833Aw,§
w30 Tty
= | 7Hr3(r T t)raw?
w30 Tt rswy

= 7r4H7qH%D(th)er7

and

t1(822 + 833)AU}; — tgalgA’w,% — t3813Aw§
-Acurl (thr) = _t1812Aw71« + t2(811 + a‘g,g)Aﬂ)z — tgaggAw;?
—t1813Aw% - tgaggAwg + t‘g,(all + 322)Aw§

7|5 (ra(tire — tor1) — r3(tsry — tirs))w,
= | 7Yrl5(rs(tars — tara) — ri(tire — tor1))w;
7| r(|3(r1 (tsr1 — tirg) — ro(tars — tare))w?

— e 3Dy ey -
With the Grafimann-identity, i.e.
rx(txr)= (rTr)t - (th)r,
we can rewrite the application of A¢y; to

-Acurl (thT) = 7T4||T”%D(7‘Tr)t—(r-'—t)er'
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Thus, we obtain the same condition for ¢ as in the two-dimensional setting. From Def. 4.1.7,

we know that t' := (7, and t*, > L r by construction. And thus we obtain

‘ ol forj=1,
A(Dyw,) = 7t||r||3pjDyw, with  p; =
( i Wr) H H2pj (2t Pi (1—~) forj=23.

From Lem. 4.1.9 the completeness follows immediately. O

Example 4.3.4 (Spectral Decomposition for d = 3). For the three-dimensional partial
differential operator A from Tab. 3 with respect to the sliding boundary conditions we
determine the eigenfunctions

. sin(mzy) cos(mze) cos(mxs)
oD 37 = Dy | cos(may ) sin(may) cos(mas) |, j=1,2,3.
cos(mz) cos(mxe) sin(mxy)

Here we built on Ex. 4.1.8 to determine the scaling vectors corresponding tor = (1,1,1) "
and have t! = %(1, LT, 2= %(1, —1,0)" and ? = %(1, 1,—2)". The corresponding
eigenvalues are

)\(1,1,1)T; 1= 797747 /\(1,1,1)T; o= (1= 7)9774 = )\(1,1,1)T; 3-

4.4 Conclusion

In this chapter we examined the kernel and the spectral decomposition of the second-
order DC regularizer which was restricted to displacements with sliding boundary con-
ditions.

In particular, we showed, that the regularizer has a trivial kernel and thus solves the
problem of the non-bijective mappings from the previous chapter 3. At the same time
a trivial kernel makes a preregistration necessary, which is already assumed in the ap-
proach as it is formulated in the displacement.

In addition, we determined a spectral decomposition of the Gateaux derivative of the
regularizer. This again supports our findings of a trivial kernel and furthermore allows
for new numerical solutions, but also gives a first understanding of the frequencies for
the multigrid approach, which follows in Ch. 7.

A more detailed analysis of how the sliding boundary conditions change the image reg-
istration problem compared to natural boundary conditions is left to future work. More
specifically, the similarity of the solution of the image registration problem with natural
compared to sliding boundary conditions is an open question.

A main advantage of the sliding boundary conditions is, that they can be discretized
explicitly, which we will present in the following Ch. 5.
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5 Discretize-Then-Optimize Approaches for Im-
age Registration with Second-Order Divergence-
Curl Regularization

In general, image registration problems, such as (1) or (10), cannot be solved analyti-
cally, which makes an appropriate discretization and numerical schemes inevitable. In
this chapter, we outline well-known discretization tools and optimization schemes for
variational image registration, as can e.g. be found in [1]. Furthermore, we propose dis-
cretizations based on finite differences for the second-order divergence-curl (DC) regu-
larizer with three different boundary conditions: Dirichlet-0, Neumann-0 [109] and slid-
ing [1] boundary conditions. Furthermore, we provide numerical examples with regard
to consistency and convergence of the proposed discretizations.

In a discretize-then-optimize approach [110, 111], that we follow here, the image regis-
tration problem from Def. 2.1.4 is discretized first and solved in the finite dimensional
space afterwards; see e.g. [112, 46]. An advantage of the discretize-then-optimize ap-
proach is, that standard optimization methods can be used [46]. Another option are
optimize-then-discretize approaches, where the continuous Euler-Lagrange equation is
discretized and then solved numerically; see e.g. [86, 69]. Here, well-known schemes to
solve PDEs can be used; see e.g. [1, §8.2].

The discretization of the differential operators of the second-order DC regularizer are
based on finite difference schemes [113, 114, 115]. Finite differences are a standard ap-
proach due to their simplicity.

As staggered grid discretizations are known to be able to capture the divergence and the
curl operator, see e.g. [112], we use staggered grids for the discretization of the differen-
tial operators of the second-order DC regularizer.

The chapter is organized as follows: We present a discretization of the proposed im-
age registration problem (10) in Sec. 5.1. Especially, we propose discretizations for the
second-order DC regularization with different boundary conditions. Furthermore, we
outline standard methods [53] for the optimization of the discrete problem in Sec. 5.2.

5.1 Discretization of the Considered Image Registration Prob-
lem

Since we follow a discretize-then-optimize approach [110, 111], we define a discrete ana-
logue of the image registration problem (10) in a first step. The discretizations in this
thesis build on standard approaches, as e.g. described in [1]. The discretization of the
domain is based on regular grids with equidistant points within the domain 2. Integrals
are discretized by quadrature rules and differential operators are discretized with finite
difference operators.

5.1.1 Discretization of the Domain

A grid ), is an uniform division of an interval €2 = [0, 1]¢ ¢ R? into m € N? cells, where
m is the so called grid size. Grid points are a representation of these cells, whereby the
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o—o—o—b—o—0 |lofototote] |—o—p—o—o—]

wp T W2 W1 T w2 w1 T w2

h h h

Figure 5.1.1: A one-dimensional grid with grid size m = 5 with grid points according to the grid
types from left to right: nodal, centered and inner-nodal.

Table 6: Grid point positions for a one-dimensional grid with grid size m € N and grid width
h = 2221 on a domain Q = [wy,w).

nodal grid: M= wi+h(—1), j=1,....m+1

centered: ¢; = wi+h(j—3), j=12...m,

grid type defines the specific position of the points in relation to the cells. Hence, a grid
(23, is defined by a domain €2, a grid size m and the set of grid points X. For the ease of
presentation we consider a grid (2, to be represented by the vector of grid points xj, in
the following. Furthermore, we first define a grid for d = 1 as an extension to d = 2,3
can easily be realized.

A visualization of the three one-dimensional grid types is given in Fig. 5.1.1. For a given
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5.1. Discretization of the Considered Image Registration Problem

one-dimensional grid €2}, with grid size m, the number of grid points is

m for a centered grid type,
N:=|X|=<{m+1 foranodal grid type,
m —1 for an inner-nodal grid type.

W% outljne the extension to d-dimensional domains. For a d-dimensional domain 2 =
X, [wi,wh] C RYacell ¢ is a d-dimensional interval of the form

; h; i 1 h;

with grid width h € R? with h; := w2 wi ;i =1,...,d,amulti-index j = (jy,---jq) € N?

with j; = 1,--- ,m; and grid size m € Nd see [5 p. 20] An element of the grid points in
the c d—dimensional space consists of d components, where each component is an element
of Qie. forre X :ax=(2',...,2%) witha! = (2%,...,2)) e Qi=1,....,d.

Table 7: Set of grid points for a two-dimensional grid with grid size m € N? and grid width

h € N? on a domain Q = [w], wi] x [w},w3] with the grid type : nodal (X™), inner-nodal

(X7), centered (X %), staggered (X ©) and inner-staggered (X7°).

XN = {(lel,x?Q)T |ac ( ) for jZ =1,...,mp+1}
XM= {(x},,22)7 |2}, (m 1“,91 241) fOI’jl = 1, cymp — 1}
X< Aol I = (e forst =1
forjz—l, mz—&—l,jf:l,...,mkfori;ék}
Xj@ = {(‘rjl'px?g)T ‘ (gt 1+17 ]2) Ax?g = (Q:]%am]%-i-l)
fOI'jl =1,. k}
w w w2 rere e e e w2
2 2 lo|o|o|o]e MMM XX HRKXXXN
h2{ hz{ o|jo|o|0|0 hg{ 0:»:»:»:»:» hQ{ :»:o:»:»:
9 5 |@]e|e|e]e 20 ¢ 6 ¢ ¢ ¢ o e 0 ¢ ¢
Cull wll 1 {".)11===ee Cull 1
wi ;L’; w3 wi ?L’; w) wi 7{; w3 wi ;L’; w3

Figure 5.1.2: A two-dimensional grid with grid size m = (5, 3) with grid points according to the
grid types from left to right: nodal, centered, staggered and inner-staggered.

Definition 5.1.2 (Grid points for d = 2). For d = 2 a grid point = consists of two
components r!, 2 where each component has two coordinates, i.e. 2* € R% i = 1,2.
A grid point is called

¢ centered, if the components are the center of a cell.

* nodal, if the components are on the vertex of a cell.
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A visualization for the different grid point positions for d = 2, as described in Tab. 7, is
shown in Fig. 5.1.2.

Table 8: Set of grid points for a three-dimensional grid with grid size m € N3 and grid width
h € N3 on a domain Q = [w],wi] x (W}, W3] x [w},w3] with the grid type : nodal (X™),
inner-nodal (X°™), centered (X¢), face-staggered (X3€), inner-face-staggered (X75°), edge-
staggered (X¥°) and inner-edge-staggered (X73°).

X7 = {(x}l,xi,x?:;)—r | x;z = (’ﬁjil,mjiz,mj?), jf =1,...,mp+1}
XM {(m}l,x?wx?s)—r | q;;z =( ji1+2’mji2+1’mj?+l)7 jlk =1,...,mp —1}
X¢ = {(w;l,m§2,$?3)T | Jizl = (Q:jil’@j?’ Jf)’ gi=1...,my}
X5 = {(:B]ll,a,‘?z,xgs)—r | lel = (mji’ QJ%’ Q:J'f') A .%'?2 - (Q:j%’mjg’ 613)
/\.1,‘;?3 = ((’:j1,€j§, j§)7 Ji=1,...,m; +1, jf =1,...,mg, i £k}
X3S {(:r:}l,:ri,x%) |:(:;1 = ( J%H,Qﬁj%,@j?)/\m = (€51, My211,3)
X €6 /\1.%'?32= (SjéT,Q:jgi 1) =l ,mg
= Al 75,,25,) " 25, = (G, j%’mji’)/\w = (M1, €53, M)
/\:L‘?3 :(mj1,’ﬁj2,€jg), Ji=1,...,m;, ]Zk—l Lmg+ 1,1 # k)
X% — (@ a2 o) |2l = (e, 2+1,m SH) A2 = (sn o€ M)
Nagy = (M Mz, 93) if=1 mk}
hs X hs X hs . e
| | .
| e ° °
ho ORIy I - Lol ) D2 e
// // // ®
hy T T T

Figure 5.1.3: Grid types from left to right: nodal, centered, edge-staggered and face-staggered
for d = 3 with their grid points visualized on a single cuboid cell. Note that for an inner-edge-
staggered or inner-face-staggered grid type the grid points are the same as for the edge-staggered
or face-staggered grid type for an inner-cell c;, i.e. j; # 1 and j; # m;.
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5.1. Discretization of the Considered Image Registration Problem

* nodal, if the components are on the vertex of a cell.

¢ face-staggered, if the components have one nodal coordinate and two cen-
tered coordinates, where nodal and centered are one-dimensional concepts as
in Def. 5.1.1.

* edge-staggered, if the components have two nodal coordinates and one cen-
tered coordinate, where nodal and centered are one-dimensional concepts as
in Def. 5.1.1.

See, Tab. 8 for details about the concrete positions of the grid point coordinates of
the seven different grid types.

A visualization of the grid point positions for d = 3 is given in Fig. 5.1.3 on a single cell.

Table 9: The number of grid points per coordinate z°.

( Hi:1 mp, for a centered grid type,
Hizl(mk +1), for a nodal grid type,
Hizl(mk - 1), for an inner-nodal grid type,
(mi + 1)my, for a staggered grid type with k # ¢,
(mi — 1)my, for an inner-staggered grid type with k # i,
N; = (m; +1) H%? my, for aface-staggered grid type,
(mi — 1) szl my, for an inner- face-staggered grid type,

mi [[1=1(my 4+ 1), for an edge-staggered grid type,
k7

m; Hizl (mp —1), for an inner-edge-staggered grid type.

\ k#i

The number of grid points of a d-dimensional gridis N = | X| = Zle N; where N; is the
number of grid points per coordinate z according to Tab. 9. For a nodal, inner-nodal or
centered grid type it holds Ny = Na(= N3).

In the following, we rely on the notation utilized in [5] and use a vector z;, € RY that
contains all grid points from the set of grid points X. Therefore, a vectorization of the
components of the grid points 2}, € RYi i = 1,...,d is assumed. These components are
stored in a vector zj, = (2},...,2%)" € RM.

5.1.2 Discretizations of the Second-Order Divergence-Curl Regularizer

This section describes discretizations of the second-order DC regularizer from Def. 2.2.1
with different boundary conditions on a staggered grid.

We use a rectangular or midpoint quadrature rule [116, §2.1] for the discretization of the
integrals, due to its simplicity. Let f € C*(Q, R) and let Q, be a grid with a vector of grid
points x;, and grid width h. Then it holds

N
/Q Fydz =h'S" fah) + OH?), (15)
=1
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where N is the number of grid points; see [5, Eq. (6.2)]. The O(h?) relation follows
directly from the approximation error [116, p. 54].

For the discretization of the differential operators B from Tab. 2 we use short central
finite differences. We refer to e.g. [113, 114, 115] for detailed descriptions of finite differ-
ences. We prefer the short differences over long differences, as long differences are blind
for highly oscillatory input [5, p. 125]. To have these high frequency components in the
kernel of the discretized differential operator would be a major drawback for the usage
of multigrid methods in Ch. 7; see e.g. [31, p.124].

We explicitly incorporate boundary conditions in the differential operator. We propose a
discretization which fulfills sliding boundary conditions; see Def. 4.1.1/Def. 4.1.6. From
Rem. 4.1.2 we know the relation to Dirichlet-0 and Neumann-0 boundary conditions
and thus also consider those boundary conditions. All three boundary conditions fix
the transformation y to the boundary 0f2 in a certain sense. Hence, a preregistration is
useful for applications where large transformations are necessary to align the images.
As boundary conditions further reduce the solution space, they may be interpreted as
constraints.

Staggered grids are well known, see e.g. [112], for the discretization of divergence and
curl. Hence, we use staggered grids for the discretization of the partial differential
operator B from Tab. 2. For the discretization of the partial differential operator B
with Dirichlet-0 and sliding boundary conditions we use an inner-(face-)staggered dis-
cretization. The reason for this is, that the inner-nodal positions naturally correspond
to Dirichlet-0 boundary conditions. The centered positions are suitable for Dirichlet-0
and Neumann-0 boundary conditions, which makes an inner-staggered discretization
appropriate for Dirichlet-0 and sliding boundary conditions. Moreover, for Neumann-0
boundary conditions we use a (face-)staggered discretization, as a nodal position natu-
rally reflects the boundary conditions.

We discretize the differential operator B, from Tab. 2 as follows: We define

pdivia=2._ ([ ® D}, DI ® DS
h “\Dsw D! DlL&I¢)

Bcurl7 d=2 — —Dg & D77 [g & D%l
" ~Dpell DyoDi)’

, 5@ I5® DY, IS ® D] DS Dg®I§®Dg

BV 4=3 <I§®D§®D% IS ® DI, @ I¢ D%®I§®D‘f>,
DsoIs@ D] D@ DleIy Di,oIse Il

0 —D§® 1] ® D§ I%®D5®D§

0 —D§®D%®If I @ DS, @ If

0 —Ds @)@ IC DIeDs® It

D§®I§®DZ 0 I%®I§®D§1

B A= | DioDse I 0 I ® D§® DS |,

D§y @ IS ® I 0 DI ® IS @ DS
—I§®D§®D1’7 I5® I © DS, 0
—IE@ DS, @1 I§®D%®Df 0
—D§@Dse I D{® Il @ DS 0

where [ JC € R™i"™i is the identity, ® denotes the Kronecker-product, and the other con-
crete matrices are outlined in Tab. 10 for sliding boundary conditions.

For Dirichlet-0 boundary conditions, we extend the identity I} and the second-order dif-
ference operator D} ; with zero rows, as we know that the grid points on the boundary
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5.1. Discretization of the Considered Image Registration Problem

Table 10: First- and second-order finite difference operators for cell-centered and inner nodal grids
of size m = my X - - - X mg with grid width h; = (W} — wl) /m; and sliding boundary conditions;
I} e R™=Ymi—1 s the usual identity; first-order: DS € R™ =" and D] € R™"™i~" and
second-order: D$ ; € R™>"™ and D] ; € R™—Hmi—,

1
-1 1 -1 1
c _ 1 n _ 1
Dj = B , Dj = B ,
-1 1 —1 1
-1
-1 1 -2 1
1 -2 1 1 -2 1
¢ ._ 1 . . . noo._ 1
Djj T f - .. .. ) Djj = @
1 -2 1 1 -2 1
1 —1 1 -2

are zero and the linear extension over the boundary leads to a vanishing second-order
derivative on the boundary. The first-order difference operator D remains the same.
Again due to the linear interpolation we add +2 in an additional row of the operator Dj
for the boundary points and exchange the entry (1,1) and (mj, m;) of the second-order
difference operator Dj ; with —3.

For Neumann-0 boundary conditions, we extend the identity I as we start on a nodal
instead of an inner-nodal grid. Furthermore, we extend the first-order difference opera-
tor D; with zero rows, as the first-order derivative vanishes. The second-order operator
D$ ; remains unchanged. As we start on a nodal grid the first-order finite difference
operator D77 needs no predictions for the points closest to the boundary. For the second-
order f1n1te difference operator D’ ; we use a linear interpolation for the boundary, i.e.
the difference between the grid point on the boundary and its closest neighbor point.

With these, we define .
Bh = ( ﬁBngﬂlrl)
V1—-~By

and conclude
Ah _ B;{Bh _ 'Y(B]?iv) Ble ( )(Bcurl) B;:Lurl e RN’N.

This discretization of A based on the discretization of the differential operator B has
the advantage, that A, is ensured to be symmetric and positive semi-definite. These
are properties that are favorable for the optimization, as they e.g. allow for conjugate
gradient schemes [52, 53].

Finite Differences and Cancellation

Cancellation is a well-known phenomenon when using finite differences. Cancellation
occurs when nearby quantities subject to rounding error are subtracted. The accurate
digits cancel each other out, but digits contaminated by rounding error are left. For
more details about cancellation we refer to [117].

Since finite differences relies on the difference of rounded function values, cancellation
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might occur. It can be identified as the error is weighted by the factor ;5 where p is the
order of the differential operator and h € R the considered grid width.

We observe cancellation for v = 0.5 for the proposed discretizations. We will exemplarily
discuss the situation for the two-dimensional staggered grid discretization of the second-
order divergence-curl (DC) regularizer with sliding boundary conditions. Without loss
of generality we focus on the entry A ;5.

In the continuous setting we have

A1z =7(011012 + 012022) — (1 — ) (012011 + 022012)
= (01112 + O1222) — (1 — ) (01112 + D1222)

and hence A 15 = 0 for v = 0.5. We will see that our discretization mimics the continuous
operator, but has a cancellation error. With the notation
p)"'=  eDl, D* .= DseD], D> .= DSeI,
11,2 12,2 22,2
D= oD, D*.:.= DleDj D? .=  DLI (16
we describe the block matrix By,. The first two indices indicate the direction of the deriva-

tive and the third index indicates the component the finite difference matrix acts on.
Then, we have for the discretization

(Ah)IQ _ ’7((D}111’1)TD}1LQ’2 + (D}LQ,l)TDiQQ) _ (1 o 7)((D}1L2,1)TD}1L1,2 + (D}2L2,1)TD1112,2)‘
(17)

In the special case v = 0.5, we need
(D}lll,l)TD;LQ,z o (D;LQ,l)TDflbl,Q as Well as (D}lQ,l)TD}ZLQ,Q . (D}2L2,1)T-D;LQ72

to vanish to mimic the behavior of the differential operator .A. We examine this in the
following experiments. The experiments have surprising results, as the phenomenon of
cancellation occurs only in a certain setup.

10'11 L

1(AR) 1o

10'12,

10'13,

10'14 L
102 107"

Figure 5.1.4: Visualization of the observed cancellation in Exp. 5.1.4. Log-log plot of the grid
width h against the error ||(Ap)i,|| in blue together with a slope of —4 in red.
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5.1. Discretization of the Considered Image Registration Problem

Experiment 5.1.4 (Cancellation). We determine the entry (Ay)12 for v = 0.5 in three
variants:

¢ In the first variant we calculate the whole matrix A;, and pick out the entries, that
correspond to the block (Ay,)12. For this variant we use the notation (Ay,)1,.

¢ In the second variant we use the blocks from Eq. (16) of the block-matrix Bj,. Here,
we manually simulate the matrix-multiplication according to Eq. (17) and use the
notation (Ap)3,.

¢ In the third variant we extract the first and second column of block-matrices from
By, and use (43)3, = (Bi)" B? where B;} is the first block column and B is the
second block column.

We examine (Ap)}, for k = 1,2,3. We observe that (A,)}, = (A43)3, # 0, but (4,)%, =
0. Note, that we obtain a zero matrix in a continuous setting. Thus, both matrices
(An)iy, (An)3, are expected to vanish for a smaller grid width. We observe the oppo-
site, due to cancellation. For = [0,1]? with m = 27(1,1) with j = 2,...,8, we plot the
grid width h against the error ||(A})1,]]; see Fig. 5.1.4. The error is in O(#) and thus fits
the behavior of cancellation. We are surprised, that it only occurs for the variants, where
we use matrix multiplication and not within the manual calculation of (Ap,)12.

In order to verify, that the error is actually cancellation, we carry out the following ex-
periment with more precise calculations.

Experiment 5.1.5 (Precise Calculations). We repeated Exp. 5.1.4 and used the Matlab [118]
function "vpa’ in the first and in the third variant of the calculation of (A, )12. The func-
tion "vpa’ allows for more precise calculations. More specifically, we set the number of
relevant digits to 100 and save the matrix Bj, with 100 digits. In this setting all matrices,
including (Aj)i, and (Ay)3,, are zero-matrices. Thus, the occurring cancellation seems
to be a problem of unprecise matrix multiplication within Matlab [118].

Numerical Consistency of the Proposed Discretizations

A consistent discretization ensures, that the application of the finite difference operator
to a vector is related to the application of the differential operator to a mapping in the
continuous setting. We have the following definition.

Definition 5.1.6 (Consistency of a Discretization, modified LeVeque [114, §2.8]). Let
z, € RY be a vector of grid points to a given grid and Aj;, € RY:Y be a finite differ-
ence discretization of a differential operator A : H*(Q,RY) — HO(Q,R%) for k € N.
Furthermore, u € H*(Q, R?) is a vector-field and f = Au. Then the finite difference
method is consistent with order p € Z, if

[Anu(zn) = f(zn)ll € ORP).

We illustrate numerical O(h?) consistency for the proposed discretization with sliding
boundary conditions. A rigorous proof, similar to [113, Ex. 2.3.1] is left to future work.

The following examples are chosen, such that they fulfill the boundary conditions, but
are as simple as possible at the same time. In particular, we set the second component of
the considered vector-field u to zero.
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J
error ej,

Figure 5.1.5: Consistency check as described in Exp. 5.1.7 for the discretization with sliding
boundary conditions with v = 0.1 (left) and v = 0.5 (right). Log-log plot of the grid width h
against the first (blue) and second (green) component of the consistency error e . In red a slope
of 2 is visualized and in magenta a slope of —4. Cancellation is visible for the second component
for v = 0.5, as no consistency error occurs. The discretization Ay, of the fourth-order differential
operator with sliding boundary conditions is thus consistent in O(h?).

Experiment 5.1.7 (Consistency for a Sliding Boundary Discretization). We set Q = [0, 1]?

wnd <'< ) cos(2 >>
ey = (o sz,

as u fulfills the sliding boundary conditions and u € C*(2, R?), we can apply the differ-
ential operator A and have

~ ((5+16(1 — )t sin(7rz1) cos(2mz2)
F= ( (2y — 1)t cos(mxq) sin(27mz2) > ’

For a more detailed insight, we consider the components separately within the con-
sistency check, i.e. we examine the error e = |[(Apup)’ — fi|loo for j = 1,2, where
up, = u(xy) and fj, = f(zp). The grid width & is plotted against the consistency error e
in Fig. 5.1.5. Here, we used the proposed discretization A;, with sliding boundary condi-
tions and the parameter v = 0.1 as well as v = 0.5. For y = 0.1 the error ¢7 is in O(h?) for
j = 1,2. For v = 0.5 the slope of the error is approximately —4 and not continuous for
J = 2. Since the fourth-order differential operator approximates a constant (here zero) to
all relevant digits, cancellation [117] occurs, that is weighted with the factor % Again
using the vpa’ function of Matlab [118] leads to e; = 0. We expect the cancellation to
also occurs for v # 0.5, but not to be visible as the consistency error is larger. Hence, the

discretization Ay, is consistent in O(h?) for sliding boundary conditions.

Remark 5.1.8 (3D Extension for the Consistency for a Sliding Boundary Discretization).
Again, O(h?) consistency results can be observed for the three-dimensional extension of
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Ex. 5.1.7 with Q = [0,1)3 and

sin(mxy ) cos(2mxe) cos(mxs)

u(zx) = 0 ,  with
0
(6 + 24(1 — ))7* sin(rxy) cos(2mz2) cos(rx3)
f(z) = 12(2y — 1)m* cos(mz1) sin(2mz2) cos(mx3)

6(2y — 1)7* cos(mxy) cos(2mw) sin(rx3)

Next, we support the findings for the spectral decomposition from Sec. 4.3 with a nu-
merical example.

Experiment 5.1.9 (Eigenfunctions for d = 2). We verify the proposed implementation
and build on Ex. 4.3.3. Form = 2/(1,1) with j = 1,2,...,10,i.e. h = %(1, 1), we plot the
error

en = || Apvl — Mok o

against one component of % in a log-log-plot in Fig. 5.1.6. The error has slope 2, i.e. the
error decreases in O(h?). For very small h the error rises, which can be explained by
cancellation [117]. These findings emphasize the consistency of the discretization with
sliding boundary conditions and furthermore support the spectral decomposition from

Sec. 4.3.
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Figure 5.1.6: Visualization of the consistency for the two eigenfunctions (left: k = 1 and right
k = 2). For details see Exp. 5.1.9. The log-log plot of the error e, against the grid width h with
slope 2 suggest an h? approximation of the differential operator A from Tab. 3. This supports the
consistency of the discretization and shows the spectral decomposition of the discretization with

sliding boundary conditions.

Remark 5.1.10. Ex. 5.1.9 was also extended to d = 3 and we obtained similar results.

Ex. 5.1.9 strongly suggest a similar relation between the continuous and the discrete
spectral decomposition, as it has been proven for the elastic operator [107]. The utilized
finite difference operator from Tab. 10 fulfill the relations

_ in\ T o in in __ in
D¢=—(D™T, DS =DPDS and D= DD
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and hence fit into the discretization framework presented in [107]. A rigorous proof
for the discrete spectral decomposition for the second-order DC regularizer with sliding
boundary conditions is left to future work.

In contrast to the well-fitting results for sliding boundary conditions, we observe prob-
lems with the discretizations with Dirichlet-0 and Neumann-0 boundary conditions. In
particular, we have no consistency in grid points close to the boundary.

Experiment 5.1.11 (Consistency for a Dirichlet-0 Discretization). For a function which
fulfills Dirichlet-0 boundary conditions we choose u € C*°(Q, R?) with

u() = (sin(ﬂxl)(s)in@ﬂmg)) .

Thus we obtain
(20 — 15v) 74 sin(7x1 ) sin(27w2)
f= . 4
10(1 — 2y)7* cos(mxy ) cos(2mz2)

In the consistency check, we observe a rising error for smaller grid width h; see Fig. 5.1.7.
The difference images suggest, that the location of the problem is in the positions clos-
est to the boundary, i.e. in the discretization of the boundary conditions. This is also
confirmed by the log-log-plot in the top right, as the discretization restricted to the inner
grid point positions has the expected O(h?) consistency.

Remark 5.1.12. A similar behavior of the consistency error can be observed for the pro-
posed discretization with Neumann-0 boundary conditions. Here, we used the example
setting u € C*°(£2, R?) with

cos(mx) cos(2mx o+ 16(1 — ntsin(rxy) cos(2ma
w(w) = < ( 1)0 ( 2)> o andf= <( (2’7(— 1)7?2)(305(7rx<1)silr)1(27r§:2) 2)) '

We observe that only the discretization with sliding boundary conditions is consistent.
The detailed analysis of the discretization problems with Dirichlet-0 and Neumann-0
boundary conditions is the subject of future work.

Numerical Convergence of the Proposed Discretizations

Another criterion to measure the quality of a discretization is to measure, whether the
solution of the finite difference scheme converges point-wise to the discretized contin-
uous solution. This property is called convergence of a discretization and is defined as
follows.

Definition 5.1.13 (Convergence of a Discretization, [114, §2.9]). Let z;, € RY be a
vector of grid points to a given grid and A4;, € RV be a finite difference discretiza-
tion of a differential operator A : H*(Q,R?) — H°(Q,R?) for k € N. Furthermore,
u € H*(Q,RY) is a vector-field and f = Awu. A finite difference method is convergent
with order p, if

lu(zn) — (An) " fzn)] € ORP).
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Again, we concentrate on numerical convergence in this section and a rigorous proof is
left to future work.

For the proposed discretization with sliding boundary conditions we observe an O(h?)
convergent discretization.

Experiment 5.1.14 (Convergence of a Discretization with Sliding Boundary Conditions).
We continue Ex. 5.1.7 and determine the convergence error €, := ||ul —((Az) ' /1) ||sc, 7 =
1,2 for the sliding boundary discretization. To determine (A;) ! f, we used the build-in
Matlab [118] solver ‘backslash’. For v = 0.1 both components of the error have an O(h?)
convergence and for v = 0.5 cancellation occurs again for €2; see Fig. 5.1.8 (top row).
Using the "vpa’ function again leads to the expected €} = 0.

As the proposed Neumann-0 and Dirichlet-0 discretizations are not consistent, we can-
not expect them to be convergent. Surprisingly the Neumann-0 discretization seems to
have a perturbed O(h?) convergence, whereas the discretization with Dirichlet-0 bound-
ary conditions is not convergent at all.

Experiment 5.1.15 (Convergence of a Discretization with Neumann-0 Boundary Condi-
tions). We continue the example, that was described in Rem. 5.1.12 and determine the
convergence error for Neumann-0 boundary conditions. We observe, that the conver-
gence error is not stable but is approximately in O(h*); see Fig. 5.1.8 (bottom, left).

Experiment 5.1.16 (Convergence of a Discretization with Dirichlet-0 Boundary Condi-
tions). We continue Ex. 5.1.11 and determine the convergence error for a discretization
with Dirichlet-0 boundary conditions. Clearly, the discretization is not convergent; see
Fig. 5.1.8 (bottom, right).

Conclusion

We define the discrete analogue of the second-order DC regularizer from Def. 2.2.1 ap-
plied to the displacement u € C?(Q, R?)

1_
S(uh;’Y) = §h||Bhuh||%v v e [Ov 1] (18)

with b = szl hi. We propose finite difference operators B, that rely on a staggered
grid discretization with three different boundary conditions. We use short finite differ-
ences with Dirichlet-0, Neumann-0 and sliding boundary conditions.

The numerical examples support the suitability of the discretization with sliding bound-
ary conditions, as the discretization is consistent and convergent. For the proposed dis-
cretizations for Dirichlet-0 and Neumann-0 boundary conditions we can neither ensure
consistency nor convergence. The numerical examples suggest, that the boundary con-
ditions are not implemented correctly. Using linear interpolation to model the value of
grid points outside the domain might be the problem. These examples thus strongly
suggest the use of the discretization with sliding boundary conditions.

5.1.3 The Discrete Image Registration Problem

Next, we outline the discretization of the data-fitting term SSD DSSD from Def. 2.1.3 and
follow the ideas from [5, §7.1]. Based on a centered grid and the midpoint quadrature
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rule (15), we obtain the following definition of the discretized SSD. Let 2, € RY be a
given vector of grid points. Let y € C?*(,R), and R, T € I(d) N C*(},R) then for
yn = y(zn), Ty = T (y(zn)) and R = R(xy), the discretized SSD is

1—
DYV RY =R, D¥P(yn) = ST, — Rl (19)

with 7 := [¢_, hs.

We obtain the following discrete image registration problem, which is a discrete ana-
logue of Eq. (10). For a given grid ), 7, € R is a vector of grid points, D5P is the
discretized SSD (19) and S is the discretized second-order DC regularizer (18). For given
a € R>g, v € [0,1] we minimize

J:RY SR, J(up) = D%P (2 + up) + aS(up; 7). (20)

5.2 Considered Methods of Numerical Optimization

The discretized minimization problem (20) is finite dimensional and can be solved with
standard algorithms from numerical optimization. We refer to [53, 119] for an introduc-
tion to optimization methods.

Standard Gauss-Newton optimization schemes [53, §10.3] from the family of least-square
Newton approaches are used to compute a minimizer of the discretized image registra-
tion problem (20). As the problem formulation is based on a sum of squares, Gauss-
Newton algorithms are suitable optimizers, as e.g. demonstrated in [46, 120, 121]. Gauss-
Newton schemes are based on first-order derivatives and use an approximation of the
Hessian [53, p.254]. This approximation is practical for image registration problems as
the Hessian of the data-fitting term is data-dependent and it is generally not guaranteed
to be a symmetric and positive definite matrix. The approximation ensures these prop-
erties. Thus, a search direction for a minimizer is obtained.

A disadvantage of Gauss-Newton optimization is that convergence [53, p.255-257] can
be slow and is not even guaranteed. This occurs if an initial guess is far from the min-
imum or the approximation of the Hessian is ill-conditioned. A preregistration poten-
tially leads to an initial guess close to the minimum. On the other hand Gauss-Newton
optimization can approach quadratic convergence, or at least rapid local convergence, if
the first order term dominate the second-order term; see [53, p.257] for details.

To further simplify the algorithms, inexact Gauss-Newton schemes [53, p.257] are com-
monly used for variational image registration; see e.g. [46]. Inexact has the meaning that
the potentially large linear system

H(yp)vn = =V J(yn), (21)

is not solved exactly for the desired descent direction v}, within the Gauss-Newton iter-
ation, but with an iterative procedure. Here, H is the approximation of the Hessian and
VJ the gradient of the discretized objective function. As the linear system (21) needs
to be solved in each iteration step, efficient linear solvers are needed to obtain a reason-
able performance of the Gauss-Newton algorithm. A direct solution with e.g. Gaussian
elimination or LU factorization [122], is not feasible for most image registration prob-
lems within standard software as in Matlab [118]. In this thesis, we consider conjugate
gradient and multigrid solver, as they are the standard solver in FAIR [5].
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Conjugate gradient solvers [52, 53], are suitable for the linear system (21), as the approxi-
mation of the Hessian H is symmetric and positive semi-definite by design. The method
converges to the solution of the linear system (21) in at most N steps, where N is the
number of unknowns [53, Thm. 5.1]. In fact, if the approximation of the Hessian has
multiple eigenvalues, much less than [V iterations are needed; see [53, p.112] for details.

As the construction of a multigrid solver is one of the overarching goals of this thesis,
we refer to Ch. 6 for an introduction to multigrid.
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Figure 5.1.7: Visualization of the consistency check for a discretization with Dirichlet-0 boundary
conditions. For details see Exp. 5.1.11. Top row: Log-log plot of the grid width h against the first
(blue) and second (green) component of the consistency error ey. Left the components of the
error and right the components of the boundary-omitted components of the error. A slope of 2 is
visualized in red, a slope of —1 in yellow and a slope of —2 in cyan. Bottom row: The first (left)
and second (right) components of the difference Apup, — fr,. The visualizations suggest a problem
in the discretization of the boundary.
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Figure 5.1.8: Visualization of the convergence check for the discretization with sliding boundary
conditions (top), Neumann-0 (bottom, left) and Dirichlet-0 (bottom, right) boundary conditions;
see Exp. 5.1.14, Exp. 5.1.15 and Exp. 5.1.16 for details. Log-log plot of the grid width h against
the error €], for the first (blue, j = 1) and second (green, j = 2) component. For sliding boundary
conditions we use v = 0.1 (top, left) and v = 0.5 (top, right), for the other discretization we have
v = 0.1. The slopes of 2 in red, of —4 in magenta and of 4 in cyan help to emphasize, that the
discretization with sliding boundary conditions is O(h?) convergent, whereas the Neumann-0
discretization can be approximated by an h* term. The discretization with Dirichlet-o boundary
conditions is not convergent at all.

52



6 Fundamental Concepts of Multigrid

In this chapter, the basic concepts of multigrid methods are introduced to pave the way
for an introduction of a multigrid solver for an image registration problem with second
order divergence-curl (DC) regularization in the following Ch. 7. Multigrid solvers are
of particular interest, as they solve linear systems of equations, such as in Eq. (21), with
complexity O(NN), where N is the number of unknowns.

Multigrid methods are efficient iterative solution methods for a large class of problems,
that can be traced back to the solution of a linear system of equations. The underlying
idea is to combine smoothing effects of classical iterative solvers, such as Jacobi-type
iteration, with a representation of the problem on several discretizations. We study ge-
ometric multigrid solvers in this thesis. Furthermore, we illustrate the idea of multigrid
methods using the Poisson equation as an example. The content of this chapter is mainly
based on [31, §§1-2, §8] if not stated otherwise. For a more detailed introduction to multi-
grid methods, we refer to [31, 32, 33, 123].

The structure of this chapter is as follows: In Sec. 6.1, the fundamental concepts of multi-
grid methods are outlined on a two-grid cycle, the simplest multigrid solver. Moreover,
the main components of a multigrid framework and a generalization to the two most
common multigrid architectures, a V- and a W-cycle, are presented in more detail in
Sec. 6.2. Additionally, local Fourier analysis (LFA), a tool to examine convergence prop-
erties of a multigrid solver in a simplified way, is presented in Sec. 6.3.

6.1 A Two-Grid Cycle

In this section, we provide an overview about multigrid and its components. For the ease
of presentation, we consider the simplest multigrid solver, a two-grid cycle, to explain
the basic idea of multigrid. This section is based on [31, §2.2].

Multigrid solvers were originally designed for partial differential equations (PDEs), but
the concepts were extended to a broad area of other problem-types. Here, we concentrate
on a discretized version of a differential equations. The purpose of a multigrid solver is
i.e. to find an approximation of the solution of a linear system of equations of the form

Apup = fh, (22)

where uy, fi, € RV are discretizations of functions u, f : @ — RY, i.e. uy := u(x,) € RY
for a vector of grid points ;. The matrix 4, € RVV is a discretization of a differential
operator on the grid . In this thesis, we assume A, to be a finite difference operator.
Moreover, in the context of multigrid methods, we consider the representation of the
finite difference matrix A4; € RVY with stencils. Stencils are defined as follows.

Deﬁnition 6.1.1 (Difference stencils, modified Trottenberg [31, p. 297]). Each en-
try A ! of a finite difference operator can be represented by difference stencils, i.e.
AklA[ selln, k € Z4 where

APyl (@) =" sklyl(z +kh), kl=1,....d.
KEV

53
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Here, the vector y;, is a discretization of a function, z € X is a grid point and kh =
(k1h1, ..., Kqhq), where h is the grid width. Moreover, V' C Q¢4 is a finite index set.

Note, that the coefficients potentially differ for grid points close to the boundary and
hence one single stencil per entry is usually not enough to represent a difference opera-
tor.

The following example gives an intuition to stencil notation.

Example 6.1.2 (Discretization of the Poisson Equation). The continuous Poisson equation
has the form
Au(z) = f(x) forz e Q=(0,1)°

for u € C%*(Q,R?) with Dirichlet-0 boundary conditions, i.e. u|sg = 0. The components
u1, up are uncoupled and hence can be solved independently of each other. For the dis-
cretization we consider an inner-nodal grid with grid size m = (8,8), i.e. grid width
h = £(1,1). For the discretization of the differential operator
oA 011 + 029 0
A=A4= < 0 O11 + 022

we consider the standard central finite differences and hence the operator
Djj = —— 12 21 € R™7.

From this, we deduce the corresponding difference operator

- _(I®D11+Dyp®l 0 98,98
Ah_Ah_( 0 I®D11+D22®I>ER ’

where I € R77 is the identity matrix. As h; = hy, the entries (Aj)11 = (Ap)22 can also
be displayed by the five-point stencils

In a next step, we reformulate the linear problem from Eq. (22). As the solution is ob-
tained iteratively, for each approximation u; obtained from an iterative solver, the error
and the residual are defined as follows.

Definition 6.1.3 (Error and Residual, Trottenberg [31, Eq. (2.2.2) and (2.2.3)]). For an
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Figure 6.1.1: Inner-nodal grid Qy, (left) for Q = (0, 1)? with grid size m = (8,8), i.e. grid width
h = (%, %) and its coarse grid Qp (right) with grid size M = (4,4), i.e. grid width H = (3, 1)

Starting with the reformulation, the original equation (22) can be expressed as the so
called defect equation

Apen, =T, (23)

where ¢, is the error and r, the residual of an approximation u;, according to Def. 6.1.3.

The linear system (22) is discretized within a multigrid framework. More precisely, a
hierarchical structure of the grids is formulated. For the ease of presentation, we assume
to have a grid Q, with a grid size m € N that is a multiple of two. For a given grid Oy,
its corresponding coarse grid Q is defined as follows.

Note, that the set of grid points X from the coarse grid 2y can be deduced from the
domain, the grid size and the grid type. Furthermore, for the grid width H of the coarse
grid it holds H = 2h.

Example 6.1.5 (Coarse Grid). We illustrate the basic idea of a coarse grid, for Q =
(0,1)%,m = (8,8) for the inner-nodal grid type. A visualization is provided in Fig. 6.1.1.
The grid points of the grid (2}, are in the set

1
X, ={ze(0,1)?z= g(j,k),j,k: 1,2,...,7}
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with N = |X},| = 49. The corresponding coarse grid Qg with m = (2,2) has the set of
grid points

1
Z(]7 k)7]7k = 17273}

with | X | = 9. Furthermore, X C X}, holds as we have an inner-nodal discretization.

Xy ={z€(0,1)?z =

As multigrid is based on the smoothing of the high frequency components, we want to
give an intuition of the idea of high and low frequencies in the following example. A
proper definition follows later on.

Example 6.1.6 (High and Low Frequencies). We consider the Poisson equation and fol-
low [31, p.16-17]. It is well-known that the discrete operator A;, = A}, has the discrete
eigenfunctions

#h(x) = ¢f*2 (2) = I @ sin(ky s ) sin(koras),

for k; = 1,2,...m; — 1. On the coarse grid, i.e. z € Xy we have the so called aliasing of
the frequencies ¢% (z). In particular,

¢/;?L(x) _ _¢;Ln1—k1,k2 (l‘) _ _¢;€L1,m2—k2 (.%') _ (bzn—kl,mg—kg (x) forx € Xy,

i.e. these four eigenfunctions cannot be distinguished on the coarse grid Q. We call the
eigenfunctions with k; < % for i = 1,2 low frequency components and the remaining
ones high frequency components. The high frequency components are not visible on the
coarse grid.

Multigrid solvers consist of an efficient interplay between the two concepts of error
smoothing and coarse grid correction. Error smoothing describes the process of an iter-
ative solver being applied to a linear system leading to a decrease of the high frequency
components of the error. The coarse grid correction reformulates the linear system with
respect to the error and solves the reformulated linear system on a coarser discretization.
The advantage of this procedure is, that the solution of a linear system with a coarser dis-
cretization is less complex, compared to the original discretization.

A two-grid cycle is the smallest version of a multigrid solver. We comment on the com-
ponents of a multigrid cycle, but more details are provided in Sec. 6.2. A two-grid cycle
consists of the following steps:

1. Pre-smoothing: For a suitable smoothing procedure, the high frequency compo-
nents of the error e;, see Def. 6.1.3, of the current approximation uj, decrease. The
smoothing is repeated for n; € N iterations.

2. Restriction: The linear system is restricted to a discretization on the coarse grid.
This is the so called coarse grid principle, i.e. the solution of a linear system, dis-
cretized on a coarse grid 2, is less expensive than the solution on the original
discretization.

3. Coarse grid solution: In particular, the linear system that is solved on the coarse
grid discretization is the defect equation Ager = rg and the solution ey is called
the coarse grid solution.

4. Prolongation: The coarse grid solution ey of the defect equation is transferred back
to a discretization on the original grid €2;, with the so called prolongation operator
Pl
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5. Correction: The approximated error e, is added to the smoothed approximation
up,. This update is also called correction step.

6. Post-smoothing: As the approximated error e, might contain some high frequency
components, due to the grid transfers, another smoothing step is applied to the
corrected approximation uy, for ny € N iterations.

6.2 Multigrid Components and Generalization

In this section, we present the components: smoothing, prolongation and restriction as
well as coarse grid operators for a multigrid algorithm. For each of the components
common choices are provided as examples. Moreover, we present the two most common
architectures of a general multigrid solver.

6.2.1 Smoothing

Smoothing is one of the two main strategies of a multigrid solver. A smoother is an
iterative solver for the linear system in Eq. (22), that leads to a reduction of the error, see
Def. 6.1.3, in the high frequency components. Whether an iterative solver is a smoother,
is problem-specific.

We assume that an iterative procedure can be formulated in the form

Afuf ™+ Ay = fr, with A + A = A, (24)
where 4;, € RV is the discretized differential operator from Eq. (22), ui*" is the up-
dated approximation and u} is the approximation before the iteration. Since we want to
solve for the updated approximation u’,j“, we assume that A} is invertible. The repre-
sentation of A, via A}, A, € RNV is called splitting. From this splitting, the so called
smoothing operator is defined as follows.

Definition 6.2.1 (Smoothing Operator, Trottenberg [31, p. 298]). Given a splitting of
the operator Aj, as in Eq. (24) for an iterative solver with (A*h)~! existing, then the
smoothing operator S}, is defined as

Sp = —(A) A5

Note, that the name smoothing operator already suggests that the considered iterative
procedure is a smoother for a certain problem. This is not the case for a general iterative
solver, as a smoother is problem specific. In particular, the smoothing operator S}, €
RN is used to determine if the underlying iterative solver is in fact a smoother. In
Sec. 6.3, we will present a local Fourier analysis of the smoothing operator S, as a tool
to determine, if a certain iterative procedure is a smoother for a specific problem.

The w-damped Jacobi type iteration is presented in the following and its smoothing op-
erator is explicitly determined. For more details and especially more advanced solvers
the reader is referred to [31, 123, 124]. Jacobi-type solvers are based on the concept of
splitting the matrix A4;, € RVY from Eq. (22) up into

Ap =Dy, — Ly, — Uy,
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where D), is the diagonal of A, and —Lj, and —Uj, are the strictly lower and upper trian-
gular parts of Aj,. This representation is used to define the iterative update. Assuming
that Dgl exists, Eq. (22) is rewritten as

un = Dy (L + Un)un + Dy fi-
For a given start vector u{) the deduced k-th w-damped Jacobi-type iteration has the form
up ™ = [(1 = w)Ij + wDy N (Ly + Up)Juf + wDj fr (25)

with a weighting (damping) factor w € (0, 1]. The case w = 1 is called the classical Jacobi-
type iteration.

To determine the smoothing operator from Def. 6.2.1, we find that the splitting matrices
from Eq. (24) have the form

1 _ 1l —w
AZ = aDh, Ay = —(Lp +Up + TDh)

for w-damped Jacobi-type iterations. For the w-damped Jacobi-type relaxation, the smooth-
ing operator Sj,(w) from Def. 6.2.1 depends on the relaxation parameter w. It therefore
depends on the choice of the relaxation parameter w, whether the w-damped Jacobi-type
iteration is a smoother for a certain problem.

The following example illustrates that the w-damped Jacobi-type iteration is a smoothing
procedure for the Poisson-equation, for w € (0, 1].

Example 6.2.2 (Smoothing Operator). We outline the w-damped Jacobi-type iteration for
the Poisson equation; see [31, Ex. 4.3.3]. We have D = 4] and hence

4 4
+ _ - _
Ah = h2w] and Ah = A — h%}l'

For the ease of presentation we focus on the inner grid points and obtain the stencil
representation

1 -1
0] and (A4;,);; = 72 [1 Hul) 1] forj=1,2

1
AN = — [0
( h)]ﬂ h2 “

[N N}

and (A;);; = 0 for i # j. Thus, the smoothing operator has the stencil entries

w 1
(Sh)j; = 1 [1 40—w) 1} forj=1,2
1

and (Sp,)i; = 0 for i # j.
Note, that the eigenfunction ¢} of the smoothing operator S}, are the same as those of the
of the Laplace operator. The corresponding eigenvalues are

Ae(Sp) =1 — %(2 — cos(kymhy) — cos(karhs)), ki =1,...,m; — 1;
see [31, p.30]. The eigenvectors of the Laplace operator Aj, correspond to the eigenfunc-

tions of the continuous Poisson problem. As we can expand fairly arbitrary functions
using this set of eigenfunctions, it is also possible to expand arbitrary vectors in terms
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of a set of eigenvectors [123, p.19]. Let €} be the initial guess in the w-damped Jacobi-
type iteration. The vector can be represented by the eigenvectors of the finite difference
operator Ay, i.e.

@) = 3 apef(a)
k

for coefficients oy, with k = (ky, k:g)T and ki1 =1,...,m1 —1,ko =1,...,mg — 1. We use
the relation e}’ = (Sh)meg, see [123, p.19], and obtain

() = ap(Sn) (@) =D ari(Mk(Sh) ™ok (x),
k

k.l

where (Mg (S1)) = 1—%(2—cos(ki1mh) —cos(kamh)) are the eigenvalues of the smoothing
operator. As the objective of the smoother is a reduction of the high frequency compo-
nents in the error,

max | (Ax(Sp)) < 1

needs to be ensured for %' < k; < m; — 1. In fact, [(A4(Sk))| < 1 holds for w € (0,1].
Hence, the w-damped Jacobi iteration with w € (0, 1] is a smoother for the Poisson equa-
tion.

This example demonstrates, that the known discrete eigenfunctions of the finite differ-
ence operator often are transferable to the smoothing operator. This enables the analysis
of the smoothing properties of the smoothing operator via its eigenvalues.

6.2.2 Restriction and Prolongation

The restriction of the residual and the prolongation of the approximated error are crucial
components of the coarse grid principle. The task of the restriction operator is to map
the discretization of a function on a grid 2, to a discretization on the coarse grid Q.
The prolongation operator has the opposite task: it maps a discretization of a function
on a coarse grid 2y to a discretization on the grid €. These operators for restriction and
prolongation are called transfer operators and described in more detail in this section.

Definition 6.2.3 (Transfer Operators, modified Trottenberg [31, p. 42]). For a dis-
cretization f;, of a function on the grid €2, a restriction operator Rf € RV is an
operator that maps f, to a discretization on the coarse grid €2y. The prolongation
operator P}y € R™" is an operator that maps a discretization fy of a function on the
coarse grid €, to a discretization f, on the grid €2y,.

Moreover, we present some of the most common choices for transfer operators based
on [31, § 2.3.2, §2.8.4]. Particularly, one-dimensional transfer operators are presented, as
we use Kronecker products to obtain transfer operators for the two- and three-dimensional
setting.

Restriction Operators

In the following, we present specific choices for restriction operators R for a one-
dimensional problem. For the ease of presentation we assume the underlying grids to
be large enough and the grid size m to be a multiple of 2 such that the presented transfer
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6.2. Multigrid Components and Generalization

operators are defined. Based on the grid type of the grid used for the discretization of
the functions, different restriction options are distinguished.

A nodal discretization leads to straightforward transfer operators, as the grid points of
the coarse grid are a subset of the grid points of the original grid. The injection operator,
see visualization in Fig. 6.2.1 top left, uses the subset relation. A major drawback of
injection restriction, is the loss of the information of the high frequency components. A
more sophisticated restriction operator is the full-weighting, see Fig. 6.2.1 (top, right),
that incorporates the information of the neighboring grid points.

The following example demonstrates the effect of losing the high frequency information.

Example 6.2.4 ( Restriction Operators on a Nodal Grid). Let 2 = [0,1], m =4 ,i.e. M = 2.
We have given the function f(x) = sin(2rx). Thus, the nodal grid points z;, € R® with
the discretized function f;, € R are

zn=(0,3,3,81)T eR® with f, =(0,1,0,-1,0)" € R’

Hence, with the injection operator

(RO =

cowr
coco
o= o
coco
— oo
m
7
w
ot

we obtain the discretized coarse grid function

fi = (0,0,0)" € R?

corresponding to the grid points zi = (0, 3,1) . The information about the oscillations
of the high frequency sines are completely lost. In this example the problem of losing

the high frequency components also occurs for the full-weighting operator

(R =

OO =
Orl= O
o= O
Orl—= O
— O O
m
&
o

due to the symmetry of the sine.

For a centered discretization the simplest strategy is averaging; see Fig. 6.2.1 (middle,
left). A strategy to incorporate more neighboring information is derived from the cor-
responding linear interpolation, hence we call it linear weighting. Note that due to
the consideration of several neighboring points, we have to make assumptions about
the boundary behavior of the discretized function that is restricted. Here, we consider
Neumann-0 and Dirichlet-0 boundary conditions. A visualization is given in Fig. 6.2.1.

Example 6.2.5 (Restriction Operators on a Centered Grid). Let 2 = [0, 1]. To incorporate
four neighboring points, we set m = 8 and f(x) = sin(4wx). With a cell centered grid we
have the centered grid points z;, € R® with the discretized function f;, € R® with

, ot
= (&, 3,5 1 9 1113 15)

O W U T T N )T
fh—(\/§7 PR \/57 \/57\/57\/57 PR \/5) .
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6. Fundamental Concepts of Multigrid

The application of the averaging operator

c\H 1 1111 4.8
(R)hZQ 11 € R%
11

leads to
(i 11y
JTu=\vm~veve )
Assuming Neumann-0 boundary conditions for f, we use the linear weighting restric-
tion operator of the form

e L (P13 4,8
(RN =5 %935, ) eRY
8 145

We end up with
I OF U T S B
=" va) -
Using Dirichlet-0 boundary conditions with the linear weighting restriction operator
oy 1/231
(B2, :< Ty ) e RS,
132
we have
O R U S U
fH— 22 227 220 22 .

The incorporation of more neighboring grid points clearly leads to a more smoothed
coarse grid discretization. Moreover, different assumptions about the boundary change
the obtained coarse grid discretization.

Prolongation Operators

The presented prolongation operators are based on linear interpolation, i.e. a linear poly-
nomial can be interpolated exactly. A visualization for linear prolongation on a nodal
grid and on a centered grid is given in Fig. 6.2.2. Here again for a centered discretization
we distinguish between Neumann-0 and Dirichlet-0 boundary conditions.

The following examples illustrate the prolongation.

Example 6.2.6 (Prolongation Operator on a Nodal Grid). We continue Ex. 6.2.4. Starting
with the coarse grid discretization fi = 0 € R the application of the linear prolongation

operator
1 % 1 3
n\h - 5,
(P = 5| 2 s eR

leads to f; = 0 € R®. This shows, that the lost information cannot be recovered.

Example 6.2.7 (Prolongation Operators on a Centered Grid). We continue Ex. 6.2.5. Given
the coarse grid discretization
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Figure 6.2.1: Visualization of the restriction operator through their weights acting on the dis-
cretization on the original grid Qy, leading to a discretization on the coarse grid Q2. Restriction
operators acting on a nodal (top) or centered (middle, bottom) discretization. For a nodal dis-
cretization: Injection restriction (left) and full weighting (right). For a centered discretization:
Averaging restriction (left) and linear weighting (right) with Neumann-0 (middle) or Dirichlet-0
(bottom) boundary conditions.

w1 w2
% %
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Figure 6.2.2: Visualization of the linear prolongation operator through their weights acting on
the discretization on the coarse grid Qy leading to a discretization on the original grid €y,. Pro-
longation operators acting on a discretization of a function with nodal (top left) inner-nodal (top
right) or centered (bottom) grid type. For the centered discretization we distinguish between a
Neumann-0 (left) or a Dirichlet-0 boundary (right).
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6. Fundamental Concepts of Multigrid

where the function f has Neumann-0 boundary conditions, we apply the linear prolon-
gation operator with

5 -1
13
1
(PNl = 1 Sl e R*
31
13
“15
and thus obtain )
-
=—(11,5,2,-2,2,—2,—5,—11) .
In 8\/5( )

Starting with the coarse grid discretization

.
1 1 1 1
fn = (T@‘Tﬁvm’—m)

and applying the linear prolongation operator with Dirichlet-0 boundary conditions

1
c,D\h 1 %,il)) 8,4
(P7 )H: 13 6R7
31
13
2
we obtain .
-
= (2,2,-2,2,-2,2. -2 -2) .
In 8\@( )

Note, that the transposed prolongation operator is a restriction operator and vice versa.
Furthermore, if it holds
Py =2Y(R}")",

for a prolongation P! and a restriction R¥ operator, we call them corresponding transfer
operators. The rows of the transfer operators each sum up to 1. Since 2¢ is the factor that
describes the change in the number of cells between the coarse grid Q2 and the original
grid €, we need this factor in the equation. The linear prolongation operator corre-
sponds to the full-weighting restriction operator on a nodal and to the linear weighting
restriction operator on a centered grid.

6.2.3 Coarse Grid Operators

Another crucial step within the coarse grid correction, is to define a discretization of the
differential operator A on the coarse grid Q. The so called coarse grid operator Ay is
used to solve the coarse grid solution. As the coarse grid problem, should represent the
fine grid problem on a different discretization, the choice of the coarse grid operator is
also a crucial component of multigrid.

A natural and very simple choice for the coarse grid operator Ay is to compute the
discretization of the differential operator .4 on the coarse grid 2. The main advantage
of the direct computation is the simple implementation.

Another option is to use transfer operators P]}I, RH see Def. 6.2.3, and to compute the so
called Galerkin operator
Ax = RE AP}
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6.2. Multigrid Components and Generalization

instead. Note, that it is important to choose corresponding transfer operators for the
Galerkin operator, as outlined in [123, pp. 84-91 |. The advantage of the Galerkin op-
erator is, that favorable properties of A;, such as symmetry and positive definiteness
are transmitted automatically [31, p. 274]. The disadvantage is that the structure of the
matrix is blended more and hence the potentially sparse structure is lost. This makes
the Galerkin approach more time and memory consuming [31, p.278]. For more details
about the properties of a Galerkin coarse grid operator, we refer to e.g. [31, §7.7].

Example 6.2.8 (Coarse Grid Operators). In this example, we demonstrate two different
coarse grid operators for the Poisson equation, given a coarse grid Qg on the domain
Q = (0,1)? with grid size M = (4,4) and an inner-nodal discretization. Direct calculation
of the finite difference operator Ay = I ® (I2 ® D11 + D22 ® I7) leads to

4 -10-10 0 0 O

1
IL@Dy+Dyp®hi = 0-10-14-10-10
2 ®@ D1+ Doa ® I 24 0 0 -1 0 —-14 0 0 -1

In contrast the Galerkin based approach leads to a matrix Ay = I» ® B with

12-20-2-10 0 0 0

212 -2-1-2-10 0 0

0 212 0 —-1-20 0 0

1 —2-10 12-20 -2-1 0

B:=—1] -1-2-1-212 -2-1-2-1

—1-20 —-212 0 -1 -2

210 12 -2 0

—1-2-1-212 -2

0 -1-2 0 —2 12
Here, we used a full-weighting restriction and a bilinear prolongation operator for the
calculation of the Galerkin operator. The Galerkin approach leads to more averaging,
compared to direct calculation. This has the advantage, that the coarse grid solution is

smoother.

6.2.4 General Multigrid Architecture

The two-grid cycle is the simplest multigrid architecture. A general multigrid cycle can
be deduced from its recursive calling. In this section, more details are provided about
the two most common multigrid architectures: the V- and W-cycle. This section is based
on the ideas of [31, §2.4].

Within a two-grid cycle the linear system
Apel, = 'rl’?[

needs to be solved for a given coarse grid (2. A recursive call of another two-grid cycle
is repeated until the coarsest grid is reached. The coarsest grid depends on factors such
as the grid type of the discretization. A scalar equation or a very small linear system is
obtained on the coarsest grid discretization. The cycle depth [ coincides with the number
of recursive calls. A recursive call of the two-grid cycle, to solve the linear system, leads
to the the classical multigrid V-cycle. Another common option is a so called W-cycle,
where the coarse grid correction is repeated twice. In Fig. 6.2.3 both architectures are
visualized. Hence, the cycle index ¢, indicating the number of coarse grid corrections, is
one for a V-cycle and two for a W-cycle.
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Figure 6.2.3: Top: V-cycles with cycle depth | = 1,2,3,4. Copied from [31, Fig. 2.8]. Bottom:
W-cycles with cycle depth | = 1,2, 3,4. Copied from [31, Fig. 2.8].

6.3 Local Fourier Analysis

The objective of local Fourier analysis (LFA), also called local mode analysis, is to deter-
mine the convergence behavior of a geometric multigrid algorithm in a simplified way.
It is not completely rigorous, unless the Fourier modes are eigenvectors of the smooth-
ing operator, see e.g. [125], which is not generally the case. Nevertheless, LFA is useful
for the high frequency components of the error, as they are expected to resemble the
eigenvectors of the smoothing operator [123, p.49]. Another strategy is to define another
Fourier basis; see e.g. [44]. In this thesis, we consider the simplest standard setting and
assume, that the Fourier modes resemble the eigenvectors of the smoothing operator.
An introduction to LFA methods in multigrid can be found in [57]. Note, that LFA is an
own area of research in multigrid methods; see e.g. [125, 44]. We follow the ideas and
definitions of LFA described in [31, §4.7, §8.3, §2.9]. After an introduction to the funda-
mental concepts, we analyze the smoother within the multigrid algorithm and assume
an ideal coarse grid correction. This is also called Fourier one-grid analysis as only the
operators of the original grid are considered. In particular, the h-ellipticity measure and
the LFA version of the smoothing factor are presented.

6.3.1 Fundamental Concepts of Local Fourier Analysis

The term ’local” enters into play, as it is assumed, that smoothing is a local process, as
each unknown is updated using information from nearby neighbors [123, p.49]. Hence,
boundary phenomena are neglected and a so called infinite grid is considered, i.e. only
inner grid points exist. This simplifies the analysis. Thereupon, the objective of LFA is
to determine the quantitative convergence behavior and efficiency, that an appropriate
multigrid algorithm can attain, if a proper boundary treatment is included.

For a given grid Qj,, see Sec. 5.1, we define its infinite grid G}, by extending its set of
grid points X with grid points outside the domain 2. Furthermore, we notice that an
inner-nodal grid type cannot be distinguished from a nodal grid type, considering an
infinite grid. The same holds for the inner-staggered grid type for d = 2 and inner-
face- or inner-edge-staggered grid for d = 3. Moreover, the concept of coarse grids, see

65



6.3. Local Fourier Analysis

Def. 6.1.4, can also be applied to infinite grids. An infinite coarse grid G5 is the infinite
grid of the coarse grid Qg corresponding to the grid €. For the ease of presentation
h = h1 = ha(= hg3) is assumed in LFA.

In LFA we consider the so called Fourier modes.

Definition 6.3.1 (Fourier Modes, modified Trottenberg [31, p. 297]). For an infinite
grid G}, a Fourier mode is the mapping

0z

on REXRT S RY, gp(0,2) =17 e 7,

where 1 = (1,...,1) € R%, 0 is a frequency in R? and = € R? is a spatial component.

Due to the 27-periodicity of the Fourier mode in terms of the frequency 6, we can restrict
0 € [-, )% For a given infinite grid G}, we consider the spatial component to be a grid
point of the corresponding infinite coarse grid, i.e. + € Gy. Then only the frequency
components ¢y, (6, z) with 6 € [5F, 2)? are distinguishable, as H = 2h. Hence, we distin-
guish between the high and low frequency components of the Fourier mode ¢(6, -) on
the grid G}, with respect to the coarse grid G'g.

Definition 6.3.2 (High and Low Frequency Components of a Fourier Mode, Trotten-
berg [31, Def. 4.2.1]). Considering a Fourier mode; see Def. 6.3.1. For a frequency 6

T — [—%, %)d, the Fourier mode evaluated in ¢ (6, -) is called a low frequency

component of the Fourier mode ¢,. Otherwise, i.e. § € TM8" := [—7, 7)%\ [-Z, g)d,
is a high frequency component of the Fourier mode ¢j,.

The frequencies § € T'°% are called low frequencies and the frequencies § € Thig" are
called high frequencies. A visualization of the low and high frequency domains for
d = 2,3 is given in Fig. 6.3.1.

Remark 6.3.3. We will use the substitution v = 1 — cos(f), hence it is useful to keep in
mind, that v € [0,2]¢ for the frequency 0 € [—,7]¢. Thus, we adapt the definition and
have: ¢y, (v, -) is a low frequency component of the Fourier mode ¢y, iff v € VoW := [0, 1)4
and a high frequency component of the Fourier mode ¢y, iff v € Vhigh .= [0, 2]\ [0, 1)%.

Theorem 6.3.4 (Symbols/Formal Eigenvalues, Trottenberg [31, p. 297]). Let A, from
Eq. (22) be a finite difference operator, which can be described by a difference stencil;
see Def. 6.1.1. Furthermore, X is a set of grid points for a given infinite grid Gy,.
A Fourier mode ¢,(0, ), see Def 6.3.1, with § € [-7,7)¢ and 2 € X is a formal
eigenfunction of the discrete operator Ay, as

ALLg) ... AL4(H)
Andn(0, ) = : : on0,z), zeX
Adl(g) ... Abd(g)
::A(;)re(cd,d
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Figure 6.3.1: Visualization of the low frequency domain T := [T, %)d (blue) and the high
frequency domain THS" := [z 7)\ [—%, ) (white) for d = 2 (left) and d = 3 (right).

holds for A : [—7, 7]¢ — C%? with the entries

Ak,l(e) _ Z Sﬁ,leie'ﬁs‘

We call the matrix A(6) the formal eigenvalue or the symbol of the discretized dif-
ferential operator Aj,.

The main advantage of representing the finite difference operator by its symbol is the
reduction in size. Instead of analyzing a matrix of the size N x NV, where N is the number
of grid points and thus potentially large, we can analyze a d x d matrix for a given
frequency 6.

Example 6.3.5 (Symbol). We determine the symbol A corresponding to the Laplace op-
erator A, = —Ay; see [31, Ex. 4.2.1]. We use the five-point stencil for the diagonal entries
and have

A¥T = %(4 — (el o710 4 (lf2 | o))
= (2~ (cos(6h) + cos(82)))
~ 2(v1 +19)
==
with the substitution v = 1 — cos(¢). Hence, the symbol is

i) = <(”1 tu) O > .

(v1 + 1)
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6.3.2 h-Ellipticity Measure

The h-ellipticity of a discretized differential operator Aj, is a necessary and sufficient
condition for the existence of a point-wise smoothing procedure for a multigrid solver;
see [31, Thm. 4.7.1]. If the h-ellipticity measure of a discretized differential operator Ay,
is bounded away from zero, there are no high frequency components in the kernel of the
operator Ay, that cannot be reduced on a coarser grid. This implies, that there exists a
smoothing procedure for a multigrid solver and furthermore, that the discretization is
appropriate for a multigrid solver. The concept of h-ellipticity will be presented in more
detail in the following, based on the concepts presented in [31, §4.7,§8.3].

Definition 6.3.6 (h-Ellipticity, Trottenberg [31, p. 300]). The h-ellipticity measure
E), € [0, 1] of the discretized differential operator Aj, from Eq. (22) is defined as

min{| det A(9)| : € TM8h}
max{| det A(9)| : -7 < 0; < w}’

Ep(Ap) :=

where A(6) represents the symbol of Ay, see Def. 6.3.4, and § € T 8" are the high
frequencies; see Def. 6.3.2.

An operator Ay, is called h-elliptic or has a good measure of h-ellipticity, if there is a
constant such that
En(Ap) > const. > 0.

The denominator is a scaling factor to ensure Ej,(A,) € [0, 1].

The lack of h-ellipticity can be due to the fact that the discretized differential operator A,
is not elliptic itself or due to an instability of the discretization of A, i.e. due to e.g. large
central differences; see [31, Ex. 4.7.2]. Hence, a smoothing and thus an efficient multigrid
solver is not ensured.

Remark 6.3.7 (Trottenberg [31, Rem. 4.7.3]). If the h-ellipticity measure Ej,(A) > 0, but is
very small, it is not possible to construct an efficient pointwise smoother. In that case,
small highly oscillating variations in the residuum f;, i.e. the right hand-side of Eq. (22),
may result in a large oscillations of the discrete solution uy,.

Example 6.3.8 (h-Ellipticity). We determine the h-ellipticity measure for the Laplace op-
erator A, = Aj; see [31, modified Ex. 4.7.1]. The determinant of the symbol reads
as det A(v) = %(1/1 + 19)%. Thus, the minimization of det A(v) with respect to v €
[0,2]%\[0,1)2 leads to the minimum det A((1,0)") = 4. The maximization of det A(v)
with respect to v € [0,2]? leads to the maximum det(A)((2,2)") = %. Hence, the h-

ht
ellipticity measure is
4
r 1
Ep(Ap) =10 = —
AT

6.3.3 Local Smoothing Factor

The local smoothing factor is the simplest quantitative predictor of the asymptotic con-
vergence speed per multigrid cycle obtainable [33]. The convergence of a multigrid al-
gorithm builds on the convergence of the corresponding smoothing procedure. Hence,
the local smoothing factor is used to validate the performance of a multigrid solver.
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Using the splitting from Eq. (24) the formal eigenvalues, see Def. 6.3.4, to the stencil
notations of the operators 4, , A" € RV:Y are used. Applying the operators to the formal
eigenfunctions ¢, (6, z) it holds

AL on(0,x) = Ai(bh(e?w)a
A;@L(H, x) = z‘i+¢h(97$)a

where A=, A* € C%? are the symbols of the operators A, , A, respectively.

Definition 6.3.9 (Local Smoothing Factor, Trottenberg [31, p. 298]). For the splitting

from Eq. (24) with (fl*(@))_l existing and eigenfunctions ¢(, -) of the smoothing
operator Sj, see Def. 6.2.1, we define the local smoothing factor

thoe = sup{|A(8)| : det(A(9) AT () + A~ ()) = 0,0 € Thish}, (26)

The local smoothing factor pj,. depends on the parameter w for the w-damped Jacobi-
type iteration. As poc(Sy) < 1 must be fulfilled for a converging smoothing procedure
with smoothing operator S}, a concrete choice for the parameter w in the w-damped
Jacobi-type iteration can be deduced.

Example 6.3.10 (Local Smoothing Factor). We determine the local smoothing factor for
the Laplace operator A, = Ay, in a w-damped Jacobi-type iteration; see [31, modified
Ex. 4.3.5]. The symbols of the splitting matrices A and A, are

- 4 . 2 2
A+:ml and A (V):ﬁ(yl+y2_;)l'
Hence, from 5 o
AV)AT + A = ﬁ(;()\(y) —1)+uvi+w)l

we have to solve det(\(v)A* + A=) = 0 and hence have

(%(A(V) ~ 1)+ +1r)?=0

with the root A*(v) =1 — % Thus, the smoothing factor is

(v1 + v2)w

Hloe = max{|1 — 5

|1 v €10,2)%\[0,1)} = max{|1 — %|, 11— 2wl}.

The same results can also be obtained in the rigorous smoothing analysis. This illustrates
the reliability of LFA.

Furthermore, the local smoothing factor can be used as an approximation to the conver-
gence speed. More precisely,

(H10c)" (27)

is assumed to be an approximation, where n = n; + ns is the number of all pre- and
post-smoothing steps per multigrid cycle; see [33, p. 235].
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7 A Multigrid Method for Image Registration with
Second-Order Divergence-Curl Regularization

In this chapter, we present a novel multigrid method for the discrete image registration
problem (20) with second-order divergence-curl (DC) regularization. Within the pre-
sented Gauss-Newton optimization, we solve the linear system (21) with a multigrid
solver. To the best of our knowledge a multigrid solver for this specific regularization
has not been introduced so far. We provide a local Fourier analysis (LFA), that provides a
strong theoretical fundament for the proposed multigrid solver. Moreover, we present a
comprehensive validation with numerical experiments of the proposed multigrid solver
and compare the proposed multigrid solver to a state of the art multigrid solver.

Within the analysis, we focus on the regularizer of the image registration problem (1)
alone, and ignore the influence of the data-fitting term. The focus on the regularizer is a
common strategy for the analysis of multigrid solvers; see e.g. [46, 47, 48].

The considered linear system (21) can be interpreted as a discretized fourth-order par-
tial differential equation (PDE), due to the second-order DC regularizer. Most existing
fourth-order multigrid schemes, such as [76, 77, 78], rely on the splitting of the operator,
as these lower-order schemes are more efficient. Here, we propose a multigrid solver for
the fourth-order system. The aim is a proof of concept, i.e. to show the suitability of the
coupled fourth-order operator for multigrid.

LFA ensures the suitability of the proposed discretization of the regularizer and the con-
vergence of the smoother from a theoretical point of view. In particular, we determine
the h-ellipticity measure, see Thm. 7.2.2 / Thm. 7.2.3, as well as the local smoothing fac-
tor, see Thm. 7.2.4 / Thm. 7.2.7 in a closed form for d = 2 and d = 3.

Usually, LFA is only provided for d = 2, see e.g. [55, 46], or in case of [47] only for
d = 3. Our three-dimensional LFA results are not a straight-forward extension of the
two-dimensional case, which emphasizes the importance of LFA for both cases, to get
more insight into the underlying problem. In contrast to other contributions in this field,
see e.g. [47,77,78, 55], we determine the local smoothing factor both explicitly and nu-
merically.

A comprehensive validation of the proposed multigrid solver is a proof of concept. We
provide numerous experiments for the two-dimensional setting to evaluate the conver-
gence, the complexity as well as the efficiency of the proposed multigrid solver for dif-
ferent multigrid architectures.

In addition, a comparison to a state of the art multigrid solver gives an intuition for
the findings of the proposed multigrid solver. In particular, we discuss the LFA results
and compare them to the LFA of the coupled second-order elastic operator. The elas-
tic regularizer [46] shares the following properties with the proposed second-order DC
regularizer: It is physically inspired and thus enables a coupling of the components.
Furthermore, the proposed discretization by [46] is based on a staggered-grid discretiza-
tion. The main difference of the elastic and the second-order DC regularizer is their
order. Whereas the elastic regularizer is of first order and thus the linear system can be
interpreted as a second-order PDE within the multigrid framework, the second-order
DC regularizer corresponds to a fourth-order PDE.

The previous numerical experiments are repeated with the elastic regularizer. Surpris-
ingly, we observe that the proposed multigrid solver is almost as efficient as the elastic
multigrid solver in the experiments.
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7. A Multigrid Method for Image Registration with Second-Order Divergence-Curl
Regularization

This chapter is organized as follows: In Sec. 7.1, the general multigrid framework and
in particular the multigrid components and the cycle architecture for the fourth-order
linear system obtained from image registration with second-order DC regularization are
presented. Moreover, LFA gives a theoretical foundation for the suitability of the pro-
posed smoother in Sec. 7.2. Numerous experiments validate the proposed multigrid
solver in Sec. 7.3. A comparison to the well known elastic multigrid solver is presented
in Sec. 7.4.

7.1 The Proposed Multigrid Solver

In this chapter, we propose a multigrid solver for the linear system (21) of the Gauss-
Newton iteration. We focus on the second-order divergence-curl (DC) regularizer and
omit the data-fitting term and thus obtain a linear system of the form (22), where A}, is
a discretization of the fourth-order differential operator from Tab. 3. For the ease of pre-
sentation, we focus on the inner-staggered grid discretization with Dirichlet-0 boundary
conditions as proposed in Sec. 5.1.2. Staggered grid discretizations are known to avoid
possible so called checkerboard instabilities in multigrid approaches [31, p. 314].

In the following we present concrete choices for the components of the proposed multi-
grid solver. Smoothing, restriction and prolongation as well as the coarse grid operator
characterize a multigrid solver; see Sec. 6.2. Moreover, the cycle architecture of the multi-
grid framework is specified.

Smoothing

For the smoothing, an w-damped Jacobi-type iteration, see Sec. 6.2.1, is used.

Cor. 7.2.5/ Cor. 7.2.8 give a criterion for a proper choice of the relaxation parameter
w in dependence of the parameter . We recall, that the parameter v is weighting the
divergence- and curl-part of the second-order DC regularization.

Usually for the number of smoothing steps n; 4+ ny < 3 is a good compromise between
convergence speed and complexity; see [31, §3.3.1] for a theoretical verification. Thus,
we also ensure n; + ny < 3 for our experiments in Sec. 7.3. In particular, we test the
impact of a different number of smoothing steps to the average defect reduction. The
average defect reduction factor is a measure for the convergence of the multigrid solver.
As the order of magnitude of the average defect reduction factor remains the same with
a different number of smoothing steps, a small number of smoothing steps, e.g. n; =
ng = 1, is preferred.

Restriction and Prolongation Operator

Due to the staggered grids, different directions of a component have different grid po-
sitions and the transfer operators are obtained through Kronecker products; see Tab. 11.
The prolongation operators for both grid position, the inner-nodal and centered direc-
tion, are bi-/ trilinear interpolation; see Fig. 6.2.2.

For the restriction, the full-weighting restriction operator is used for the inner-nodal di-
rection and the linear-weighting restriction operator is used for the centered direction;
see Fig. 6.2.1. As known from [33, Eq. (4.3)], the transfer operator should be chosen in
such a way, that the high frequencies are not magnified. For the discretized fourth-order
finite difference operator Aj, the usage of the full /linear- weighting restriction and the
bi/tri-linear prolongation are a borderline case, but are appropriate. Furthermore, at
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Table 11: Transfer operators for d = 2,3. The transfer operators are restriction operators T =
(Rc)g € R2™i gnd T!" = (Ri")hng R~ 1™~ or prolongation operators Tf = (P)h, €
R™72" and T = (P™)h, ¢ Rmi—h2 1

TS @ Ti"
T5"®Tf>’
TS @ TS @ Tim
d=3: T := TS @ Ti" @ T¢
T @ TS @ T

least two cycles of the multigrid solver are performed to ensure [33, Eq. (4.4)]. Other-
wise large errors might occur through the contribution of the high frequencies to the low
frequencies. We refer to [33, §4.3] for a detailed presentation of the conditions for trans-
fer operators.

Here, we assumed, that the discretization uy, of the desired displacement has Dirichlet-0
boundary conditions. Hence, our transfer operators are implemented with Dirichlet-0
boundary conditions. An extension to Neumann-0 or sliding boundary conditions is
straightforward by using the corresponding transfer operators.

Coarse grid operator

The coarse grid operator, i.e. the discretized differential operator Ap, is computed di-
rectly for the second-order DC regularizer.

For the application of the multigrid solver to the whole image registration a strategy for
the data-fitting term is needed. As the data-fitting term depends on the images, a direct
computation would lead to a new interpolation of the images on the coarse grid. This
makes a direct computation of the coarse grid operator computational expensive. Hence,
for the data fitting term we follow the approach proposed in [46], which relies on a vari-
ation of the Galerkin based approach; see Sec. 6.2.3. More precisely, an approximation
of the Hessian of the data-fitting term, in particular the diagonal, is determined for the
discretization on the original grid. As the diagonal can be handled the same way as a
vector, the restriction and prolongation operator can be applied directly to the diagonal.
Hence, the coarse grid operator for the image registration problem has the form

Ay = Rfldiag ((V2D)n) Pl + a(V2S) i,

where (V2D)}, is the Hessian of the data-fitting term for a discretization on the grid €2,.
Further, (V2S)y is the Hessian of the second-order DC regularizer discretized on the
coarse grid Qy and R}, P} are the transfer operators, described in the last paragraph

about the transfer operators.

Cycle Architecture

We consider both standard architectures, the V- as well as the W-cycle, in our experi-
ments. We determine the average error reduction for both cycle architectures in Sec. 7.3.
As the W-cycle does not lead to a better average defect reduction factor, the use of a
V-cycle is recommended due to the lower complexity; see [31, Eq. (2.4.14)].

72



7. A Multigrid Method for Image Registration with Second-Order Divergence-Curl
Regularization

7.2 Local Fourier Analysis of the Proposed Multigrid Solver

A local Fourier analysis (LFA), see Sec. 6.3, of the second-order DC regularizer and in
particular finite difference operator Ay, from Sec. 5.1.2 is presented. We use LFA to ensure
the suitability of the proposed inner-staggered grid discretization for a multigrid solver
and to demonstrate that an w-damped Jacobi-type iteration as a possible smoother. The
LFA of second-order DC regularizer is a main result of this thesis and was first presented
in our contribution [81] for a two-dimensional setting.

Our LFA of the second-order DC regularizer, for two- as well as the three-dimensional
setting, includes:

1. the stencil notation of the corresponding discretized fourth-order differential oper-
ator from Sec. 5.1.2,

2. the h-ellipticity of the fourth-order operator and hence its suitability for multigrid
methods,

3. the explicit local smoothing factor for an w-damped Jacobi-type iteration and

4. an upper bound for the relaxation parameter w of the w-damped Jacobi-type itera-
tion.

7.2.1 Stencil Notation

First, the stencil notation, see Def. 6.1.1 of the discretized fourth-order operator A, in-
troduced in Sec. 5.1, is determined. Here, only the stencils corresponding to the inner
grid points are relevant, as LFA assumes infinite grids.

Theorem 7.2.1. For u € C%(Q,R?), with u bounded, we define an O(h?) approxi-
mation A, € R%4 of the differential operator A from Tab. 3 with entries Agl’k, Pl =
1,...,d, that are defined by the stencils listed in Tab. 12 for d = 2 and in Tab. 13 for
d=3.

Table 12: Stencil notation of the entries Aﬁ’l, k,l = 1,2 of the fourth-order finite-difference oper-
ator Ay,

v
. ) 1 —4y—2 1
At = gp | e —41-y)=2 100 —4(1-7)-2 (1-) |,
—4y-2
. ¥

22 . (411
a2 = (a4,

1,2 (2y—1) e 2,1

2 . (2 1 -6 6 —1| _ 42
Ayt = |:—16—61:|_Ah'

11

Proof. The proof follows a well known scheme, see e.g. [114, p. 5], and is exemplarily
outlined for the stencil A,ll’1 for d = 2. The remaining entries are along the same lines and
the extension to the three-dimensional setting is straightforward.
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Table 13: Stencil notation of the entries Al,j’l, k,l = 1,2,3 of the fourth-order discretized differ-
ential operator Ay, obtained from second-order DC regularization. Note, that the stencil repre-
sentation changes in size for the different entries, in particular A,ll’l, A}ZZ’Q, Ai’S € R>5° whereas

AP = AP e RM3, A)° = AP e R and AP = AD? € R34,

r 0
0
1,1 1 (ALl _(A22
(A ’ )mﬁz,l =g |00 (167) 00| = (A )H17H2,5 = (A
L 0 0
1,1 1 1
(AY )k ka2 = g7 | 0200-) —8(1Iv)—2 2(1-7) 0
_ AL _ %,2 T — (A22\T
- (A _)5175274 - (A )Kl,ﬁg,Q - (A )N1,I{2,4
Y
. . 1 —dy—4 1
(AN )y ko3 == 71 | (1) =8(1=7)=2 20(1—7)+67+8 —8(1-7)—2 (1-7)
1 —4y—4 1
L ¥
433 1 0 — (433
( 7)/{17N2,1 T RE 00800 _( 7)N1,f€2757
L 0(1)
3,3 1 s (433
(A3 1= | 01092410 | = (A39)y
0
(1-7)
33 1 2(1—7) —-8(1-7)-2  2(1—v)
(A%3) 1 m03 7= 1 | (1=7) —8(1=7)=2 20(1—)+67+8 —8(1—7) (1—7)
2(1—7) —-8(1-7)-2 2(1—v)
L 0 o (1-7)
1,2 _ @2y o1 —10]| _ (41,
(A )m,nz,l = T pA 0-110 (A )m,nz,?ﬁ
L 0,0
1,2 @y [ 1 88 -1
(A )m,nzﬂ T TRA -1 8 -8 1 |>
L
1,3 — @y=D o 10| _ /413 2,3\T
(A )mﬁz,l Y 0-10| — (A )m k2,4 = (A )m,m,l =
L 0
F 1
1,3 e @=D 1 =81 | _ , — (AT
(A )m,m,? = A -1 8 — (A )m n2,3—(A )Kl,KQ,Z_
L -1

)m,@,l = (A2’2)H1,f€2,57

— (A2,2)T

K1,K2,37

Letu = (u1,uz) " € C%(Q,R?) be a displacement, which is bounded in the neighborhood

of v = (x1,22)"
deformation u;, j = 1,2 leads to

2

€ Q. Taylor approximation [126, Eq. (5.81)] of a component of the

h
Uj ($1 =+ ah, Tro + bh) = Uj + h(a81 + b82)uj + ?(a& + b@g)Quj

h3 ht

+ 5y (a0 + b0s)3u; + r(ad+ b0 u;

h5
+ E( O + bda)’u; + O(h%)

fora,b e {_73, -1,0, _71, %, 1, %}

Hence, for the entry A,ll’1 acting on the first component of the deformation w; for the blue
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Table 14: Stencil A,ll’1 for the two-dimensional setting, with color coded entries for the proof of

| i * @ |
- T

=

entries according to Tab. 14, we obtain

AR

(—4y = 2)(ur(z1 + hy 22) + ur(z1 — h, 22)) +y(ur(z1 + 2h, 22) + ui(z1 — 2h, 12))
1
= (—6’}/ — 4)’LL1 — 2h2811u1 + (7 — 6)h481111U1 + O(hG)

Similar, for the orange entries of the stencil A,lz’l, we have
/ﬁyz L= (—4(1 — ’y) — 2)(U1($1,$2 + h) + ul(l‘l,l'g — h))
+ (1 =) (u1(x1, 22 + 2h) + uy (x1, x2 — 2h))
1
= (—6(1 — ’y) — 4)U1 — 2h2822u1 + ((1 — "}/) — 6)h482222u1 + O(hG)

For the green entries of the stencil, we have

(4= ul(azl + h, 9 +h) +U1(SL‘1 —h,xo — h) +u1($1 + h, oy — h) —|—U1(l‘1 — h,xo —I—h)
h4
= 4uy + 2h% (811 + Ooo)uy + F(allll + 601129 + O2292)u1 + O(h®).

Putting it all together, with the central entry we get

Aptuy = —(10ug + 01+ 2 4 1%)

1

4

1
= (YA 01111 + (1 — 7)h* Dagan + A 1122 + O(h°))wy
= (A tuy + O(h?).

>

The discretization of the other entries of A works in the same way:. O

The non-diagonal entries AZ’Z for k # [ have no central entry and thus lead to a change
of the grid of the discretization, which is due to the staggered grid discretization.

As shown above, the discretization has a second-order consistency, if restricted to the

inner grid points. We already observed the O(h?) consistency in the experiments in
Sec. 5.1.2.
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7.2.2 h-Ellipticity

A stable discretization of the differential operator A is needed to obtain an efficient
multigrid algorithm [33]. As discussed in Sec. 6.3 a measure for the stability of the
fourth-order difference operator A, is the h-ellipticity measure E}; see Def. 6.3.6. Hence,
the h-ellipticity of the stencil notation from Thm. 7.2.1 is explicitly determined, to verify
the discretization. In particular, we show, that the h-ellipticity measure is independent
of the constant v and bounded away from zero. Thus, the discretized differential opera-
tor Ay, is h-elliptic for all choices of the parameter v. In essence, the proposed staggered
grid discretization for the second-order DC regularizer from Sec. 5.1.2 is appropriate for
a multigrid framework and the existence of a pointwise smoother is ensured. This is one
of the main results of this thesis.

h-Ellipticity in the Two-Dimensional Setting

We start with the two-dimensional setting and examine the h-ellipticity of the finite dif-
ference operator Ay, from Tab. 12.

Theorem 7.2.2. The h-ellipticity measure, see Def. 6.3.6, of the discretized operator
A;, with stencil notation as in Thm. 7.2.1 is
1

En(An) = g5

Proof. First, we determine the symbol of the discretized fourth-order differential opera-
tor A, according to Def. 6.3.4 for the stencil notation from Tab. 12. Starting with the entry

A,ll’l, the symbol is

h4
4 o (6—1291 + 61291) 4 (1 . ,y) (e—i292 4 61292)

i (e—i(91+92) 4 ei(01+92)) 4 (6—1(91—92) n ei(91—92))>

AI’I(Q) = 1 (10 — (4v+2) (e_iel + eiel) —(4(1=7)+2) (e_i92 + eigg)

- % <2 + 7008(91)(008(61) — 2) — cos(61) + cos(61) cos(62)
+ (1 — ) cos(62) (cos(b2) — 2) — COS(Qg)).

With the substitution v; = 1 — cos §; = 2sin? % from Rem. 6.3.3, we obtain

~ 4
Abl(v) = Q(W% + v+ (1= )13).

Similar, the symbol

A2 (v) = (L= )vf + vave +13)
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of the entry Ai’z is calculated. For the entry A,ll’2 the symbol is

BA
I (ei%(361+62) +e—i%(391+02)) _ (615(391—92) +e—i%(361—92))

A1,2(9) — (2’}/ - 1) <6 (ei%(elfgg)efi%(91792)> o 6 (ei%(91+92) + efi%(91+92)>

n (ei%(91+392) n efi%(91+392)) _ (61%(917392) i 6715(917392)) )

_ 8(2724—1> .sm(%)sm(%) (2 Sin2(%1) +251“2<022)> '

Again, the substitution v; = 1 — cosf; = 2sin? % leads to

A2y = "2 i 4 ).

Therefore, we end up with the symbol

Aw) = {11,1@) 1‘:11’2(1/) A (it (L= (27 = 1) yris(v + )
A%L(v)  A%22(v) ht \(2v — 1)\ /viva(v1 +1v2) (1 — fy)y% + v + 7V22 )
For the determinant, we obtain

det(A)(v) = %m — D + )" 28)

In order to determine the h-ellipticity measure according to Def. 6.3.6, the determinant
det(A)(v) from Eq. (28) is minimized with respect to v € [0,2]*\[0,1)%. Thus, the mini-
mum is e.g. attained in v = (1,0) " with

det(A)(1,0) = 2¢7(1 — 7).

Next, we determine the maximum of the determinant with respect to v € [0,2]?. The

maximal value
16

o5 " 2567(1 =)

is attained in v = (2,2) . Therefore, the h-ellipticity measure is

min{| det(A)(v)| : v € [0,2\[0,1)7} _ 1

Enln) = max{| det(A) ()| : v € [0,2]} 256"

As the h-ellipticity measure is bounded away from zero, the proposed staggered grid
discretization from Tab. 12 is suitable for the construction of a multigrid solver and the
existence of a pointwise smoother is ensured.
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h-Ellipticity in the Three-Dimensional Setting

We extend the examination of the h-ellipticity of the finite difference operator Ay, to the
three-dimensional setting.

Theorem 7.2.3. The h-ellipticity measure, see Def. 6.3.6, of the discretized operator
Ay, with stencil notation as in Thm. 7.2.1 is

1

En(An) = 16656°

Proof. Since the proof for d = 3 is carried out in the same way as in the two-dimensional
setting, only a few intermediate steps are presented. Using the stencils from Tab. 13 we
obtain the symbols

- 4

AV () = 7 (L= 7) (w2 +v3)? + vi(yvn + 12 +v3))
~ 4

A2’2(V) =4 ((1 7)1 + V3)2 + (v + Yo + 7/3)) )
~ 4

AP (v) = 73 (L= +v2)* + v3(v1 + 12 +3))
~ 42y -1 ~

A172( ) = Zfl)\/ V1I/2(l/1 + v + V3) = A2’1(l/),
il3 42y -1) W31

A (v) = T\/l/lljg(yl +vy+1v3)=A"(v) and
~ 42y -1 ~

A () = Gl 714 )M(m + 1o +u3) = AN (v).

For the calculation of the determinant, we used Mathematica [127], and obtain

6
det(A)(v) = (1 =20+ 2 + 15"

Thus, the h-ellipticity measure of the discretized differential operator Ay, for d = 3 is

20 2
(1 =) 1 1
h12 7(1 - 7)266 6 46656

O]

Note, that the determinant det(A) weights the preliminary factor of the divergence and
the curl-part equally in the two-dimensional case. In contrast, the preliminary factor
of the curl-part, 1 — ~, has a quadratic impact, whereas the preliminary factor of the
divergence-part, v, only has a linear impact in the three-dimensional setting. This again
emphasizes, that the three-dimensional results are not a straightforward extension of the
two-dimensional findings, as the curl is fundamentally different.

The h-ellipticity measure is rather close to zero in the three-dimensional setting. This is
mainly caused by the fourth-order of the finite difference operator. Nevertheless, this
indicates, that there exist eigenvalues close to zero for high frequencies. From the spec-
tral decomposition of the continuous fourth-order differential operator from Thm. 4.1.9
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together with the knowledge of the discrete spectral decomposition of the elastic opera-
tor [107], we suspect, that the norm of a sine is close to zero. A spectral decomposition
of the discrete fourth-order operator Ay, is an urgent task for further research.

7.2.3 Local Smoothing Factor

Next, we determine the local smoothing factor j,., see Def. 6.3.9, of the w-damped
Jacobi-type iteration explicitly, to show, that this iteration is a proper smoother for a
suitable choice of w. This is another main result of this thesis.

The w-relaxed Jacobi-type update, see Eq. (25), is given via

ht ht
upt™ = uf +w(zftt —uf), where 2t = <I — CL(V)Ah> uy + @fh (29)
with
10 ford = 2,
a(y) = _
20(1 =) +6y+8 ford=3,

where Ay, is the fourth-order discretized differential operator with the stencil notation as

in Thm. 7.2.1. Note, that this simple notation is only possible due to the splitting with

the diagonal matrix with the simple form D), = %I . Thus, the smoothing operator, see

Def. 6.2.1, has the form

h4
el (30)

=

For this smoothing operator, we determine the smoothing factor.

The Local Smoothing Factor in a Two-Dimensional Setting

We start the examination of the local smoothing factor in a two-dimensional setting.

Theorem 7.2.4. The local smoothing factor pj.., see Def. 6.3.9; for the smoothing
operator Sj, from Eq. (30) is

16w
pct51) = mac{ |1 = 2 14 )

with p, := /1 —4y(1 —v) and v € (0,1).

9

w
1-2(1-py)

Proof. The representation of the local smoothing factor from Eq. (26) is used. The split-
ting matrices, see Eq. (29), are

a(y) - a(y)

where A, is the discretization with stencil notation according to Thm. 7.2.1. The symbols,
see Def. 6.3.4,

i+ _ o) - 5 a(v)
A _wh4I and A" =A wh4I’
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are determined, where A is the symbol of Ay, that we already determined in the proof of
Thm. 7.2.2.
The determinant det(\(v)) := det(A(v) AT + A7) is
2
det(A(v)) = det A(v) + W(Al’l(u) + A%%(v)) + W
167(1 — ) (vy + )t 40(A(v) — 1)(v1 +10)?  100(A(v) — 1)2
h8 * wh8 * w?h8

with the roots \*(v) = 1 — £ (v + vy)? (1 + 1 —4y(1 - 'y))
Hence, with p, := /1 — 47(1 — ) the smoothing factor is
Hioc(Sn) = sup{|X*(v)| 1 v € [0, 2]°\(0,1)*}

:max{‘lm(l+p7)

5 (1—py)

7'10‘}
)

b

Note, that in contrast to the h-ellipticity measure, the local smoothing factor .. of the
w-damped Jacobi-type relaxation depends on the parameter v € (0, 1).

For a given parameter v and a given relaxation parameter w we can deduce, if the w-
damped Jacobi-type iteration is a smoother. We need ji,. < 1 for the convergence of
the iterative procedure, i.e. for a smoother. In particular, we observe, that the relaxation
parameter w needs to be chosen small enough, to obtain /.. < 1. For an easier under-
standing we deduce an upper bound for the relaxation parameter w in dependence of
the parameter ~.

Corollary 7.2.5. According to Thm. 7.2.4, the w-damped Jacobi-type relaxation is a
suitable smoothing procedure, iff

o 5
IS 8(1+/1-4y(1—7)) b

The upper bound w* () is visualized in Fig. 7.2.1 on the left side for the two-dimensional
setting. If the relaxation parameter w is chosen according to Cor. 7.2.5, then the w-
damped Jacobi-type iteration is a smoother for a multigrid algorithm solving the linear
system of the form of Eq. (22) with the fourth-order discretized differential operator Aj,.

We further provide a sanity check to emphasize the importance of choosing an appro-
priate relaxation parameter w.

Experiment 7.2.6 (Suitable Choice of the Relaxation Parameter w). For m = [128,128] and
v = 0.1 the right-hand side is set to fj, = 0 and A}, is the fourth-order finite difference op-
erator obtained from second-order DC regularization with a discretization as described
in Sec. 5.1.2. The upper bound from Cor. 7.2.5 is w*(0.1) = % For w = 0.3 < w*(0.1)
and w = 0.5 > w*(0.1) the relative residuum r = %%ﬁ“’l” is plotted against the number
of iterations in Fig. 7.2.2. For the suitable relaxation parameter w = 0.3 the residuum
decreases. This enhances, that the w-damped Jacobi-type iteration is an appropriate

smoother. In contrast, the residuum increases for the non-suitable choice w = 0.5.
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Figure 7.2.1: Visualization of the upper bound w*(y) according to Eq. (31)/ Eq. (32) for a proper
choice of the parameter w in dependence of the parameter v € (0,1) for d = 2 (left) and d = 3
(right).

The Local Smoothing Factor in a Three-Dimensional Setting

We extend the findings for the local smoothing factor to the three-dimensional setting.

Theorem 7.2.7. The local smoothing factor pj.., see Def. 6.3.9, for the smoothing
operator S, from Eq. (30) is

72w max{y, 1
7(2—7)

,uloc(Sh) = max {’1 — 7

2w mln{’y, 1 -~} }

with vy € (0,1).

Proof. Analogously to the two-dimensional setting, we use the representation of the local
smoothing factor from Eq. (26). Here, we compute the roots of the determinant det(A(v))
with Mathematica [127] and obtain

 bwmax{y,1 -1~}

Al(v)=1

(v1 4 vo +13)%,

2 )
* 6w mln{’}/al _fy} 2
=1
)‘2(1/) 21<2_7> (V1+V2+V3) )
6w(l —
N) = 1= 20D 4y 4y )2

T 22—y

Thus, the smoothing factor is

Hioc(Sh) = sup{|Aj(v)| : v € [0,2°\(0,1)°,j = 1,2 3}

- omms)

T2wmax{y,1 —~}

e
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Figure 7.2.2: Visualization of the relative residuum against the number of iterations for an w-
damped Jacobi-type iterations as described in Exp. 7.2.6. The relative residuum decreases for
w = 0.3 < w* (left) and rises for w = 0.5 > w* (right). Hence, for w = 0.3 the w-relaxed
Jacobi-type iteration is a smoothing procedure, but not for w = 0.5.

O]

We determined the local smoothing factor explicitly for the three-dimensional setting.
From this, we again deduce the upper bound for the relaxation parameter w of the w-
damped Jacobi-type iteration.

Corollary 7.2.8. According to Thm. 7.2.4, the w-damped Jacobi-type relaxation is a
suitable smoothing procedure, iff

7(2-17) (32)

w <wi) = 36 max{y,1 — v}

The upper bound for the three-dimensional setting is visualized on the right side of
Fig. 7.2.1.

Table 15: Approximation of the asymptotic convergence speed with the local smoothing factor
s and n overall smoothing steps with the damping parameter w = 0.3 and the DC regularizer
parameter v = 0.1 for d = 2, 3.

n = 1 2 3
d=2 109880 0.9604 0.9412
d=31]0.9955 09909 0.9865

Furthermore, we know from (27), that the local smoothing factor (.. can be used to
determine an approximation to the convergence speed of the multigrid algorithm.

Example 7.2.9 (Theoretical Approximation of the Convergence Speed). Let Aj be the
fourth-order finite difference operator from Sec. 5.1 with v = 0.1. The local smoothing
factor for an w-damped Jacobi-type relaxation with relaxation parameter w = 0.3 is p1oc =

% = 0.988 for d = 2; see Thm. 7.2.4. For the three-dimensional setting we obtain and
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Ploc = % = 0.9955; see Thm. 7.2.7. Hence, for n; pre- and ny post smoothing steps, i.e.

n = ny + ng overall smoothing steps with n = 1,2, 3, we obtain an approximation to the
convergence speed as listed in Tab. 15. As the smoothing factors are close to one, a fast
converging, i.e. an efficient multigrid solver is not expected.

7.3 Validation of the Proposed Multigrid Solver

In this section, we validate the proposed multigrid solver for image registration with
second-order divergence-curl (DC) regularization. Specifically, we present numerical ex-
periments to validate the convergence, complexity and efficiency of the proposed multi-
grid solver.

In the first place, the following numerical experiments verify the suitability of the pro-
posed multigrid solver for the fourth-order PDE obtained from image registration with
the proposed second-order DC regularizer. Furthermore, a different number of smooth-
ing steps and different architectures are compared against each other. For the ease of
presentation, we limit the experiments to d = 2.

Implementation Details

Our implementation is in Matlab [118]. It builds on the FAIR package [5], that pro-
vides a multigrid solver implementation for image registration with elastic and curva-
ture regularization. The FAIR multigrid framework is based on matrix-free concepts;
see [5, 120]. Our implementation of the multigrid solver for the fourth-order PDE ob-
tained from second-order DC regularization fits into the FAIR framework and thus is
also based on matrix-free implementations.

Validation of the Convergence

Next to the smoothing factor, the average defect reduction factor is an approximation of
the convergence speed. It is defined as follows.

Definition 7.3.1 (Average Defect Reduction Factors, Trottenberg [31, Eq. (2.5.1)]).
For a multigrid algorithm, the average defect reduction factor over k € N iterates is
determined by

Y

¢" = {| oy
[k

where ) # 0 is the initial residual and r} the residual at the k-th iteration.

For k large enough, the average defect reduction factor ¢* is an approximation of the
convergence speed; see [31, p. 54]. Note, that the first few iterations might not reflect
the asymptotic convergence behavior, hence there exist other definitions of the average
defect reduction factor, as e.g. the stabilized average defect reduction factor

k
(j(koyk) — k—k I3l 33)
(el
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Furthermore, it is well known that the convergence of a multigrid solver does not de-
pend on the grid size [31, p. 55]. This property is called h-independent convergence.
Thus, for different grid sizes, the average defect reduction factors should be in a similar
range.

Table 16: Average defect reduction factor ¢°) and stabilized average defect reduction factor
G20 for grid sizes m? = 27(4,4),j = 0,---7; see Exp. 7.3.2.

Jj= 0 1 2 3 4 5 6 7
¢®” 108404 0.8378 0.8376 0.8372 0.8371 0.8367 0.8370 0.8365
G2 | 0.8844 0.8756 0.8751 0.8740 0.8743 0.8731 0.8733 0.8737

In a first step, h-independence of the proposed multigrid algorithm is demonstrated.
In particular, we ensure, that the average defect reduction factors from Def. 7.3.1 and
Eq. (33) are in the same order of magnitude for different grid sizes.

Experiment 7.3.2 (h-Independence). As suggested in [31, p. 54], we set the initial guess
u$ to a random vector and the right-hand side from Eq. (22) to f;, = 0. We apply an V(1,1)
cycle and determine the average defect reduction factor ¢ and the stabilized average
defect reduction factor ¢ for different grid sizes m? = 2/(4,4),5 =0,1,---7 on a domain
Q = [0,1]%. Due to the inner-staggered discretization, the number of unknowns is 2%/ 4 —
27+2. The grid width is Y = 5. The quantities are determined after k = 20 iterations
and for the stabilized factor with Ky = 5. The experiments were repeated 100 times.
The averaged values are summarized in Tab. 16. The magnitude of both average defect
reduction factors stay the same for all grid sizes m/. This illustrates the h-independence
of the proposed multigrid algorithm.

Table 17: Average defect reduction ¢°) and stabilized average defect reduction ¢ of a
V(n1,ng2)- or W(ny, ng)-cycle with ny pre- and ny post-smoothing steps. All quantities are mea-
sured 100 times and averaged; see Exp. 7.3.3. The smallest, i.e. best approximated convergence
rates are highlighted in blue.
(nyng)= | LO) (20 @1 @1 (@12 (G0
(10c)™ ™2 [ 0.9800 0.9604 0.9604 0.9412 0.9412 0.9412
q0 0.8602 0.8378 0.8375 0.8279 0.8277 0.8280
G520 0.8829 0.8748 0.8746 0.8791 0.8789 0.8781
q®0 0.8561 0.8388 0.8398 0.8310 0.8322 0.8303
Weyele | as20 | 08990 08908 0.8920 08821 0.8832 0.8810
q . . . . . .

V-cycle

Next, the average defect reduction factors are compared for different numbers of pre-
and postsmoothing steps. Both quantities are a practical approximate of the convergence
speed, whereas the approximation with the local smoothing factor from Ex. 7.2.9 is a
theoretical approximation. We compare the theoretical to the practical approximation.
Furthermore, a V-cycle architecture is compared against a W-cycle architecture. Note,
that the average defect reduction factors are used as a criterion for convergence speed
here. Neither a concrete number of pre- and postsmoothing steps, nor the W-cycle leads
to a significant better convergence speed. Hence, in terms of complexity, a V-cycle with
a small number of smoothing steps is recommended.
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Experiment 7.3.3 (Convergence for V- and W-Cycles). We extend Exp. 7.3.2 and consider
a different number of pre- and post-smoothing steps for a V- and a W-cycle. The grid size
is m = (128, 128) and the average defect reduction §(**) from Def. 7.3.1 and the stabilized
average defect reduction ¢(°29) from Eq. (33) with kg = 5,k = 20 are determined. The
quantities are measured for 100 times, then averaged and are summarized in Tab. 17.
In general, we observe, that the practical approximations of the convergence speed are
better, than the theoretical approximations through the smoothing factor. The results for
the V- and W-cycle have the same order of magnitude. This suggests the application of a
V-cycle, as it is less computational expensive, but leads to the same convergence speed.

Note, that the received convergence rates are a proof of concept of the proposed multi-
grid solver. Nevertheless, they are not desirable for real-time applications, as a smaller
convergence factor is needed for an efficient multigrid framework. Still, the average
defect reduction factors are bounded away from one and hence suggest a converging
multigrid algorithm.

Validation of the Complexity

We demonstrate that the complexity of the proposed multigrid solver is linear in the
number of unknowns. The linear complexity is expected for V- as well as W-cycles;
see [31, §2.4.3] for details. This complexity is the reason why multigrid methods are
asymptotically optimal methods.

We determine the number of floating point operations (flops) to verify the complexity
of the proposed multigrid solver with different architectures. Note, that the number of
flops does not depend on the discretized differential operator Aj.

1010

-
(=]
©

104 ¢

Number of flops

102 ¢

100 L L !
10° 10? 10* 108 108

Number of unknowns N
Figure 7.3.1: Visualization of linear complexity; see Exp. 7.3.4 for details. Log-log plot of the

number of flops against the number of unknowns. The number of flops of a single V-cycle (in
blue) rises with a slope of one (in red, dotted).

Experiment 7.3.4 (Complexity). To determine the number of flops, we use the lightspeed
package [128] and our matrix-based implementation of our proposed multigrid solver.
For different grid sizes m? = 2/(1,1), j = 2,3...,12,i.e. N/ = 2%+1 — 27+! ynknowns,
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we determine the number of flops for a single V-cycle. The number of flops rises linear
with the number of unknowns; see Fig. 7.3.1. This emphasizes the complexity of O(XV)
of the multigrid algorithm.

Validation of the Efficiency

The efficiency describes the trade-off between complexity and convergence speed, as a
solution should be obtained with as little computation as possible but at the same time
as close to the exact solution as possible.

Therefore, we measure the runtime and compare the proposed multigrid solver against
a conjugate gradient solver. Conjugate gradient solvers are one of the most commonly
used solution strategies in image registration and are further known to be competitive
to multigrid solver; see [32, p. 105].

In order to determine the error as a criterion, we change the experimental setup, as a
ground truth solution is needed. We reuse the experimental setup from the consistency
checks in Sec. 5.1.2 as they provide a ground truth solution.

Table 18: Comparison of a multigrid (MG) and a conjugate gradient (CG) solver for the coupled
fourth-order problem from Exp. 7.3.5. For a given tolerance, i.e. a given upper bound for the re-
duction of the relative residuum, the runtime (t in seconds), number of iterations (k), the relative
residuum after k iterations and the norm of the error are determined. The quantities are measured
80 times and averaged.

tol = 10! tol = 1072
rk rk
tlsl kAo efl | tIsT ke el

MG | 0.07 1 1.43 1072 63.28 596.58 11138 1-10-%  7.02-103
CG | 1859 5139 9.96-102 290-10* | 44.69 12716 9.8-10~% 3.00-10*

Experiment 7.3.5 (Efficiency of Multigrid and Conjugate Gradient Solver). The proposed
multigrid solver is compared to the build-in Matlab [118] conjugate gradient solver. We
set the experimental setup to 2 = [0, 27]? and

« _ (sin(z1)sin(2z2) (20 — 157) sin(x1) sin(2x2)
= ( 1 0 : > = <10(1 - 277) cos(xi)cos(Qa:i)) :

From the ground truth solution u} we determine the error e¥ = u* — u* for the k-th it-
eration; see Def. 6.1.3. The grid size is set to m = (128,128) and a V (1, 1)-cycle is used
for the multigrid solver. The tolerance for the relative residual reduction of the solvers
is set to tol; = 10~! in a first experiment and to toly = 10~2 in a second experiment. The
number of iterations as well as the runtime is measured for both solvers. Additionally,

. . . k .
we determine the actual relative residuum ||||:°||||§ The runtime, as well as the number of

iterations, the actual obtained relative residuum and the norm of the error are averaged
over 80 measurements. Tab. 18 lists the averaged results. The increasing norm of the
error for the smaller tolerance might be surprising, at first sight. But as the algorithms
reduces the relative residuum and do not know the actual error, the norm of the error is
not guaranteed to be monotonically decreasing for a converging algorithm. We observe,
that the norm of the error is smaller for the multigrid solver in this experiment. Further-
more, we observe, that due to the poor convergence rate a large number of iterations is
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needed for the multigrid solver, which also leads to a rather high runtime. Even though
the number of iterations is smaller for the multigrid solver. In terms of the runtime the
use of the conjugate gradient is clearly preferable for a large number of iterations. Note,
that the build-in conjugate gradient solver of Matlab is optimized and hence highly effi-
cient.

This experiment again stresses that the proposed multigrid solver is a proof of concept,
but not very efficient. Due to the poor convergence speed the multigrid solver is not
recommended for a high number of iterations as the expected runtime is very large.

7.4 Comparison of the Proposed Multigrid Solver with the
Elastic Multigrid Solver

We compare the proposed multigrid solver to the state of the art elastic multigrid solver
as proposed in [46], to get an intuition about the obtained results. Furthermore, we build
on the implementation of the multigrid solver for the elastic regularizer in FAIR [5], that
is based on a staggered grid discretization. We compare both the theoretical results of
the local Fourier analysis (LFA) from Sec. 7.2 to a LFA of the elastic operator [46] and
further the results of the numerical experiments to those of the elastic operator.

7.4.1 Comparison of the Results of Local Fourier Analysis

In the following we take a closer look at different aspects of LFA of the elastic operator.
For the stencil notation of the staggered-grid discretization of the elastic operator A¢®s
we refer to [46]. We present the h-ellipticity and state, that the w-damped Jacobi-type
iteration is a smoother for a suitable choice of the Lamé constants A, 4. For the ease of
presentation and as the proofs follow the same scheme as in Sec. 7.2, we omit them in
this section.

Comparison of the h-Ellipticity

First, we compare the h-ellipticity measure from Thm.7.2.2 / Thm. 7.2.3. The h-ellipticity
measure was already determined for the two-dimensional elastic finite difference op-
erator A‘;Llas in [46]. We formulate it with a straight-forward extension for the three-
dimensional setting.

Theorem 7.4.1. The h-ellipticity measure, see Def. 6.3.6, of the discretized operator
Aglas js
ford = 2,

1
Eh(A%las) = {1(13, ford =3

216

Note, that the result of the h-ellipticity measure Ej,(A$®) is not surprising for the two-
dimensional case, as it goes in line with the result of Ex. 6.3.8. This is expected as the
elastic operator A$!% simplifies to the Laplace operator for the unnatural choice A = —u
of the Lamé constants.

We compare the h-ellipticity measure Ej(A$%) from Thm. 7.4.1 with the h-ellipticity
measure Fj,(Ay) as stated in Thm. 7.2.2/ Thm. 7.2.3.
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Clearly, the proposed finite difference operator Ay, as well as the elastic finite difference
operator A5 are h-elliptic and thus suitable discretizations for a multigrid framework.
Moreover, the h-ellipticity measure E}, is independent of the constant v in case of the
operator Ay, but also independent of the Lamé constants in case of the elastic operator
Aelas_

H}é)wever, for the three-dimensional setting we observe, that the h-ellipticity measure E},
is much smaller for the operator A4y, than for the elastic operator A$!®. This is mainly
because Aj, is a discretization of a fourth-order differential operator, whereas A‘;Zlas is
a discretized second-order differential operator. An h-ellipticity measure close to zero,
might indicate that the proposed discretization is not suitable for smoothing, i.e. for a
reliable multigrid solver. This suggests, that the elastic multigrid solver is more efficient
than the proposed multigrid solver. A splitting of the fourth-order operator A;, could
improve the efficiency of a corresponding multigrid scheme.

Comparison of the Local Smoothing Factor

We further compare the local smoothing factor . for an w-damped Jacobi-type itera-
tion. Note, that the local smoothing factor is not stated in [46] for the elastic operator
A8'% and hence we present new result. As the proof follows the same concept as in
Thm. 7.2.4 / Thm. 7.2.7, we omit it here.

The smoothing operator, see Def. 6.2.1, for an w-damped Jacobi-type iteration applied to
a linear system with the elastic operator A$!% has the form

wh?

Selas —J—
" b1, \)

Azlas’ (34)

where

b, \) = 23u+A) ford=2,
H 2(4p+A) ford=3.

Theorem 7.4.2. The local smoothing factor, see Def. 6.3.9, for the smoothing operator
from Eq. (34) is

_ 204X . u _

[10c(S52) = max ( [1 — 4wl 1 —wegyly  ford =2,
20+ N

e ’1_6w(4u+A)’7|1—W@’i—A)| ford=3

for positive Lamé-constants i, A.

We see, that the choice of the relaxation parameter w depends on the ratio of the Lamé
constants. This means, that a direct comparison to the smoothing factors in Thm. 7.2.4/
Thm. 7.2.7 is difficult. Hence, we consider a concrete example.

Example 7.4.3 (Local Smoothing Factor of the Elastic Multigrid Solver). For the standard
setting of the Lamé constants, i.e. A = 0,1« = 1, and a relaxation parameter w = 0.5, we
end up with

ford = 2,

MOC(SZI%) - ford =3

,_/H
0|~ |t
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Table 19: Approximation (fuoc)™ of the asymptotic convergence speed for a multigrid algorithm
for the elastic operator with the local smoothing factor . and n overall smoothing steps with
the relaxation parameter w = 0.5 and the Lamé-constants A = 0, u = 1 ford = 2, 3.
n= 1 2 3

2] 0.8333 0.6944 0.5786
=3 | 0.8750 0.7656 0.6699

Clearly, the w-damped Jacobi-type iteration is a smoother for these parameters. As
known the approximation (27), the local smoothing factor y,. is an approximation to
the convergence speed. Therefore, we determine the approximations for different num-
bers of n; pre- and ny post-smoothing steps for a certain setting of the Lamé-constants.
For n = n;1 + ng overall smoothing steps with n = 1,2, 3, we obtain the approximations
as listed in Tab. 19.

By comparing the results from Ex. 7.4.3 to those of Ex. 7.2.9 we observe, that the lo-
cal smoothing factor is smaller for the elastic multigrid framework. Hence, it can be
expected, that the elastic multigrid scheme is more efficient than the proposed multi-
grid scheme. The reason is again the fourth-order of the operator Aj;, compared to the
second-order of the elastic operator A$#S. But also the elastic multigrid framework has a
smoothing factor rather close to one. Thus, we expect to need a few iterations to get close
to the solution. This verifies that w-damped Jacobi-type iterations, lead to poor smooth-
ing factors for strongly coupled components [47, p.6]. For more efficient smoothers, more
advanced iterative schemes are needed. Nevertheless, the findings with the simple w-
damped Jacobi-type smoother proof the general suitability for multigrid.

Moreover, we determine an upper bound for the choice of the relaxation parameter w of
the elastic smoothing operator (34) and compare the upper bound for a concrete choice
of the Lamé constants.

Corollary 7.4.4. According to Thm. 7.4.2, the w-damped Jacobi-type iteration is a
suitable smoothing procedure, iff

w < w(p, A),

where

2(2u+A)

4p+A
3((2‘:L+)\)) for d = 3.

w* (1, A) =

{ Butd) g g = 2,

The standard setting A = 0,y = 1 needs a relaxation parameter w < 3 for d = 2 and
w < 2 for d = 3 for the w-damped Jacobi-type iteration to be a smoother. This is fulfilled
for the standard setting of w = 0.5. As demonstrated in Exp. 7.2.6 the choice w = 0.5 is
not suitable for the proposed multigrid framework for the second-order DC regularizer.
The relaxation parameter needs to be smaller for almost all v € [0, 1]. The relaxation pa-
rameter can be interpreted as a weighting factor of the new update or as a step size. If the
relaxation parameter is small, we stay near the old iterate. Thus, a too small relaxation
parameter is expected to slow the efficiency of the multigrid algorithm down.
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7.4.2 Comparison of the Results of Numerical Experiments

We repeat some of the numerical experiments from Sec. 7.3 for the elastic multigrid
solver to interpret the experimental results of the proposed multigrid solver.

Table 20: Average defect reduction factor ¢°) and the stabilized average defect reduction factor
G2 for different grid sizes m = 27(16,16), j = 0,1,...,5 for the multigrid solver for the
elastic regularizer; see Exp. 7.4.5.

Jj= 0 1 2 3 4 5
g®” 108158 0.8263 0.8240 0.8239 0.8268 0.8288
¢>2 | 0.8614 0.8727 0.8704 0.8723 0.8723 0.8735

First, we repeat Exp. 7.3.2, i.e. the h-independence experiment, for the elastic multigrid
solver.

Experiment 7.4.5 (h-Independence of the Elastic Multigrid Solver). We set the initial
guess uj) to a random vector and consider the homogeneous linear system, i.e. f; = 0.
In Tab. 20 the averaged measurements for the average defect reduction factor ¢(>*) and
the stabilized average defect reduction factor §(>2%) after k¥ = 20 iterations with ky = 5
for a V(1,0)-cycle for different grid sizes m’ = 27(16,16), j = 0,1,...,5 are given. Due
to the staggered grid discretization, we have 22779 + 27+5 unknowns. Again, the results
are obtained as 100 averaged measurements.

The elastic multigrid solver has an average defect reduction factor and a stabilized av-
erage defect reduction factor in the same order of magnitude for all grid sizes m. This
resembles the proposed multigrid solver. Whereas the average defect reduction factor is
slightly smaller for the elastic multigrid solver than for the proposed multigrid solver,
the stabilized average defect reduction factor is very similar for both multigrid solvers.
This suggests a similar convergence of the proposed and of the elastic solver, which is
not expected from LFA; see Sec. 7.4.1.

Table 21: Average defect reduction q°) and stabilized average defect reduction ¢%of a
V(n1,n2)- or W(ny,na)-cycle for a multigrid solver for the elastic operator with ny pre- and
ng post-smoothing steps. Both quantities are measured 100 times and averaged; see Exp. 7.4.6.
The smallest, i.e. best approximated convergence rates are highlighted in blue.
(nla 712) = (1/0) (210) (1/1) (2/1) (1/2) (3/0)
(toc)™ ™2 [ 0.8333 0.6944 0.6944 05786 0.5786 0.5786
g0 0.8200 0.8018 0.8017 0.7949 0.7950 0.7950
Vieyele | 420 | 08640 08627 0.8625 08630 0.8631 0.8632
q . . . . . .
Weevele ¢ 0.8142 0.7942 0.7973 0.7892 0.7915 0.7872
y §(5:20) 0.8568 0.8538 0.8575 0.8565 0.8590 0.8541

Second, we further compare the solvers and repeat the convergence experiment, i.e.
Exp. 7.3.3, for the elastic multigrid solver.

Experiment 7.4.6 (Convergence of the Elastic Multigrid Solver). We build on the setting
from Exp. 7.4.5 and consider different numbers of n; pre- and ny post-smoothing steps
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for a fixed grid size m = (128,128) and compare a V- against a W-cycle architecture. As
expected, the stabilized average defect reduction G520) leads to larger values, than the
average defect reduction G(29); see Tab. 21. Furthermore, we compare these numerical
approximations of the convergence speed to the theoretical approximation (27). We ob-
serve, that the order of magnitude only coincides for n = n; + ny = 1, as the theoretical
reduction with more smoothing steps can numerically not be reached. Again the V- and
W-cycle achieve the same order of magnitude.

A comparison between the results of Exp. 7.3.3 and Exp. 7.4.6 again suggests, that the
stabilized average defect reduction factor ¢(*2°) is almost the same for both solvers. The
average defect reduction ¢ is slightly smaller, for the elastic solver, which suggests
that the solver is most efficient within the first few iterates. The expected convergence
rate from LFA cannot be reached by the elastic solver, whereas the proposed multigrid
solver outperforms the expected convergence rates from LFA.

7.5 Conclusion

In this chapter we provided a multigrid solver for image registration with second-order
DC regularization and analyzed its suitability with LFA, a comprehensive validation and
further compared these results to a state of the art multigrid solver.

In particular, we showed through LFA, that the discretized differential operator Ay, is
h-elliptic and that the w-damped Jacobi-type iteration is a suitable smoother for an ap-
propriate choice of the relaxation parameter. We explicitly provided an upper bound for
the relaxation parameter in dependence of the parameter . Note, that it is known, that
the simple point-wise Jacobi-type iterations lead to a poor smoothing factor for coupled
components; see [47]. Nevertheless, the findings are a proof of concept, that the stag-
gered discretization of the second-order DC regularizer is in general suitable for multi-
grid solvers.

Furthermore, we compared the theoretical LFA results and the experimental results of
the proposed multigrid solver to those, of the well-known first-order elastic regularizer
from [46]. For the second-order DC regularizer a coupled fourth-order PDE is obtained,
whereas the elastic regularization leads to a coupled second-order PDE. The elastic regu-
larizer was chosen, as its discretization is also staggered and coupled in the components.
The comparison of the LFA results predicts a better convergence speed for the elastic
multigrid solver, than for the proposed multigrid solver, due to the different orders.
Nevertheless, we observe similar convergence rates in our numerical experiments. An-
other more advanced smoother for coupled approaches is expected to lead to a more
efficient solver.

A comparison with a conjugate gradient solver further demonstrates the poor efficiency,
due to a long runtime.

Moreover, the counting of the flops shows, that the solver has an O(NN) complexity,
where N is the number of unknowns. In conclusion, the proposed second-order DC
multigrid solver, though not optimal, turned out to be functioning.
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8 Discussion and Future Research

In this thesis we studied second-order divergence-curl (DC) regularization for varia-
tional image registration. This chapter highlights the knowledge, that we gained and
serves to discuss the proposed work. Furthermore, we provide ideas for further research,
that is related to this thesis.

8.1 Discussion

The choice of a suitable regularizer is a demanding task in the field of variational image
registration. Regularization ensures the existence of a solution, but also models the space
of solutions. Typical regularizers are based on derivatives to ensure a certain smoothness
of the transformation. In this thesis, we studied a higher-order regularizer, which comes
along with the advantage of a corresponding interpolation energy, that can e.g. be used
in combination with a landmark-based pre-registration in the context of variational im-
age registration. Moreover, the second-order DC regularizer is inspired by the physics
of fluids and thus enables an interpretation and furthermore a coupling in the compo-
nents. Both properties, the second-order as well as the coupling in the components pose
challenges, when it comes to theoretical analysis and numerical treatment.

The contributions of this thesis are twofold:

First, we studied the second-order DC regularizer in a continuous setting.

We determined the natural boundary conditions of the continuous second-order DC reg-
ularizer. As these are coupled in the components and rather complex to implement, we
suggest a second-order DC regularization with sliding boundary conditions.

We presented the spectral decomposition of the second-order DC regularizer with slid-
ing boundary conditions. The knowledge of the eigenfunctions enables an understand-
ing of the frequency space. This is in particular helpful, as multigrid solvers, as also
proposed for the second-order DC regularizer, rely on smoothing of the high frequen-
cies. The assumption of sliding boundary conditions simplifies the discretization, but
changes the regularization. The restriction of a fixed boundary is not suitable for all
image registration applications.

Second, we presented a framework for the numerical solution of the considered image
registration problem with second-order DC regularization.

We presented discretizations of second-order DC regularizers based on finite differences
and staggered grids. The discretization for sliding boundary conditions is appropriate,
as the discretized version of the regularizer is shown to be consistent and convergent.
The close relation between the continuous regularizer and its discrete analogue was fur-
ther emphasized, as numerical experiments demonstrated the transferability of the spec-
tral decomposition to the discrete setting.

We proposed a multigrid solver for the fourth-order equation, thatis e.g. obtained within
Gauss-Newton optimization schemes of the variational problem. A local Fourier anal-
ysis gives a solid theoretical foundation for the proposed multigrid framework. We en-
sured the h-ellipticity and thus the suitability of the proposed discretization for a multi-
grid scheme. Moreover, we determined for a simple w-Jacobi-type iteration the smooth-
ing factor and thus demonstrated its smoothing capability. We successfully implemented
a multigrid solver for variational image registration with second-order DC regulariza-
tion, that fits into the FAIR [5] framework. We assume that more advanced smoothers
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could further improve the convergence speed and thus the efficiency. It is common for
other fourth-order equations, to split the equation into a system of second-order equa-
tions to speed up the multigrid performance; see e.g. [55]. Thus, it cannot be expected,
that the proposed multigrid solver for a fourth-order equation is highly efficient. Nev-
ertheless, the findings of this thesis emphasize the suitability of the second-order DC
regularizer for multigrid schemes and motivate for further research.

8.2 Future Research

The presented study of second-order DC regularization in variational image registration
has much potential for future development. Remaining problems, that have not yet been
solved are:

¢ Based on Ch. 3 : A general analysis of the kernel of the second-order DC regu-
larizer. We assume, that certain harmonic functions, as for the curvature regular-
izer [89], are in the kernel of the second-order DC regularizer. With the knowledge
of the concrete kernel a suitable restriction of the space of displacements as in [89]
can be formulated. Our restriction to the space with sliding boundary conditions
in Ch. 4 is a first approach.

¢ Based on Ch. 4:

— A spectral decomposition of the second-order DC regularizer with periodic
boundary conditions, in additions to the sliding boundary conditions, as demon-
strated for the elastic operator in [1, § 9.2.3]. This enables the usage of fast
Fourier transforms to solve the inverse image registration problem in com-
plexity O(N log N), where N is the number of image voxels; see [1, §9.5].

- A rigorous proof for the relation of the continuous and discrete spectral de-
composition of the second-order DC regularizer with sliding BC. Exp. 4.3.3
suggests a direct connection analogous to the elastic regularizer [107]. The
knowledge would enable an interpretation of the discrete fourth-order oper-
ator, that can e.g. be used for multigrid.

¢ Based on Ch. 5:

- A discretization of the second-order DC regularizer with the natural bound-
ary conditions from Thm. 3.1.2/Thm. 3.1.3 e.g. with the ghost-cell method [103,
129]. This would enable a comparison between the solutions of the problem
with natural to the problem with sliding boundary conditions.

— A discretization with finite elements, instead of finite differences, as proposed
for the hyperelastic regularizer [47]. This discretization could probably im-
prove the h-ellipticity measure of the second-order DC regularizer in Ch. 7.
Note, that standard discretizations with conformal finite elements are not ex-
pected to be suitable for fourth-order differential equations, but non-conformal
methods are known to ensure that C'!' elements are obtained; see [130] for de-
tails.

¢ Based on Ch. 7:

- An adaptation of the multigrid framework from Ch. 7 to the discretization
with sliding boundary conditions. In particular, the restriction and prolonga-
tion operators need to be adapted. As the proposed discretization with sliding
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boundary conditions is the only consistent and convergent discretization, it is
only meaningful to use it. Furthermore, it would enable an interpretation of
the frequencies from Thm. 4.3.1 as outlined above.

An extension of the multigrid framework, to more advanced smoothing strate-
gies, such as Gauss-Seidel iterations, as well as an examination of higher-order
prolongation/interpolation operators; see [31]. This is a promising next step
to improve the convergence speed of the multigrid framework.

A splitting of the fourth-order equation into a second-order one based on e.g.
the Helmholtz decomposition used in [29]. We expect the splitting to speed-
up the performance of a corresponding multigrid framework, as it is observ-
able for the biharmonic equation; see [31, §8.4].

¢ In general: A comprehensive evaluation of the second-order DC regularizer in
comparison to other regularization strategies in the context of image registration.
In [28] and [29] some image registration applications were demonstrated for the
second-order DC regularizer. Nevertheless a comprehensive comparison to other
regularizers would enable an understanding for the applications where the regu-
larizer is superior to other regularization strategies.

The contribution of this thesis is the study of the second-order DC regularization in im-
age registration. We examined the continuous regularizer and determined its natural
boundary conditions, gave a first intuition for its kernel and presented a spectral de-
composition for certain boundary conditions. Furthermore, we proposed a discretize-
then-optimize approach for the solution of the considered image registration problem.
This includes a discretization of the regularizer and the presentation of a novel multigrid
method. Overall, the findings of this thesis motivate for further studies of the second-
order DC regularizer.
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