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Abstract

The subject of this thesis is the exploration of novel approaches that enable the
technology of optically pumped membrane external cavity surface emitting lasers
(MECSEL) to serve demanding applications in the optical cooling of ultra-cold
atoms used in optical clocks, fundamental physics studies and quantum computing.
With emission in the visible spectrum, the lasers are operated at a single longitudinal

mode (SLM) with narrow line width (20kHz) in linear standing wave cavities.

The technology explored and improved provides means of mode hop prevention
in continuous tuning or frequency locked operation. It suggests a technological
concept to fundamentally overcome the MECSEL disadvantage of un-controlled
position of the intra-cavity standing wave pattern with respect to the Quantum
Wells (QW) in the gain structure, while in addition supports mode filtering and
mode hop prevention through active stabilization of the resonant mode. The
thermally induced lens in the MECSEL gain chip assembly is numerically analyzed
with respect to the strengst of the first-order lens, as well as distorting aberrations.
The dynamic response upon pump modulation is analyzed and discussed towards
judgement of the feasibility to enable pump-induced frequency control of the laser
system. All computation results are compared to experimental data.

The thesis provides a technological background, and describes the design
optimization of longitudinal and transverse optimization of the laser setup. The
spectal filters required, as well as a theoretical analysis of coupled-cavity concepts
are presented. The optimization is accompanied by thorough analysis of thermally
induced optical distortions. Parasiteric effects that create a burdon on tunable
single-frequency operation are discussed. Intra-cavity harmonic light generation is
introduced in order to provide high efficiency conversion of pump radiation into a
narrow line width output in the visible spectrum. Line width and intensity noise
are experimentally determined and compared with theoretical limits. Finally, the

results are discussed and compared with scientific data provided by other groups.



Zusammenfassung

Inhalt dieser Dissertation ist die Untersuchung neuer Ansétze, die es der Technologie
der optisch gepumpten Membranlaser mit externer Kavitat (MECSEL) ermoglichen,
anspruchsvolle Anwendungen in der optischen Kiithlung von ultrakalten Atomen
zu bedienen, die in optischen Uhren, fundamentalen physikalischen Studien und
der Quantencomputing-Technologie verwendet werden. Mit Emission im sichtbaren
Spektrum werden die Laser im Einfrequenzmodus (SLM) mit schmaler Linienbreite
(20 kHz) in linearen Stehwellenresonatoren betrieben.

Die untersuchte und verbesserte Technologie bietet Losungen zur Verhinderung
von Modenspriingen im kontinuierlichen Durchstimmen oder frequenzstabilen Dauer-
betrieb. Es wird ein technologisches Konzept vorgestellt, das den MECSEL-Nachteil
der unkontrollierten Position des stehenden Wellenmusters im Resonator im Hinblick
auf die Quantengitter (QW) in der Verstarkungsstruktur grundsétzlich iberwindet
und gleichzeitig die Modenselektion sowie die Verhinderung von Modenspriingen
durch aktive Stabilisierung der resonanten Mode unterstiitzt. Die thermisch
induzierte Linse in der MECSEL-Verstarker-Chip-Baugruppe wird numerisch hin-
sichtlich der Stérke der Linse erster Ordnung, sowie der Verzerrungsfehler analysiert.
Die dynamische Reaktion auf Pumpleistungsmodulation wird analysiert und im
Hinblick auf die Beurteilung der Realisierbarkeit einer Pumpleistungs-induzierten
Frequenzkontrolle des Lasersystems diskutiert. Alle Berechnungsergebnisse werden
mit experimentellen Daten verglichen.

Die Dissertation bietet eine Einfithrung in den technologischen Hintergrund und
beschreibt die Optimierung des Designs in der longitudinalen und transversalen Aus-
richtung des Laseraufbaus. Die erforderlichen Spektralfilter, sowie eine theoretische
Analyse von gekoppelten Resonator-Konzepten, werden aufgezeigt. Die Opti-
mierung wird von einer weitreichenden Analyse der thermisch induzierten optischen
Verzerrungsfehler begleitet. Parasitire Effekte, die den abstimmbaren Einzelmodus-
betrieb erschweren, werden diskutiert. Die resonatorinterne harmonische Licht-
erzeugung wird erlautert, mit der eine hoch effiziente Umwandlung der Pump-
strahlung in einen schmalbandigen Ausgang im sichtbaren Spektrum moglich
wird. Linienbreite und Intensitédtsrauschen werden experimentell bestimmt und mit
theoretischen Grenzwerten verglichen. Schliefllich werden die Ergebnisse diskutiert
und mit wissenschaftlichen Daten anderer Gruppen verglichen.
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List of Abbreviations

Acousto-optical modulator

Anti-reflection (coating)

Amplified spontaneous emission

Barium borate

Broad-band optical amplifier

Birefringent filter

Coefficient of thermal expansion

Continous wave (emission of a laser, not pulsed)
Distributed Bragg reflector

Distributed feedback

Dual HR - mirror reflecting two wavelength ranges

Diode-pumped vertical external-cavity surface-emitting semicon-
ductor laser

External-cavity diode laser
Edge emitting laser
Effective focal length
Field-effect transistor

Fast Fourier transform
Fabry-Perot

Fabry-Perot interferometer
Free spectral range

Full width half maximum
Group delay dispersion

Hybrid MECSEL (one reflective coating applied directly to the
gain chip)

Potassium dihydrogen phosphate



Lithium Triborate

Membrane external cavity semiconductor surface emitting laser
Magneto-optical trap

Metal-organic vapor-phase epitaxy

Multi-quantum well

Near-infrared sprectral range (760 nm to 2500 nm)

Optical spectrum analyzer

Polarizing beam splitter

Pound-Drever-Hall - method of locking a laser to a resonant

cavity

Proportional-integral-derivative controller
Photo-thermo-refractive (glass)

Lead zirconium titanate - a piezo-electric material
Quasi-phase-matching

Quantum Well

Radio frequency

Relative intensity noise

Radius of curvature

Resonant periodic gain

Scanning fabry perot interferometer
Second harmonic generation
Superluminescent diode

Single longitudinal mode

Single mode

Signal-to-noise ratio

Transverse electric - polarized light with its electric field being
perpendicular to the plane of incidence

Thermo-electric cooler
Transverse electromagnetic mode(s)

Transverse magnetic - polarized light with its magnetic field
being perpendicular to the plane of incidence



T™M ... .. Transmission matrix method
vCco .. .. .. Voltage controlled oscillator
VCSEL . . .. Vertically-emitting semiconductor laser

VECSEL . .. Vertical cavity surface emitting semiconductor laser



Introduction and Background

1.1 Semiconductor Lasers

The first demonstration of a semiconductor laser was published in 1962 [1]. A GaAs
chip with a p-n junction was operated at 77 K (liquid nitrogen temperature) and
pumped with 5ps to 20 pus current pulses. It did not show single transverse mode
operation yet, but emitted coherent radiation around 850 nm. In the same year, room
temperature operation and optical pumping were demonstrated [2]. In the following
decades, semiconductor laser technology was further developed to suit applications
in communications, optical data storage [3] and many other. Introduction of optical
feedback technology [4] and various forms of gratings [5] improved the spectral purity
of semiconductor devices and enabled spectroscopic application of semiconductor
lasers [6]. Optimized mounting and cooling technologies, and stacking of multi-
diode laser bars, enabled output powers in the kW range [7], making semiconductor
lasers a feasible light source in welding and marking applications [8]. Volumetric
Holographic Grating technology, using photo-thermo-refractive (PTR) glass [9],
significantly increased the brightness of high power laser diode assemblies, both by
spatial filtering, high brightness spectral narrowing photo thermo refractive glass,
phase locking and spectral beam combining [10]. In the field of narrow linewidth and

spatially single mode lasers, though, these methods of power scaling and spectral
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narrowing have significant limitations [11]. In the 1990s, semiconductor optical
amplifiers were developed that achieved significantly higher single transverse mode
output powers using a tapered design that significantly increased the gain and
output area, preventing damage at the exit surface [12]. At the cost of introducing
significant amplified spontaneous emission signal to the spectrum of the core laser,
this method is the state-of-the-art for creation of Watt-level narrow linewidth
(Af < 1MHz) lasers for spectroscopic or laser cooling applications [13].
Commercial semiconductor laser development has clearly focused on Gallium
Arsenide (GaAs) based instruments (850 nm), Gallium-Indium-Phosphite (GalnP)
laser in the red (used in CD technology), Gallium Nitride (GaN) devices in the UV,
blue and green [14]. Indium Phosphite (InP) devices for use in the 1550 nm region
were commercially developed when telecom applications emerged in the 1990s [15].
The reason for this is the zero Group Delay Dispersion (GDD) of silica fibers around
that wavelength [16]. Still, some spectral regions in the UV and visible wavelength
region, as well as the "gap region" between GaAs-based Quantum Well (QW) and

InP-based lasers around 1200 nm are not commercially covered.

1.2 Nonlinear Frequency Conversion

Very early in the development of lasers, scientific groups worked on extending the
spectral coverage of laser light, so far limited to specific energy levels of the host
material, by nonlinear frequency conversion. In 1961, a ruby laser (at that time
still called "optical maser") at 694.3 nm, flashlamp pumped with 1 ms pulses, was
focused into crystalline quartz and sufficient efficiency could be reached to prove
second harmonic generation (SHG) in the UV (347nm) [17]. They observed a
certain dependency on birefringence of SHG efficiency. Later, the concept of phase
matching was described [18]. Maker et al. chose potassium dihydrogen phosphate
(KDP) for SHG generation, since its birefringence is larger than its dispersion.
Matching the phase delay of fundamental and SHG light by carefully choosing
temperature and crystal angle, a 300-fold increase in conversion efficiency was

reported. Three years later, the concept of optical parametric amplification was



1. Introduction and Background 3

demonstrated in KDP, pumped with an intense 530 nm beam, a signal wavelength
at 1060 nm, showing noticeable amplification of 630 nm light [19]. Still, there were
some limitations in efficiency due to birefringent walk-off in Type-II phase matching
(where the laser light does not exactly travel along one crystalline axis). This can
be circumvented by the concept of periodic poling, which was first demonstrated
in crystalline fibers in 1985 [20], through a 5cm long lithium niobate (LiNbO3)
piece. In 2007, periodic poling of bulk LiNbOj3 in combination with a Bragg grating
could increase the OPO slope efficiency to 75 % [21].

1.3 Vertical Cavity Surface Emitting Lasers

In the first decades of semiconductor lasers, the technology focused on edge-emitting
lasers (EEL) of various types, external cavity feedback systems and embedded
distributed feedback (DFB) designs. In this operating principle, the laser resonance
travels along the active area, guided by the refractive index, and is emitted at the
edge of the structure [22], as depicted in figure 1.1a. In 1977, Kenichi Iga from the
Tokyo Institute of Technology proposed a novel concept, the vertically-emitting
semiconductor laser (VCSEL) [23]. Two years later, the first device composed
of a GalnAsP/InP structure was reported [24]. This device already incorporated
a vertical double heterostructure, where the vertically-emitting active layer of
GalnAsP was surrounded by doped InP structures, which confine electrons and
holes in the interacting region called the Quantum Well (see chapter 2.6). In this
approach, the resonant beam travels in a direction perpendicular to the active gain
layer, or, in later, more efficient devices, through a structure of multiple Quantum
Wells. Through thermal and current-induced refractive index variations, and careful
design of the aperture, single transverse mode operation can be reached. The end
mirrors of the cavity are epitaxially grown along with the active area, or grown
separately and optically bonded against it. Proper design of total optical thickness
(with respect to the gain bandwidth) allows these devices to limit the emission

to a single longitudinal resonance mode as well.
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Figure 1.1: Simplified structure of an edge-emitting laser (a), a vertical cavity surface
emitting semiconductor laser (b), and the structural setup of a vertical external cavity
surface emitting semiconductor laser (c).

VCSEL devices are spectrally pure in comparison with most edge emitting
approaches, but the gain and total output power are limited by thermal conductivity
of the epitaxially grown distributed Bragg reflector (DBR), and the short gain
length (typically <3 pum optical thickness). In order to increase the power deposited
for stimulated emission without reaching critical temperatures in the gain material,
further enlargement of the active area and improvement of the heat sinking are
desired. In order to fulfill a sufficient transverse filtering for single transverse
mode resonance in this scaling method, longer cavities with well-defined resonance
quality are required. Another drawback of increased active area is the non-uniform
distribution of current guided through the active area, so that optical pumping of
the structure is advised. In 1997, Mike Kuznetsov from MIT Lincoln Laboratories
presented a fundamental paper, first demonstrating a laser Diode-Pumped Vertical
External-Cavity Surface-Emitting Semiconductor Laser (VECSEL or DPSSL) [25].
In this approach, the pump is absorbed in AlGaAs barriers and the excited carriers
are diffused into the Quantum Well layers. The first demonstration showed 0.5 W
of TEMg output power. Further improvements of heat sinking (back side and

intra-cavity diamond heat spreaders) and resonator setup lead to output powers in
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excess of 100 W up to now [26], but operation in single transverse and longitudinal
mode could not be achieved at this power level, due to the required cavity length

with narrow longitudinal mode separation and thermo-optical distortions.

1.4 MECSEL

In order to increase the thermal conductivity from the gain area into the heatsink,
and to overcome the bandwidth limitation of epitaxially grown DBRs, the groups led
by Mansoor Sheik-Bahae (University of New Mexico) and Peter Michler (University
of Stuttgart) worked on operating vertical gain structures without DBR. In the
first approaches, the gain structure alone was grown on a GaAs substrate, which
was completely removed. The gain structure, less than 1pm thick, was transferred
to transparent single crystal diamond from a floating state in alcohol. Mansoor
et al. were the first to report lasing operation with 2.5 W achieved at a center
wavelength of 1160 nm, with a so far unachieved tuning range of 78 nm [27]. A
year later, Michler et al. reported almost 0.6 W from an AlGalnP-based system at
657 nm and named this new approach Semiconductor Membrane External-Cavity
Surface-Emitting Laser (MECSEL). Though the results were very encouraging, the
process of transferring the floating membranes to diamond had a very low yield,
which improved significantly after direct waferbonding to Silicon Carbide (SiC) was
demonstrated [28]. By now, up to 28 W of output power have been demonstrated
with MECSEL technology [29]. So far, none of these demonstrations could show

single longitudinal mode operation with significant (>1 GHz) mode-hop-free tuning.

1.5 Optical Tweezers and Laser Cooling

Manipulation of the velocity of small particles by laser radiation has been described
by Ashkin as far back as 1970 [30]. In this paper, both the acceleration of particles
and optical trapping are explained.

Figure 1.2 depicts this phenomenon. When a light beam passes through a small

sphere (beam a or b) at an off-center axis, the resulting reflection and deflection
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Figure 1.2: Radiation forces of laser light passing through a small sphere

radiation forces at the entrance (F, and F}) and at the exit surface (F9 and Fp)
are depicted for a laser beam traveling from left to right. Following the path of beam
a (red) in figure 1.2, the vertical components of F}, and '3 almost cancel out, while
the vertical components of F}, and F? act upwards. All four forces partially point
in the travel direction of the laser light. Hence, for beam a, there is acceleration
upwards and right, while for beam b, the acceleration would be downwards and
to the right. Considering that the laser beam has higher intensity at position a
compared to b, the sphere would be accelerated upwards. Since Gaussian beams have
the maximum intensity at the center of the beam, the sphere is accelerated toward
the beam center when passed by a beam with a Gaussian intensity distribution.

In 1975, both Hénsch and Schawlow [31], and Wineland and Dehmelt [32],
proposed using laser radiation for cooling atoms. They describe how laser cooling
occurs when optical scattering is excited on the lower half of the Doppler-broadened
absorption line. This happens when the temperature-induced velocity is directed
away from the travel direction of the exciting laser. After the scattering event, the
momentum and energy levels of the atom are reduced, leading to a decrease in
temperature. Using this method, the atom can be cooled to a state close to zero
Kelvin, where the natural, non-Doppler-broadened linewidth is emitted. Depending
on the atom type, this linewidth can be as narrow as 182kHz (ytterbium, [33])
or 32MHz (strontium, [34]).

Combining both technologies, clouds of single atoms can be held in a well defined

space in a vacuum chamber, while simultaneously being cooled. This is typically
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Figure 1.3: Magneto-optical trap

done with six laser beams (which could be three laser beams with a back-reflection
mirror). In Magneto-Optical Traps (MOTSs), a quadrupole magnetic field provides
additional force at the center of the trap to overcome gravitational forces [35].
Figure 1.3 depicts the six laser beam directions and the orientation of the coils

with counter-circulating electrical current.
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Figure 1.4: Simplified energy level scheme of strontium and ytterbium showing cooling
and repumping transitions, lattice wavelength and clock transitions. Sr data from [36]
and Yb data from [37].

The possibility of using lasers to create sub-Kelvin ("ultracold") clouds of atoms,
ions and molecules allowed research of Bose-Einstein-condensates and Fermi gases

in the 1990s. With the discovery of frequency combs (stabilized mode-locked lasers



8 1.5. Optical Tweezers and Laser Cooling

with precise mode spacing), ground-state transitions of ultracold atoms could be
used as a frequency standard for scientific experiments [38]. While optical probing
of an ultracold cesium atom, for instance, gives a 100-fold improvement in frequency
accuracy compared to a cesium microwave clock, the absolute high frequency of
this transition is impractical for electronic counting. Frequency combs can convert
this fundamental optical frequency into useful radio frequency ranges, or serve as
precise spectroscopic tools in the mid-IR region [39].

Neutral atoms can achieve a higher precision than ions [40]. Two very promising
candidates for optical clocks based on neutral atoms are strontium [41] and ytterbium
[42]. Figure 1.4 summarizes the key transitions of these atoms. The strong cooling
lines of 398.9nm (ytterbium, 290 MHz linewidth) and 460.9 nm (strontium, 32 MHz
linewidth), as well as the narrow cooling line of ytterbium at 555.8 nm (182kHz
linewidth) presents a challenge for existing tapered amplifier technology, where
the signal-to-noise ratio (SNR) is limited by the amplified spontaneous emission

(ASE) of the amplifier stage.



Semiconductor Membrane Lasers

This chapter introduces fundamental Multi-Quantum-Well (MQW) design rules for
vertically emitting laser structures. It gives an introduction to MECSEL technology,
its advantages and critical parameters required to reach feasible processing conditions.
To aid in understanding the relationship between gain, threshold, and output power
in relation to the design of Quantum Well structures, theoretical approximations

are summarized and compared with experimental measurement data.

2.1 Multi-Quantum Well Design

The Quantum Well structure supporting the semiconductor membrane lasers studied
in this work needs to provide sufficient gain to enable stable resonant operation of
the laser. In the structure studied in this work, materials from groups III and V
of the periodic table are used to form the gain membrane. Within this structure,
compositions of gallium, arsenic, and indium form crystalline layers with bandgap
energies that support stimulated emission in the near-infrared (NIR) spectral range.
The membrane is grown on GaAs wafers using metal-organic vapor-phase epitaxy
(MOVPE). As depicted in figure 2.1, the bandgap energy of In, Ga;_,As can be varied

to reach equivalent wavelengths from ~ 900 nm to > 3 pm in different compositions.
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Figure 2.1: Lattice constant and bandgap energy-equivalent wavelength of GaAsP and
InGaAs (data from [43]).

To grow a stable crystalline structure on the cubic GaAs substrate, the lattice
constant must almost match that of the crystals grown on top. The Indium content
of the gain material increases the lattice constant, leading to compressive stress in
the gain crystal, which increases with the size of the layers grown on top of the
GaAs substrate wafer. To prevent the crystalline structure from breaking or forming
stress-reducing dislocations, stress compensation layers are introduced. As depicted
in figure 2.1, GaAs,P;_, layers exert opposite stress compared to In,Ga;_,As when
GaAs is used as the substrate material. Based on the target bandgap energy, GaAsP
layers can be designed to fully compensate for the total stress in the structure. This
"lattice-matched" stress compensation is illustrated in figure 2.2.

In practice, this strain compensation is feasible up to 1% to 2% of lattice
constant mismatch where crystalline defects become difficult to avoid. This limits
the gain wavelength from significantly exceeding 1.2 pm [44]. The total thickness
of the crystalline gain layer is as small as several nanometers, which consequently
provides only a very small gain per pass (~ 1073). Considering practical optical
losses in the cavity, a single gain element does not allow continuous-wave (cw) lasing
in external cavity setups. Hence, multiple stacks of these lattice-matched gain

structures are placed on top of each other to increase the net gain of the system.
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Figure 2.2: Strain compensation of InGaAs Quantum Wells with respect to GaAs (blue)
base crystalline structure.

Since the absorption length in the gain crystals is very short (several nanometers
thick), the stack is designed in a way that the optical radiation used to pump the
stack is absorbed in pure GaAs layers in between the gain stacks. In these so-called
"barriers", the pump radiation is absorbed and provides free charge carriers that
can diffuse into the crystalline gain layer, which then serves as the Quantum Well
for the optical transition. In a standing-wave configuration of the laser system,
maximum gain extraction efficiency is reached when the antinodes of the standing
wave interference of the resonant radiation coincide with the Quantum Wells. The
optical thickness of a barrier/gain system of a multi-Quantum-Well stack is therefore
designed to be equal to half of the standing wave wavelength. Section 3.2 provides
a detailed description of methods for locking the laser to this resonance.

Figure 2.3 depicts the energy levels in the conduction and valence bands of the
system. In order to prevent free charge carriers from diffusing onto the surface of
the stack, or material attached to it, a diffusion barrier with higher bandgap energy

than all other materials (In,Ga;_,P) is being placed at both sides of the stack.

2.2 Operation Principle

The gain material composition and growth techniques of a MECSEL are similar to
gain structures used in a Vertical External Cavity Surface Emitting Laser (VECSEL).

In a VECSEL setup, one cavity end mirror is epitaxially grown along with the
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Figure 2.3: Energy diagram, optical pumping and stimulated emission in a multi-
Quantum-Well semiconductor membrane.

gain material, or bonded to it. Excess heat is typically extracted through the
Bragg-type end mirror into a heat spreading material. Additional heat spreading
by transparent material inside the laser cavity has been demonstrated, overcoming
the limitations of thermal resistance in the Bragg mirror (described, for instance,
by [45]). A MECSEL chip also contains layers that provide optical gain, but no
Bragg mirror structures are attached to the gain structure. The gain element is
bonded to a transparent heat spreading material on either one or both surfaces
and all cavity mirrors are located separately (see figure 2.4). Both VECSEL and
MECSEL gain chips typically are attached to a copper mount which is actively
cooled. Also, both setups incorporate external means of coupling a portion of the
resonant laser light out of the cavity. In the plot, a partially transparent mirror is
depicted. Other configurations include intra-cavity nonlinear frequency conversion,
where the frequency-converted radiation penetrates through a mirror structure that
is transparent to the frequency-converted light.

The gain structures studied in this work contain gallium as a base material,
and are grown on a GaAs substrate. Table 2.1 summarizes important thermal
parameters of typical materials suited for MECSEL and VECSEL structure design.
Comparing GaAs as a mirror component and heat-transmitting medium to silicon

carbide (SiC), which can be used as a heat spreading material in MECSEL, the
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Figure 2.4: Simplified schematic of a MECSEL (a) and a VECSEL (b).

thermal conductivity of Silicon Carbide exceeds that of GaAs by a factor of about ten.
Furthermore, the coefficient of thermal expansion (CTE) is better matched with that
of GaAs than synthetic diamond and copper. This reduces mechanical shear forces
in the gain structure. Reducing these shear forces allows thicker gain structures to
be attached and limits the risk of dislocations to form inside the gain stack.
There are several technical advantages of membrane laser operation with external
mirrors on both sides. By contacting the heat spreading material directly to the
gain stack, the thermal impedance of the epitaxially grown mirror is avoided. Using
external mirrors allows for an independent selection of mirror material, avoids
the critical bonding process between Bragg mirror and the heat spreader, thereby
allowing wafer-scale processing. The absence of thermal impedance through the
Bragg mirror has a positive effect on the maximum temperature rise in the pumped

region of the gain membrane.

\ material \ thermal conductivity k \ CTE « \ references \
GaAs 45W (m - K)™! 5.45-107°K~1 | [46], [47]
silicon carbide 4H 472W (m - K)~! 3.09-107CK~1 | [48], [49]
synthetic diamond 2400 W (m - K)=1 10-10"°K~1 | [50], [51]
copper 99.95% 530 W(m - K)~! 16.91- 107 °K~' | [52], [53]

Table 2.1: Physical parameters of heat spreader material at room temperature

In contrast to a VECSEL setup, the resonator mirrors do not need to match
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the lattice of the gain material and can therefore be built with a wide selection of
materials. This is especially significant for large target reflection bandwidths, since
materials from groups III and V offer only limited contrast in the refractive index
compared to oxide mirror coatings (with typical mirror materials being GaAs, AlAs,
InP and GalnAsP). In a DBR configuration, layers with a high refractive index, ng,
and a low refractive index, ny, are applied with an optical thickness of a quarter of
the target center wavelength. The full-width half-maximum (FWHM) bandwidth is

defined by the contrast between ny and ny, as described by formula 2.1 [54].

AN 4, An
— = —sin " ———
A T ng +nr,

(2.1)

The mirror coating layers used in MECSEL configuration can be deposited
as oxide material (for instance, SiOy , Al,O3, MgF,, TiyO5, TayO5), which offer
significantly higher refractive index contrast in comparison to I1I-V materials. While

oxidation of epitaxially grown layers is possible after growth, this process limits the

useable active area due to etching features required for the post-growth oxidation.
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Figure 2.5: Reflectivity spectrum comparison

Figure 2.5 depicts the reflectivity of an end mirror made of SiOy and TayOs
compared to a VECSEL cavity end mirror made of AlAs and GaAs, monolithically
grown on top of the Quantum Well structure. Both cases show a multi-layer Bragg
reflector design with 20 pairs of n; and ngy, each having A/4 optical thickness. In

these examples, a two-fold increase in available reflectivity bandwidth is achieved.
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The dielectric reflector coating can also be applied to the transparent heat spreader,
forming (when applied to one side only) a hybrid MECSEL structure (H-MECSEL),
which allows the operation of the H-MECSEL chip in configurations very similar
to VECSEL designs [29].

2.3 Chip Processing

A major advantage of MECSEL technology is the feasibility of wafer-scale bonding
of gain material to a transparent heat spreader. SiC is commercially available with
very low surface roughness, and matches the thermal expansion of GaAs-based
material well (see table 2.1). Growing only the gain structure without a Bragg
mirror mostly preserves the surface quality of the epitaxially grown material and

allows for wafer-scale bonding of the gain material by optical contact bonding,

where van der Waals forces [55] form a rigid contact.

(b)

(a)

copper heat sink

thermal flux

pumped region \
laser propagation axis /

pump radiation /

SiC heat spreader

A

gain membrane

Figure 2.6: Membrane structure with double (a) and single (b) SiC transparent heat
spreader

Using low surface roughness Silicon Carbide wafer material, direct bonding of
the Multi-Quantum-Well structure to the transparent heat spreader is feasible, and
requires no effort other than cleaning and activation steps. Currently, synthetic dia-
mond is not available at wafer scale with suitable surface roughness and transmission
properties. Silicon Carbide production and processing was improved by industry to

a very high standard, serving the market of high-frequency and high-voltage power
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devices [56]. Since the surface roughness of Gallium Nitride (GaN) devices is a key
parameter for their performance, this property of commercially available SiC was
optimized to a level where van der Waals bonding is feasible at wafer-scale [57].
The MECSEL gain samples studied are processed with either one or two SiC
heat spreader plates (bonded to both surfaces of the membrane), each with 500 pm
thickness. For operation in an optically pumped laser resonator setup, these are
typically held in TEC-cooled copper mounts with Indium foil serving as an adhesion
layer. Figure 2.6 shows both configurations, also indicating the heat flow from the

optically pumped area to the actively cooled heat sink.

Figure 2.7: Fully processed MECSEL wafer after dicing step.

For the bonding process, parameters used for transferring epitaxially grown
crystalline mirrors to fused silica substrates served as a starting point. Applying
crystalline Bragg structures to optical substrates enables the production of mirrors
with very low phase noise at room temperature operation, since the Brownian
motion of the mirror is significantly smaller than that of room-temperature oxide
coatings [58].

In order to minimize the amount of handling and cleaning steps of the gain

stack, the Silicon Carbide wafer is anti-reflection (AR) coating prior to performing



2. Semiconductor Membrane Lasers 17

the optical contact bonding step with the GaAs structure, which was grown in a
MOVPE chamber. Both materials are processed as four inch diameter wafers. The
material is wet cleaned before bringing the material together. Given the low surface
roughness of both GaAs structure and SiC crystal [56], van der Waals bonding does
not require significant forces. After bonding, the majority of the GaAs substrate
is removed using chemo-mechanical lapping, followed by chemical etching using
NH,OH:H>05:H50 to completely remove the substrate material until reaching a
thin etch stop layer. In configurations using a single heat-spreading SiC wafer, the
central area of each chip on the wafer is masked by photolithography, allowing the
structure surrounding the active area to be chemically removed. This zone then
is metallized with a Titanium as a contact material, Platinum as soldering mate
and Gold for oxidation protection. The full wafer is then covered with a protective
coating and diced into chips using a diamond wafer saw. This post processing was
performed by Thorlabs Crystalline Solutions in Santa Barbara (CA, USA). Over
the course of the experiments, many processing steps were optimized in order to
maximize the gain and stability of the chips. Figure 2.7 shows a photograph of a fully
processed 4-inch diameter wafer with more than 200 diced MECSEL gain chips.

2.4 Gain Stack Design Criteria

Despite the transmission and thermal characteristics of MECSEL chips, and the
optimization of the standing wave pattern with regard to the Quantum Well
positions in the chip and cavity, many fundamental design rules of VECSEL
Multi-Quantum-Well designs can be applied for MECSEL technology. Gain and
threshold calculations, the influence of the number of Quantum Wells in the
structure, and fundamental material parameters are applicable based on published
VECSEL research.

In order to approximate the basic dependencies of design parameters like total
thickness of the Quantum Well stack and the number of Quantum Wells with
regard to laser output parameters like threshold pump power, slope efficiency

and total output power, the derivations provided by [59] have proven to be very
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useful. Kuznetsov et al. summarized these fundamental relationships for the case
of VECSEL systems. Considering the similarities in Quantum Well stack design,
these can serve as a basis for MECSEL system designs. The following relationships
do not take thermal effects into account, which becomes evident when comparing
experimental data with these approximations at high pump power densities.

In a two-mirror Fabry-Perot resonator, the carrier density /Ny, at lasing threshold
is derived from the laser cavity Quality, given by the end mirror reflectivities Ry,
Ry and the round-trip loss transmission factor 7}, where all non-mirror losses are
considered. In equation 2.2, a longitudinal confinement factor I' is introduced for
resonant periodic gain structures (RPGs), which is also targeted in the MECSEL
configurations discussed in the following chapters. With the Quantum Well thickness
Ly (which is designed in relation to the Indium content in InGaAs QWs to achieve
the desired gain spectrum), the transparency carrier density (see table 2.2) and
an approximated gain coefficient gy, Ny, is described in relation to the number

of Quantum Wells in the structure Ny, [59]:

Nth = NO(RIRQ,TIOSS)_(QFQONWLW)71 (22)

From the threshold carrier density, the threshold power can be calculated:

hVNwLwApump

TabsTth

By = N, (2.3)

Here, the effective pump area Ay, absorbed with an efficiency of 7gs is
derived from dpym, listed in table 2.2, and the pump frequency v = ¢/A\yump 18
considered with the carrier upper-state carrier lifetime 74, at the threshold Ny,
approximated using the monomolecular, bimolecular and Auger recombination

(A, B and (), coefficient is:

rin = (A+ BNy +CNZ,) (2.4)
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Figure 2.8: Theoretical threshold pump power with respect to the number of Quantum
Wells and output coupling ratio.

Figure 2.8 shows the threshold pump power for different reflectivities of the
outcoupling resonator mirror, plotted against the number of Quantum Wells.
The calculation is based on the parameters summarized in table 2.2 at the end
of this section.

With this analytical basis for approximating the threshold pump power, the
output power is calculated as a function of the pump power and the laser differential
efficiency 74i ¢, which consists of the output efficiency 7, (cavity reflectivities and
losses), the quantum efficiency 7, (quantum defect between pump and lasing frequen-
cies) and the absorption efficiency at the pump wavelength 7,,,. In addition to the

form published in [59], a radiative efficiency 7,44 is introduced by Kuznetsov in [60]:

— Zpump (2.5)

Alaser

ID(RQ)

out — 2.6
Mot ln(Rl RQﬂoss) ( )
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BNy,
rad = 2.7
rad = A BN, + ONZ, (2.7)
Ndiff = NoutquantradTlabs (28)

Summarizing these efficiencies, a simple form of output power calculation is

provided in equation 2.9:

Plas = (Pp - Pth)ndiff- (29)

In a representative configuration, the output power as a function of the number
of Quantum Wells is is shown for different output coupling mirror reflectivi-

ties in figure 2.9.
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Figure 2.9: Theoretical output power at 25 W pump power with respect to the number
of Quantum Wells and output coupling ratio.

Based on these approximations, the theoretical results were compared with
experimental data from a simple MECSEL two-mirror Fabry-Perot cavity with an
output coupling mirror of Ry, = 97% at 1060nm. The cavity was set up as a
confocal cavity with two R = 100 mm concave mirrors (Laseroptik GmbH, custom)

with a MECSEL chip containing a periodic set of eleven Quantum Wells, spaced at
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half-wavelength distance. Its InGaAs Quantum Wells are designed to provide an
emission of near 1060 nm. SiC heat spreaders, 500 m thick, were bonded on both
sides of the membrane gain stack, stabilized at 18 °C using an indium foil interface
(100 pm thickness) to a copper heat spreader and TEC cooling (Thorlabs ITC4020).
The gain was centered in the cavity and aligned perpendicular to the lasing axis. The
chip was pumped with a d,,mp ~ 330 pm pump spot of 808 nm, arising from a 105 pm
core diameter fiber-coupled pump source (bwt K808DA5RN40.00W) providing a
maximum output power of 40 W. The pump fiber was collimated with an f = 8 mm
collimator (Thorlabs F240SMA-780) and focused with an f = 25 mm lens (Thorlabs
LA1560-AB-ML) at an incidence angle of approximately 15 °.
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Figure 2.10: Theoretical output power slopes with respect to output coupling ratio
compared with experimental results of MECSEL emission at 1060 nm with 97 % output
coupling mirror.

At lower pump powers, the analytical values are in very good agreement with the
theoretical data (derived from data published in [60]), depicted in the comparison
shown in figure 2.10. In the graphical comparison, it becomes evident that the
model described in this chapter is insufficient for conditions that induce significant
heating of the gain structure. The model does not incorporate heating effects that
reduce lasing efficiency and lead to "thermal rollover', starting in this example

at pump powers below 30 W.
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’ Parameter ‘ Description ‘ Value ‘
90 Material gain coefficient 2000 cm ™!
Ny Transparency carrier density 1.7-10%¥ cm™3
r RPG longitudinal confinement factor 2
Ly, Quantum well thickness 8 nm
Tioss Round-trip transmission factor 0.99
Naser Laser wavelength 1060 nm
Apump Pump wavelength 808 nm
dpump Pump diameter 330 pm
Nabs Pump absorption efficiency 0.85
A Monomolecular recombination coefficient 1-107s7!
B Bimolecular recombination coefficient | 1-1071°cm3s~!
C Auger recombination coefficient 1-671%cmbs™!

Table 2.2: Laser and material parameters for power and threshold approximation; all
values except pump parameters and emission wavelength from [59].

These theoretical approximations, derived from previous VECSEL work, provide

useful guidance to the design of the gain stack for MECSEL resonators.



Single-Frequency MECSEL Cavity

In this chapter, frequency filtering with birefringent filters and etalons is intro-
duced, targeting single longitudinal mode operation of MECSEL setups. Coupled-
cavities theory is summarized and applied to practical three-mirror Fabry-Perot
MECSEL-laser design, followed by introducing a matrix method for the longitudinal
computation of many-element optical systems. Another matrix method, used
for the transverse optimization and description of laser radiation resonance in a
cavity, is introduced and birefringent distortion within the gain element is covered.
A cavity layout is proposed and analyzed concerning the lateral and efficiency
performance. Single-frequency operation and continuous tuning are presented,
along with a description of phenomena that increase the need for relatively large

contrast longitudinal mode selection.

3.1 Frequency Filtering

In Quantum Well laser operation, the wells support optical transitions in various
quantized states. Depending on the width of the Quantum Wells, these optical
transitions can have relatively large energy difference, resulting in a broad gain
spectrum of MECSEL chips. As an example, a A = 1112 nm centered InGaAs device
with 22 Quantum Wells supports a full-width half-maximum (FWHM) range of

23
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46nm. In figure 3.1, the normalized output power measured at different tuning
states is shown. This spectrum was determined in a linear two-mirror laser cavity
with birefringent tuning, as described below. For the required Av < 100kHz (or
AN < 0.4 fm, see Equation 3.1) linewidth of the system, while targeting applications
in laser cooling in the output power range of 1 W, several frequency-selective

elements need to be included in the system.

AQ
AN = Av— (3.1)
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Figure 3.1: Normalized output power of a simple MECSEL linear laser tuned with a
birefringent filter.

3.1.1 Birefringent Filtering

A versatile way of filtering polarized free-space lasers is the use of birefringent filters.
These typically uniaxial crystals can be used as frequency-selective elements in
combination with polarization filtering. They can be used at Brewster angle inside a
laser cavity to simultaneously provide polarization filtering and wavelength selection.
In the MECSEL setups, polarization filtering is required for efficient nonlinear

interaction (see section 5.1), since apart from thermally induced birefringence
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(compare section 3.3.2), the optical gain of the MECSEL chip assembly provides
no polarization-dependent properties for perpendicular radiation incidence. For
the MECSEL experiments in this work, the birefringent filter is used at Brewster
angle inside the crystal § = tan_l(%’), where n; is the refractive index of the
surrounding environment and ns is the effective refractive index of the birefringent

crystal at given incident polarization.

ray propagation

NO

TE

Figure 3.2: Light ray propagating through a birefringent crystal at an arbitrary angle of
incidence, with the refraction angle of 3, o representing the tilt of the optic c-axis of the
crystal with respect to the surface normal, the crystal axis rotation around the surface
normal p, v representing the angle between the ray propagation axis and c-axis, and a
thickness t.

When propagating through the crystal, the incident ray experiences a relative
phase change A¢ between extraordinary (TE) and ordinary (TM) polarization.
A common mathematical description of birefringent filter properties at arbitrary
angles of incidence is found in [61]. Following the argumentation of [62], this is a
suitable approximation when the ratio between the ordinary refractive index n,

and the extraordinary refractive index n. is significant:

2t .9
Ap = 3 Cosﬁ(ne — n,) sin® 7. (3.2)

The internal angle, typically the Brewster angle, is represented by 3. The angle

0 is defined between the p-polarized unit vector inside the plate and the ordinary
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unit vector inside the birefringent material:

b= cost (-2 33)

The crystal axis rotation around the surface normal p and the tilt angle of
the optical c-axis of the birefringent crystal o is described by the relative angle

~v between the propagation axis and the c-axis:

v =cos™* <cos [ cos o + sin [ sin o cos p) , and (3.4)

v = cos ™' (cos B cos p + sin Bsin o cos p) . (3.5)

In order to calculate the influence of birefringence and polarization dependent
loss, the use of Jones calculus is very convenient. For the simplest case, where a
birefringent filter is used at an angle with respect to a single polarization state, the
electric output fields in both polarization states, E, o, and Es 4, can be obtained
by matrix multiplication of a Jones Matrix representing the loss Mpgp, .. of the
s-polarization at a single surface and the transmission matrix Mggrr through the

birefringent material ([63], [64]):

Ep,out = MBRF X MBRF X MBRF X Ep,in , where (36)
Es,out loss loss Ep,in
10
MBRFloss = [0 q] ,and (37)
Mo cos? f + sin? (QGiA¢) cos(f) + sin 0 (eiA¢ - 1) (3.8)
BEET cos(6) + sin (BZ’A‘J5 — 1) sin? f + cos? (HEZAQS) '

In Equation 3.7, ¢ represents the loss parameter, calculated from the average

refractive index as ¢ = 2n/(n* + 1) when operating the filter at the Brewster
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angle. As an example, the transmission of a crystalline Quartz birefringent filter
of t = bmm at the Brewster angle, with ¢ = 90° and p = 40° is plotted in figure

3.3. The Sellmeier coefficients are taken from [65].
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Figure 3.3: S-polarized, p-polarized and sum output of p-polarized radiation after
passing a crystalline quartz birefringent filter of ¢ = 5 mm at Brewster angle, with
o =90° and p = 40°.

Figure 3.3 depicts how p-polarized light passes through a birefringent filter,
plotted for wavelengths around 1.05 pm. At certain wavelengths, full transmission
in p-polarization occurs, while other wavelengths are suppressed. The free spectral
range of the birefringent filter (F'SRggr, the range in between two transmission
maxima) is one important parameter for choosing the proper crystal material and
dimension. This parameter can also be calculated from the parameters described

above, without using Jones calculus, as shown in Equation 3.9 [66].

A2 cos B

F =
SRpnr tAnsin? vy

(3.9)

The filter function can be spectrally tuned by rotation of the birefringent crystal
around p, while maintaining Brewster condition. Figure 3.4 shows the sum of s-
and p-polarization transmission values for incident p-polarization at various tuning
angles. In order to maximize the FSR of the filter at a given thickness, the crystalline

c-axis needs to be perpendicular to the propagation direction of the light passing
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through the crystal. In the experiments of this work, however, all crystals are
cut with the c-axis parallel to the incident surface, which still provides significant
birefringent contrast. The crystal parameters need to be selected so that the FSR of

the filter sufficiently exceeds the accessible tuning bandwidth of the gain material.
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Figure 3.4: Sum transmission of p-polarized radiation after passing a crystalline quartz
birefringent filter of ¢ = 5 mm at Brewster angle, with ¢ = 90° and various angles of p.

When choosing a material for the birefringent filter, low absorption at the
operating wavelength and environmental stability (sensitivity to humidity for
instance) are key parameters. Another important aspect is the total thickness
of the crystal. While for the transverse cavity design (see section 3.3), a thin crystal
is beneficial for minimizing astigmatism, the interference of multiple reflections
inside the crystal needs to be controlled or sufficiently suppressed. For a plano-
parallel filter element at an angle, the displacement d of the internal double-reflex

for an incidence angle of « is given by

tsin(2a)
Vn2 —sina

By simulating the complex amplitudes of two Gaussian beams, this interference

d= (3.10)

phenomenon is shown in figure 3.3. In this example calculation, the beam diameter

(1/e) is equal to the displacement d, with a reflected beam amplitude of 50 %.
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Both destructive and constructive interference cases are shown. While this is an
exaggerated scenario, it makes the influence of this interference on the shape and
center of mass location clear. As a practical rule of thumb, a factor of three between

diameter and displacement was incorporated as a minimum.

Figure 3.5: Plano-parallel plate with internal reflexes (1) and simulated amplitude
distributions, with a beam diameter (1/e) as large as the displacement d, for the cases of
destructive (2) and constructive (3) interference.

The same phenomenon needs to be taken into account when considering tilted

etalons.

3.1.2 Cavity Modes and Off-Axis Etalon Filtering

Unless noted otherwise, all cavity setups in this work are stable "standing wave'
resonators. The term "standing wave' is commonly used, since in a resonator with
two fixed ends (cavity end mirrors with reflectivities of Ry and R,), interference
of the resonant light traveling back and forth leads to a static wave pattern with
nodes at the cavity end mirrors. The transmission 7' (see equations 3.11 and 3.12)
of a standing wave cavity, also known as Fabry-Perot interferometer (FPI), is large
in resonance condition, where the round-trip phase delay ¢ through the resonator
equals a multitude of . The following formulas are given in [67]. Here, E; represents
the amplitude of the electric field vector on the incident side of the interface, while

E; gives the equivalent amplitude behind the interface.

_ B (1—Ri)(1 - Ry)
EP (1- VRR,) +4VRiRysin? ¢

, where (3.11)

L
b= "% and (3.12)
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c
AVFSR = 27’L_L (313)

For cases of equal reflectivities of Ry and R», and ideal mode coupling (equal mode
shape before and after a round-trip through the cavity), some example transmission
spectra are shown in figure 3.6. In cases where R; # R,, the transmission maxima

do not reach the theoretical value of one.
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Figure 3.6: Transmission of an etalon with respect to the phase shift ¢ with Ry = Ry =
R.

The FPI formulas are applied to calculate the free spectral range (Avpgr
in frequency domain) of a standing wave laser cavity, as well as to analyze the
influence of tilted etalon filtering, where, for instance, a tilted plano-parallel plate

is placed inside a laser cavity.
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Figure 3.7: Transmission of a 75 mm air-spaced cavity, an etalon filter and the round-trip
transmission of both, calculated for a center wavelength of 1pm.

3.1.3 Coupled Cavity Theory

For optical resonators that include more than two mirrors, several cavities are
formed and coupled, interfering with each other. For these cavities, the simple
Fabry-Perot interferometer formula (as discussed previously) does not suffice. From
transmission matrices (section 3.1.4), equations for the transmission calculation
of three- and four-mirror cavities can be derived [68]. For the special case of a
three-mirror resonator with interfering reflections, having mirror reflectivities of
r; and mirror transmissions of ¢;, the denominator D3 is determined. This results
in the transmission 7', with ¢ depending on the lengths between the mirrors in

relation to the wavelength of interest:
.D3 =1+ (T17’2>2 + (7"27’3)2 + (7”17"3)2 + 27’17’2(1 + 7’%) COS(2¢1)

‘|‘2’f’27"3(1 + T%) COS(2¢2) + 27”17“3 COS(2¢1 + 2¢2) (314)
+2r1(r2)r3 cos(2¢1 — 2¢3)

2
T— (tlt;i?’) (3.15)
oL
b= (3.16)
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A three-mirror cavity offers interesting filter features that are depicted in figure
3.8. Depending on the reflectivity ratio of the three mirrors, a sharp filter function
can be achieved. In these examples, the spectral transmission function of a cavity
of Ry = 30% and R3 = 98% is simulated, with lengths of L; = 60mm and
Ly = (2mm + A/4) at a wavelength of 1 pm. For this setting, transmission values of
Ry > 94 % yield a poor filter function with a multitude of transmission maxima.
Values of R; <« 92% yield low total transmission, which, in an active cavity,
would lower the quality of the resonator, with low or no resonant power achieved.
There is an optimum setting, with maximum suppression of the adjacent cavity
modes, around R; ~ 92%. This is the setting where the center wavelength

achieves unity transmission.
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Figure 3.8: Three-mirror cavity transmission spectra for Ry = 30% and R3 = 98 %),
with various reflectivities of Ry. The cavity setup is calculated for a center wavelength of
1pm. The plots show the spectra relative to the center wavelength.

Following the derivation in [68], the reflectivity dependence of the unity trans-

mission can be simplified as:

o — T3

(3.17)

1 unity =
’ 1-— ToT3

Figure 3.9 depicts the relationship for various reflectivity values of R3. For
unity transmission, very contrasting reflectivity values at the ends of the cavity (R,
and R3) are possible. This is a remarkable feature of multi-mirror cavities, since

this means that the quality, or enhancement, of the sub-cavities can be designed
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toward an optimum in each sub-cavity. In contrast to the well established 2-mirror
Fabry-Perot settings, this allows operation of a laser system when only a part of
the cavity yields the threshold condition. A coupled cavity may be designed in a
way that the gain exceeds the losses in one part of the cavity, while another part of
the cavity may introduce a loss that is larger than the gain. Hence, components
with relatively large optical transmission losses may be placed inside the cavity
part of lower quality and smaller end mirror reflectivity. When carefully chosing
the correct ratio of reflectivities, unity transmission (ideal resonance condition)
and maximum spectral filtering can be achieved. In figure 3.9, a typical operation
point is marked. This setting is being utilized in the work described below. In
an idealistic description, the reflectivity values are Ry = 92%, Ry, = 30% and
Rs = 98 %. In a more realistic consideration, the 8 % loss at R; are the combined
"losses" of spectral filtering, scattering and intended nonlinear outcoupling of the
cavity. Rjs is affected by thermally induced aberrations. These losses are further

described in the following sections.
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Figure 3.9: Reflectivity relations in a three-mirror Fabry Perot cavity that yield unity
transmission. Marked "this work" is the setting that was simulated in the plot before, and
was utilized in the experimental work.



34 3.1. Frequency Filtering

3.1.4 Multi-Mirror Cavity Simulation with TMM

In order to better understand the impact of the reflectivity values on the energy
density in the sub-cavities, as well as allowing for the simulation of additional
(typically undesired) reflections, for instance, from anti-reflection coatings of intra-
cavity optical elements, the transmission matrix method (TMM) enables versatile
computation. Furthermore, the multi-layer thin-film coatings of the MECSEL and
the intensity of the standing wave field around the Quantum Wells can be simulated.

The Transfer Matrix Method (TMM), as described by [69], was utilized in this
work. In this approach, the transverse characteristics of the laser radiation are
neglected. The optimization in the transverse direction is discussed in section 3.3.

Since this simplification is reduced to a single spatial axis, a simple definition
of the travel direction of electromagnetic waves is used. The direction can either
be "to the left", indicated by the electric field Ej, or "to the right", indicated by FE,.
As depicted in figure 3.10, the material space in between interfaces has a refractive
index of ng...n,,. This counter is also included in the nomenclature, as well as an
indicator of whether the electromagnetic wave is described at the left interface of the
material (A) or at the right interface (B). Hence, for instance, a rightward traveling
electromagnetic wave at the right-hand side of material 1 is defined as E,,,. The

physical length of the travel through material with a refractive index n is L,.

Eon | Ena Eis | Eoa
———— ———
Eion | Eina Eis | Epa
——— — e
No Ny n;
L

Figure 3.10: Nomenclature for matrix formula

The transition of the electromagnetic field at an interface in both directions,
can be written in matrix form, with the transmission matrix D, referring to figure

3.10 at the interface from ng to nq, this is Dq;:
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E,. E
oAl =D yal 3.18
[EZOA] " [EllA] ( )
The propagation from interface to interface is defined by the propagation matrix

P, again referring to figure 3.10 at the left and right interface of ny, this is P;:

E. E
nal — p | e 3.19
In a structure with a number of m layers of different refractive index, the

incident electric field Fj, is equal to E, ,, and the reflected field F,.f is £, and

0A?
the transmitted field Ey,ps is equal to E,. . Assuming that the light enters only
from the left, the electric field entering from the rightmost side of the structure
toward the left £ , is zero. The full transfer matrix M, from the left side of

the structure to the right side, can be calculated by multiplying all transmission

and propagation matrices from left to right:

ETQA ET
=M| ™, 0 3.20
Ein o Etrans
[Emﬂ] =M [ 0 ] , where (3.21)
M - D01P1D12---D(m—2)(m—1)PmD(m—l)m- (322)

From equation 3.21, simple solutions for the relationship between the incoming

field and the reflected and transmitted fields can be derived:

Ez'n - MllEtrans (323)

Erefl = M1 Eirans (324)
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The transmission matrix D at an interface, for instance, Dy from ng to ng,
accounts for the reflection rg;=rq¢ and the transmission tq,=to. For the transition

from left to right and right to left, this is:

ET1A = tOlEToA + rlOEllB (325)

By = ro1Ergy + tioEa (3.26)

When taking into account that tg1t19 — 791710 = 1, the transmission matrix Dy

from equations 3.18, 3.25 and 3.26 can be simplified as:

ET‘QA 1 1 To1 Er A
= — " 3.27
[EIOA‘| Lo lml 1 ElmA ( )
1 1 T01
Dy = — 3.28
e (329

The propagation matrix P through a medium with the refractive index n, for
instance, Py, propagating through material with ny, the phase of the electric field
is modified. With k = 27”, the light at left-hand side (traveling to the right) to

the right) can be described as:

By, (z) = Epe /1 7ke) (3.29)

The phase increases by kL, yielding:

E, (x4 L) = Epe/Wtketl)) — pe-ilwt=ho) =ikl — @ (p)e=IkL  (3.30)

With L being subtracted from x in the leftward traveling case, the propagation

matrix is written as:
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ErlA o 1 eijlel 0 ETlB
[EllA] B a [ 0 eIkl EllB . (331)

This method is applicable for both parallel (p) and perpendicular (s) polariza-

tions. For an angle of incidence, 6, this is given by:

_ nycos(fh) — nycos(fh) _ M cos(6y) — nq cos(6s) (3.32)
~ nycos(fy) +nycos(fy)” T mycos(6h) + ny cos(fy) ‘
2ny cos(6;) B 2n4 cos(6y) (3.33)

B ny cos(61) +ngcos(fz)’ ¥ ngcos(6y) + ny cos(6s)

All complex reflectivity and transmission calculations throughout this work
have been performed using this method. It provides the possibility to compute
thin film coating reflectivity spectra, as well as the frequency response of coupled
cavity structures in laser resonators.

In order to investigate the power building up inside plano-parallel structures, the
normal component of the Poynting vector S - Z can be derived as normalized power
from equation 3.33. For better readibility compared to the previous definitions, the
fields traveling to the right are defined as E,, and those in the opposite direction

as Fj. For s-polarization, the following relationships are obtained:

E=E$+ES (3.34)
H o nE,(— cos 0% + sin 02) + nE;(cos X + sin 0Z) (3.35)
1
S-z= §Re z- (E* x H)] o« Re[(E} + E]) (B, — E) ncosb)], (3.36)

which yields a Poynting vector, normalized to incident power, as:

Re[ncosO(E! + Ef)(E, — E))]

Re [ng cos 6] (3:37)

s — polarization : S-7 =

For calculating parallel p-polarization the following relationship is provided:
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E = E, (—sinfz + cos6X) + E; (—sin 62 + cos 6%) (3.38)

H o nE§ +nE$ (3.39)

S-2=-Relz - (E* x H)] ac Re[(cos )" (E¥ — Ef)(E, + E;)ncosf], (3.40)

N | —

which results in the z-component of the Poynting vector for p-polarization as:

Re [ncosO(E, + ) (E; — Ef)]

5-2= Re [ng cos 6]

(3.41)

The Poynting vector distribution along the laser cavity provides crucial infor-
mation about the enhancement of all sub-resonant cavity parts. As an example,
the absolute value of the Poynting vector distribution is calculated, using the same
parameters as the simulation of figure 3.8 with R; = 92%. In figure 3.11, this
distribution is shown. In the plot, the limited resolution does not correctly display
the sinusoidal standing-wave pattern of the Poynting vector, since the computation
sampling rate was lower than the frequency of the resonant light, resulting in
undersampled information displayed at a lower frequency. The cavity enhancement
is ~ 7.5 in the cavity part with Ry = 92% and ~ 13.9 in the cavity part with
R3 = 98 %. Considering an active laser with a gain of ~ 4%, placed in the cavity at
Rj3, this simplified scheme would permit active laser resonance, since the condition
gain > loss is fulfilled. This proves that in a multi-mirror cavity, other parts of the
cavity (at R; in this example) can introduce losses that exceed the gain (77 = 8 %),

while still supporting laser operation above threshold.
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Figure 3.11: (a) Schematic of a three-mirror cavity and (b) relative Poynting vector
distribution in an example three-mirror cavity.

3.2 Longitudinal Optimization of a Three-Mirror
MECSEL

In order to minimize non-radiative recombination at the outer interfaces of the
gain stack, a very thin layer of higher bandgap material is grown at the outer
boundaries of the MECSEL gain stack. The gain stack itself is designed in a way
that the Quantum Wells, or closely spaced multi-Quantum-Well packets, are placed
at an optical distance of half the resonant wavelength. Similar to the resonant
periodic gain design approach [70], this allows the anti-nodes of the resonant light to
overlap with the thin gain region in the Quantum Wells. The resonant periodic gain
design has significant advantages in optimizing the available pump-to-output-power
conversion efficiency, as well as minimizing the lasing threshold. The resonance
condition, though, can only be ideal for a specific wavelength. Among other
parameters, this limits the available gain bandwidth. For the intended applications

of this work, where a narrow linewidth at very well defined wavelengths is targeted,
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the resonant periodic gain approach offers advantages. In a different target design,
the Quantum Well distance could be layed out with a thickness chirp to increase
the available wavelength range, but this method has not been investigated.

In VECSEL technology, the Quantum Well stack and one cavity end mirror are
monolithically integrated. With the DBR providing a static phase condition and
thus defining the position of the anti-nodes relative to the DBR stack, the lateral
positions of the Quantum Wells can be designed to exactly overlap. In a MECSEL,
where the end mirrors are typically placed with a variable air gap length, the
fixed longitudinal position of the anti-nodes needs to be carefully optimized when
targeting narrow linewidth, single longitudinal mode operation with high output
power stability. One approach is to use the MECSEL chip as an intra-cavity etalon.
Due to the limited repeatability of the absolute thickness of the available Silicon
Carbide wafers, this approach has significant limitations in MECSEL chip designs,
where a transparent heat spreader is placed on both sides of the MECSEL gain stack.
It is viable for single heat spreader designs, where the optical thickness of the SiC
piece is tuned to an optimum resonance condition through temperature. With the
temperature-dependent refractive index dn/dT = 3.87-107°K~! [71], and a thermal
expansion coefficient of gz = 3.09-1076+2.63-10797—1.08-10~ 1?72 K~ [49], an SiC
thickness of 500 pm, this yields an optical length change of 19.5nm/K. Hence, for
instance, for a fundamental wavelength of 1127 nm, a temperature tuning of +14.4 K
would be required to fully tune the SiC etalon through the free spectral range by
changing the optical pathlength by \/4 (see section 3.3.3 for experimental data).

One embodiment that received increased attention in the experiments described
in the following chapters is using one semiconductor surface as the middle mirror
of a three-mirror cavity. In this arrangement, SiC is only placed on one side of
the gain stack, serving as a sufficient heat spreader for Watt-level SLM lasers
(experimentally analyzed in section 3.3.3). When the lengths of the two sub-cavities
formed in a three-mirror FP setup are well-controlled to allow maximum intracavity
power (equivalent to maximum transmission when analysing the passive throughput

of the Fabry-Perot setup), then the center mirror has a well-defined longitudinal
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relationship to the standing wave pattern of the electric field. To optimize the
relative position of the resonant standing field mode in the Fabry-Perot cavity, the
computation of the Poynting vector distribution is crucial and can be simulated
using the transmission matrix approach described above. For better visibility
and simplification of the simulation, the front (R;) and end mirror (R3) do not
necessarily have to be computed as a DBR stack, though this is easily possible
using TMM. Instead, the infinite environmental refractive index at the front can be

defined to produce the desired reflectivity through the normal Fresnel reflection.

2

n-1 (3.42)

n+1

Taking the values of Ry = 92% and R3 = 98 %, the computation is processed
with n; = 48 to represent the front mirror, and n3 = 200 to represent the back mirror.
For better visibility of the standing wave’s position, the total length of the sub-
cavities, as well as the SiC heat spreader is numerically shortened from realistically
practical lengths by subtracting an arbitrary number of half wavelengths of optical

path length. An example setup, computed by TMM, is depicted in figure 3.12.
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Figure 3.12: Simplified MECSEL three-mirror cavity with anti-nodes of the standing
wave electric field overlapping with the Quantum Wells

The plot also shows the refractive index of the material along the shortened laser

cavity, so that the seven Quantum Wells are visible as small peaks with the highest
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refractive index in the setup. The GaAs barrier, followed by the thin capping layers,
are the next lower refractive index materials. The Silicon Carbide heat spreader is
attached to the semiconductor stack on the right-hand side, covered with a single
anti-reflection layer (SiNO,) with \/4 optical thickness.

In the design depicted in figure 3.12, the outer GaAs barriers are tuned in
thickness toward ideal overlap with the standing wave pattern. Throughout the
optimization of the practical setup, TMM has served as an important tool to
help identify parasitic etalon behavior, for instance, with practically non-ideal
AR coating on the SiC.

Utilizing these design approaches, a laser was set up and tested for single
frequency operation and tunability. More details on the setup are summarized in
section 3.3.1. The laser operated in a single longitudinal and transverse mode under

all conditions tested within the tuning range of the piezoelectric elements.
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Figure 3.13: Tuning the short etalon arm of a three-mirror cavity shows the impact of
SiC temperature in a parasitic etalon formed by residual reflexion off the AR coating on
the SiC plate. The dashed red lines show the temperature dependent shift of the etalon

spectrum, induced by thermal expansion and the temperature dependent refractive index
of SiC.

In figure 3.13, the laser emission wavelengths upon changes of the short cavity
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length, with different temperatures of the gain element and birefringent filter crystal
are plotted. In the graphs, Upyzr.sgr is the set voltage of a high voltage amplifier
with an amplification of 150, connected to the cavity-end mirror PZT. The data
show that there are wavelength regions where the laser does not emit radiation.
Though the Silicon Carbide surface is coated with a dielectric anti-reflective coating,
a residual reflection appears to create enough distortion to the transmission profile to
disturb seamless wavelength tuning. As indicated by dashed red lines in figure 3.13,
the wavelength regions preferred by the practical laser setup depend on temperature
and have a well defined free spectral range. Both the free spectral range and the
temperature dependence match the results given by the optical path length of the
SiC chip and its FSR when considering it acting as an etalon (compare equation

3.13) with the temperature-dependent refractive index of SiC (see table 4.1).

3.3 Transverse Resonator Design

The design and optimization of the transverse resonant laser radiation inside the
cavity was performed separately from the longitudinal cavity design described
above. In order to maintain longitudinal narrow linewidth operation, the design
aim is to operate the laser device very close to the transform limit, with a Hermite-
Gaussian TEMgq transverse mode. For this free-space laser type, all angles 6,, of the
propagation direction with respect to the optical center axis of the cavity are very
small. Hence, the paraxial approximation (f =~ tan @ = sin ) is used to perform ray
tracing and eigenvalue computation using the ABCD matrix representation (see, for
instance, [72] and [73]). In this formalism, the beam vector at each optical element
is represented by the angle 6,, and a transverse radius of r,, at each element of the
optical system. With the 1/e* beam radius w, the wave number k = 2rnA~! and
the radius of curvature R of the Gaussian beam, the complex beam parameter ¢

[74] at a position z along the beam propagation axis is defined as

A .
a(z)  R(z) Zmu(z)Q, with (3.43)
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R(z) = Re (1) 7 , and (3.44)

A
Wlm(ﬁ)

The ABCD matrix approach provides an efficient method of transferring funda-

w(z) = (3.45)

mental Gaussian properties through propagation and refracting elements. The most
important ABCD elements, that were used in the transverse cavity optimization,
are summarized in table 3.1. An individual ABCD matrix can be applied to transfer

the beam, defined by the ¢ parameter, as

Aq(z) + B
)= 3.46
1) = Ga b (3.46)
‘ Description ‘ Matrix ‘ Representation ‘

Tilted Spherical Mirror My = { 12 0} , Mg = [ ! O]

Rcosa

d n
Perpendicular Plate of Matter M = Ll) ﬂ >
1 dvn2+1 1 dvn?+1
Brewster Plate My = 0 n14 } , Mg = [0 nl2
. . 10 1
Tilted Thin Lens My = 1 Ms = cosa
"~ Fcosa 1 T F 1

Table 3.1: ABCD matrices for the optical elements required in the cavity calculation
[75].

Some elements in table 3.1 have a different impact on the transverse and sagittal

direction of the electric field, represented by the individual matrices My and Mg.
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In cases where the tilt of the object is perpendicular to the direction depicted in
table 3.1, the My and Mg definitions need to be interchanged.
The ABCD matrix formalism is used to simplify beam propagation in the

paraxial approximation by multiplying the matrix elements

M == MN...M3M2M1 (347)

and then applying the combined matrix M on the input beam parameters.

N
standing wave resonator

)L

ring resonator

Figure 3.14: Schematic calculation scheme for the round-trip matrix of a standing wave
Fabry—Perot cavity and a ring cavity.

This method is utilized in the beam propagation approximations throughout the
following chapters. For resonator optimization, the same method can be applied to
find the eigenvalues of a stable cavity. To derive these, the round-trip matrix for a
cavity needs to be calculated. In a Fabry-Perot cavity, the calculation may start
at any optical element, through all elements of the laser cavity to the other end
mirror, and back through all elements of the laser cavity in the reverse direction.
In a ring-type configuration, the round-trip matrix is calculated by multiplying all
matrix elements once (see figure 3.14). From the ABCD elements of this round-
trip matrix, the eigenvalue of the resonator can be derived in all cases where the
resonator offers a stable solution. This is the case when |[(A + D)/2| < 1. The
equation has two solutions, which in stable resonance case are a pair of complex
conjugates. In this case, the waist radius at the longitudinal position where the

combined matrix M is created is given by:

2B

JA— (A+D)?

(3.48)

(Y]
30>
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and the radius of the wavefront by

2B

R:D—A'

(3.49)

With these initial parameters, equations 3.43 through 3.45 allow for plotting

and analyzing the beam size development (caustic) throughout the resonator.

3.3.1 Design Implementation

The design goal for the cavity setup is dominated by several key aspects: The
pump and emission radii at the gain membrane need to be appropriately set to
provide an optimum balance between gain creation (dependent on pump power
density), maximum temperature (which has a significant impact on laser efficiency)
and temperature-induced aberrations leading to acceptable losses (compare chapter
4). While incorporating all necessary frequency filter elements (see chapter 3.1),
the cavity should be as short as possible to maximize the free spectral range of
the cavity while maintaining transverse single-mode operation. The mode spacing

Av is inversely proportional to the cavity length L:

c

Ay — —
s

(3.50)

Consequently, a short cavity relieves the requirements for the sharpness of the
frequency narrowing elements. The implementation of an intra-cavity frequency
doubling element requires a sufficiently small beam waist near the nonlinear crystal
(details in chapter 5.1).

Additionally, the transverse mode confinement needs to suffice. This can, in
part, be realized by cavity design (sufficiently different from confocal operation),
and proper mode matching between the pump beam size and the resonant beam
size. When a sufficient portion of the Gaussian beam extends into the unpumped
perimeter of the gain membrane, this results in a "soft" aperture. The unpumped
region around the optically excited area absorbs the resonant beam and thus can

be configured to enforce single transverse mode operation.
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Figure 3.15: MECSEL configuration in a three-mirror design approach with tunable
cavity lengths and intra-cavity second harmonic generation.

In a preferred setup, the ratio of cavity lengths in a three-mirror Fabry-Perot
configuration is set to approximately 30. The choice of optimum pump beam
diameter in the semiconductor gain provided the foundation for the transverse
resonator design. The pump beam diameter in the gain membrane should be
minimized, in order to minimize the threshold laser power (compare section 2.4).
However, the aberrations introduced by the thermal lens, as well as the maximum
gain temperature, set a limit to this parameter (see chapter 4 for further details).
The pump diameter was set to 395 pm, and based on thermal lens simulations and
experiments, a DBR-coated mirror with a convex radius of curvature (ROC) of
R — 750 mm was chosen to pre-compensate for the thermal lens arising from the
pump radiation. Based on this selection, considering the limitation of the required
optical path lengths of the birefringent and SHG crystals, a configuration with
an intra-cavity lens was optimized using the ABCD approximation. Since the
birefringent crystal is used at the Brewster angle, an astigmatism is introduced
to the cavity. This is pre-compensated by tilting the intra-cavity lens by several
degrees. The intended outcoupling from this resonator is induced by nonlinear
frequency conversion, further described in 5.1.

Figure 3.15 depicts the setup that was used throughout further experiments. M1
is convex, while M2 and M3 are plano mirrors (LaserOptik GmbH, custom design).
The thin-film coating stack on M1 is designed to transmit the pump radiation well,

which is transmitted through this mirror. This mirror is mounted on a ring-type
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piezoelectric element (Thorlabs PA44M3K). The gain membrane (various designs)
is bonded on one side with 500 pm thick SiC. The SiC itself is coated with an
anti-reflection stack to minimize reflections at the fundamental wavelength and the
pump wavelength at the interface to air. The gain stack is not AR~coated, so that
it provides a significant reflection (R ~ 30%) in the interface to air, which acts as
the center mirror in this three-mirror Fabry-Perot resonator configuration. Since
M1 is mechanically tunable along the z-axis of the resonator, the filter function of
the short-cavity part of the three-mirror configuration can be spectrally tuned.
As depicted in figure 3.15, the length variation of the longer arm of the three-
mirror cavity is implemented by shifting a fused Silica prism, cut for Brewster
angles of entrance and exit, into and out of the resonant laser beam. This movement
changes the optical path length of the resonator, while maintaining the beam
position and transmission angle through the prism. This design approach was
first implemented in external-cavity resonant frequency doubling (see [76]). It is
favored because all piezoelectric elements have not only a longitudinal expansion
in the intended direction, but also are prone to angular deformation upon the
application of a drive voltage. This angular error scales linearly with the total
stroke of the piezoelectric element. Since the prism is a transmissive optical element,
a significantly lower angle of piezo-stroke-induced tilt is transferred to the resonant

radiation, compared to a mirror mounted on the same PZT.

d

pris,p

Figure 3.16: Sketch of a Brewster prism for calculation of the optical path length (blue
solid line) change upon inward and outward translation of the prism.
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For estimation of the tuning range of the long arm, the free spectral range
Avpgg is calculated with an intra-cavity optical path length of nL = 75 mm to be
Avpgr = 2.1 GHz (see equation 3.9), incorporating the refractive indices within the
resonator. With an intended mode-hop-free tuning range of Av; = 21 GHz at the
fundamental wavelength, a frequency stroke of approximately 10 - Avpgg is required.
Since the round-trip cavity length (twice the physical cavity length) changes by
one resonant wavelength from one transmission maximum to the next, thus, for
driving through one FSR, the required stroke of cavity length change A = 1112 nm is
~ 10 - % in a Fabry-Perot type of cavity. Thus, the optical path length of the cavity
needs to be altered by AnL = 5.5um. In a prism with Brewster angles for both in-

and output, the apex angle « is defined by twice the internal Brewster angle:

Na

o = 2epy = 2tan " (nl) (3.51)

A fused silica prism in air (n; = 1) with a refractive index of ny = 1.449 ([77])
needs to be cut to an apex angle of & = 69.2° to achieve this condition (see figure
3.16). When shifting the prism along the height h toward the apex angle, the
physical length through which the laser radiation penetrates the prism is defined

as 2dprisp, Which, with equation 3.51 is:

d 1S, ni
tan e, = % = (712) (3.52)
The optical path length 2d,,;s, becomes:
dpris,o = h?’Ll (353)

When the prism is tuned out, so that the path length through the prism
is infinitesimally small, the equivalent optical path length through air is then

2d,ir, defined as:
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hm

i = (3.54)

Ty COS (eBT - ejgr)

The piezo travel dpzr to move the prism from one extreme to the other is:

dpzr = h — tan <€Br — 63_%) dpris,p (3.55)

Hence, with the refractive index nq as given above, the ratio of piezo movement

to effective path length change results in

dPZT
2 <dp7’is,o - dair)

so that the required piezo travel range is dpz7 = 7.7 pm, in practice produced by

~ 1.4, (3.56)

a 150 V ring PZT stack (Thorlabs PK44RB5P2), which is mounted on a high-density
metal rod to improve the dynamic performance of the assembly. The assembly
has a resonance frequency of 42 kHz, sufficient to compensate for acoustic impact
from the surroundings and the water cooling.

The intra-cavity lens (DD Optik GmbH, custom) is AR-coated for the funda-
mental resonant wavelength and optimized to achieve transverse resonator stability
at a path length from lens to end mirror, that suits the choice of LBO (see chapter
5.1) and leaves sufficient space for the beam to travel over M2, which has a dichroic
coating, reflecting the majority of the fundamental light, and offering transparency
for the frequency-doubled light.

Figure 3.17 depicts the transverse beam radius under the stable resonator
condition along the length of the cavity. The intra-cavity lens is tilted to compensate
the astigmatism induced by the Brewster-cut elements. In the figure, this tilt is
optimized for a thermal lens of fiperm, = 2.5dpt refractive power, realizing a
symmetric radius in the gain chip at this effective focal length.

The astigmatism induced by the Brewster-cut elements, along with the position

and tilt of the intra-cavity lens, is static. The thermal lens, however, depends on
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Figure 3.17: Caustic inside the resonator at fiperm = 2.5 dpt thermal lens refractive
power.
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Figure 3.18: Beam radius at the gain membrane (left) and SHG end mirror (right) with
variation of the thermal lens focal length.

the applied pump power. In order to evaluate the performance upon modification
of the pump power, the beam radius at the gain membrane and the focus position
at second harmonic generation (SHG) crystal were computed for various thermal
lens refractive powers. Figure 3.18 shows the results. In the chosen setup, the beam
size in the gain membrane and SHG stabilize for thermal lens refractive powers
lower than the optimization point. Hence, a significant efficiency drop at pump

powers higher than the optimization condition is expected, while the efficiency is
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expected to remain comparably high at lower pump powers.

3.3.2 Thermally induced Birefringence

The thermally conductive SiC plate, or plates if bonded to both sides of the gain
membrane crystal, is aligned with the optical axis perpendicular to the entrance
surface of the resonant laser radiation. In a mechanically stress-free condition,
the radiation penetrating along the optical axis will not experience a polarization-
dependent phase delay. The bonding process to the gain material and bonding of
the structure to a metal heat sink requires the application of mechanical forces. Also,
the coefficients of thermal expansion (CTE) of the gain structure, heat spreader(s)
and heat sink are not matched. Therefore, some strain is expected to be induced
within the structure. Upon the application of thermal load, the CTE mismatch
will induce a change in the strain.

An attempt to quantify the unloaded birefringence of the structure was un-
dertaken in an experimental setup. In the same experiment, the reaction of the
structure to loading with typical pump radiation absorption-induced thermal loads
is analyzed. For the experimental setup, a double-side bonded 922 nm gain structure
was soldered to a Ni/Au coated copper heat spreader using a low-melting point hard
solder. The heat spreader was water cooled to 15°C. The chip assembly was then
pumped with a dpymp = 330 pm pump diameter at 808 nm, emitted from a 105 pm
core diameter fiber-coupled pump source (bwt K808DA5RN40.00W), providing a
maximum output power of 40W. The pump fiber was collimated with an f = 8 mm
collimator (Thorlabs F240SMA-780) and focused into the gain membrane with
an f = 25mm lens (Thorlabs LA1560-AB-ML) at an incidence angle of about
15°. For qualitative imaging of the birefringence, the superluminescent output
of an unpumped fiber optic amplifier (Thorlabs BOA9113S) at around 1050 nm
was collimated by an f = 100 mm lens (Thorlabs LA1251-B) to present a uniform
large-area parallel beam to the chip area. The collimated beam was guided through
a Glan-Laser calcite polarizer (Thorlabs GL10-B) perpendicularly onto the chip.
Behind the chip, a polarizing beam splitter (Thorlabs CCM1-PBS252/M) was
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installed as a polarization analyzer. The transmitted radiation was then high-
pass filtered twice (Thorlabs FELH900 and FELH1000) in order to reject the
amplified spontaneous emission from the gain structure, as well as potential stray
light from the pump radiation. Glan-Laser polarizer and polarizing beam splitter
(PBS) were aligned to minimize transmission with the MECSEL chip removed from
the setup. The residual radiation then was imaged with a CCD camera (THE
IMAGING SOURCE DMK 22BUC03) with a 25x imaging objective (Thorlabs
MVL25TM23). Using this birefringent imaging setup, different pump powers were
applied to the chip. The camera was used to record the light that was transmitted
due to depolarization in the chip assembly. The right-hand side of figure 3.19
shows the results. There is noticeable birefringence even in the unpumped setting.
This feature appears to be induced by a point-like disturbance, likely due to a

surface feature within one surface bond.
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Figure 3.19: Analysis of thermally induced birefringence in a double-sided bonded
MECSEL chip assembly.

For a more quantitative analysis, yielding practically useable values, the colli-
mator of the broadband 1050 nm source was replaced by an f = 12mm fiber optic
collimator (Schéfter & Kirchhoff), which was adjusted to provide a beam diameter
of 270 pm at the chip and guided through the center of the pump area in the
gain element. Two power meters (Thorlabs PM100D) with Germanium detectors

(Thorlabs S122C) were used at the transmitted and reflected output of the PBS to
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determine the polarization contrast was determined. On the left-hand side of figure
3.19, the polarization contrast as a function of the absorbed pump power is shown.
As indicated by the visual birefringence images, some depolarization of about 240:1
was detected even without any pump light absorbed. At low pump powers, the pump-
induced depolarization rotates the polarization back, so that up to 13 W of absorbed
power, the polarization ratio increases. Beyond this pump power, the pump-induced
depolarization leads to a power-dependent decrease in polarization ratio.

Since the setup was not intended to be used beyond 20 W of absorbed pump
power (with > 170:1 polarization contrast), the birefringence is not expected to
significantly degrade the laser performance or the performance of its birefringent
filter element. When considering higher pump powers, the birefringence needs

to be taken into account.

3.3.3 Experimental Evaluation

In an experimental setup, the simulated configuration was realized and the perfor-
mance was analyzed. The laser remained in single frequency operation over the
pump power range of 4 W to 14 W. This was verified by observing a continuously
sweeping Scanning-Fabry-Perot (SFP) transmission intensity signal (Thorlabs SA30-
120). In figure 3.20, the 556 nm output power is shown, having a pump-to-visible
slope efficiency of n = 24 %. At pump powers above 13 W, the efficiency dropped
due to the decrease in mode overlap in the gain element, and the core temperature
in the gain element rising to a critical level (compare figure 4.10b).

Even though a single-frequency operation with large suppression of side modes
indicates the absence of higher-order transverse modes, the transverse beam quality
was verified. The 556 nm output beam was collimated and attenuated by multiple
reflection passes over uncoated wedged fused silica plates. The beam was then
routed into an M? measurement system (Thorlabs M2MS), which is capable of
scanning the length between a focusing lens and a sampling camera, thereby taking

data to compute the caustic through the focus of the lens.
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Figure 3.20: Single longitudinal mode output power of a three-mirror MECSEL cavity
with intra-cavity frequency conversion to 556 nm.
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Figure 3.21: 556 nm caustic after a collimation and focusing lens, indicating beam
parameters close to the diffraction limit.

The results are shown in figure 3.21, and indicate very good (close to the ideal
M? = 1) beam parameters of M7 = 1.01 and M} = 1.03. The beam is slightly
distorted in the vertical (Y) direction, which can be explained by the birefringent
walkoff that the 556 nm radiation experiences during its creation.

A portion of the fundamental light leakage was probed into an optical spectrum
analyzer with a large signal-to-noise ratio (Yokogawa AQ6370D), and the signal-
to-noise ratio was determined. Within the measurement noise limit, no amplified
spontaneous emission (ASE) signal was detected, resulting in a very pure spectrum
with SNR > 60dB. This is competitive with amplified ECDL systems (see, for
instance, [78]) and is expected to be significantly greater than 60dB in the frequency-

doubled spectrum, due to the nonlinear relationship between fundamental and SHG
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Figure 3.22: Spectral purity measured with an optical spectrum analyzer

power (see chapter 5.1). The SNR advantage of MECSEL compared to amplified
ECDL systems can be explained by the relatively smaller gain per pass, and
the absence of a cavity-external amplifying system. The external amplifier in
ECDL systems provides large gain, which needs to be fully saturated in order

to minimize ASE background signal.

3.4 Stable Single Frequency Operation

The laser system described above offers single-frequency operation in all conditions.
It should be noted, however, that when the resonator is tuned off-resonance (whether
by tuning the wavelength or due to environmental temperature impacts), the laser
is prone to switching from one longitudinal mode to an adjacent one. To prevent
such mode hopping events, one method is to optimize the length ratio of short and
long resonator arms via dither optimization. With this method, a small modulation

is induced in the short resonator arm.

3.4.1 Mode Hop Prevention

With a small sinusoidal stroke on M1 (as in figure 3.15), the frequency transfer
function of the resonator is altered. In practice, the stroke can be as small as 1/2
nanometer for this method to operate well. Depending on the detuning of the

cavity parts, the efficiency of the resonator shows different responses. Only the
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AC portion of the signal (generated by an external photodiode) is required for
the optimization. In figure 3.23, several interesting positions relative to the ideal

position (maximum transmission in the plot) are labeled.
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Figure 3.23: Cavity Transmission upon de-tuning of M1, showing labeled positions
around ideal resonance.

Upon modulation of the filter function ("mod" in figure 3.24), the signal shows
a strong in-phase response at a distant position on the left-hand side (A). Closer
to the peak (B), the modulation is in the same phase, but with smaller amplitude.
On the opposite side of the transmission maximum, similar signals are induced (D
and E), but with 180° phase relative to the input modulation. Right at the peak,

the phase is 90°, with twice the modulation frequency.
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Figure 3.24: Transmission response on AC phase modulation (labeled "mod").
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This type of modulation introduces a slight wavelength modulation of the laser
output. Since the efficiency of the resonator is the parameter to be detected, the
wavelength modulation can be compensated by precisely leveled counteraction in
the opposing cavity portion. This is automatically achieved when the laser is
externally locked to a frequency reference, using the longer resonator portion (via

prism position) as locking-feedback motor.

3.4.2 Tuning Asymmetry

In the experimental setup of the single frequency MECSEL described above, it
was observed that the laser had a spectrally asymmetric tuning behavior. When
detuning the resonator from the lasing resonance, there is one distinct spectral
direction in which this detuning caused the dominant lasing frequency to shift to
an adjacent longitudinal mode. In the other direction, this also happened, but
required stronger detuning away from the ideal resonance condition.

In order to visualize this effect, the laser (as described in section 3.3.1) was
tuned over several longitudinal modes by modifying the length of the short-cavity

end mirror of the three-mirror type FP configuration.
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Figure 3.25: Laser output power signal (blue) of a three-mirror MECSEL cavity upon
broad tuning of the shorter sub-cavity (red signal depicts PZT actuation voltage Upzr—l2).
In this configuration, the spectral filtering is weak and the tuning curve shows spontaneous
mode hops to longer wavelengths without power decrease before a mode "hop".

Figure 3.25 depicts the piezo drive voltage and the optical output intensity
(at the fundamental wavelength), monitored by an amplified InGaAs photodiode
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(Thorlabs DET01CFC/M). Though the plot appears symmetric at first glance, it
proves that the tuning is asymmetric, as the data was taken over time. When tuning
the piezo drive voltage upwards, the laser power increases until it reaches a point
where the laser appears to hop to a different mode. This is remarkable, since when
hopping into the next mode, the new lasing condition appears to be less efficient than
the condition prior to the mode hop. In the opposite tuning direction (decreasing
the piezo drive voltage over time), the behavior follows the expected pattern. The
output intensity decreases while detuning from optimal resonance, until a mode hop
into a favorable condition (with larger efficiency and output intensity) takes place.

To determine whether this effect is of a dynamic nature or related to nonlinear
frequency doubling, a similar experiment was performed at very low speed. In this
setup, the output power of a simplified setup was monitored using a power meter
(Thorlabs PM100D) with a thermopile sensor (Thorlabs S425C). In the laser setup,
the SHG crystal was replaced by an uncoated fused silica substrate of 4 mm thickness
and an angle of incidence close to 45°. While tuning the laser more slowly than in the
previous experiment, the center wavelength was monitored using a high-resolution

diffraction grating spectrometer in Littrow configuration (moglabs MWM).
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Figure 3.26: Slow scanning of the short cavity arm of a three-mirror cavity, observing
center wavelength and power. The plot shows the tendency of the laser to hop toward
lower output frequencies.

Even on a timescale of seconds, the simplified setup shows similar behavior.
Apparently, the resonating photons experience a larger gain toward lower frequencies.

Since the output power that stabilizes after the mode hop into the lower frequency
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is lower than the output power before the mode hop, it is assumed that this
asymmetric gain is related to the resonating radiation itself. Hence, after a mode
hop, the increased gain with spectrally asymmetric distribution would correspond
to the new wavelength, allowing a state to become resonant that seems unfavorable
in terms of resonance conditions.

One potential explanation is a significant re-absorption of lasing photons inside
the Quantum Wells. These would raise the energy in the Quantum Wells to a
level where stimulated emission occurs at a lower energy than the energy stored
by the absorption process. In a spectroscopic experiment, an unpumped gain
chip (designed for 922 nm emission) was analyzed. The amplified spontaneous
emission spectrum was detected by a grating spectrometer (Ocean Optics Maya
2000). Using a Titanium-Doped Sapphire Laser (Spectra-Physics 3900s, pumped by
a Spectra-Physics Millennia V), a probe beam was directed through the chip. The
spectrum from the chip, consisting of emission and scattering, showed a portion
of the probe radiation, plus up-converted emission from GaAs (< 900nm) and

the Quantum Wells (900nm to 930nm).
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Figure 3.27: ASE and scatter spectrum of a MECSEL gain chip excited with 922 nm
radiation.

Figure 3.27 depicts the measurement results, which do not indicate that re-
pumping with the resonant laser radiation inside the Quantum Wells gives reason

for the longer wavelength ('red-shifted") gain observed in the system.
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Transverse modes of higher order than the resonant Gaussian beam cannot
have such an impact, as they would appear at higher frequencies than the low-
order resonance.

One plausible explanation found is the Bogatov effect. In 1975, Bogatov et
al. explained and demonstrated, based on Fabry-Perot semiconductor lasers, an
asymmetric effect on the laser gain spectrum, affecting non-lasing longitudinal side
modes [79]. Intra-band beating of the resonant photons within the narrow line
spectrum of a laser with a single longitudinal mode generates difference frequencies
that lead to modulation of the dielectric constant of the semiconductor material.
This modulation, initiated by a standing wave, creates a diffraction grating that
generates a counter-propagating wave with a 7 phase shift relative to the resonant
radiation, resulting in partial depletion of the resonant laser wave. Since the
grating is dependent on the spontaneous carrier lifetime 75 &~ 73, (see 2.4) in the
semiconductor material, the grating disappears with frequencies rising above 1/7.

In a work that developed rate equation models in semiconductor lasers with
spatial hole burning, Lenstra et al. converted Bogatov’s equation into gain equations
[80]. While spatial hole burning is not a topic of interest in multi-Quantum-Well
lasers due to the tight spatial confinement of the Quantum Wells, the derived
equation can be applied to the case of MECSEL:

9Bog = 1991P o % - 2 (3.57)
A2 (L 40p)

0 is the differential gain, and g; the linear gain. The value for the differential
gain was taken from [80], and the linear gain was derived from a typical QW
thickness of 44nm, with 11 pairs, and the values given in 2.2. The linewidth
enhancement factor « is taken as the ratio between the measured linewidth and the
theoretical linewidth limit (see chapter 5.3 for details). © = wy—w is defined as the
frequency difference. This is the definition as presented in the original paper [79],

and subsequent publications by other groups. The definition is counter-intuitive,

though, as an €2; larger than the center frequency wy corresponds to a larger
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wavelength. In order to ease interpretation, —(2 is depicted in figure 3.28, so that

larger frequencies €2; plotted toward the right side of the graph.
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Figure 3.28: Asymmetric Bogatov gain spectrum and center and non-lasing side modes.
Note that the x-axis is scaled with —§2, plotting elevating relative frequency with respect
to the center frequency toward the right side.

At a laser power of P = 2W, the spectral distribution of the gain profile is shown
around the center lasing frequency. In the plot, the positions of the center and
non-lasing side modes (governed by the FSR of the laser cavity) is indicated, showing
that a transition to the adjacent mode of longer wavelength is associated with the
highest Bogatov gp,s. The model explains the observed tuning behavior well, and
gives an indication of the filter function quality needed to overcome the disadvantage
created by the Bogatov effect. With a cavity resonance layout as described in section
3.2, and reflectivities of Ry = 92%, Ry = 30% and Rs = 98%, the filter function is
sufficient to cause a significant efficiency loss upon tuning toward larger wavelengths.
Using this setting, tuning curves as depicted in figure 3.29 were recorded.

Figure 3.29 shows a nearly symmetrical power tuning into adjacent frequency
modes, compared to the weaker frequency filtering applied when taking the data
shown in figure 3.25. In this significantly more symmetric tuning configuration,
the laser efficiency drops before a mode hop into either the higher or the lower

frequency adjacent mode occurs.
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Figure 3.29: Laser output power signal (blue) of a three-mirror MECSEL cavity upon
broad tuning of the shorter sub-cavity (PZT voltage in red). In this configuration, the
spectral filtering is strong and the tuning curve shows power decrease before a mode "hop"
in both tuning directions.

3.4.3 Continuous Tuning

Using the extremum seeking optimization described in section 3.4.1, the shorter laser
arm distance is kept at approximately the position of highest laser efficiency, which
is the setting furthest from a critical mode hop situation. When the long cavity
arm length is tuned, the laser remains operating in a single longitudinal mode.
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Figure 3.30: Single longitudinal mode wavelength tuning (measuring the fundamental
wavelength of the resonator) with activated dither optimization of the short-length cavity
arm, acquired with a three-mirror MECSEL cavity with intra-cavity frequency conversion
to 556 nm.

Figure 3.30 shows the result of a slow tuning experiment spanning 90 pm. In the

plot, both PZT voltage and wavelength (measured with Thorlabs OSA202C) are
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plotted over time. The wavelength change shows some nonlinearity, which is related
to the physical length response of the PZT upon voltage alteration. The tuning
range limitation was determined by the stroke of the piezo element in the long
cavity arm. Since, for the intended application, the tuning is more than sufficient to
reach and maintain the critical cooling lines, no further optimization of the setup for
broader tuning was attempted. In practice, the laser setup could operate for many

days under usual laboratory conditions, without showing instabilities or mode hops.



Thermal Lensing and Dynamic Response

The MECSEL gain element, consisting of a Silicon Carbide heat spreader bonded
to the gain material, and a heat sink unit, has limited thermal conductivity, so
that absorbed pump light generates a temperature increase in the optically pumped
region. Due to thermal expansion and a temperature-dependent refractive index
of the material transmitting the resonant laser light, a phase distortion with
radial dependence is introduced to the resonant laser beam. This is commonly
referred to as "thermal lens'.

In order to analyze the thermal lens developed in MECSEL in more detail, a
finite element simulation was set up and analyzed, including derivation of Zernike
terms. Additionally, the wavefront distortion was measured and compared with
the simulated data.

Followed by the aberration analysis, the temporal dynamic response of the phase
distortion was simulated using the same finite element model of the gain element.
This dynamic phase response is considered of interest since frequency modulation,
based on modulation of excitation pump intensity, could improve the frequency
stability of MECSEL systems. Experimental data are created using feedback data

from a MECSEL system stabilized to an external Fabry-Perot cavity.

65
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4.1 Experimental Evaluation of the Thermal Lens

The measurement setup for the thermal lens analysis is depicted in figure 4.1. In
order to measure the thermal lens developed in a MECSEL setup, a single side
SiC (500 pm thickness) bonded gain assembly is mounted to a TEC-cooled water
heatsink using compressed Indium foil of 100 pm thickness. The pump absorption
in the test chip, centered at a 930 nm emission wavelength, is measured at 85 %
of the light entering the chip. The SiC surface is coated with an anti-reflective
dielectric stack, while the chip surface is uncoated, causing a reflection of 32.8 %
of the unpolarized pump radiation. The MECSEL is excited using a fiber coupled
808 nm laser diode source (bwt K808DA5RN40.00W) with 105 pm core diameter
and a maximum output power of 40 W. The pump fiber is collimated with an
f = 8mm collimator (Thorlabs F240SMA-780) and focused with several singlet

lenses of various dioptric powers throughout the tests.

1060nm
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Figure 4.1: Thermal lens analysis setup with MECSEL cavity, optical pump and
broadband probe beam directed into a Shack-Hartmann wavefront sensor

The MECSEL cavity is defined by two concave mirrors, M1 with R = 150 mm at
60 mm distance to the gain stack, and M2 with R = 150 mm at 90 mm distance to
the gain stack. M1 is designed for 2% transmission, while M2 is coated with a high
reflectivity Bragg stack (both mirrors custom made by Laseroptik GmbH). The laser
cavity is blocked or opened throughout the measurements. For the thermal lens
analysis, a superluminescent diode (SLD), more specifically, the superluminescent
output of a fiber optic amplifier (Thorlabs BOA9113S) at around 1050 nm is
collimated by an f = 12mm fiber optic collimator (Schéifter & Kirchhoff) and
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guided through the pump area of the gain element. The emission exit surface is
projected onto a Shack-Hartmann wavefront sensor (Thorlabs WEFS30-5C/M) using
a 4f configuration with f = 75mm and f = 400 mm (Thorlabs AC254-075-AB-ML
and LA1172-A-ML), in order to illuminate a sufficient amount of micro lenses of
the wavefront sensor. These have a pitch of 150 pm (Thorlabs MLA150-5C). In
order to suppress distortion of the wavefront measurement by pump or MECSEL
emission photons, a filter unit F1 consisting of a high (transmission >950 nm) and
low pass filter (transmission <1100 nm) was introduced, allowing transmission of

the superluminescent emission beam (Thorlabs FELH950 and FEL1100).

z;=\3@2* -1 Z4 = /365" — 65> + 1) 78 = \/7(20p° — 30p* + 129> — 1)

Figure 4.2: Radially symmetric Zernike terms "defocus' (left), "primary spherical"
(center) and "secondary spherical" (right) with their equations, normalized to 27 and 1 in
phase and extension

Since the pump beam, as well as the heat sink mechanics, has a round transverse
shape, the relevant distortions are the radially symmetric Zernike terms. These
are depicted in figure 4.2. The wavefront is described as the sum of Zernike terms,

with the coefficients Z]', where the radial terms are normalized by v/n — 1:

W(p.0) = 3 2 (p,). (1)

The Zernike terms are defined according to the ANSI Standard Z80.28-210,
and scaled to true dimensions based on a circular pupil diameter of 5mm. In
equation 4.1, p gives the radial distance from the center, and 6 is the azimuth
angle, with the (positive) term integers m and n.

Figure 4.3 depicts the major coefficients measured at 10.6 W absorbed pump
power (395pm pump spot diameter). The values provided by the wavefront
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sensor used need to be scaled with the ratio of focal lengths of the 4f imaging
configuration.Due to the probe beam entering the MECSEL chip at an angle, the
Zernike tilt terms are apparent, but they are ignored in the analysis, as are the
coma terms, which are directly related to the tilted thermal lens. In the following
investigations, the radially symmetric terms of defocus, first and second order
spherical aberrations (as depicted in figure 4.2) are highlighted as major impact

factors for thermal lensing and aberration losses in the laser cavity.
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Figure 4.3: Zernike coefficients measured at 10.6 W absorbed pump power, with 395 pm
pump spot diameter

The wavefront measurement is performed in lasing and non-lasing conditions,
with the results summarized in figure 4.4. Up to lasing threshold, the data are
identical. The absorbed pump power in this regime is dissipated through the SiC
plate, black-body radiation and ASE. When lasing action occurs, additional power is
extracted from the pumped area of the Quantum Well stack, leading to a reduction
of the thermal lens power compared to the non-lasing thermal lens. During the
exploration of laser configurations, this difference became apparent when operating
the laser close to stability limits for large thermal lens powers. The laser could still
be operated at such a point, but only by tuning the pump power up, so that the
depletion of the thermal lens due to the thermal load reduction in the stimulated
emission case occurs. Upon blocking the laser resonance, the thermal lens can

be too high to allow stable resonance to initiate.
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Figure 4.4: Radially symmetric Zernike terms measured at 395 pm pump spot diameter
on a 930nm MECSEL assembly: defocus (blue), primary spherical (red) and secondary
spherical (yellow) are displayed with a pm scale. The solid line represents the measurement
without laser action, while the dashed line shows the results under lasing conditions.

The laser setup provides no means of frequency stabilization, hence the output
spectrum provides several longitudinal modes. The output power of pump radiation
with respect to the pump current, as well as the output power of the MECSEL,
is measured with a thermal power detector (Thorlabs S322C). This laser setup is
not intended for the highest output efficiency. It was chosen because the waist
diameter of the laser matches the pump diameter well, while also showing little
beam diameter change (at the position of the thermal lens) over the expected
thermal lens dioptric power range. This is important to simplify the comparison to
the modeled scenario, where the laser beam radius is expected to be fixed. Figure
4.5 shows the measurement results with a slope efficiency of n = 16 %. Using the
ABCD matrix approach (see section 3.3), the 1/e* beam radius at the gain element
is approximated and also plotted in figure 4.5.

The rate of amplified spontaneous emission is determined in non-lasing operation,
using a photodiode detector (Thorlabs S120C) with a 9.7 mm diameter aperture and
a filter that suppresses the transmission of pump photons (Thorlabs FELH0850).
The sensor was placed at a distance of 45 mm along the optical axis of the setup.

Under the assumption that the amplified spontaneous emission is uniform in all



70 4.1. Experimental Fvaluation of the Thermal Lens

25 200
—_ e —
z 2 E 150
§ 15 =
@ 1 2 100
E = 16% g
s 05 1 z
3
8 0 )
0 5 10 15 20 0 5 10 15 20
absorbed pump power [W] dioptric power of thermal lens [dpt]

Figure 4.5: Laser emission slope of a 930 nm linear MECSEL cavity (left) and calculated
waist radius of the cavity with respect to thermal lens power (right)

emission directions, the total ASE power was calculated by the ratio of sensor
area to the area of a sphere with 45 mm radius. Since the ASE efficiency needs
to be related to temperature in the following analysis, the average temperature
in the pump-affected zone was determined. Since direct contact with the affected
zone cannot be made without introducing direct absorption of pump radiation
into the temperature sensor, the temperature increase was determined by the
shift of the ASE center wavelength, coupling some ASE light from the affected
zone into a fiber-optic spectrometer (Thorlabs CCS100), using a focusing lens
(AC127-030-AB-ML) and a fiber-optic collimator (Thorlabs F240SMA-780). As a
calibration for this measurement, the ASE center wavelength shift with temperature
was analyzed at low (2 W absorbed) pump power while tuning the temperature of
the heat sink (TEC-controlled). The results, with respect to the absorbed pump

power, are plotted in figure 4.10a.
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4.2 Finite Element Analysis

4.2.1 Model

A finite element model was implemented to study the thermal response of the
MECSEL gain element, utilizing a 500 pm thick SiC plate, to pump light in more
detail. The three-dimensional tetrahedral mesh generation was performed based on
a stepped model with a 5 mm diameter, using SALOME [81]. The mesh optimization
targeted a high mesh density in the pumped region (350 pm diameter), and lower

spatial resolution in the outer areas.

(a) Isometric view (b) Gain side (c) Back side

Figure 4.6: Mesh used in thermal evaluation of heat spreader

Figure 4.6 illustrates the results of the mesh generation. Temperature compu-
tations based on absorbed laser power, defined boundary conditions and various
emission schemes were performed using the FEniCS computing platform, including
DOLFINx [82], Basix [83] and UFL [84]. The FEniCS platform accepts C++ code for
function definitions and is accessible through a Python interface. A representative
example code is accessible in the appendix A.l.

The boundary conditions are defined such that an outer ring, ranging from a
2.5mm to 5mm diameter on the gain side, is held at a constant temperature (20°C
Dirichlet condition), while the center region of the surface is loaded with a heat source
shaped to represent the pump radiation absorbed by the Quantum Well structure.

The localized power distribution is modeled using a super-Gauss function in the

transverse x and y directions, where w is the radius, and k determines the flatness
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of the profile. In equation 4.2, k = 1 yields a standard Gaussian distribution,

while higher values flatten the profile:

S(z) = Alw, k) x e 151" (4.2)

The super-Gaussian function is normalized using the gamma function:

_k
2wl (%)

Since the pump beam is distributed from a multi-mode step-index silica fiber

Aw, k) = (4.3)

with a nominal diameter of 105 um, the super-Gaussian order k was defined as
k = 50, which yields an intensity distribution similar to that of single-mode fibers of
the same material at the outer boundaries, while maintaining a flat distribution at
the center. Perpendicular to the chip surface, the direction of pump absorption and
travel direction of the resonant light, the pump distribution is modeled according
to the Beer-Bouguer—-Lambert law with an absorption coefficient p. For simplicity,
total absorption is assumed. This is not exact, since only approximately 0.85 %
of the power is absorbed in a typical Quantum Well stack used in our tests.
This deviation is approximately compensated by referencing the "absorbed pump
power" when comparing to measured results. The two-dimensional super-Gaussian
distribution and the normalized Beer-Lambert law yield the three-dimensional

power distribution in the Quantum Well stack:

o Y. m

Pyt A2 x? + 52
Plr.y,z) = Dot ”exp(—|V< &

In this equation, P, is the total power, A is the normalization factor for the
super-Gaussian distribution with the super-Gaussian factor k, and w represents
the 1/e? radius of the pump beam in the x and y directions. The heat flux in the

simulation is emulated according to Fourier’s law of heat conduction



4. Thermal Lensing and Dynamic Response 78

qi = —KkGi(z4, 1), with (4.5)
oT
= 4,
Gl axiv ( 6)

where k is the thermal conductivity, G; is the temperature gradient. The x, y, z
spatial components are indexed from 0 to 2 in z;. The temperature gradient lag
7r and heat flux lag 7, are not taken into account, as these values are expected
to be in the ps range and are not significant for the analysis of temporal response
in the sub-MHz regime.

The weak form of the energy distribution in the body can be described as [85]:

form = J (ACt(T — T0)0T — ;3 — PoTdv
(4.7)
+ o (M(T = To) + eo(T* — Tf)))éTda.

The first integral integrates infinitesimal volume elements of the volumetric body,
and the second integral is a surface integral. Here, ¢ represents the specific heat
capacity. h is the convective heat transfer coefficient, and the Stefan-Boltzmann
law for black-body radiation is Py, = €0 - A - T*, with the emissivity € and the
Stefan-Boltzmann constant ¢. The thermally induced emissivity of GaAs is about
0.06 in the temperature range of 20°C to 80°C [86], which with o = 5.67-107% W /m?
yields a total emission of 10 pW at an effective area in the pumped zone of 10~7 m?.
This is insignificant compared to the multi-Watt level powers in our model. The

heat convection is estimated to be in the same regime (based on h ~ 15 W/(m?K),

see [87]), hence both are neglected. This simplifies the form to equation 4.8.

c 00T
form = /B<At(T —To)0T — qia—xi - P(Sle/) dTda. (4.8)
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parameter value reference
specific heat capacity C' | 750J/(kg - K) | [88]
thermal conductivity £ | 480 W/(m - K) | [48]

Table 4.1: 4H silicon carbide thermal properties

The processing was performed based on the parameters listed in table 4.1. The
temperature distribution was determined at steady state (1.5 seconds pumping
duration), depicted in figure 4.7. The surface-near nodes around the pump
absorption were exposed to a temperature rise of nearly 25 K with a sharp Gauss-like
peak. Throughout the chip, there was an additional temperature decay induced

by the limited thermal flow through the 500 pm thick SiC crystal.
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Figure 4.7: Image on the left: sliced view of the temperature distribution in a 5mm
diameter SiC plate of 500 pm thickness with 10 W of pump light absorbed near the surface.
The plot on the right depicts the lateral temperatures across the center at 100 pm spaced
depths from the absorbing surface into the crystal.

In section 4.2.2; further pumping scenarios are plotted, including amplified
spontaneous emission and laser operation induced power depletion.

For analysis of the thermo-optical impact of the temperature distribution
calculated over the three-dimensional tetrahedal mesh, the data are interpolated
to Cartesian coordinates. After this step, the maximum temperature is extracted.
The dataset is then averaged in temperature in the direction of the laser beam,

perpendicular to the plano surface of the dataset, to create a two-dimensional
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dataset of average temperature over the plane. This is cropped to the area of
interest (1 mm x 1 mm). With the thickness dg;c = 500 um of the Silicon Carbide
crystal, the temperature-dependent refractive index change dn/dt and the thermal
expansion coefficient ass of Silicon Carbide in the direction of the laser photon travel
direction, the temperature-dependent change of the optical path length, derived as
Ad,y (in m), is calculated. The material parameters are listed in 4.2. Note that
the refractive index n is not required to compute changes in the phase distribution.
For steady-state analysis, the thermal simulation is computed at ¢ = 1.5s with

At = 500 ms intervals to ensure that the lens is thermally stable.

parameter value ref
relative refractive index dn/dT | 3.87-107°s™! [71]

thermal expansion coeff. ass (3.09 -107%+2.63-1079T/°C — 1.08 - 1()_12T2/°CQ) °C | [49]

Table 4.2: 4H silicon carbide thermo-optical properties

d
Ado;mﬁ - Tav (d;b + 0533) dSic (49)

Due to the limited number of nodes in the mesh, the datasets have limited
resolution. Since all aberrations of interest are radially invariant, radial averaging
of the temperature distribution around the center of the simulated heat source
is performed. Figure 4.8 depicts raw and averaged data from simulation of 14 W
of absorbed pump power in a 395m diameter spot.

The two-dimensional phase shift data describe a phase mask that can directly
be used to fit Zernike coefficients according to the terms depicted in figure 4.2,
using the method of minimizing the sum of squared errors. These terms can
directly be compared to the wavefront sensor data. To evaluate the effective dioptric
power of the simulated thermal lens, as well as to assess its effect on laser beam
parameters, a virtual collimated Gaussian laser beam is guided through the phase
mask and propagated over various distances to allow analysis of the effective focal
length of the thermally induced phase mask. The size of the ideal Gaussian probe

beam shape is taken to be approximately 1.14 times the pump spot diameter in
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Figure 4.8: Relative phase shift (in nm) summed up in the z-direction through a
simulated 1 mm x 1 mm field, computed by an FEM simulation of 14 W absorbed pump
power with a 395 pm pump spot size and laser emission depletion. Raw data is shown in
the left image, radially imaged data in the right image.

temperature [°C]

the absorption region (440 pm in the case of 395 um pump diameter), which is a
practically evaluated ratio that ensures diffraction-limited operation of the laser
device while maintaining sufficient gain extraction. The computation of the virtual
propagation is performed using a Fourier transform with the Fresnel approximation
(see [89] and [90]). The intensity data of the two-dimensional Gauss distribution in
x and y direction and the phase information taken from the phase mask provide a
complex two-dimensional wave function U(z,y,0), which is transferred into Fourier
space in directions « and (3, yielding the wave functions A(a, 3,0) for the initial
wave function and the wave function after propagation over the distance z, labeled

A(a, B, z). These are related by the free space frequency transfer function H:

// (z,1,0)e k289 drdy (4.10)
// (1, z)e”F2HBY) dady (4.11)

Ala, B, 2) —ik 2_p2
H— ) s _ ikzy/(1—a2—f52) 4.12
Ale.8.0) ¢ 2
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Applying a thin lens to the light field is performed by a spherical shift of

the phase term:

Uout (ﬁa y) —]'2—7r 22 +y?
= e A 2f 413

The Python toolbox Lightpipes [91] offers an efficient implementation of the
above calculations and was utilized in the further analysis. For determination of
the thermal lens refractive power in paraxial approximation, a virtual light field
was propagated through the thermally induced phase mask of the MECSEL model.
Then the computed caustic was compared with a caustic calculated with an ideal

thin lens, optimized for minimum sum of squared errors of the Gaussian diameter.
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Figure 4.9: Left plot: Zernike coefficients simulated without ASE and lasing action:
defocus (blue), primary spherical (red) and secondary spherical (yellow), with simulation
as dashed line compared to measured data as solid line. Right plot: focusing power and
maximum chip temperature computed under the same conditions.

Comparing the measured and simulated data, especially for the Zernike term for
defocus, shows significant differences, as shown in figure 4.9. Since the parameters
used in the above simulation are not significantly impacted by temperature, the

finite element analysis is extended by the introduction of ASE and laser emission.

4.2.2 Representation of ASE and Laser Emission

For the simulation of the temperature 7' distribution with resonant lasing action,

a Gaussian beam (with k£ = 1 according to equation 4.4) is subtracted from the



78 4.2. Finite Element Analysis

pump power distribution with a power relationship according to a typical slope
efficiency value of M 5, = 16 %.

The ASE efficiency relationship with temperature (as depicted in Figure 4.10a)
requires the form function of the finite element analysis to be modified. Several
approaches to fitting the efficiency curve with potential or exponential equation
caused the Newton solver used in the finite element analysis to omit convergence.
Hence, a mathematically simpler approach was utilized, fitting the experimental
dependency of ASE efficiency with temperature by a cosine function. Figure
4.10b compares two fit profiles with the measured data. A quadratic fit (4.14) is
depicted in figure 4.10b along with the cosine fit (4.15) over the measured data.
Here, b = 0.11 is the cosine fit scaling factor, and I'ysg = 0.29 is the rate of

amplified spontaneous emission at 20°C.
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Figure 4.10: Determination of ASE efficiency and dependency on the average tempera-
ture of the pumped gain membrane area

Nasesq(T) = 0.29 — (0.025T)* (4.14)

Nasgeos(T) = FASEQO(l + COS(bT)) (4.15)
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The ASE efficiency is expected to further collapse at larger average temperatures
of the pumped area, so that the quadratic fit is expected to yield more realistic
results at larger pump powers or smaller pump spot diameters. The implementation

of the cosine fit function into the weak form for the finite element analysis reads:

form = [ <&(T — To)oT = ¢; %% — (1= Taspa ) POT
(4.16)
_%FASEQO <1 + cos (b(T — T0)> P(ST) dv)éTda.

4.2.3 Thermal Lens Computation Results

Based on the form 4.16, the measured Zernike coefficients are compared to the

simulated data, as plotted in figure 4.11.

0.02 50 2.5

A

_ 0.004 = = T G 401 20
€ °. g
= g =
by E -
] © 301 F1s £
'C —0.02 A g / 5
§ : z
S 3 ]
2 —e— defocus, measured E 201 105
g —0.04 1 primary spherical, measured E GEJ
x
N —8— secondary spherical, measured g £

,_.
)
T
ot
wn

-k~ defocus, simulated
—0.06 1 primary spherical, simulated
-4~ secondary spherical, simulated

T T T T T T T T T T T T 0.0
2 4 6 8 10 12 14 16 4 6 8 10 12 14
absorbed pump power [W] absorbed pump power [W]

Figure 4.11: Left plot: Zernike coefficients with respect to pump power at 395 pm pump
spot size, simulated with ASE and lasing action: defocus (blue), primary spherical (red)
and secondary spherical (yellow), with simulation as dashed line compared to measured
data as solid line. Right plot: focusing power and maximum chip temperature computed
under the same conditions.

As in the previous simulation procedures, a pump spot diameter of 395 pm was
chosen for the computation series. In the parameter space of interest, the cosine
ASE fit is sufficient to provide a realistic similarity between measured and simulated
data. The Zernike coefficients for defocus and primary spherical aberration are in

agreement. The secondary spherical aberration is significantly off in comparison
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to the model with experimental data and shows the resolution limit of the model
with the chosen node density. At the front surface, where most of the heat is
applied, the nodes have an average spacing of approximately 60pm. Since the
secondary spherical aberration includes radius terms of the order of four and six,
very small deviations in the lateral dimension (resolved at approximately 1/7 of the
Zernike fit diameter) impact the result. Since the secondary spherical aberration
is very small compared to defocus and primary spherical aberration, no further

optimization of the model was undertaken.
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Figure 4.12: Left plot: Zernike coefficients with respect to pump focus size at 10 W
absorbed power, simulated with ASE and lasing action: defocus (blue), primary spherical
(red) and secondary spherical (yellow), with simulation as dashed line compared to
measured data as solid line. Right plot: focusing power and maximum chip temperature
computed under the same conditions.

The thermal lens approximation, based on the paraxial approximation of the
computation result, served as the basis for optimization of MECSEL cavities.
With the results from the simulation model, the dependency of thermal lens and
aberrations on the pump spot diameter, was numerically determined. The results

are depicted in figure 4.12 for an absorbed pump power of 10 W.

4.2.4 Aperture Size Dependency

The thermal lens is not an ideal lens, and due to the non-spherical temperature

distribution across the center of pump absorption (compare figure 4.7b), the effective
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focal length (EFL) for a Gauss beam penetrating through the thermal lens, is a
function of its irradiated area. For the previous analysis, a 1/e? ideal Gaussian probe
beam of 440 pm diameter was simulated. In a resonant laser cavity with a thermal
lens contributing to the stability of the resonant laser radiation, the Gaussian radius
of the resonant radiation is a function of the focal length of the effective thermal lens
inside the laser cavity. Figure 4.13 shows the dependency of the effective thermal

lens on the beam radius, depicted for various pump powers levels.
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Figure 4.13: For various pump powers at 395 pm diameter, the effective focal length
(EFL) is depicted as a function of Gaussian probe beam diameter. The EFL-dependent
eigenvalues are plotted for example laser cavity close to stability limit at 14 W pump
power (cavity A) and the results for the cavity under test in this work (cavity B) are
plotted.

In cavity designs, where the laser is operated in proximity of a stability limit,
the impact of the EFL on the size of the stable solution beam in the cavity can be
very large. Depending on the cavity setup and the direction and rate of resonant
beam diameter change with effective thermal lens, the size change of the Gaussian
beam penetrating through the thermal lens can have a weakening or strengthening
impact of the effective thermal lens values as a function of pump power. As an
example, a laser cavity setup described in [92] was scaled by a factor of five in
size to approximately match the pump spot size analysed in this work. The cavity

setup of [92] and a the configuration used as comparison, are listed in table 4.3.



82 4.2. Finite Element Analysis

The linear standing wave cavity is configured with mirrors M,, and lengths L,, in
direction towards the outcoupling mirror: M1 - L; - gain element - Ly - M2 - L3
- M3 with an angle of incidence of 5.5° at M2 in the transverse direction. The

scaled cavity is referenced to as "cavity A".

parameter | reference cavity [92] | cavity A

M1 r = 250 mm r = 1250 mm
M2 r = 300 mm r = 1500 mm
M3 r =00 r =00

Ly 98 mm 1240 mm

Lo 197 mm 1490 mm

Ls 198 mm 1490 mm

Table 4.3: Cavity parameters of [92], and scaled "cavity A" values for comparison.

This cavity configuration has a strong dependency of resonant beam radius
on the thermal lens focusing power around 500 mm effective focal length. The
correct eigenvalue for the resonant beam (see section 3.3) is determined by the
corresponding effective thermal lens. In figure 4.13, the beam radius dependency in
the gain medium is plotted with respect to the effective focal length for both cavity
setups described. Since the cavities are astigmatic, for the following simplification
the average radii of sagittal and tangential beam extension are taken into account.
The crossings of pump-dependent lines of beam radius vs. EFL and the eigenvalue
indicate the effective focal length values that are dominant for the resonant beam.
From this, the effective focal length inside this specific cavity configuration can
be determined. The plot also shows the EFL results for the cavity configuration
chosen throughout this work. These are labeled "cavity B'".

The thermal lens increases its power in a non-linear fashion with increasing
absorbed pump power. Figures 4.14 shows the computation results for various
probe diameters. The plots also show the thermal lens refractive power (and focal
length) in the resonant example cavity with scaled configuration values (cavity A),
where an increasing focusing power induces a strong increase of the resonant beam
size in the gain chip. In such case, the value of the effective focal length saturates

with increasing pump power when approaching the stability limit at approximately
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Figure 4.14: Effective focal length (EFL) values for 395 pm pump diameter and various
static Gaussian probe beam radii. For comparison, the plots also show (dashed lines)
the EFL for the respective (EFL-dependent) beam radius reached in the simulation of
the example cavity A, that is configured close to a stability limit. The results for cavity
B represent the EFL development based on the simulation of the cavity configuration
chosen for the experiments througout this thesis. The left-hand plot shows the values as
focal length, and the right-hand plot as focusing power.

465 mm effective focal length in this scenario. The cavity under test in this work
(cavity B) is operated further from the stability limit. Consequently, the change

of EFL within the pump power range of interest is not as significant.

4.3 Dynamic Response of the Thermal Lens

In electrically pumped edge-emitting laser structures, modulation of pump current
is very commonly used for stabilization of the laser sources (see, for instance,
[93] and [94]). This phenomenon, utilized in Fabry-Perot and ECDL cavities,
relies on a carrier-density-dependent refractive index that induces a change in
the optical path length through the gain medium ([95]) upon injection current
modulation. In typical ECDL setups, the gain medium is 1 mm to 2mm in length.
Since the interaction length along the resonant laser radiation propagation in
VECSEL and MECSEL is three orders of magnitude smaller, this effect alone is
not expected to produce useful results. Along with the minimal impact of optical
path length change, the relative change in cavity FSR is also comparably small,

since membrane-type optically pumped setups of Watt-level power typically require
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tens of millimeters of resonator length for sufficient transverse mode narrowing.
Consequently, in order to achieve useful frequency modulation of the cavity, the
current modulation would require a modulation amplitude that would significantly
degrade the intensity noise performance.

In a MECSEL, the transparent intra-cavity heat spreader is additionally impacted
by the pump intensity. This impact is purely thermal in nature, induced by the
temperature-dependent refractive index. As of now, the dynamic response of the
phase delay in MECSEL chip assemblies has not been described in the literature.
In the following, a finite element model will be used to analyze thermal and
optical response upon a sinusoidal modulation of pump power. These results
are then compared with measurement results from a weakly locked MECSEL
assembly with intra-cavity frequency conversion. Further details on the laser
setup are given in chapter 5.

In contrast to piezoelectric actuators, a purely current-induced frequency modu-
lation is advantageous, since it is not prone to mechanical vibration and resonances.
This could potentially increase the feedback bandwidth compared to pure PZT
actuation, while avoiding the need to introduce electro-optical modulators with

large actuation voltages.

4.3.1 Numerical Analysis

The thermal finite-element model described in section 4.2 provides not only means
of computing the steady state condition with a certain pump power and amplified
stimulated, as well as spontaneous emission. It also is capable of providing time-
dependent data of the thermal response upon modulation of the pump intensity.

The progress of thermal distribution in the chip, highly resolved in time (67 us
sampling interval), was calculated based on a step function from 0 W pump power
to 12W. Again, a 395 pum pump spot diameter inside the MECSEL membrane
was considered. All further parameters are identical to the numerical analysis in
the previous section. Figure 4.15 shows the computation results of the average

temperature distribution along the laser propagation axis. Here, various radial
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Figure 4.15: Left plot: Average temperature in beam propagation direction z (7}, .),
calculated for a step function from 0 W to 12 W pump power, plotted for the center axis
and several radial distances from the center. Right plot: The same data, normalized to
the steady state condition, indicating a radial dependency of the heating time constant.

distances from the center of pump and lasing radiation are plotted. The left-
hand figure shows the absolute temperature development upon initiation of pump
light absorption, while on the right-hand figure, the data at different radii are
normalized to the steady state in thermal equilibrium. In this plot, it becomes
obvious that the temporal response of the MECSEL structure is highly dependent
on the distance from the center of the laser beams. In the center, where the largest
temperature change occurs, the temperature rises to half of the steady-state value
within about 500 us. An almost identical results is seen at 100 pm radial distance
from the center, where the readius is at the margin of leaving the absorption
area of the MECSEL membrane pumped with 395 um diameter. Outside of the
directly pumped region, the temperature response is delayed in time. Since the
laser beam is of Gaussian nature, the data outside the center area has an impact
on the response of the resonant beam.

In order to evaluate the maximum laser output frequency control bandwidth,
the phase delay of pump-induced thermal distribution the MECSEL assembly is

an important indicator. From the thermal finite-element model described above, a
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steady state is calculated at 10 W absorbed pump power. Based on this state, a
sinusoidal modulation of pump power (10 % amplitude modulation) is processed
over 150 time steps (10 periods of 15 data points). The input modulation is
then related to the temperature modulation at the model’s nodes. Similar to the
process of thermal lensing analysis, the temperature is interpolated into Cartesian
coordinates and averaged along the z-axis of the laser, at various distances from
the center axis. The optical path length modulation is determined using equation

4.9 and values from the table 4.2.
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Figure 4.16: Modulation of the optical path length (single pass) modulation upon
sinusoidal modulation of the pump power, plottet for different radii of distance from the
center of the laser radiation. Left plot: Results for 1kHz modulation frequency, showing
a very small phase delay. Right plot: Results for 100 kHz modulation frequency, showing
a significant phase delay, which increases with the distance to the pump excitation center.

In order to relate the optical length modulation of the chip to the laser frequency
modulation, the dominant relationship is expected to be the change in resonance
conditions due to the change in cavity length. However, two other potential
influencing factors can be considered. Apart from shifting the frequency of the
resonant photons by velocity-induced Doppler shift (see below), the emission
frequency of the laser is prone to a temporal lag with the average time that
photons of a specific frequency occupy the cavity while tuning. In section 2.4, it is

shown that the gain of the MECSEL assembly is less than 5% for efficient setups.
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Hence, the effective outcoupling cannot exceed the value of 5%, resulting in an

average round-trip number of n., = 20. Given a round-trip time ¢, of

2Ly
C )

t (4.17)

the round-trip time at an optical cavity length of L, = 70 mm, multiplied by
Neaw = 20, results in an average photon lifetime in the cavity of ¢,pt0n = 467 ps or a
frequency of f.. = 107 MHz. Due to the Doppler shift, the photon lifetime in the
cavity is not a significant parameter: When tuning the cavity length by modifying
the optical path length, the photons traveling through the changing optical path
length observe relativistic Doppler shift. When tuning to shorter cavity lengths,
this Doppler shift compresses the optical path and induces shift toward higher
frequencies or lower wavelengths. Similarly, shortening the optical path length also
shifts the resonance of the cavity to higher frequencies. With a tuning velocity of
v and = v/c, the initial frequency f is shifted to f by the Doppler factor [96],

assuming the velocity coincides with the direction of the traveling wave:

1—20 42
f = fO Cvz c? . (418)

c2
For tuning velocities much smaller than the speed of light v << ¢ (i.e., a

non-relativistic case), this equation is simplified to [97]:

f= fo(l - 22) (4.19)

Calculating the Doppler-free change in resonance frequency when tuning a
Fabry-Perot cavity, an identical equation can be derived [98]. Since the Doppler
shift is applied to the photons each time it experiences the change in velocity
(with every round-trip), the frequency slope scales with the cavity length, but the
accumulated Doppler shift and change in resonance frequency remain the same.

Therefore, it is independent of cavity length. Since the photons inside the cavity



88 4.3. Dynamic Response of the Thermal Lens

dn/dT
avz CTE

T(x,y,2t) T(rt) Adi(nt) Av(rt)

Figure 4.17: Processing pipeline from a time-dependent thermal model to time-
dependent laser frequency deviation

are frequency-shifted along with the cavity resonance, the photon cavity lifetime
does not limit the output laser frequency modulation bandwidth.

Following the processing path outlined in figure 4.17, the time-dependent
temperature distribution along the propagation axis 7, ., calculated at several
radii from the center, is converted to an optical path length modulation Ad,,; (see
equation 4.9). Here, the temperature-dependent refractive index and the coefficient
of thermal expansion given in table 4.2 are utilized. In order to derive the laser
frequency change induced by the optical path length change inside the laser cavity,
the optical path length change is related to the shift in the free spectral range
of the cavity. At a wavelength of A = 922nm, the free spectral range of the
example cavity is 'SR = 1.62 GHz. Upon a length deviation of half the resonant
wavelength, the resonance of the cavity is shifted by one F'SR. This relationship

results in a laser output frequency shift of

Av
A dopt

= 3.53MHz/nm. (4.20)

Figure 4.18 depicts the response of the optical path length Ad,,(t) and the
relative output frequency Av(t) upon a sinusoidal pump modulation at 1 MHz
with a modulation amplitude of 2 W.

The resonant laser beam has a Gaussian distribution. Hence the radially resolved
impact of the temperature induced optical delay needs to be taken into account at

various radii from the center. In order to derive a meaningful average, the radial data
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Figure 4.18: Modulation of the optical path length (left plot) upon sinusoidal modulation
of the pump power, plottet for 1 MHz frequency and 2 W peak-to-peak power modulation.
The right-hand plot depicts the corresponding change in cavity center frequency around
the center wavelength.

were weighted by the intensity distribution of a Gaussian beam with 2wy, = 360 pm,

in disc buckets of 100 pm radial distance (0 pm to 50 pm radius, 50 pm to 150 pm, ...).
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Figure 4.19: Amplitude of laser emission frequency modulation due to pump intensity
modulation. The dashed lines show the simulation results for various distances from
the beam center. The dashed line represents the averaged frequency modulation for a
2wy = 360 pm Gaussian beam.

For numerous radii from the center, a set of pump modulation frequencies was

computed in the processing pipeline described above. A fast Fourier transform
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(FFT) of the data, which is also utilized in the analysis of the experimental data in
the next section, provides intensity and phase information of the data sets calculated.

Figure 4.19 shows the simulated laser output emission frequency response at
various radial distances from the excitation center. Following the gradient of thermal
excitation, the frequency response decreases with increasing distance from the center.
At the Gaussian distribution of interest, the frequency modulation amplitude still is
significant above 100 kHz, indicating that the pump modulation method is capable
of modulating beyond typical accoustic disturbance frequencies (in the <100 kHz
regime). Also, the computed phase delay (plotted in figure 4.21 in the next section)

is below 90° up to a frequency of 500 kHz.

4.3.2 Experimental Analysis

For the experimental analysis of the modulation transfer characteristics of induced
pump current modulations, leading to a modulation in pump power and heat
load, a MECSEL system was set up with a cavity length of approximately 70 mm.
All detectors were chosen to have a bandwidth sufficient to measure beyond the
maximum cavity modulation frequency, determined by the photon cavity lifetime.
The pump beam diameter is approximately 395 pm, operating a MECSEL chip with
single side Silicon Carbide heat spreader at 922 nm, with intra-cavity frequency
conversion into 461 nm emission. For the experiments, a leakage of approximately
2mW of fundamental resonant radiation was coupled into the single mode (SM)
fiber of a 50 % fiber optic coupler (Thorlabs TW930R5A2). One output port of the
coupler was connected to an InGaAs biased detector (Thorlabs DET01CFC/M) for
monitoring of the laser output intensity. The other output port of the fiber optic
coupler was collimated (Thorlabs F110APC-850) and focused (Thorlabs LA4158-
B-ML) into a Fabry-Perot interferometer with a Finesse of F > 1500 and a free
spectral range of 1.5 GHz (Thorlabs SA30-95). The radiation transmitted by the
FPI was focused (Thorlabs LA4647-B-ML) onto an amplified InGaAs photodiode
with 150 MHz bandwidth (Thorlabs PDA05CF2). A simplified schematic of the

measurement configuration is depicted in figure 4.20.



4. Thermal Lensing and Dynamic Response 91

low pass filter  low BW PID

FP cavity photodetector
laser
cavity

<

current bias frequency
generator

Figure 4.20: Arrangement of the experimental setup for frequency resolved delay
measurement of the lasing frequency response to pump current modulation. A MECSEL
setup with a low-bandwidth side-of-fringe lock to a Fabry Perot cavity is prone to pump
current modulation, inducing laser frequency related intensity variation of the laser
intensity transmitted through the FP cavity.

Current modulation of the pump diode supply was induced by introduction of
an operational amplifier driven field-effect transistor (FET) that pulls an input-
dependent bias current parallel to the constant current supply connected to the
pump diode. The residual current through the pump diode was monitored through
the voltage over a low resistance shunt, amplified by a non-inverting operational
amplifier. The sinusoidal modulation signal was generated by an analog frequency
generator (Hameg HM8030-4). All input and output signals were recorded by a
1 Gs/s digital oscilloscope (Tektronix TBS 2000).

The goal of the experiment was to measure the modulation frequency dependent
phase delay from the laser system, which then is related and compared to the
modeled dynamic response. This parameter is crucial to define the maximum
possible control frequency bandwidth of a closed loop lock of the laser output
frequency. One option to measure this is to create a beat signal and to analyze
the frequency of this signal at high data acquisition rates. Alternatively, a weak
(relatively low-frequency) lock onto a partial resonance ("side of fringe") of a Fabry-

Perot interferometer was performed. When the frequency transfer function is known,
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the transmitted amplitude signal is related back to the relative input frequency of
the laser system. The experiment was set up and revised several times. Initially,
a low finesse (< 300) Fabry-Perot cavity was chosen in order to ease the weak
lock of the laser to the cavity. The need for large laser frequency modulation
amplitude to overcome the noise of the transmission signal resulted in data with
weak repeatability. The bandwidth of the feedback that holds the laser at the side of
the resonance has to be carefully weighed against the lower bandwidth limit of the
measurement. The side-of-fringe lock was kept active using a digital servo controller
(TEM Messtechnik LaseLock digital) with the servo output low-pass filtered at
30kHz. This reduces the impact of acoustic vibrations, while allowing a relatively
undisturbed measurement of the modulation response at higher frequencies.

In order to verify the measured results, a comparison of data acquired by locking
to either side of the resonance at identical target transmission signal heights. The
results presented below showed a response shifted by 180° when swapping the
sign of the feedback servo control. This was not the case when, for instance, the
servo controller had a significant effect at the desired modulation frequency. For
low-noise analysis of the data, a set of approximately 100 sinusoidal waves was
acquired with 50 cycles of averaging. The data then was Fourier transformed, so
that intensity and phase of the modulation input, the laser intensity output and
the FPI transmission signals could be related.

In the experiment, the the amplitude modulation of the MECSEL output beam,
introduced by the pump current modulation, the pump power and transmission
signal through the FP cavity, locked to approximately 50 % of the transmission
maximum level, were recorded. The data was acquired with the laser locked to
the upwards and downwards voltage slope (or left and right side of the fringe
when scanning the FP filter). Analysis of the data is performed with respect to
the measured current modulation. In the experiments it became obvious that
the current modulation circuit was introducing significant phase shift, with -90°
reached at 150 kHz modulation bandwidth. The electronic circuit has not been

optimized further within the course of this work.
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4.3.3 Comparison of Theory and Experiment

For comparison of the numerical output of the computation with the experimental
results, the data are scaled in amplitude to reflect the response per watt of pump
power modulation. The phases of the laser frequency response are related to the

phase of the input pump power modulation.
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Figure 4.21: Phase of the simulated (dashed and solid lines) frequency modulation
of the laser in response to pump intensity modulation, compared to measured data at
approximately 180 pm Gaussian beam radius (green circles). The modeled data is plotted
for various transverse positions from the pump and laser beam center axis outwards, and
for a Gaussian intensity weighed distribution with 180 pm radius.

Figure 4.21 shows the computed phase delay, along with the measurement results.
The phase delay is analyzed over various distances from the center of the absorption
toward the periphery. The temperature response of the structure is more tightly
related to the source of absorption in regions physically close to the heat source.
Consequently, the temporal response is delayed in outer regions with respect to the
beam center, and the dynamic response depends on the diameter of the intra-cavity
radiation. For comparison with the experimental data, the phase delays, depending
on the radial distance from the center, were averaged and weighted according to the

intensity distribution of a Gaussian beam within defined radial slices. The data sets
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at 720kHz and 1 MHz showed a weak signal-to-noise ratio of about 1:1, so these
results are not representative. In order to avoid potential changes of the phase
delays in the measurement setup, the amplifications in the setup were not changed
over the coarse of the experiment. The results plotted in figure 4.21 indicate that
the simulation is in good agreement with the measured results at approximately

2wy = 360 pm Gaussian beam size at the gain chip inside the cavity under test.
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In this chapter, visible single frequency generation with harmonic light conversion is
introduced, and the most important relationships are given for practical optimization
of a laser system setup. Pound-Drever-Hall stabilization is explained and experimen-
tal data are provided, utilizing the stabilization technique to couple the MECSEL
output radiation to a fixed or tunable external Fabry-Perot cavity. Linewidth and

intensity noise are experimentally determined and compared with theoretical limits.

5.1 Harmonic Light Generation

When intense light propagates through material, it can change the optical properties
of that material system. This intensity-dependent response of the optical properties
of material is referred to as nonlinear optics. In linear optics, the polarization P(t)
linearly depends on the strength of optical field E(¢), which, in turn, linearly relates

to the electric field, scaled by the linear susceptibility x") and the permittivity ¢, [99]:

P(t) = eoxVE(t) (5.1)

In anisotropic materials, a quadratic nonlinear response to strong optical fields

is possible. This nonlinear behavior was first demonstrated in 1961 [17], where the

95
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generation of second-harmonic (SHG) light due to the distortion of the polarization
response was experimentally confirmed. This effect can be described by adding a

series of higher-order fields and susceptibilities to the polarization term:

P(t) = coxVE®) + YPE2(t) + xPE () + ...) (5.2)

With the presence of the second term, harmonic frequencies of light penetrating
through suitable optical media can be induced. Figure 5.1 depicts the simple
relationship between the electric field and polarization in presence of the second-
order nonlinear term. This term induces an oscillation at twice the frequency of
the incoming light. Using this nonlinearity, laser light can be doubled in frequency

when suitable material and sufficient light intensity are used.
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Figure 5.1: Linear (orange) and nonlinear (second order, orange) response of the
polarization to the electric field

In MECSEL applications, this effect allows light generated in the infrared
spectral regime to be converted into the visible spectrual range. For this conversion
to be efficient, the fundamental and second-harmonic light need to be present in
the nonlinear optical material with approximately the same relative phase. Due
to dispersion in the material, specific configurations are required in order to fulfill
this need. The design of material configurations to maintain fundamental and
harmonic light at a fixed phase is referred to as "phase-matching'. Two approaches

for phase-matching are commonly used.
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Figure 5.2: Illustration of the electric field development in nonlinear media for the cases
of no phase matching, ideal phase matching and quasi-phase matching. The wide lines
depict ideal locations for the polarization orientation swap borders in quasi-phase-matched
configurations.

One approach is referred to as "quasi-phase-matching" (QPM). In this approach,
the nonlinear coefficient is oriented in different directions with respect to the laser
polarization, causing the phase mismatch factor Ak to change its sign periodically
(see [99] for detailed description of Ak). Using this method, the phase mismatch
is partially compensated. The advantage of this method is the possibility to use
the nonlinear optical elements at the highest effective nonlinearity. This is rarely
achievable in the second approach to phase-matching.

The second approach is utilizing the birefringence in nonlinear optical media,
so that the fundamental light (at one polarization with respect to the crystal
axes) experiences the same refractive index as the second-order harmonic light,
oriented at a perpendicular polarization relative to the travel direction. Figure
5.2 shows the conversion evolution over the propagation distance for different
scenarios (no phase matching, ideal phase matching, birefringent phase matching
and quasi-phase-matching).

Birefringent phase matching is possible in two ways. In "type I" phase matching,
the fundamental wavelength polarization (£ and FEs) and the polarization of the
second-harmonic radiaton (E3) is oriented perpendicular to each other. When the
second-harmonic radiation polarization aligns with the ordinary (o) axis of the
nonlinear medium, the phase matching is referred to as "positive" and as "negative"

in the opposite case. "Type II' phase matching occurs when the fundamental
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photons are polarized both along the extraordinary (e) and ordinary axes. This is

illustrated in figure 5.3.
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type | o0 o0 | e negative type I o e | e negative
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Figure 5.3: Phase-matching types in birefringent phase matching

The selection of a suitable nonlinear medium includes consideration of the
transparency of the medium at both the fundamental and harmonic wavelengths, the
effective nonlinear coefficient d.r, damage threshold and phase-matching conditions.
Additionally, the stability of the crystals with respect to environmental influences,
especially humidity, must be taken into account. Significant tilt of the crystal axis
in respect to the light propagation axis can lead to walk-off of the second-harmonic
light ray, thereby reducing the transverse beam quality. This effect becomes most
pronounced when the crystal axes must be rotated close to or at 45° relative to
the polarization axis of the second-harmonic beam. The nonlinear coefficient is

related to the second harmonic susceptibility y? with

1
deps = §X(2)- (5.3)
Material Phase- Nonlinear coefficient | Damage threshold | Absorption

matching type desr [10712m/V] [GW /cm?] [1/cm?]

KD*P II 0.37 0.5 0.005

KTP 11 3.18 0.5 0.010

LBO I 1.06 2.5 0.005

BBO I 1.94 1.5 0.005
LiNbO;3 (5% MgO) I 4.7 0.1 0.002
LilOs I 4.1 0.01 0.002

Table 5.1: Physical parameters of optically nonlinear crystals. Nonlinear coefficients
listed for conversion of 1064 nm to 532 nm [100].
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Table 5.1 lists some popular nonlinear crystals suitable for second-harmonic
generation at the desired wavelengths. For the design and experiments of frequency-
doubled MECSEL, lithium triborate (LiB3O5 or LBO) was chosen due to the large
damage threshold, low hygroscopicity, relatively high effective nonlinear coefficient

and small phase-matching angles.
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Figure 5.4: Refractive index in the three axes of LBO at 55°C (from [101])

The LBO phase-matching considered in the following is of type I. For the
analysis of LBO phase matching properties, the temperature-dependent Sellmeier
coefficients as provided in [101] are used.

In figure 5.4, the refractive indices of LBO at 55°C are depicted. Comparing the
refractive index values for fundamental radiation in z-axis n, and second-harmonic
radiation in y-axis n,, it is apparent that these show little difference (in the range
of 900 nm through 1145nm). Consequently, only a small fraction of the lower n,
refractive index is needed in order to fully phase-match these frequency pairs. In
the case studied here, this is reached by tilt of the crystal axis around . The
orientation of the crystal axes and the nomenclature of the angles of the fundamental
polarization relative to the crystal axis system is depicted in figure 5.5. The crystal

orientation chosen for the MECSEL experiments is the YZ plane with 6 = 90°.
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Figure 5.5: Definition of axes and angles in three-axial crystals like LBO (left) and an
illustration of birefringent walk-off (right)

The resulting effective refractive index n(y), where in this case n, = n, and

ne = ng, is calculated from:

1 cos? sin?
~ cos’(p) N ()

n(g)?  n ng

(5.4)

Based on equation 5.4, the angle ¢ for ideal refractive index matching is
determined at a given temperature. The respective effective nonlinear coefficient d. s ¢

is calculated with respect to the axis system using dsy = (—0.89 £ 0.09) pm/V [102]:

defr(I) = dsacos (5.5)

In birefringent material, the Poynting vector may differ from the vector of the
wavefront, leading to an angle at which light polarized along the extra-ordinary axis
propagates. This is the frequency-doubled radiation in the case considered, causing
the frequency-converted photons to drift off the fundamental wavelength propagation
axis. Since the frequency-converted photons are created at all longitudinal positions
of the nonlinear crystal, this "walk-oftf' leads to a transverse broadening of the
Gaussian beam distribution in the extra-ordinary axis, which decreases the beam

quality. The walk-off angle p is determined by:

n2
p= arctan<n‘2’ tan cp) — (5.6)

In figure 5.6, the phase matching conditions for various wavelengths with

respective walk-off angles and the effective nonlinear coefficient are summarized.
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Figure 5.6: Phase-matching angles ¢, effective nonlinear coefficient d.;y and walk-off
angle p for LBO in Type I phase matching

Fundamental wavelengths in the range between 1145 nm and 1480 nm can also be

phase-matched, but this requires orientation in the X7 plane, with 6 = 0°.
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Figure 5.7: Temperature-dependent phase-matching conditions for a selected wavelength
range in Type I LBO second-harmonic generation

In practice, the phase matching condition is optimized via adjustment of the
phase-matching angle, or the temperature. The temperature dependency of the

phase-matching condition is larger at higher values of ¢. This is illustrated in
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figure 5.7. The phase-matching plots also show the conditions for non-critical phase
matching (¢ = 0°). Though LBO has a low hygroscopy compared to other popular
nonlinear crystals like BBO, operation well above room temperature has been used
in order to prevent moisture from diffusing into the crystals.

The efficiency for the conversion of two photons at the fundamental wavelength
into one photon in the frequency-doubled wavelength depends on the effective
nonlinear coefficient, the phase matching condition and the power density of the
incident light throughout the propagation through the nonlinear crystal. Boyd
and Kleinman published an extensive paper [103] on the conversion efficiency with
respect to the phase matching condition and beam parameters for ideal Gaussian
beams. Their formulas are being utilized in the following, only extended by the
beam quality factor M?, which is a simplification to summarize lateral broadening
of an ideal Gaussian beam waist. It can easily be determined in experiments
by observing the difference between the ideal and measured value of wy for the
respective beam divergence. The M? factor acts like an increase in wavelength,
leading to a broadened beam waist diameter when M? > 1, as in the following
relationship for the Gaussian beam waist distribution along the longitudinal axis

z, with the waist position at z:

2
M2\(z —
nmwwg
Therefore, the Boyd-Kleinman confocal parameter b is extended by M?:
- 2mn pw? (5.8)
 AoM?2 '

Figure 5.8 illustrates the definition of angles as described in [103]. In terms of
conversion efficiency, the ideal longitudinal focus position f of the beam waist is
centered in the crystal of length L (f = L/2). The focusing parameter is defined as
&=1/b,and pas p = % In the practical implementation of the MECSEL setup

(as shown in figure 3.15, the SHG crystal is placed closely to a plano mirror that
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Figure 5.8: Crystal parameter definition as per Boyd and Kleinman (left) and the
configuration implemented in the MECSEL setup, utilizing a plano mirror (DHR) very
close to the crystal end facet (right)

reflects both fundamental and frequency-doubled light (dual highly reflective mirror
'"DHR"). Since the mirror is a flat end mirror of the cavity, the beam waist is forced
to coincide with its surface. The SHG crystal is penetrated twice per round-trip
in the cavity. Since the calculations are based on single-pass transmission, the
effective crystal length considered is twice the physical length of the crystal. The
following calculations still are valid. The calculation takes the walk-off angle p into
account, but neglects depletion of the fundamental power. Hence, the calculations
become less precise for high total conversion efficiencies. For the cases considered
here, where the intended total loss in the cavity is less than 10 %, equation 5.8
offer a suitable approximation for optimization of the cavity layout concerning
crystal length and waist diameter.

The absorption « is factored into k = 1/2ab for the calculation of conversion
efficiency. The vacuum speed of light is represented by c¢q, the electric constant
€0, and the refractive index ny, the k-vector k; and the frequency wy are defined
at the fundamental wavelength. With the far-field divergence &y, [ is defined,

utilizing the walk-off angle p:

Ao M2
dp = tan_1< ;T)wo > (5.9)
8= p/bo (5.10)

The calculation also allows the consideration of non-ideal phase matching with

the phase mismatch factor o, which in the following computations is set as 1,
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indicating ideal phase matching conditions. Integrating over the intensities of the

Gaussian distribution, the Boyd-Kleinman factor h(o, 8, k, &, i) is defined [103]:

ho, B, .6, ) = eerel 1001 drdr
(5.11)

exp <—N(T/+T)+i0'(7"—7')—,32 (T/—T)Q)
(tir)(1—ir’)

Using the Boyd-Kleinman factor h, the normalized conversion efficiency 7,0 is

derived as:

2 72
. 2wydggpky

nnorm -

—_— 5.12
TNINSHGEC (5.12)

The conversion efficiency nsye = Psue/Pr is finally used to compute the

efficiency of second-harmonic-generation configurations by:

2

(5.13)
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Figure 5.9: Calculated SHG conversion efficiencies as a function of fundamental power,
for different waist diameters wy and a crystal length L/2 = 16mm

Implementing realistic values from the cavity setup (see section 3.3.1), the power-

dependent conversion efficiency development for different fundamental beam sizes,
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and crystal lengths, were computed. Figure 5.9 depicts a scenario utilized in the
experiments described hereafter. The conversion efficiency increases with decreasing
beam radius values, starting with wy = 100 pm, reaches a maximum at wg = 50 pm,
and decreases again with even smaller beam diameters or larger divergence.

For the resonator design including intra-cavity frequency conversion, the different
aspects - relatively large pump diameter, small beam size and short cavity length -
require well-balanced compromise of intra-cavity dioptric powers, thicknesses of the
filter elements and length of the SHG crystal. This was considered in the cavity
setup optimization described in section 3.3.1, resulting in a conversion efficiency of

n =24 % at a maximum single frequency output power of 1.7 W (see section 3.3.3).

5.2 Line Stabilization

The laser frequency was locked to the relatively fixed frequency of an external
Fabry-Perot cavity in order to analyze the laser frequency phase response and to
evaluate the frequency width and stability. The locking was performed either with a
"side of fringe" method, where the laser frequency was held at a partial transmission
through the Fabry-Perot cavity, or using the "Pound-Drever-Hall" (PDH) method
[104],[105]). This method does not require intra-resonator elements, which are
necessary in the alternative Hansch-Couillaud method, [106], where polarizing
elements are required. In both approaches, an error signal € is created, which has a
different sign depending on the sign of the frequency deviation of the laser frequency
relative to a multiple of the Fabry-Perot free spectral range frequency.
Following up on the Etalon description in section 3.1.2, the spectral frequency

distance in between two resonances of a Fabry-Perot cavity A frgr is given by:

C
Afrsr =57 (5.14)

Assuming the use of two mirrors with identical reflection coefficient r, the
energy reflection ratio of the cavity with regard to the laser center frequency

w can be written as:
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Figure 5.10: Reflectivity of an ideal Fabry-Perot cavity with » = 0.999 and A frsr =
1.5 GHz

The result is a complex number, so that both the phase and the intensity of
the reflected signal can be calculated. These are depicted in figure 5.10. An ideal
cavity with identical reflectivities on both ends provides a perfect transmission in
case of resonance. In practice, this is limited by intra-cavity losses like scattering
and absorption, and refractive losses due to imperfect matching of the incoming
transverse mode parameters relative to the ideal resonance parameters in the cavity.
Also, spherical aberration could be a factor reducing the quality of the cavity
resonance, especially in short cavities with small mirror radii of curvature.

The phase of the reflected signal changes its sign when tuning over the resonance.
This is crucial for the generation of an error signal. In order to be able to measure
the reflected phase, a phase modulation with the modulation depth 3 is added to
the laser light entering the stabilization setup. The modulation frequency f,.q
needs to be significantly smaller than the cavity free spectral range. In the examples
computed, as well as in the experimental setup, the modulation frequency was
chosen at €2 = 150 MHz. Using the center frequency and the modulation frequency,
the term yx is formed. In the phase mixing process, both the addition as well as

the subtraction of the modulation frequency are incorporated:
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X=Fw)F(w+Q)—F(w)F(w-Q) (5.16)

With x, the reflected power P,(w) of the phase modulated light may be described,

in this case ignoring the higher mixing of 2:

Po(w) = P|F()]? + 1PB*(|F(w + Q)2 + |F(w — Q)]?)

+P.B(Re(x(w)) cos(wt) + Im(x(w)) sin(wt)) (5.17)
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Figure 5.11: Cavity reflex amplitude with phase modulation sidebands at {2 = 150 MHz
and corresponding error signal

Though not resolved in the plot, the modulation frequency can be seen on the
reflected signal shown in figure 5.11. To analyze the phase change induced by the
cavity in the reflected signal, a fast photodiode detects the signal. The amplified
photodiode signal then is mixed with the initial modulation frequency, so that a
phase offset of the two identical frequencies initiates a DC offset of the mixed signal.
In order for this DC offset to be zero exactly at resonance, the relative phase in
between the optical detector signal and the initial modulation frequency needs to
be controlled. The phase is adjusted by the use of phase-delay electronic circuits
or a proper choice of electrical lengths. The modulation signal is also present in
the output of the mixer, and filtered by an appropriate low pass filter, sufficiently
cutting off the modulation frequency, but allowing sufficient frequency bandwidth

for agile feedback control of the laser system. Figure 5.11 depicts a typical PDH
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error signal, showing exactly one slope through the zero crossing with a negative
sign. This signal can directly be taken as a feedback to a servo control loop in
order to either stabilize the Fabry-Perot cavity to the laser or vice versa. The

error signal can be derived to this form [105]:

€(w) = 2y/Pe(1+ B) - Im(F(w)F(w + Q - F(w)F(w — Q) (5.18)

Since the laser output is linearly polarized, and the polarization state entering
the Fabry-Perot cavity is not relevant, the error signal can efficiently be detected
in a "poor man’s isolator" approach. In order to do so, the laser light is led
through a polarizing beam splitter and then retarded to a circular polarization
state using a birefringent quarter-wave plate or equivalent methods. The reflected
signal is then transferred into a linear polarization again by the retarding element,
but the returning light is reflected by the polarizing beam splitter, where it can
be detected by a photodiode.

PBS FP cavity

e

photodetector

band pass filter

low pass filter mixer

Figure 5.12: Pound-Drever-Hall locking setup using a voltage-controlled oscillator
(VCO) and a band-pass filter to adjust the relative phase of the input signals of the mixer

In the frequency-locking experiments, as set up and depicted in figure 5.12, the
fundamental light (922nm) of a 461 nm MECSEL setup (~ 70 mm cavity length
in air) was coupled into a PM850 fiber. The phase modulation is introduced by a
fiber coupled lithium niobate phase modulator (Thorlabs LNY10D2A), driven by
a voltage-controlled oscillator (VCO, Mini-Circuits ZOS-200+) set to ~ 150 MHz
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output frequency. Collimated by an f = 6.3 mm collimator (Thorlabs F110APC-
850), the polarized light was directed through a polarizing beam splitter (Thorlabs
CCM1-PBS255/M). The retardation into circular polarization was realized using a
wavelength-independent Fresnel rhomb (Thorlabs FR600QM). The beam is focused
by two 500mm lenses (Thorlabs AC254-050-B-ML) before entering the Fabry-Perot
cavity (Thorlabs SA30-95). This cavity has a Finesse of F > 1500. The full width
half maximum (FWHM) resolution was determined from reflectivity measurements
to be 600 kHz. The transmitted signal was monitored by a detector with switchable
gain (Thorlabs PDA36A) and analyzed using a frequency-resolved intensity analyzer
(Thorlabs PNAT). On the detection path, the light reflected off the polarizing beam
splitter was focused (using Thorlabs AC127-019-B-ML) onto an amplified InGaAs
detector with sufficient bandwidth (Thorlabs PDAO5CF2). The photo detector
signal was fed into a band-pass filter with 150 MHz transmission (Mini-Circuits BBP-
1504). The band-pass filter served two purposes: By only transmitting the desired
modulation frequency well, the signal is cleaned up from other frequency disturbance.
Secondly, the phase response of the band-pass filter is frequency-dependent. By
adjusting the exact value of the VCO, the relative phase delay can be modified, at
acceptable cost of loss in the signal. Finally, the fundamental oscillation and the
detected oscillating signal are mixed (Mini-CircuitsZX05-1LHW-S+) and low-pass
filtered (Mini-Circuits SLP-30+) at a -3dB cut-off frequency of 32 MHz. As servo
controllers for the PID loop, either a digital servo controller (TEM Messtechnik
LaseLock digital) or an analog one (Vescent D2-125) were used.

5.3 Linewidth and Intensity Noise

The theoretical limits for frequency bandwidth and intensity noise in lasers have
initially been derived by Schawlow and Townes [107]. Nineteen years later, Lax
proved [108] that above lasing threshold, the noise limit is only half that of the
derivation by Schawlow and Townes [109]. The frequency bandwidth limit A,
depends on the full width half maximum of the laser resonator cavity function

Av, and the average output power measured P,,:
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mhv(Av,)?

Aymin = P
av

(5.19)

This relationship assumes negligible coupling of intensity and noise, which is
believed to be applicable for MECSEL, given the large ratio of total resonator
length (tens of mm) and gain length (several pm). For analyzing the resonator
cavity function, the TMM method (see section 3.1.4) was used to compute the
transmission spectrum, in a configuration of Ry ~ 92 %, Ry = 30 % and R3 = 98 %,
with cavity lengths of L; = 60 mm and Ly = (2mm + A/4). This typical operation
condition is referenced to throughout this chapter. The resulting transmission
spectrum at the center wavelength at unity transmission condition is depicted in

figure 5.13, showing an FWHM Ay, = 56.3 MHz.
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Figure 5.13: Calculated transmission function around cavity resonance in a typical
MECSEL configuration, showing 56.3 MHz FWHM

With P,, = 250nW at the detector, measured at a fundamental wavelength
of 1112nm, the expected lower linewidth limit is as low as Av,,;,, = 7THz. The
intensity noise limit (also referred to as "shot noise' limit) can be directly derived

from the average power applied to the detection system:

2hv

Srsn(v) = iz

(5.20)

Analysis of relative intensity noise (RIN) of the free-running laser system was

performed using a MECSEL at 1112nm (with intra-cavity frequency doubling),
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coupling a portion of the cavity leakage radiation in to a PM fiber. The fiber output
is detected by an amplified InGaAs photodiode (Thorlabs DET01CFC/M) with
a detection bandwidth of 1.2 GHz. The output is acquired and analyzed using
a digital intensity noise analyzer (Thorlabs PNA1) with 10k input impedance
and an 18-bit analog-to-digital converter. The noise floor of the detection and
analysis system (<< —140dBc/Hz) was recorded and referenced to the full signal
range of 10 V. The RIN of this data set, integrated over the measurement frequency
spectrum, was subtracted from laser measurement data. Figure 5.14 shows the
result and comparison with the shot noise limit.

It is apparent that the laser reaches shot noise limit above 300 kHz acquisition
frequency. The largest specific frequency range that attributes to the laser noise
can be seen around 2kHz to 3kHz. In acoustic experiments, where a frequency
chirp was applied to sound emitted in vicinity of the resonator, this could be proven
to be related to mechanical resonances of the optics mounting scheme. Comparison
to the pump diode intensity noise spectrum (not depicted) was made. In this

spectrum, the ~2.5kHz noise elevation is not present.
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Figure 5.14: Relative intensity noise spectrum of MECSEL setup (left y-axis) and
integrated RIN (right y-axis). The dashed line indicates the shot noise limit at
measurement conditions, showing that shot noise is reached at ~300kHz.
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The integrated RIN sums up to < 2-107°, or < 0.002 %, which is comparable
to scientific ECDL-seeded amplifier setup results (see, for instance, [110]), showing
twice the RIN value, but integrating over a slightly larger range (10 Hz to 10 MHz
compared to 300 Hz to 3MHz in this study).

As a coarse analysis of the laser linewidth while ensuring the presence of only
a single dominant longitudinal mode, a commercial scanning Fabry-Perot (SFP)
system (Thorlabs SA30-120) was used. It provides a Finesse of F > 1500 and a
nominal resolution of <1 MHz. Using a 922 nm /461 nm MECSEL configuration, this
system showed a side-mode suppression limited by the resolution of the measurement
setup. This is expected from the theoretical model, where a fundamental frequency
bandwidth limit of 7Hz was derived. Zooming into the transmission function of

the SFP, though, a center frequency jitter could be observed.
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Figure 5.15: Comparison of the transmission intensity signals with low piezo feedback
bandwidth (red) and higher bandwidth feedback (blue), measured through a 600 kHz FP
cavity of 50 mm length.

The laser was put into a Pound-Drever-Hall lock, using the setup described in
section 5.2. In the initial measurements, the lock to the 600 kHz cavity showed

severe intensity fluctuations (see figure 5.15, plotted red). The root cause of this
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large fluctuation could be related to the limited servo bandwidth applicable, initially
limited by a 4.7 kHz resonance of the piezo-driven prism actuator. By stiffening
this assembly, the resonance could be raised to 42kHz, so that the control loop
could operate in the acoustically sensitive region of 2kHz to 3kHz (see figure 5.14
as comparison) and provide a much smoother transmission function (see figure
5.15 | plotted blue). Relating the RMS noise of the transmission function to the
theoretical Fabry-Perot transmission function of the 50 mm-long reference cavity,
a long-term (20 ms) measurement indicates a laser line stability within a range
of 40kHz RMS. This, though, can only be considered a valid measurement if the
short-term laser linewidth is significantly lower than this stability value, and the
integrated width of laser linewidth measurements is substantially broadened by
center frequency fluctuations.

A common method of measuring the short-term laser linewidth is creating
a beat signal with the laser light output of a single laser system. This can be
performed, with potential modifications of the setup, by delaying a portion of the
laser light in time. For straightforward signal interpretation, the optical delay
length should be chosen longer than the coherence length, L., of the laser output.
This delay usually is created by guiding one portion of the laser output through

a low-loss single mode fiber.

c
h p—
0 TAv

(5.21)

The overlap of the two beam paths can be done directly (self-homodyne), which
creates a beat node without a frequency offset. This makes the measurement
difficult to interpret, as DC offsets directly influence the measurement results.
In the self-heterodyne method, one optical path is frequency-shifted by passing
through an acousto-optical modulator (AOM). The beat node then is shifted by
the modulation frequency of the AOM, detected off the DC signal of the frequency
analyzer. A comparison of self-homodyne and self-heterodyne methods, as well as

a discussion of short-delay measurements is provided by [111].
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The self-heterodyne measurement would, for enabling the measurement of a
10 kHz linewidth, require an optical path length of almost one kilometer. While this is
feasible, such setup would not be able to resolve line jittering due to acoustic impacts
in the kHz region. For detection of a frequency f4; = 10kHz noise, or a detection
time of 74.; = 100 s, an optical delay in the same range would be required, resulting
in a fiber length of >20km (L fiper = CTget/ N fiver ), With a refractive index of the fiber
of nyiper = 1.45. Since this appeared economically impractible, the beat frequency
analysis was performed using two uncorrelated laser sources of the same kind.

In the experiment, two identical MECSEL systems were tuned to an almost
identical wavelength, so that the difference and sum frequency of the interference
could be detected by a photodiode and analyzed with a radio frequency (RF)
analyzer. The first laser was locked to fixed cavity as described in section 5.2. The
second laser was locked to a piezo tunable cavity in an identical arrangement. A
portion of both fiber coupled laser outputs was overlapped using a polarization-
maintaining fiber optic coupler (Thorlabs PN850R5A2), where one fiber connector
was held adjustable in order to optimize the contrast of the two signals. The
beat signal was detected by an amplified InGaAs biased photodiode with 1.2 GHz
bandwidth (Thorlabs DET01CFC/M). The voltage signal created was recorded by
a real-time Spectrum Analyzer with 9kHz to 1.5 GHz bandwidth (RIGOL RSA) to
display the beat node. In order to control temperature-induced drift of the beat
signal, the frequency of the beat signal was compared to a fixed reference frequency
of 27 MHz, and an analog output signal, proportional to the difference frequency
between beat node and reference frequency, was created using a digital counter and
timed integrator (MENLO SYNCRO-CEO with OFD and DXD modules). The
output of this frequency comparator was then guided into a PID servo controller
(TEM Messtechnik LaseLock digital). The output signal of the controller actuated
the piezoelectric line of the reference cavity, through which the second laser was
directed. This setup enabled to control the absolute beat frequency by adjusting
the set voltage of the servo, and held the beat node at constant frequency for long

integration times of the frequency measurements.
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Figure 5.16: RF spectrum of beat signal at 1120 nm cavity fundamental output, gener-
ated with two similar MECSEL setups that include intra-cavity SHG into approximately
1.5 W of output power at 560 nm

The beat signal created provided a valuable benchmark for system optimization.
Initially, pump current induced disturbances broadened the linewidth measured.
After optimization of the current filters, and elimination of mechanical instabilities
in the cavities locked to the laser, a -3dB linewidth of Av < 20kHz could be
detected at 50ms sweep time. At longer integration times, the average result
yielded values around Av = 40 kHz, which is sufficient even for the narrow cooling

line of Ytterbium (compare figure 1.2).
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Conclusion

6.1 Discussion

The thermal lensing analysis, based on finite element analysis and comparison
with measurement results from a Shack-Hartmann-Sensor setup, shows sufficient
agreement to allow the simulation to be utilized as optimization tool for the design
of MECSEL systems. Analysis of MECSEL thermal lensing has previously been
performed and published (see [29], [92] and [112]).

In the first of these publications ([29]), finite element analysis results are
described, based on dual side transparent heat spreading with the material property
parameters of Diamond and Silicon Carbide. The results show a linear relationship
of refractive power with the dissipated heat. These results are well comparable to
the results of this work, prior to taking ASE and resonant amplification into account
(compare figure 4.9). As discussed in section 4.2.2, spontaneous and amplified
emission efficiency, and their saturation at elevated temperature, need to be taken
into account when operating the laser near the maximum of potential output
power. In this operational setting, the laser is close to thermal rollover, where the
nonradiant losses are increasing in a nonlinear fashion. As an exemplary comparison
below thermal rollover, the thermal lens dioptric power at 300 pm pump radius is

determined to be 1/ fiperm = 0.53dpt in the simulation presented here - evaluating
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a single side bonded SiC heat spreader of 500 pm thickness and 10 W absorbed
power. The simulation results presented by Zhang et al. [29] suggest a thermal lens
power of 1/ fiperm = 0.49dpt at 10 W dissipated thermal power. It has to be noted,
though, that this model does not take optical emission into account and is based on
dual side heat spreading, whereas this work is focusing on single-side heat sinking.
When scaling the calculation with a total of 45% emission efficiency (taking 55 %
of the 10 W absorbed pump power into account), the model of [29] results in a
dioptric power of approximately 1/ fiperm = 0.27dpt. Given the linear dependency
in this reference model, the result can be assumed to be 1/ fiperm = 0.54dpt for a
single-side heat spreader arrangement. This is in acceptable agreement with the
data provided well below threshold in the simulations and measurements presented
in this thesis. The model of [29] does not analyze higher order aberrations (which
are highly relevant for optimizing efficient single transverse mode operation in
MECSEL cavities). Also, the results in this theses provide a suitable method of
predicting operation close to thermal rollover of MECSEL cavities.

The measurement results presented in [92] are based on GalnAsP Quantum well
design, targeted for 825 nm emission. In the configuration reported, rather small
pump diameters are used to allow operation of the laser setups above threshold.
The authors analyzed the caustic of the laser output, determining the M? value,
beam waist position and size. Then back-calculating into the resonator, using the
ABCD matrix approach (see section 3.3), the effective thermal lens was determined.
The authors present thermal lens focusing powers that saturate with rising pump
powers and state "This reveals that the thermal gradient does not alter much
before thermal rollover.". This statement is not supported by the results of the
simulations of this thesis, showing a uniformly continuous development of the
thermal gradient with pump power. It is in significant disagreement with the
data simulated and measured in this work, where an exponential rise of thermally
induced refractive power is simulated and measured with rising pump power. The
simulations configured for this thesis do not provide sufficient local resolution to

compare absolute values of the thermal lens to this publication. The data for
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"cavity A" in section 4.2.4 are intended to provide a relative comparison to the
data published and give a suitable explanation for the saturation effect. When the
beam size in the gain chip increases with pump power, the effective dioptric power
of the thermal lens (see section 4.2.4 for a exemplary data) is weakened, while
aberrations are increased. This causes the effective focal length value to saturate
with pump power, as described by the authors. But it is, as of the results of this
work, purely induced by the diameter change of the resonant radiation penetrating
over the non-spherical radial shape of the thermal lens.

Referencing to the same publication [92], another publication ([112]) states
a comparable behavior. In this cavity (a plano/plano microchip MECSEL), the
development of the caustik with pump power does not support the explanation
given in section 4.2.4, as in this configuration, the beam diameter decreases in size
with elevating pump power. The results in this work are prone to errors at larger
relative pump power levels, due to the elevating beam parameter product M? with
pump power. With the thermal lens power depicted as focal length (compare figure
4.14 on the left-hand side), the impression of saturation appears to be misleading.

Infrared and visible MECSEL ouput powers in excess of the results presented
in this work have been published. The power target of 10 W was exceeded at
the University of Dundee, with a longitudinally multi-mode setup at 1007 nm [28].
Record-breaking results were achieved at the University of New Mexico (UNM).
The target of this development is the use of MECSEL technology as sodium guide
star light sources. Using a multi-pass in-well pumping scheme, 28 W of multi-mode
output power were achieved in at 1070 nm [29]. More recently, frequency-doubled
>10 W single mode emission was shown at 589 nm, with a line width of <7 MHz
[113]. The setup allowed locking to an external reference. Due to the comparably
long cavity, the tuning bandwidth is limited to & 500 MHz in the visible spectrum,
77 times smaller than the results achieved in this work. The line width reported
in this work is in the two-digit kHz regime. It has to be noted, though, that the

line width measurement at UNM was potentially limited by the test setup.
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6.2 Conclusion

In this work, all fundamental technologies and design tools are covered that are
required for the design and setup of narrow linewidth membrane lasers in the
visible frequency range. The long-term linewidth and tunability measured on
the systems set up in this work are superior to published data as of the date
of completion of this thesis.

The thermal lens in the gain chip was analysed in computation and experiment.
This thesis not only provides values for an effective thermal lens in the MECSEL
gain chips, but describes methods and results for analysis of higher order aberrations.
These are valuable for further optimization of the MECSEL technology, especially
when aiming to increase the total output power. It is shown that in order to simulate
the thermal lens at powers approaching thermal roll-over of the laser setup, amplified
stimulated and spontaneous emission need to be taken into account. Also, the
impact of Gaussian spot size on the effective thermal lens and its aberrations
is found to be crutial.

Utilizing the thermo-optical effects of the SiC heat spreader in a MECSEL chip
to stabilize the output frequency of the laser is novel and analyzed in experiment
and model. The control method of pump current control allows MECSEL systems
to be locked to a reference only by thermo-optical effects. This method has
the capability of enabling locking bandwidths in excess of 500kHz. In order
to minimize amplitude noise, both piezoelectric cavity size and pump current
modulation was implemented in this work.

Still, the line stability exceeds the theoretical limit by orders of magnitude. The
first-order reason appears to be related to pump intensity noise and vibrational
mechanical impact on the cavity length. Interpreting the frequency noise spectrum
in figure 5.14, reduction of these noise sources could induce a significant improvement
in linewidth, reaching the sub-kHz regime. In the experiments, the electric circuit of
the pump modulation was a primary factor in the phase delay of the laser frequency

modulation, and leaves room for future improvements. The line width requirements
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for ytterbium and strontium cooling are already met with the results described,

allowing the laser system to be utilized in quantum experiments and optical clocks.

6.3 Outlook

There is a demand for increasing laser power applied in experiments using optical
lattices [114]. In these, an array of ultracold atoms can be trapped. This allows
experiments on quantum many-body dynamics [115] and quantum computing
[116]. The dominant practical challenge for increasing the efficiency and total
output power of the system, while maintaining sufficient bandwidth for continuous
single-frequency wavelength tuning in a robust and repeatable laser setup, is the
control of parasitic etalons. Bonding Silicon Carbide to both surfaces of the
gain membrane was proven feasible, but suppression of undesired etalon filtering
requires a significant improvement of anti-reflection coating, or alternatively tight
control of the relative wafer thicknesses. The evaluation of alternative transparent
heat spreader material is in progress and may give additional opportunities for
power scaling [117]. Currently, no wafer material with sufficient transparency and
appropriate surface roughness is available, but Silicon Carbide.

The theoretical line width limit of the laser system described shows a potential
for synchronization of MECSEL systems with optical clocks, providing a precision
in the sub-kHz range. As an approach towards this goal, further reduction of
the pump current noise, and optimization of the high-frequency response of the
pump current modulation electronics are required. Optimization of the dynamic
response of the pump current modulation electronics is expected to practically
enable laser output frequency control bandwidths at the limits of the MECSEL
thermal dynamic response. This is expected to improve the line stability and to

significantly reduce the laser output linewidth.
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Appendix

A.1 Source Code for FEniCS

# Python code for performing the simulation of pump absorption,
ASE and resonant pump depletion, using FEniCS to compute the
FEA.

# Note that the expressions (pump and lasing) need to be entered
in C nomenclature.

# Credits to the work of Bilen Emek Abali - this code was
initiated from an example (page 124) of his book

# "Computational reality" - ISBN 9789811024443, also listed imn
the references.

# The code was revised to work with Dolfin 2019.2.0, and expanded
over the course of this work.

# SI units

from fenics import =

import numpy as np

from ufl import as_tensor # needed in version 2019.2.0
from ufl import Index # needed in version 2019.2.0
from mshr import *

from scipy.special import gamma, factorial

import time

parameters["allow_extrapolation"] = True

parameters ["form_compiler"]["cpp_optimize"] = True
set_log_level (40)

um = le-6
c = 750 # J/(kg K) heat capacity
kappa = 480.0 # W/(m K) thermal conductivity

tau_T = 0 # Temperature Gradient Lag - ignored
tau_q = 0 # Heat Flux Lag - ignored
h = 0 #natural convection coefficient in fJ/(ps um~2 K))
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26 emis = 0 # emissivity - ignored
27 sigma 0

30 Ppump = 10 # absorbed pump power in W

32 dia_pump=395%um #pump diameter/radius
33 w=dia_pump/2

31 wO=w

35 w2 = 1.14%w

37 th = 0.5E-3 # thickness in m

38 radius = 2.5E-3 # in m

39

10 k = 50 #supergauss order pump

41 k2 = 1 # supergauss order depletion

42

43 xml_file = "meshSI.xml"

11+ mesh = Mesh(xml_file)

15 fd = MeshFunction(’size_t’, mesh, "meshSI_facet_region.xml");

47 Space = FunctionSpace ((mesh), ’P’, 1)

s VectorSpace = VectorFunctionSpace(mesh, ’P’, 1)

19 cells = MeshFunction(’size_t’,mesh,mesh.topology().dim()) #
modified for version 2019.2.0

50 facets = MeshFunction(’size_t’,mesh,mesh.topology().dim()-1) #
modified for version 2019.2.0

51 da = Measure(’ds’, domain=mesh, subdomain_data

52 dv = Measure(’dx’, domain=mesh, subdomain_data

facets)
cells)

54 u_out = 20
55 bc2 = DirichletBC(Space, Constant(u_out), fd, 55)
56 bc = [bc2]
57 Ta = u_out

59 def calc_FEA(f)

60

61 frequency = £
62 periods = 10

63 datapoints = 15
64 t = 0.0

65 t_end=periods/frequency
66 Dt=1/frequency/datapoints

68 initial T = Expression("Tini", Tini=Ta, degree=3)
69 TO = interpolate(initial_T, Space)

71 A = float(k/(2*wxgamma ([1/k])))
72 A2 = float(k2/(2*xwxgamma ([1/k2])))
73 Pumpl = Expression (’Pmax*A*xA*mux*l*xexp(-abs(pow(pow(x[0]*x[0] +

x[11*x[1], 0.5)/w, k)))*exp(-(pow(-mux*x(x[2]), 2))) °’,degree=3,
Pmax=Ppump ,w=w, mu=180000, k=k, A=A, wO=w0) #power (w2
localises the z-coordinates)

74 Laser = Expression(’Pmax*A*Axmu*lxexp(-abs(pow(pow (x[0]*xx[0] +
x[11*xx[1], 0.5)/w, k)))*exp(-(pow(-mu*x(x[2]), 2))) ’,degree=3,
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Pmax=0.14*Ppump ,w=w, mu=180000, k=k2, A=A2, wO=w0) #power (w2
localises the z-coordinates)
Pump = Pumpl - Laser

T = Function(Space)

del T = TestFunction(Space)

aT TrialFunction (Space)

q0 = Function(VectorSpace)

i=Index () # needed in version 2019.2.0
G = as_tensor(T.dx (i), (i))

GO = as_tensor (TO.dx (i), (i))

q = as_tensor(Dt/(Dt + tau_q) * (tau_q/Dtxq0[i] - kappax(1+
tau_T/Dt)*G[i] + kappax*tau_T/Dt*GO[i]) ,(i)) #left comma away at
end for 2019.2.0

Form = (c/Dt*(T-TO)*del_T - qlil*del_T.dx(i) - Pumpx*del_ T +
Pump*del _T* (0.15x(1+cos((T-Ta)*0.1))) ) * dv + (h*(T-Ta) +
emis*sigma*(T*x*4 - Ta*x4))x*del_Txda

Gain = derivative(Form, T, dT)

calc_time = 0

elapsed_time = 0

# read steady-state data set

f_in = XDMFFile("state_end.xdmf")
f_in.read_checkpoint (T, "Pump",0)
TO.assign (T)

file_T = File(f"P={Ppump}W_2wO={dia_pumpltum_frequency={f}
periods={periods}datapoints={datapoints}.pvd")
file T << (T,t)

t_series = np. arange (Dt,t_end,Dt)
size = np.size(t_series)

for t in t_series:

print ("step",size,"frequency",f, "minutes",(np.round ((
t_series.sizex*calc_time-elapsed_time)/60,1)))

size = size -1

st = time.time() #start time

Pumpl.Pmax = Ppump *(1 + O.l1*np.sin(txfrequency#*2*3.1415))

solve (Form==0, T, bc, J=Gain, solver_parameters={"
newton_solver":{"linear_solver": "mumps", "relative_tolerance":
1le-3 } },form_compiler_parameters={"cpp_optimize":True, "
representation": "uflacs", "quadrature_degree":2} )

file T << (T,t)
q0 = project (g, VectorSpace)
TO.assign (T)

et = time.time () #end time

calc_time = (calc_time +(et - st))/2 # moving average of
calculation time

elapsed_time = elapsed_time + calc_time



126
127
128

129

130

131

126 A.1. Source Code for FEniCS

N=22 #N=4 and 3,6,N for 1000, 10000, 100000, 1000000
freq_range = np.logspace(3, 6, N, endpoint=True)
print (freq_range)

for freq in freq_range:
calc_FEA(freq)

#write steady state:

f_out = XDMFFile("state_end.xdmf")

f_out.write_checkpoint(project(T, Space), "Pump", t, XDMFFile.
Encoding.HDF5, True) #see https://fenicsproject.discourse.group
/t/loading-xdmf -data-back-in/1925/4

f _out.close ()
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