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Abstract

Learning the causal relationships between random variables from observational data is
a fundamental problem that pervades all empirical sciences. A popular way to model
these relationships is through directed acyclic graphs (DAGs) and a central task in this
context is to learn such models from data. Achieving this objective is complicated by
the fact that there are classes of DAGs that are indistinguishable based on observations
alone, known as Markov equivalence classes (MECs).

This thesis tackles fundamental algorithmic problems on the subject of Markov equiv-
alence, in particular regarding the connection of the members of the MEC to its represen-
tation as completed partially directed acyclic graph (CPDAG), which is the output of causal
discovery algorithms such as PC or GES. The main result is the first polynomial-time al-
gorithm, which computes the size of the MEC for a given CPDAG. In turn, this also
enables uniform sampling of MEC members in polynomial-time and improves the time
complexity of further applications in causal discovery, regarding learning from interven-
tional data and estimating causal effects over MECs.

These results are based on the study of consistent extensions, which formally are acyclic
orientations of a partially directed graph that preserve its v-structures and which consti-
tute a basic graphical notion in causal models. We investigate these objects from an al-
gorithmic point-of-view, beginning with the problem of deciding whether a graph has
a consistent extension, for which we present an algorithm improving the state-of-the-art
and show its asymptotic optimality conditional on a fundamental complexity-theoretical
conjecture. Building on this, we derive the first linear-time delay algorithm for listing all
consistent extensions of a graph, a special case of this problem being the task of listing
all members of an MEC.

Finally, we extend our studies to more expressive causal models allowing for un-
observed confounding and selection bias, which are called maximal ancestral graphs
(MAGs). We provide a new criterion for Markov equivalence of MAGs, which leads to
an efficient algorithm for testing this relation improving upon previous work.






Zusammenfassung

Das Lernen der kausalen Zusammenhédnge in einem System von Zufallsvariablen aus
Beobachtungsdaten stellt ein fundamentales Problem in den empirischen Wissenschaften
dar. Eine klassische Methode ist es, diese Zusammenhédnge durch gerichtete azyklische
Graphen (DAGs) zu modellieren, wobei es eine zentrale Aufgabe ist solche Modelle von
Daten zu lernen. Letzteres wird dadurch erschwert, dass es Klassen von DAGs gibt, die
auf Basis von Beobachtungen im Allgemeinen nicht zu unterscheiden sind, bekannt als
Markov-Aquivalenzklassen (MECs).

Diese Arbeit befasst sich mit grundlegenden algorithmischen Problemen im Kon-
text der Markov—Aquivalenz, insbesondere in Bezug auf die Verbindung der Elemente
der MEC zu deren Reprasentation als completed partially directed acyclic graph (CPDAG),
welche das Resultat von Lernalgorithmen wie PC oder GES darstellt. Das Hauptergebnis
ist der erste Polynomialzeit-Algorithmus, der die Grofse der MEC fiir einen gegebenen
CPDAG berechnet. Dies ermdglicht wiederum das uniforme Ziehen von Elementen der
MEC in polynomieller Zeit und verbessert die Zeitkomplexitdt weiterer Anwendungen
in der Kausalitdtsanalyse, insbesondere beziiglich des Lernens auf Basis von Interven-
tionsdaten und der Schitzung kausaler Effekte.

Diese Ergebnisse basieren auf der Untersuchung von consistent extensions, welche for-
mal ausgedriickt azyklische Orientierungen eines teilweise gerichteten Graphen sind,
die seine v-structures erhalten, und ein grundlegendes graphtheoretisches Konzept in der
Kausalitdt darstellen. Wir untersuchen diese Objekte in einem allgemeinen Kontext, be-
ginnend mit dem Problem zu entscheiden, ob ein Graph eine consistent extension besitzt,
tiir das wir einen Algorithmus vorstellen, der bisherige Ansétze verbessert und dessen
asymptotische Optimalitdt wir auf Basis einer fundamentalen komplexitdtstheoretischen
Vermutung zeigen. Darauf aufbauend leiten wir einen Algorithmus mit linearem De-
lay ab, um alle consistent extensions eines Graphen aufzulisten. Ein Spezialfall dieses
Problems ist die Aufgabe, alle Elemente einer MEC aufzulisten.

Schliefslich weiten wir unsere Analyse auf ausdrucksstirkere kausale Modelle aus,
die unobserved confounding und selection bias zulassen und als maximal ancestral graphs
(MAGs) bezeichnet werden. Wir stellen ein neues Kriterium fiir die Markov-Aquivalenz
von MAGs vor, welches einen effizienten Algorithmus zum Testen dieser Relation
ermoglicht.
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Introduction

Graphical models are an important tool for probabilistic reasoning in high dimensions.
One of the most fundamental approaches is to use directed acyclic graphs (DAGs) for
representing probability distributions, which is the basis of Bayesian networks [Pearl, 1988,
Lauritzen, 1996]. These models also allow for an intuitive causal interpretation, with
directed edges x — y encoding that x is a direct cause of y, and are the central building
block for graphical causality [Pearl, 2009, Peters et al., 2017].

A DAG entails a set of conditional independencies, present in any distribution it can rep-
resent. Exploiting these independencies plays a crucial role in graphical models in gen-
eral and in Bayesian networks in particular, where it, for example, enables approaches
to learning the (causal) structure [Spirtes et al., 2000]. The notion of d-separation lies at
the core of such methods, which is a purely graphical characterization of the conditional
independencies implied by a DAG. Multiple DAGs may have the same d-separation re-
lations, meaning they represent the same set of conditional independencies, which is
known as Markov equivalence. This is a central obstacle in the task of identifying the causal
structure, i.e., the causal DAG underlying the data, as Markov equivalent DAGs cannot
be distinguished from observational data, at least based on the conditional independen-
cies therein. Hence, algorithms for learning DAGs, such as PC [Spirtes et al., 2000] and
GES [Chickering, 2002b], usually output a class of Markov equivalent DAGs instead of a
single one, which is encoded by a completed partially directed acyclic graph (CPDAG).

This representation is based on the seminal result by Verma and Pearl [1990] that
two Markov equivalent DAGs have the same skeleton, that is the graphs are identical
when ignoring edge directions, and the same v-structures, which are induced subgraphs
a— b <c. Consequently, all DAGs in a Markov equivalence class (MEC) share the same
adjacencies and v-structures, both of which are preserved in the CPDAG representation.
Generally, the CPDAG contains all directed edges which are fixed in the MEC (these can
go beyond edges in v-structures, see Chapter 2 for details), while having an undirected
edge a — b if both a — b and a < b appear in DAGs in the class. In this way, the CPDAG
is an efficient encoding of the class of DAGs, while also representing causal information
through its directed edges. An example of a CPDAG and its MEC is given in Figure 1.1.

The CPDAG representation for an MEC is unique and it is possible to reconstruct the
DAGs in the MEC by orienting the undirected edges in the CPDAG without creating a
cycle or a new v-structure. Graphs with these properties are known as consistent exten-
sions [Dor and Tarsi, 1992]. The duality between an MEC and its CPDAG representation
is a central topic in this thesis. We tackle fundamental graphical problems in this do-
main with the goal of providing efficient and practical algorithms for causal reasoning
under Markov equivalence (see Figure 1.2 for an overview, a more detailed introduction
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Figure 1.1: The Markov equivalence class represented by the CPDAG on the bottom right.
The class contains all DAGs with the same skeleton and v-structures. Examples of an
interventional CPDAG (iCPDAG) as well as an MPDAG and PDAG are displayed with
the represented subclass of the MEC, i.e., the DAGs that are consistent extensions. The
graph classes satisfy the inclusion relation CPDAG C iCPDAG C MPDAG C PDAG,
that is every CPDAG is also an iCPDAG and so on. iCPDAGs, MPDAGs and PDAGs
represent subclasses of MECs, the latter two are equivalent in their expressive power
(every subclass representable by a PDAG can be represented by an equivalent, but more
informative MPDAG, e.g., the two example graphs in the figure have the same consistent
extensions). Note that not every subclass of an MEC can be represented by a PDAG.

is given in the subsequent section). One example of such a task is to count the number
of DAGs in an MEC given its CPDAG, for which we present the first polynomial-time
algorithm.

CPDAGs have been generalized in multiple ways and we conduct our analysis un-
der these different model classes. First, in case of additional background knowledge, for
example from domain experts or due to time dependencies, it might be possible to deter-
mine further edge orientations. In this case as well, graphs with directed and undirected
edges but without a directed cycle are used to represent the causal knowledge. Generally,
we refer to such graphs as partially directed acyclic graphs (PDAGs). Another subclass of
PDAG:S, in addition to the class of CPDAGs discussed above, is known as maximally ori-
ented partially directed acyclic graphs (MPDAGs for short) and is of interest as it represents
maximally informative graphs under Markov equivalence in the presence of background
knowledge (see Figure 1.1 for an illustration). The computational problems for PDAGs
and MPDAGs are often harder compared to CPDAGs. For example, we show that, in
contrast to CPDAGs, computing the size of the corresponding class of DAGs is #P-hard
in these cases and thus intractable under standard complexity-theoretical assumptions.

Second, and closely related, edge orientations might be learned through means of
intervention (experimentation) and in this case interventional CPDAGs (iCPDAGs in Fig-
ure 1.1), more commonly known as interventional essential graphs, constitute the corre-
sponding model. These graphs have a specific structure, which often makes them more
tractable compared to MPDAGs and we show that, e.g., the counting task is possible to
solve in polynomial-time for these graphs, as is the case for CPDAGs.
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Figure 1.2: The CPDAG representation of an MEC is the starting point of our analysis as
it is output by common causal discovery algorithms such as PC [Spirtes et al., 2000] or
GES [Chickering, 2002b] in case of observational data. Basic reasoning tasks include find-
ing a DAG from the corresponding MEC, listing all such DAGs and counting the number
of them. The first task has a well-known solution for CPDAGs [Chickering, 2002a] dis-
cussed in Section 2.3 (for general PDAGs the matter is more intricate, see Chapter 3), the
other two tasks are tackled in Chapter 4 and 5. For the example presented here, there are
three DAGs in the MEC (shown under LIST) represented by the CPDAG on the bottom
left. Note that the orientation 4 — b < c introduces a new v-structures, thus implying
that the corresponding DAG is not part of the illustrated MEC.

Third, DAGs (and CPDAGSs) are unable to represent causal systems in case of un-
observed variables, which is a large obstacle to the practical usage of causal-structure-
learning algorithms. In this more general setting, maximal ancestral graphs (MAGs) are
used, which can, similarly to DAGs, be connected to conditional independencies, again
yielding the notion of Markov equivalence. The main drawback of using the MAG model
is its additional complexity compared to DAGs. We aim to decrease this complexity gap
in order to further facilitate practical usage of MAGs.

1.1 Main Research Questions and Results

The main topic of this thesis is to design efficient and practical algorithms as well as to
provide a complexity-theoretical classification of the most fundamental tasks concern-
ing Markov equivalence classes (or subclasses thereof) of DAGs. Formulated in general
terms, given a PDAG, or more restricted subclasses such as (interventional) CPDAGs or
MPDAGs, we study algorithmic questions regarding the corresponding classes of DAGs,
which are, in graphical terminology, known as consistent extensions [Dor and Tarsi, 1992].
Figure 1.2 gives a high-level overview for the special case of CPDAGs.

Generally, we speak of PDAGs, whenever we do not want to further restrict or spec-
ify the model class. Nonetheless, we will still classify the complexity for every relevant
graph class (e.g., CPDAGs, MPDAGs etc.) and note that certain problems (such as FIND-



Figure 1.3: Two examples of PDAGs without a con-
sistent extension. On the left, both orientations of
c —d yield a new v-structure. On the right, every
orientation without a v-structure is cyclic.
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ING described below) are intrinsically interesting and relevant for the class of PDAGs
itself. For a given PDAG G, we study the three following basic algorithmic problems:

* FINDING (or constructing) a consistent extension of G or deciding that none exists.
® LISTING (or generating or enumerating) all consistent extensions of G.
¢ COUNTING the number of consistent extensions of G.

These three categories are fundamental axes in the study of combinatorial algorithms
and complexity theory [Knuth, 2014]. As will (hopefully) become evident in this the-
sis, PDAGs and their consistent extensions make for a rich and interesting object from
the complexity-theoretical and algorithmic point-of-view. FINDING is closest to the deci-
sion problems which underlie classes such as P and NP (however, all finding problems
considered in this thesis are in P and our focus lies in studying and improving the asymp-
totic as well as the practical time complexity). The complexity of COUNTING is another
well-studied branch in combinatorial algorithms and complexity theory. It has deep con-
nections to uniform sampling, which we explore in Chapter 6. Finally, there is a large
literature on LISTING algorithms, whose complexity is commonly measured according to
their delay, that is the time between two successive outputs.

FINDING a consistent extension of a CPDAG, as well as an interventional CPDAG,
is well-known to be solvable in linear-time in the size of the graph [Chickering, 2002a,
Hauser and Bithlmann, 2012], which is asymptotically optimal. Our contributions for this
task lie in the case of MPDAGs and general PDAGs. In the former, we show that it is, as
for CPDAGsS, possible to compute a consistent extension in linear-time. In the latter, the
FINDING problem (or more precisely the decision problem whether a PDAG has a consis-
tent extension) is classically part of the question whether give observational data admit
a causal explanation. Verma and Pearl [1992] present an algorithm which first constructs
a PDAG based on conditional independencies in the data. In the last step, it is checked
whether the PDAG represents a non-empty set of DAGs, i.e., whether it has a consistent
extension. Figure 1.3 shows examples where this is not the case. These concepts were fur-
ther developed in constraint-based causal discovery, where PDAGs play a central role.
The problem of finding a consistent extension of a PDAG or deciding that none exists,
can be solved by a simple algorithm due to Dor and Tarsi [1992] in time! O(n*). How-
ever, the question remained whether faster algorithms can be constructed, for example
achieving linear-time as for CPDAGs. Our main contribution lies in showing, on the one
hand, that there is an O(n®) algorithm for computing a consistent extension of a general
PDAG and, on the other hand, that under certain complexity-theoretical assumptions, it
is not possible to solve this problem in linear-time.

Theorem 1.1. Let G be a PDAG. There is an algorithm that decides whether G is extendable in
expected time O(dm). If G is extendable, a consistent extension can be computed within the same
time bound. Here, d is the degeneracy of the skeleton of G.

IThroughout this thesis, particularly when stating the time complexity of an algorithm, 1 and m denote
the number of vertices and edges of the input graph.



Degeneracy formalizes the notion of sparsity and, for example, planar or constant-
treewidth graphs have constant degeneracy. The lower bound below relies on the Strong
Triangle Conjecture, formally introduced in Chapter 3, which postulates a lower bound
on the complexity of finding three pairwise connected vertices in an undirected graph, a
deeply studied algorithmic problem.

Theorem 1.2. For any ¢ > 0, deciding whether a PDAG has a consistent extension in time
O(n®¢) by a combinatorial or in time O(n“~¢) by an algebraic algorithm would violate the
Strong Triangle Conjecture.

Here, w < 2.3716 denotes the matrix multiplication exponent, i.e., the smallest real
number such that matrix multiplication can be performed in time O(n“). Combinatorial
algorithms refer to ones, which do not rely on fast matrix multiplication. The distinction
between combinatorial and algebraic algorithms is made because the latter are often not
practical despite the better asymptotic bounds.

Using reductions to give conditional lower bounds makes it possible to connect
graphical problems from causality to classical algorithmic problems. This connec-
tion provided a fruitful ground as it moreover yields that the recognition problem for
MPDAG is not linear-time solvable under the same complexity-theoretical assumption.

The lower bounds also extend to the problem of computing the maximal orientation of
a PDAG, which is the corresponding MPDAG that represents the same class of DAGs. It
has the property that it is its maximally informative representation, i.e., it has the largest
number of directed edges of all graphs with the same consistent extensions as the given
PDAG. Maximally orienting a PDAG is a fundamental primitive in causal discovery,
occurring most prominently in the final step of the PC algorithm, but also in other algo-
rithms especially in the context of active learning of DAGs [He and Geng, 2008, Hauser
and Biihlmann, 2012]. Relying on and generalizing an idea given by Chickering [1995],
we show that the algorithms for extending a PDAG can also be used to compute a maxi-
mal orientation of a PDAG. Hence, utilizing the O(n®) PDAG extension algorithm makes
it possible to solve these problems in time O(n%) as well, which is significantly faster than
classical approaches as later verified experimentally by Luttermann et al. [2023].

The LISTING problem certainly constitutes one of the most fundamental operations
when dealing with Markov equivalence classes. Almost every basic reasoning task over
MECs can be solved by considering all its members one-by-one, examples being counting
the size of an MEC or sampling from it, and it is a building block of many causal inference
and discovery software packages such as pcalg [Kalisch et al., 2012], causaldag [Squires,
2018], TETRAD [Ramsey et al., 2018] and dagitty [Textor et al., 2016]. The main drawback
is the potential infeasibility of such an approach with an MEC having worst-case expo-
nentially many members in the size of the CPDAG. This often necessitates specialized,
more efficient algorithms not relying on enumeration, e.g., as we provide for the men-
tioned problems of counting and sampling in this work. Still, there might be cases where
it is not possible or desirable to avoid a full enumeration of the MEC. For such cases, it is
our aim to derive an enumeration algorithm, which is as fast as possible.

Despite its fundamentality, the problem has not been addressed in depth from the al-
gorithmic point-of-view before. Enumeration approaches following from seminal results
regarding the structure of Markov equivalence by Meek [1995] and Chickering [1995] are
commonly used in practice. We approach the problem in a more direct way to signifi-
cantly improve the state-of-the-art time complexity. For enumeration tasks, it is usually

21t can be shown that the task of moralizing a DAG, another fundamental task in probabilistic and causal
reasoning, entails a similar hardness, proving common complexity analyses wrong [Wienobst, 2023].



measured in terms of the delay, that is the time between two successive outputs. We give
the first algorithm obtaining linear-time delay.

Theorem 1.3. Let G be a CPDAG. There exists an algorithm which enumerates the members of
the represented MEEC with worst-case delay O(n + m).

In case every listed graph is output separately, the run-time is asymptotically opti-
mal.® We also generalize this result to PDAGs and show that their consistent extensions
can be listed with linear-time delay as well, after an O(n?) initialization step. Moreover,
we give structural results showing that a Markov equivalence class can be enumerated
in sequence such that two successive DAGs have distance at most three.

The task of COUNTING the number of DAGs in an MEC plays a central role in this
thesis. This fundamental problem has a rich algorithmic history and it attracted many
research groups because the basic question was unanswered whether it is possible to
solve it in polynomial time in the size of the CPDAG [He et al., 2015, Talvitie and Koivisto,
2019, Ganian et al., 2020, 2022, AhmadiTeshnizi et al., 2020]. In the stated line of work, the
algorithmic results were iteratively improved, however, in the worst-case, still amounted
to exponential-time. In this thesis, we provide a positive answer to the above question
by giving the first polynomial-time algorithm for this problem.

Table 1.1 contains an overview over all algorithmic results regarding consistent exten-
sions and, in particular, shows these successive improvements culminating in the stated
polynomial-time algorithm, which we name Cligue-Picking:

Theorem 1.4. Let G be a CPDAG. There exists an algorithm computing the size of the repre-
sented Markov equivalence class in time O(n*).

In contrast, we show that counting the number of consistent extensions for general
PDAG:s is intractable in the sense that it is hard for the complexity class #P, which among
other things means that a polynomial-time algorithm for this problem would imply that P
equals NP. We still propose a generalization of the Clique-Picking approach to PDAGs by
linking it to the task of counting the number of topological orderings of a DAG. While this
algorithm exhibits worst-case exponential-time complexity, it is fast in many practical
cases, in particular if the PDAG is sparse, respectively has small cliques. Independently,
Sharma [2023] also build on Clique-Picking to tackle the general problem for PDAGs,
studying its parameterized complexity [Downey and Fellows, 2012] and bounding the
run-time with regard to a parameter again connected to the cliques of the graph.

From Theorem 1.4, it additionally follows that uniformly sampling a member from an
MEC is also possible in polynomial-time, more precisely in linear-time O(n + m) after
initial preprocessing of time O(n*) (essentially amounting to performing the counting
algorithm once). This, and further applications are discussed in Chapter 6, with the basic
insight being that counting consistent extensions, while being hard for general PDAGs,
is polynomial-time solvable for interventional CPDAGs. Hence, counting tasks in causal
discovery from interventional data can be efficiently solved using the methods presented
in this work as well. The relevance of these counting problems lies mainly in the field
of designing experiments, also known as active learning [He and Geng, 2008, Hauser
and Biithlmann, 2014], where it is a central goal to choose an intervention target which
leads to the largest uncertainty reduction, respectively information gain (in worst-case
or average-case), formalized through the number of DAGs explaining the given data.

3When modifying the graph in-place, faster delay is possible and sub-linear delay algorithms are an
active area of research. It is an interesting open question whether such algorithms can be derived for the
problem at hand.



Table 1.1: Results of this thesis put into the context of related work. This table includes
the FINDING, LISTING and COUNTING problem for consistent extensions of PDAGs,
MPDAGs and CPDAGs. As every MPDAG is a PDAG and every CPDAG is an MPDAG,
every upper bound transfers and we hence omit repeating results, e.g. O(n + m) de-
lay enumeration without additional initialization follows for CPDAGs from the row for
MPDAGs. Moreover, every result for CPDAGs also holds for interventional CPDAGs.
Regarding notation, n indicates the number of vertices, m the number of edges, A the
maximum degree, k the clique-knowledge (see Sharma [2023]), t the treewidth of the
graph and TO(n) the time complexity of computing the number of topological orienta-
tions of an n-vertex DAG (this problem is #P-hard).

Model Complexity Result Reference
PDAG O(n m) alg. Verma and Pearl [1992]
) O(n*) alg. Dor and Tarsi [1992] °
Z O(n®) alg. Theorem 1.1 =
% Q(n®) conditional lower bound Theorem 1.2 %
= MPDAG O(n+m)alg. Theorem 3.27 3
CPDAG O(n+ m) alg. Chickering [2002a]
» PDAG O(m-n?) delay alg. Meek [1995] ~
Z O(m?®) delay alg. (exp. space) Chickering [1995] =
o O(n + m) delay alg., O(n?) init. Theorem 4.16 =
= MPDAG O(n + m) delay alg., no init. Theorem 1.3 3
PDAG O(n®*2) alg. Ghassami et al. [2019]
Proof of #P-hardness Theorem 6.9
) O(n*-TO(n)) alg. Theorem 6.12 6
Z O(n* - k!k?) alg. Sharma [2023] &
E CPDAG O(n!) alg Meek [1995], He et al. [2015] &
2 O(2" - n*) and O(t12!#?n) alg. Talvitie and Koivisto [2019] é
v O(2" - n*) alg. Ganian et al. [2020, 2022] v
O(2"+A(nA + A?)) alg. AhmadiTeshnizi et al. [2020]
O(n*) alg. Theorem 1.4

Another observation is that interventional CPDAGs also play a role in estimating causal
effects with regard to an MEC as was proposed by Maathuis et al. [2009]. In particular,
every possible causal effect in an MEC corresponds to causal graphs represented by an
interventional CPDAG, which enables efficiently counting the number of these DAGs
and consequently weighting the causal effects in this way.

Finally, we extend our analysis of Markov equivalence to a more general class of
graphs, namely maximal ancestral graphs (MAGs). Those graphs can express marginal-
ized causal models, thus allowing for (implicit) latent variables as well as selection bias,
which are both settings DAGs are unable to handle in the context of causal discovery.
The additional expressivity of the MAG model, however, entails further complexity. In
particular, Markov equivalence of MAGs is significantly less-well understood compared
to DAGs. We initiate the study of decreasing this complexity gap between MAGs and
DAGs. Our treatment of this topic is merely a starting point as we only deal with the
task of deciding whether two MAGs are Markov equivalent, a problem which is almost
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trivial for DAGs. We improve the time complexity of checking Markov equivalence of
MAGs from O(n”) to O(n®) by providing a simplified graphical criterion:

Theorem 1.5 (Constructive-SRC). Let Gy and Gy be MAGs. They are Markov equivalent if,
and only if,

1. Gy and Gy have the same adjacencies,
2. Gy and Gy have the same unshielded colliders, and

3. for all edges b<>y € Gy such that there is a discriminating path from a vertex x to y for b,
it holds b— y & Gy and vice versa.

1.2 Organization

This thesis contains further results beyond the central themes introduced above. Those
will be put into context in the individual chapters, which contain individual introduc-
tions. Chapters 3 to 7 loosely correspond to the following first-author publications:

Chapter 3 [Wienobst et al., 2021a] Marcel Wientbst, Max Bannach, Maciej Liskiewicz:
Extendability of Causal Graphical Models: Algorithms and Computational Com-
plexity. In Proceedings of the 37th Conference in Uncertainty in Artificial Intelli-
gence (UAI 2021). Best Student Paper Award.

Chapter 4 [Wienobst et al., 2023] Marcel Wientbst, Malte Luttermann, Max Bannach and
Maciej Liskiewicz: Efficient Enumeration of Markov Equivalent DAGs. In Proceed-
ings of the 37th AAAI Conference on Artificial Intelligence (AAAI 2023).

Chapter 5 [Wienobst et al.,, 2021b] Marcel Wienobst, Max Bannach and Maciej
Liskiewicz: Polynomial-Time Algorithms for Counting and Sampling Markov
Equivalent DAGs. In Proceedings of the 35th AAAI Conference on Artificial In-
telligence (AAAI 2021). Distinguished Paper Award.

Chapter 6 [Wienobst et al., 2023] Marcel Wienobst, Max Bannach and Maciej Liskiewicz:
Polynomial-Time Algorithms for Counting and Sampling Markov Equivalent
DAGs with Applications. In Journal of Machine Learning Research (JMLR)
24(213):1-45, 2023.*

Chapter 7 [Wienobst et al., 2022] Marcel Wienobst, Max Bannach and Maciej Liskiewicz:
A New Constructive Criterion for Markov Equivalence of MAGs. In Proceedings of
the Thirty-Eighth Conference on Uncertainty in Artificial Intelligence (UAI 2022).
Best Student Paper Award.

The chapters are modified significantly compared to the original publications, mostly
focusing on improving the presentation. This thesis is meant to be read as a monograph
instead of five individual papers. Therefore, Chapter 2 contains general notation and
well-known results relevant to multiple chapters. Chapter 8 concludes this thesis by
summarizing the main contributions and discussing further open problems.

4This paper is an extended version of Wienobst et al. [2021b], which is the basis of Chapter 5. Chapter 6
contains the additional parts in Wiendbst et al. [2023].



11

1.3 Acknowledgements

This thesis would not have been possible without the continual support from Maciej
Liskiewicz. Thank you, Maciej, for introducing me to causality research, for your guid-
ance and advice, for letting me take my own path, while reminding of what’s important,
and for always sharing my enthusiasm and still keeping a critical eye at the same time.

I am grateful to all my co-authors and colleagues, for making the last four years so
enjoyable. I learned a lot from all of you. In particular, I would like to thank Riidiger
Reischuk and Till Tantau for their trust and support, Max Bannach for all the enjoyable
research we did together and Florian Chudigiewitsch for many inspiring discussions.

Finally, I would like to thank my family and friends for their love and support: Car-
men, Carlo, Mark and Paula for always being there for me, and Clara for giving my life
another dimension and everything else.






Preliminaries

In this chapter, we provide the notation used throughout this thesis and state funda-
mental results, which we rely on in other parts of this work. We start by defining basic
graphical concepts. Then, we connect graphs to probabilities through Bayesian networks
and introduce Markov equivalence in a formal way together with its graphical character-
ization. We conclude by recalling a linear-time algorithm for the problem of computing
a member of a Markov equivalence class given its CPDAG [Chickering, 2002a].

All results in this chapter are known in the literature. We give references when appro-
priate, while taking the liberty to restate proofs in case they provide valuable insights.

2.1 Graphs and Basic Notation

We consider different types of graphs. Our standard model G = (V, E, A) contains a set
V of vertices, a set E of undirected edges x — y, a set A of directed edges x — y (also called
arcs) and is referred to as partially directed graph. However, we often just write graph in
this standard case. As special cases, we have undirected graphs (A = @) or directed graphs
(E = @) and here we sometimes write G = (V,E) instead of G = (V,E,®) and G =
(V,A) instead of G = (V,Q, A). In Chapter 7, we additionally include bidirected edges
into our model, denoted by x <>y and given by a set B, yielding models G = (V, E, A, B)
and G = (V, A, B). For all graphs, we demand that there is at most a single edge between
any pair x, y of vertices and no self-loops, i.e., edges which connect a vertex to itself.

If there is an edge between vertices x and y (no matter which type), they are called
neighbors or adjacent, denoted x ~ y. We write x ~g y when explicitly referring to graph
G in this and analogous settings. In case of the edge x — y, vertex x is a parent of y and y is
a child of x. Vertex x and y are siblings in case of edge x <>y, while we will simply speak of
undirected neighbors in case of x — y. A path is a sequence of distinct vertices vy, vy,...,vp
such that v; and v; ;1 are adjacent for i € {1,2,...,p —1}. A path is called directed (or
causal) if all edges are directed v; — v;;. In case there is a directed path from x to y, then
x is called an ancestor of y and y a descendant of x. Vertices are descendants and ancestors
of themselves, but not parents/children. The sets of neighbors, undirected neighbors,
parents, children, siblings, ancestors, and descendants of a vertex v are denoted by Ne(v),
Un(v), Pa(v), Ch(v), Si(v), An(v), and De(v), and they generalize to sets as exemplified
for neighbors: Ne(S) = Uscs Ne(s). We denote the degree, that is the number of neighbors,
of vertex v by A(v) and more specifically the number of parents, children and undirected
neighbors by 6~ (v), 67 (v) and é(v). The degree A of a graph is given by max,cy A(v).
Vertex v; (for 1 < i < p) on path vy,0y,...,v, is called a collider if it is connected to its
predecessor and successor as v;_1 — v; < 0;41, else it is called a non-collider. A cycle is a
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sequence of vertices v, v, ..., v, such that (i) v; = vy, (ii) v1,02,...,0, are distinct, (iii)
p > 2 and (iv) v; and v;; are adjacent fori = 1,2,...p — 1. A cycle is directed if v; — v; 11
fori =1,2,...p—1. Directed acyclic graphs (DAGs) are directed graphs without a directed
cycle.

The skeleton of graph G = (V,Eg, Ag), denoted skel(G), is the undirected graph
S = (V,Es, @) with Eg = {{u,v} | u ~g v}. The undirected subgraph of graph G, de-
noted by U(G), is defined as (V, Eg), i.e., it is the graph obtained by discarding the di-
rected edges. Directed graph D = (V,Q, Ap) is an orientation of graph G = (V, Eg, Ag)
if (i) skel(D) = skel(G) and (ii) Ac € Ap. We denote sequences, e.g. of vertices, as
(v1,v2,...,v,). The concatenation of sequences T and 7 is given by 7 + 7. Every se-
quence induces a linear ordering over its elements, namely the one where a4 is lesser than
b if, and only if, it comes before b in the sequence. We often use the terms sequence
and linear ordering interchangeably. We also consider partial orders < where only certain
pairs of elements a2 and b are ordered (@ < b or b = a) such that the order is reflexive,
antisymmetric and transitive. Given a linear ordering 7 of the vertices of G, we denote
the operation of orienting each edge 4 — b in G according to 7, that is a — b if a comes
before b in 7, as G[t]. Every DAG D has a linear ordering 7 such that skel(D)[t]| equals D
itself and it is called a topological ordering. The induced subgraph of G, for a set S of ver-
tices, has vertex set S and contains all edges from G which have both endpoints in S. It is
denoted by G[S]. A connected component of an undirected graph is a maximal induced
subgraph such that all pairs of vertices are pairwise connected by a path. The set of con-
nected components of G are denoted by C(G) and refers to maximal subgraphs pairwise
connected by undirected edges. A set of vertices is a clique if they are pairwise adjacent.!
It is a maximal clique if no proper superset is also a clique. If there exist vertices u and
v such that vertex set S separates u and v (that is every path between u and v intersects
S) and no proper subset of S separates u and v, then S is called a minimal separator. The
set of maximal cliques of a graph G is denoted IT(G) and the set of minimal separators
Y (G). Note that there may exist minimal separators S and S’ in G such that S C §'. A
triple (a, b, ¢) of vertices in graph G is a v-structure if a— b <—c, with a 4 b, in G. The set
of v-structures of G is denoted by vs(G). If vs(G) = @, then G is called moral.

Undirected graphs are chordal if every cycle of length > 4 contains a chord, that is an
edge between two vertices of the cycle, which is not part of the cycle. Chordal graphs
can also be characterized as the graphs that have perfect elimination orderings (PEOs).
A perfect elimination ordering? is a linear ordering T of the vertices of graph G such that,
for every vertex v, the neighbors of v coming before it in T form a clique in G.

Chordal graphs can be represented by a clique-tree. A rooted cligue tree of a connected
chordal graph G = (V, Eg) is a tree TR = (T1(G), E) where R € TI(G) is the root of
the tree and, for any v € V; and the set of cliques IT°(G) = {K € II(G) | v € K}, the
induced subgraph TR[IT°(G)] is connected. It is well-known that (i) every chordal graph
has a rooted clique tree TR that can be computed in linear time, and (ii) aset S C Vs is a
minimal separator if, and only if, there are two adjacent cliques K, K’ € I1(G) in TR with
KNK' = S [Blair and Peyton, 1993].

Note that we define connected components as subgraphs and cliques as subsets of vertices. This sim-
plifies the notation particularly in Chapter 5.

2PEOs are commonly defined such that the neighbors of v coming after it in the ordering should be a
clique. The definition in the main text is more convenient for our purposes and conceptually equivalent.
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2.2 Bayesian Networks and Markov Equivalence

We denote random variables by capital letters, such as X, and the values they take on
by lowercase letters, such as x. We write IP(x) as shorthand for P(X = x). Moreover,
(X ALY | Zy,...,Zk)p states that X and Y are conditionally independent given variables
Zi,...,Z and, conversely, (X LY | Zi,...,Z)p that they are conditionally dependent
with respect to probability distribution IP.

In Bayesian networks, DAGs are used to represent multivariate probability distribu-
tions. More precisely, a Bayesian network consists of a DAG G = (V, A) a set of random
variables { X, | v € V'} and conditional probability distributions IP(xy|xp,(,)) With Xp, ()
denoting the set of random variables associated with the parents of v in G and xp,(,) their
values. It encodes the joint distribution

n

P(x1,..., %) = [ [P(xi | Xpa(o))-
i=1

A probability distribution I?, which factors in this way with regard to a DAG G, is called
Markovian to G. Conditional independence lies at the core of Bayesian networks. Graph-
ically, it is captured by d-separation:

Definition 2.1 (d-separation). Let G = (V, A) bea DAG, a,b € Vand C C V' \ {a,b}. Then,
a is said to be d-separated from b given C in G if every path 1t between a and b contains a vertex
p such that

1. p € Cand p is a non-collider on 7 or
2. De(p) N C = @ and p is a collider on 7.

In this case, we write (a 1L b | C)g, else we say a and b are d-connected, which is denoted by

(adb]|Cg.
The justification for this definition is the following result.

Theorem 2.2 (Pearl [1988], Lauritzen and Wermuth [1989]). Let G = (V, A) be a DAG and
IP be a joint probability distribution over random variables { X, | v € V'}, which is Markovian to
G. Then, it holds for vertices a, b and a disjoint set of vertices C that

([Z_U_b | C)G — (XuJ_LXb ’ Xc)]p.

Notably, the reverse direction does not hold generally, but there exist probability dis-
tributions for which it does (those are called faithful). The faithfulness assumption is central
in recovering the structure of a Bayesian network as it asserts that the conditional in-
dependencies in the data are identical to the d-separation relations in the underlying
DAG. These observational quantities, however, are not sufficient for uniquely identify-
ing this DAG, which is the goal in causal discovery. E.g., the following DAGs entail the
same d-separation relations and hence imply the same set of conditional independen-
cies: a—b—c,a < b <cand a < b— c. This is formalized and generalized through the
notion of Markov equivalence.

Definition 2.3 (Markov equivalence). DAGs G = (V, E;) and G, = (V, Ey) are Markov
equivalent if for all a,b € V and C C Vit holds that (a 1L b | C)g, <= (a 1L b | C)g,.
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This definition is constructive in the sense that, algorithmically, the Markov equiv-
alence of two DAGs can naively be decided by checking every possible independence
statement using the d-separation criterion. However, there is a more concise and elegant
graphical characterization:

Theorem 2.4 (Verma and Pearl [1990], Frydenberg [1990]). Let G1, G2 be two DAGs. Then,
G1 and Gy are Markov equivalent if, and only if,

1. skel(Gy) = skel(Gy),
2. VS(Gl) = VS(Gz).

Clearly, Markov equivalence is an equivalence relation and thus partitions the space
of DAGs into Markov equivalence classes (MECs):

Definition 2.5 (Markov equivalence class). Let D be a DAG. Then, the Markov equivalence
class of D, denoted [D] consists of all DAGs D’ such that D' is Markov equivalent to D.

Due to (1.), all DAGs in [D] have the same skeleton, only the orientation of edges can
differ. From (2.), it follows that, in case there is at least one v-structure, the DAGs in an
MEC have some fixed directed edges. The graphical representation of a class of DAGs
exploits these two facts. We introduce it here in a more general form:

Definition 2.6 (PDAG representation). The PDAG representation of a set of DAGs C =
{Dy, Dy, ...} with the same vertex set V is denoted pdag(C) and given by graph G = (V,E, A
with

E = {a —b| there exist D;, D; € C such thata—b € E;and a <b € E;},
A ={a—"0| forall D; € C it holds that a — b € E;}.

Definition 2.7 (CPDAG). Let C be a Markov equivalence class of DAGs. Then, the PDAG rep-
resentation G = pdag(C) is called completed partially directed graph (CPDAG) or essential
graph. The MEC represented by CPDAG G is denoted by [G].

From Theorem 2.4, we directly obtain a precise link between CPDAG G and MEC [G].

Corollary 2.8 (of Theorem 2.4). Let G be a CPDAG. Then, DAG D is in [G] iff skel(G) =
skel(D) and vs(G) = vs(D).

Proof. Assume D is in [G]. Then, it has the same skeleton and v-structures as any DAG
D’ in [G] by Theorem 2.4. By Definition 2.7, G consequently has the same skeleton and
the same v-structures as D.

Conversely, assume that DAG D has the same skeleton and v-structures as G. Let
D’ be any DAG from [G]|. Then, by the first part of the proof, D’ has the same skeleton
and v-structures as G and, by transitivity, of D. Hence, by Theorem 2.4, D is Markov
equivalent to D’ and thus also in [G]. O

This immediately yields the following obvious statement.

Lemma 2.9. Let G = (V,Eg, Ag) be a CPDAG and D = (V,Q, Ap) a DAG in [G]. Then,
Ac C Ap.

Proof. Assume, for the sake of contradiction, there exists an edge a— b in Ag, which
is not in Ap. As skel(G) = skel(D) by Corollary 2.8, it would follow that a < b is in
Ap. But then, by Definition 2.7, a — b in Eg and hence not a — b in A¢ violating the
assumption. O
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To conclude this section let us state the following fundamental lemma about the local
structure of CPDAGs.

Lemma 2.10 (Andersson et al. [1997], Meek [1995], Chickering [1995]). Let G be a CPDAG.
Then, it does not contain the induced subgraphs (i) a — p—c, (ii) a ib\— c,
(iii) a~—> p—c and (iv) a — ph —> C.

Proof sketch. For (i), the statement follows because DAGs witha—b—cand a— b <c
are in different MECs. Hence, the undirected edge b — ¢ cannot occur in a CPDAG by

definition. For (iii), we have that a —/>;> ¢ cannot occur in a DAG, which by the
same argument as above means a — ¢ cannot be in a CPDAG. For (iv), observe that it
would imply the directed cycle to be in every DAG in [G] by Lemma 2.9, which would
violate acyclicity and hence the fact that [G] is non-empty. The remaining case (ii) needs
more technical effort, we therefore omit it here. For a proof, see Lemma 3 in [Chickering,
1995], Lemma 1 in [Meek, 1995], respectively the proofs in [Andersson et al., 1997]. [

There are other induced subgraphs CPDAGs cannot contain. However, as these are
not necessary for the arguments in this chapter, we defer a discussion to Chapter 3.

2.3 Consistent Extensions of CPDAGs

As the conclusion of this chapter, we formally introduce one of the central combinatorial
objects in this thesis: consistent extensions.> Definition 2.7 states how the CPDAG repre-
sentation can be obtained given an MEC. The reverse operation, however, is more com-
monplace, that is to move from the CPDAG representation to the corresponding MEC
of DAGs (or some properties of it), given that the CPDAG is directly learned from data
through algorithms such as PC and GES [Spirtes et al., 2000, Chickering, 2002b], and not
explicitly the full class of DAGs, which would be a more inconvenient representation.
The basic tasks in this domain have been introduced in Chapter 1 (see e.g. Figure 1.2 for
an overview). In this section we discuss the problem of finding a DAG in the MEC repre-
sented by a CPDAG G, which can be solved in linear time [Chickering, 2002a]. For this,
we first derive well-known characterizations of the DAGs in the MEC represented by a
given CPDAG based on Corollary 2.8 above. We will rely on these results throughout
this thesis.

Definition 2.11 (Consistent Extension). Let G be a graph. Then, directed graph D is called a
consistent extension of G if

1. D is an orientation of G,

2. Dis acyclic and

3. D has the same v-structures as G, i.e. vs(G) = vs(D).
Building on Corollary 2.8, we have that:

Lemma 2.12. Let G = (V,Eg, Ag) be a CPDAG. Then, directed graph D = (V,D, Ap) is in
[G] iff it is a consistent extension of G.

3In this section, we only focus on consistent extensions of CPDAGs. The general case for PDAGs is
investigated in the subsequent chapter. Notably, several of the useful properties of consistent extensions of
CPDAGs do not hold for PDAGs in general, providing new challenges.
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Proof. Assume D is a consistent extension of G. By Definition 2.11, it is (1.) an orientation
of G and (2.) acyclic. Hence, it is a DAG with the same skeleton as G. Moreover, (3.)
ensures that it has the same v-structures as G, which implies by Corollary 2.8 that D is in
[G].

Conversely, assume D is in [G]. Then, it is a DAG, thus satisfying condition (2.) in
the definition of a consistent extension. By Corollary 2.8, vs(G) = vs(D) implies (3.) and
skel(G) = skel(D) together with Lemma 2.9 implies (1.). O

While consistent extensions are defined for any PDAG G, we only consider the case
that G is a CPDAG in this section. The general case, which entails additional challenges,
is discussed in Chapter 3. In the remainder of this section, we discuss the algorithmic
properties of the task of finding a consistent extension of a CPDAG.

Problem 2.13. FIND-CPDAG-EXT

Instance: A CPDAG G = (V,E, A).
Result: A consistent extension of G.

This problem is well-studied and can be solved in linear-time in the size of the input
graph [Chickering, 2002a, Hauser and Biihlmann, 2012]. The key towards this result lies
in the following properties of the undirected subgraph U(G) of a CPDAG G.

Lemma 2.14. Let G be a CPDAG. If a and b are connected by an undirected path in G, then G
does not contain a — b.

Proof. Assume there exists a— b witha — p; —--- — py — b for k > 1 in G and assume
this is a pair with a shortest such path. Then, k = 1 would imply the subgraph (ii) in
Lemma 2.10, which does not occur in a CPDAG. For k > 1, we have a— b — p;. To
avoid induced subgraph (i) of Lemma 2.10, a and pi need to be adjacent. a — p, would
immediately imply a shorter path and an arc a — py or a < p; would imply a shorter
path for pair a, py. O

Proposition 2.15 (Andersson et al. [1997], Meek [1995], He and Geng [2008]). Let G =
(V,E, Ag) be a CPDAG and U(G) = (V,E,Q) its undirected subgraph. It holds that C
(V,@, Ac) is a consistent extension of U(G) iff D = (V,D, Ag U Ac) is in [G].

Proof. For the first direction, consider C = (V,Ac) and assume it is not a consistent
extension of U(G), even though D = (V,®, Ag U Ac) is in [G]. Clearly, skel(C) = U(G)
holds (else D and G do not have the same skeleton violating Corollary 2.8). Hence, C
contains a v-structure 2 — b <— ¢ not in U(G). Then, D also contains this v-structure, as
there is no arc between a and ¢ by Lemma 2.14. However, this v-structure is not in G
implying that D is no consistent extension.

For the second direction, let C be a consistent extension of U(G). It is immediate that
(1.) D is an orientation of G. It remains to show that (2.) it is acyclic and (3.) that it has
the same v-structures as G. We prove (3.) by contradiction. As clearly every v-structure
in G is also in D, assume a new v-structure a4 — b <—c in D, which is not in G. Then, G
contained either a — b — c or a — b — c as induced subgraph, w.l.o.g., as D and G have the
same skeleton by construction and Ag € Ap = Ag U Ac. By Lemma 2.10 (i), a—b —c
cannot occur as induced subgraph in a CPDAG, whereas the induced subgrapha —b — ¢
in G (and hence in U(G)) would violate the assumption that C is a consistent extension
of U(G) as vs(C) # vs(U(G)).

For the acyclicity (2.), assume there is a directed cycle in D and consider the shortest
one c; —C2...cp — ¢1. Graph G itself does not contain a directed cycle, so there has
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to be some ¢; — ¢;41 in G with ¢;_1 — ¢; (if this edge would not exist, the whole cycle
would be undirected in G, contradicting the fact that C is acyclic by the definition of a
consistent extension). We need to have an edge between c;_; and c;y; for p > 4, as by
Lemma 2.10 (i) ¢;—1 — ¢; — ¢j+1 does not occur as induced subgraph in a CPDAG. This
edge is either oriented c;_1 — c;y1 or ¢;_1 <c;41 in D. Both cases imply a shorter cycle
and, thus, a contradiction. If the cycle has length three, i.e. p = 3, we simply distinguish
four cases: If all edges in the cycle are directed in G or if one or two edges of the cycle are
undirected, G is not a CPDAG by Lemma 2.10 (ii)-(iv). If all three edges are undirected,
the acyclicity of C implies they do not form a cycle. O

Hence, for the task of constructing a consistent extension of a CPDAG G it suffices
to compute a consistent extension of its undirected subgraph.* The directed edges in
the CPDAG can be ignored in this process. As the consistent extensions of undirected
graphs play such a central role, they are distinguished by their own terminology, which
is justified by the following straightforward observation:

Lemma 2.16. Let G be an undirected graph. Directed graph D is a consistent extension of G iff
it is an acyclic moral orientation of G.

Proof. Condition (1.) and (2.) of the definition of a consistent extension state it to be
an acyclic orientation. Condition (3.) coincides with morality as the latter demands that
vs(D) = @ and, for G undirected, it holds that vs(G) = @ in G and every consistent
extension of it. O

We use AMO as shorthand for acyclic moral orientation and write AMO(G) for the
set of AMOs of an undirected graph G. We will, throughout this work, prefer the term
AMO over consistent extension for undirected graphs G, highlighting its morality (or v-
structure freeness), even though there is no difference between those two notions in this
case as certified by Lemma 2.16.

AMOs can be connected to PEOs as follows:

Lemma 2.17. Let G be an undirected graph, T a linear ordering of the vertices of G and D =
G[t]. Then, D is an AMO of G iff T is a PEO.

Proof. Let T be an PEO of G. We show that D is an AMO. It is obvious that it is an
orientation of G and that it is acyclic. Assume there is a v-structure a— b «<—cin D. Then,
a and ¢ come before b in T but are non-adjacent, violating the assumption that 7 is a PEO.

Let D be an AMO. As there is no v-structure in D, it holds for every vertex v that every
pair of parents p; and p; of v is adjacent. The parents of v are the neighbors coming before
it in T and consequently they form a clique in G making 7 an PEO. O

It immediately follows that:
Corollary 2.18. An undirected graph G has an AMO iff it is chordal.

Proof. Precisely chordal graphs have PEOs and by Lemma 2.17 a graph has a PEO if, and
only if, it has an AMO. ]

Figure 2.1 gives an intuition for the connection between AMOs and chordal graphs.
Coming back to our original problem, we have that:

“We will use the other direction, that every DAG in [G] can be obtained by finding a consistent extension
of U(G) in Chapter 4, where we tackle the task of efficiently listing all DAGs in [G].
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a b a——>} a——>p a b a—-—>p
c d c<——(d c~——( c d c<—d
not chordal cyclic not moral chordal AMO

Figure 2.1: The graph on the left is a classic example of a non-chordal graph. It has no
orientation which is both acyclic and moral. On the right, we show a modified graph,
which contains a chord. This allows “breaking” the directed cycle without introducing a
v-structure as a — b <—d is not an induced subgraph, there is the chord d — a as well.

Corollary 2.19. Let G be a CPDAG and U(G) the undirected subgraph of G. Then U(G) is a
chordal graph.

Proof. For any CPDAG G, it holds that [G] is non-empty by definition. It follows from
Corollary 2.18 that a non-chordal subgraph has no AMO and thus no consistent extension
(by Lemma 2.16). Then, by Proposition 2.15, the CPDAG would also have no consistent
extension, which rules out the possibility of U(G) being non-chordal. O

Hence, Problem 2.13 reduces to the following:

Problem 2.20. FIND-AMO

Instance: A chordal graph G = (V,E).
Result: An AMO of G.

An algorithm for this task® can be used as a subroutine to solve Problem 2.13 follow-
ing the arguments in this section. This approach is explicitly given in Algorithm 2.1 and
Figure 2.2 illustrates these steps for an example graph.

Algorithm 2.1: Computing a consistent extension for CPDAG G (FIND-CPDAG-
EXT).

input : CPDAG G = (V,E, Ag).

output: D € [G].
1 U(G):=(V,E,©) // U(G) is the (chordal) undirected subgraph of G
2 C:=findamo(U(G)) // This function is implemented by Algorithm 2.2
3 return D := (V, 0, Ag U A¢) // Ac refers to the set of arcs in C

Thus, it remains to discuss how to tackle Problem 2.20. Lemma 2.17 and Corol-
lary 2.18 already suggest that computing AMOs is intimately tied to the problem of
chordal graph recognition. Indeed, every algorithm which is able to compute an AMO of
an undirected graph G or decide that there exists none in time O(T(n)) can immediately
be used to test chordality in time O(T(n)). Conversely, the most common algorithms
for testing chordality of a graph G are implicitly connected to AMOs, as they proceed as
follows [Rose et al., 1976, Tarjan and Yannakakis, 1984]:

5Note that we do not demand that U is connected here, even though it would be possible to include this
restriction as each connected component of the undirected subgraph of G is chordal and can obviously be
oriented independently to obtain a consistent extension of G. This constraint is not necessary (but would
also not be harmful) for the methods described here. It will, however, be needed in Chapter 5, where we
discuss it in more detail.
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Figure 2.2: A CPDAG with its undirected subgraph and a possible AMO. Substituting it
into the original CPDAG gives a consistent extension.

1. Compute an ordering of the vertices of G that is a PEO iff G is chordal.
2. Check whether the ordering is a PEO.

Thus, any algorithm for the first step can readily be used for our purpose of con-
structing an AMO of a chordal graph by orienting edges according to the PEO. Common
algorithms for constructing the PEO are the Lexicographic Breadth First Search [Rose
et al., 1976] and the Maximum Cardinality Search [Tarjan and Yannakakis, 1984], which
both run in linear time in the size of the graph. We give the latter one in Algorithm 2.2,
which solves FIND-AMO.®

The algorithm is, at its core, extremely simple. Choose the next vertex from the set
of vertices with maximum number of visited neighbors. Implementing it in linear-time
O(n + m) is achieved by using appropriate data-structures (storing the number of visited
neighbors for each vertex and, conversely, sets of vertices with the same number of vis-
ited neighbors) and updating these in O(A(x)) after choosing vertex x. Let us make our
discussion of this algorithm more precise:

* One step of the algorithm refers to one iteration of the for-loop in lines 4-11.

e 7, = (v1,...,0;) denotes the sequence of visited vertices after i steps of the algorithm.
We write T without subscript as shorthand for 7,. A vertex not in 7; is called an
unvisited vertex (after i steps).

e P;(v) = Ne(v) N 1; denotes (in slight abuse of notation) the set of visited neighbors
of vertex v at step i.

e Mj={veV\1 | forallw € V\ 7 itholds that |P;(v)| > |P;(w)|} is the set of
unvisited vertices with maximum number of visited neighbors at step i.

®We will extensively build on the MCS algorithm later. For this task, and every other task in this thesis
solved by MCS, one could also choose other graph traversal algorithms, whose visit order is a PEO for
chordal graphs, under mild conditions. In Wienébst et al. [2023] this is explored and the general framework
of Maximum Label Search [Berry et al., 2009] discussed. In this thesis, we only consider MCS, mainly due
to its simplicity.
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Algorithm 2.2: Computing an AMO (FIND-AMO) of a chordal graph using Max-
imum Cardinality Search [Tarjan and Yannakakis, 1984].

input : Chordal graph G = (V,E).

output: AMO D of G.

function mcs (G)

// T; is the sequence of visited vertices

7= ()

fori<—0Oton—1 do // n denotes |V|

// Pi(v) and M; can be maintained more efficiently than stated
in the pseudocode using appropriate data structures

6 foreach v € V do P;(v) := Neg(v) N T

7 M;={veV\17|forallw € V\ 7 itholds that |P;(v)| > |P;(w)|}

8

9

g s W N =

// x is any vertex with maximum number of visited neighbors
x := any element of M;

10 T =T+ (x) // append x to T;
11 end

12 return 1,

13 end

14 T:=mcs(G)
15 D = G[7] // Orient a—Db in G as a—b if a comes before b in T
16 return D

Proposition 2.21 (Tarjan and Yannakakis [1984]). MCS (function mcs in Algorithm 2.2) visits
the vertices in order of a PEO.

Theorem 2.22. For a graph with n vertices and m edges, FIND-CPDAG-EXT can be solved in
time O(n + m).

Proof. Algorithm 2.1 computes a consistent extension of input CPDAG G: By Proposi-
tion 2.15, D is a consistent extension of G if C is a consistent extension, and thus, by
Lemma 2.16, an AMO of U(G). Corollary 2.19, asserts that graph U(G) obtained by
dropping the directed edges of G, is chordal. Hence, by Lemma 2.17 and because mcs
in Algorithm 2.2 returns a PEO for chordal U(G) (Proposition 2.21), findamo yields an
AMO and the correctness follows.

It is well-known that MCS can be implemented in linear-time in the size of the graph.
The remaining steps can trivially be implemented in O(n + m). O



Extendability of Causal Graphical Models

One of the most fundamental tasks in the context of learning causal structures is to de-
cide whether there may exist a causal explanation for given data. Verma and Pearl [1992]
initiated systematic research in this direction by proposing an algorithm for deciding if
a set of observed independencies over random variables may have an explanation ex-
pressed by a causal DAG. The algorithm first extracts as much information as possible
from the independence statements and constructs a structure in form of a partially di-
rect acyclic graph (PDAG). Next, the algorithm extends the PDAG to a consistent, i.e.,
Markov equivalent DAG, if the PDAG admits such a DAG extension. Finding consis-
tent extensions turned out to be an important building block for causal discovery, also
required by subsequent learning methods [Meek, 1995, Spirtes et al., 2000, Chickering,
2002a]. It is part of many software packages for causal analysis [Scutari, 2010, Kalisch
et al., 2012]. In this chapter, we investigate this and related problems from an algorithmic
and complexity-theoretical perspective.

The algorithm of Verma and Pearl [1992] finds a consistent DAG extension in time
O(n*m), where n denotes the number of vertices and m the number of edges. Dor and
Tarsi [1992] proposed a faster method of time complexity! O(n*); or O(n2A?) for PDAGs
with maximum degree A. So far, it is the best-known algorithm for this problem and
it is commonly used as a subroutine to solve more complex tasks. It is a long-standing
open question whether the consistent DAG extension problem for PDAGs can be solved
faster than in time O(n*), in particular, if it is solvable in time O(n + m). Dor and Tarsi
[1992] conjectured: “We believe that a linear-time chordality algorithm can be modified
to a general linear-time algorithm for PDX“.”

The main contributions of our work are two-fold.

¢ First, we propose a new algorithm for the extension problem for PDAGs which runs
in time O(n?), or, more precisely, in time O(Am). Moreover, it solves the problem
for d-degenerate® graphs in time O(dm).

* Second, using fine-grained complexity analysis, we show that our algorithm is op-
timal under the Strong Triangle Conjecture.

Thus, under the above computational intractability assumption, the conjecture of Dor
and Tarsi that there exists a linear-time algorithm to find a consistent DAG extension for

1Originally, O(nm) € O(n®) was claimed incorrectly. Chickering [2002a] gave a refined analysis.
2PDX stands for the consistent extension problem for PDAGs.
3For a definition, see Section 3.3.
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Table 3.1: Lower and upper bounds on the time complexity of the extension and recog-
nition problem for PDAGs, CPDAGs, maximally oriented PDAGs, and Chain Graphs.
Previously known bounds were proven by *: Dor and Tarsi [1992], *: Chickering [2002a]
and ¥: Andersson et al. [1997]. Bounds in gray are trivial. Our results are given in a sep-
arate line. The novel lower bounds hold for combinatorial algorithms under the Strong
Triangle Conjecture.

Extendability Recognition
Model Upper Bd. Lower Bd. Upper Bd. Lower Bd. Source
PDAG O(n*) On+m) Qn+m) f
o(n®)  QnPW) Thm. 1.1,1.2

CPDAG O(n+m) Q(n+m) Q(n+m) *
O(n+m) Prop.3.29

MPDAG O(n*) Q(n+m) ¥

O(n+m) o(n®)  Q@m*°M) Thm.3.27,3.28,1.2

CG Om+m) Q(n+m) Q(n+m) ¥

O(n+m) Prop. 3.29

PDAG:s is not true. On the other hand, from our positive result it follows that, e.g., for
forests, constant-treewidth, and planar graphs the problem can be solved in linear time.

We complete the investigation of the extension problem by proposing a linear-time
algorithm for Maximally Oriented PDAGs (MPDAGs) [Meek, 1995, Perkovi¢ et al., 2017],
which form a subclass of PDAGs. The algorithm is based on a novel graphical characteri-
zation of extendable MPDAGs. Such models occur naturally when combining structures
learned from observed data with background knowledge. They provide a useful frame-
work for representing and analyzing sets of Markov equivalent DAGs.

With these results, we obtain the full and precise complexity-theoretic classification of
the extension problem on various graphical causal models shown in Table 3.1. Note that
linear-time algorithms were already known for CPDAGs [Andersson et al., 1997, Spirtes
et al., 2000, Chickering, 2002a] and Chain Graphs (CGs) [Lauritzen and Wermuth, 1989,
van der Zander and Liskiewicz, 2016]. We discussed the former case in Section 2.3.

In order to leverage the linear-time algorithms for CPDAGs, MPDAGs and CGs, it is
necessary to check whether a graph belongs to one of these classes. Hence, we expand
our analysis to the recognition problem for these graphs. Interestingly, the lower-bound
techniques can also be applied in this setting — yielding an Q(n3~°()) bound for MPDAG
recognition. We match this bound with an algorithm that recognizes MPDAGs in time
O(n®). These results for the recognition problems are also stated in Table 3.1.

Finally, we combine our new algorithmic techniques to design an effective method
for closing a PDAG under the orientation rules of Meek [1995] (for a definition, see Fig-
ure 3.1). This task of maximally orienting a PDAG, that is obtaining the MPDAG equiva-
lent (with regard to its consistent extensions) to a given PDAG, is an important primitive
used in algorithms for learning causal graphs.
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Figure 3.1: The four Meek rules that are used to characterize MPDAGs [Meek, 1995].

3.1 Background

Causal Graphical Models

Different classes of causal models are discussed in this chapter. In Chapter 2, only
CPDAGs were formally introduced, which emerge naturally as the representation of
MECs. Conversely, the notion of a consistent extension characterizes the DAGs rep-
resented by a CPDAG. Consistent extensions are formally defined for any graph G =
(V,Eg, Ag) (see Definition 2.11), not only CPDAGs. The only necessary assumption
to give these consistent extensions a useful interpretation is that the skeleton and v-
structures of the original graph are derived from the conditional independencies in ob-
servational (or interventional) data (hence, a consistent extension should not create more
v-structures).

The most general graph class considered in this work are PDAGs, which are par-
tially directed graphs which do not have a directed cycle (graphs with directed cycle
do not have a consistent extension, hence they can be excluded). However, PDAGs still
might not have consistent extensions and deciding whether this is the case is the main
topic of this chapter. A standard interpretation of the PDAG model is that background
knowledge can be incorporated, in the form of directed edges, which do not follow from
v-structures. In a different setting, PDAGs occur in causal discovery algorithms such as
PC, where first the skeleton and v-structures are discovered, which in itself does not yet
yield a CPDAG (for this the rules in Figure 3.1 need to be applied).

CPDAGs have, by definition, the useful property that any undirected edge a — b is
oriented a — b in one consistent extension and a <— b in another one. In that way the
graph is maximally informative. General PDAGs do not have this property, however,
maximally oriented partially directed graphs (MPDAGs) do. They are defined as follows:

Definition 3.1 (MPDAG). Let G be a graph. It is called maximally oriented or 2 maximally
oriented partially directed graph (MPDAG) if it does not contain one of the induced subgraphs
on the left side of “=" in Figure 3.1.

We remark here that e.g. the graph on the left of Figure 2.1 satisfies this definition,
while not satisfying the informal notion described in the text above: for every edge a — b
it is the case that neither a— b nor a < b are found in a consistent extension as there
are none for this graph. Therefore, it often makes sense to consider extendable MPDAGs,
which have a non-empty set of consistent extensions in addition to satisfying Defini-
tion 3.1.
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Figure 3.2: Relation between subclasses of PDAGs: MPDAGs, CGs, CPDAGs, and DAGs.

Chain graphs (CGs) are partially directed graphs that do not contain a semi-directed
cycle, which is a cycle with at least one directed edge. It holds that every CPDAG is a
chain graph Andersson et al. [1997]. More generally, how the graph classes relate to each
other is shown in Figure 3.2.

Extendability From a Computational Perspective

In this chapter we focus on the computational aspects of extendability of causal graph-
ical models. We not only ask the question whether a graph is extendable but to find a
consistent extension if it is:

Problem 3.2. EXT

Instance: A PDAG G = (V,E, A).
Result: A consistent DAG extension of G if G is extendable; otherwise 1.

Restricting the instances to graphs of one of the previously introduced graph classes,
we derive the problems MPDAG-EXT, CPDAG-EXT, and CG-EXT.

The class of extendable graphs can be seen as an intermediate class between chordal
and acyclic graphs. The relation between these three classes can be stated as follows:

Proposition 3.3 (Dor and Tarsi [1992]). Let V be a vertex set, E be a set of undirected edges,
and A be a set of directed arcs. Then:

(i) (V,E,Q) is extendable <=  (V,E) is chordal;
(ii) (V,@,A) is extendable <= (V,A) isacyclic.

Acyclicity can be tested in O(n + m) as can chordality. Moreover, a consistent exten-
sion of a chordal graph can also be constructed in the same time complexity as discussed
in the previous chapter. This implies that the above problem is linear-time solvable for
these two boundary cases and it lead Dor and Tarsi [1992] to conjecture that the problem
in general may be solvable in linear-time.

Another fundamental problem in this context is to recognize subclasses of PDAGs.
We define CPDAG-REC and CG-REC analogously to:

Problem 3.4. MPDAG-REC

Instance: A PDAG G = (V,E,A).
Question: Is G an MPDAG?

Finally, we consider the problem of computing the closure of a PDAG under the ori-
entation rules of Meek:
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Problem 3.5. MAXIMALLY-ORIENT

Instance: A PDAGG = (V,E,A).
Result: The graph obtained by exhaustively applying R1-R4 to G.

If G is extendable, the resulting graph is unique and will, in general, be an MPDAG.
In case all directed edges in G are implied by v-structure information (as for exam-
ple in the oracle PC algorithm [Spirtes et al., 2000]), the resulting graph will also be a
CPDAG [Meek, 1995]. On the other hand, if G is not extendable, different orders of ap-
plying the rules may lead to different graphs.

3.2 Lower Bounds

In this section, we derive lower bounds for MPDAG-REC, MAXIMALLY-ORIENT and the
decision variant of EXT. In particular, the question of whether PDAGs can be extended
in linear time has been debated in the past [Dor and Tarsi, 1992]. We show that in or-
der to extend PDAGs for arbitrary E and A in linear time, however, a great algorithmic
breakthrough would be necessary.

We prove these results through reductions from the problem TRIANGLE (does an
undirected graph contain three pairwise connected vertices?). It is conjectured that, for
any ¢ > 0, there is no algorithm that solves TRIANGLE in time O(n“~¢) (were w < 2.373
is the matrix multiplication exponent) and no combinatorial algorithm running in time
O(n3~¢). Here, combinatorial means “not using algebraic techniques” and the distinction
is made as algebraic algorithms are often not well-suited for practical applications®.

Conjecture 3.6 (Strong Triangle Conjecture (STC)). In the Word RAM model with words of
O(log n) bits, any algorithm requires O(n®=°(1)) time in expectation to detect whether an n ver-
tex graph contains a triangle. Moreover, any combinatorial algorithm requires time O(n>~°(),

Williams and Williams [2018] connected TRIANGLE to a whole class of problems,
which thus all suffer from a cubic time barrier. A sub-cubic combinatorial algorithm for
any of these problems would imply a sub-cubic algorithm for all of them. An important
example in this class is the BOOLEAN-MATRIX-MULTIPLICATION problem (BMM).

We present O(n?) time reductions from the problem TRIANGLE to MPDAG-REC,
MAXIMALLY-ORIENT and EXT. Hence, a linear-time algorithm for one of these problems
(which runs in O(n?) as m < n?), would imply an O(n?) algorithm for TRIANGLE. This
would violate the Strong Triangle Conjecture no matter if such an algorithm is combina-
torial or not, provided matrix multiplication cannot be performed in time O(n?). More
generally, any sub-cubic combinatorial algorithm would give a sub-cubic combinatorial
algorithm for TRIANGLE and in turn for problems such as BMM.

The reductions are based on the following idea: We partition the graph into three
parts such that we have control over the structure of possible triangles; then we direct
only a few edges such that detecting induced subgraphs a — b — c corresponds to finding
triangles. Thus, we begin by the well-known statement that TRIANGLE is at least as hard
as 3PART-TRIANGLE (does a 3-partite undirected graph contain a triangle?). An undi-
rected graph is k-partite if there is a partition V = V; U V, U---U Vj such that there is
no edge u — v € E with u,v € V; for some i.

“In the algorithmic literature, the term “combinatorial algorithm” is mainly used for distinguishing
those approaches which are different from the algebraic approaches for fast matrix multiplication originating
from the work of Strassen [1969]. For more details, see [Williams and Williams, 2018].
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V1 V2 V3 Vl VZ V3

Figure 3.3: The basic step of the reductions: The edges between V; and V, are oriented
towards V, and the edges between V; and V3 are complemented. A triangle in G implies
the subgraph a — b — ¢ in G’ and vice versa.

Lemma 3.7 (Folklore). There is an O(n?) time reduction from TRIANGLE to 3PART-TRIANGLE
that increases the number of vertices only by a constant factor.

Proof. Let G = (V,E) be an instance of TRIANGLE. Construct the graph G’ = (V; UV, U
V3, E') withV; = {v; |[v e V}and E' = {u; —vj | u —v € Ewithi,j € {1,2,3} andi #
j }, i.e., create three copies of the vertex set and insert the edges only between vertices in
different copies.

We assume that G does not contain self-loops (as they are not part of any triangle
anyway) and show that G contains a triangle if, and only if, G’ contains one:

= Leta,b,c € V be a triangle in G. Then a3, by, c3 is a triangle in G'.

< Since G’ is 3-partite, any triangle contains a vertex of each partition. Let a1, by, c3 be
such a triangle; then the corresponding vertices a, b, c € V are mutually distinct due
to the construction of G’ and the lack of self-loops in G and, hence, form a triangle.

This reduction can be implemented in time O(n + m) and increases the instance only
by a constant factor. O

Building on this, we show a reduction from TRIANGLE to MPDAG-REC which proves
the promised lower bound.

Lemma 3.8. There is an O(n?) time reduction from TRIANGLE to the MPDAG-REC problem
that increases the number of vertices only by a constant factor.

Proof. First apply Lemma 3.7 to reduce TRIANGLE to 3PART-TRIANGLE and let G =
(V,E,Q®) be the resulting instance with partitions V; UV, U V3 = V. Next, transform
this instance as follows.

The basic idea is illustrated in Figure 3.3: From a 3-partite graph G = (V; UV, U
V3, E, @) construct a graph G’ = (V; UV, U V3, E/, A) with

EE={u—v|u—veEwithueV,andve V3}
U{u—v|u—v¢gEwithue Viandv € V3 };
A'={u—v|u—veEwithue Viandov e V, }.
Next, construct a graph Gree = (V,E'U{u—v | u # v € V; },A’), i.e.,, modify the

construction shown in Figure 3.3 by additionally pairwise connecting V; with undirected
edges. We show that G contains a triangle if, and only if, Gec is not an MPDAG:
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For the first direction, let 4, b, c be a triangle in G and, w.l.o.g., assume a € V;, b € V,,
¢ € V3. Then Gyec contains the induced subgraph a — b — c and is hence not an MPDAG,
as R1 (Figure 3.1) would apply.

For the second direction, assume Gge is not an MPDAG. Then at least one of the
following statements is true: (1) R1 can be applied. (2) R2 can be applied. (3) R3 can be
applied. (4) R4 can be applied. (5) Grec contains a directed cycle.

Statement (5) does not hold as by construction there is no directed cycle. (4) does
not hold as R4 needs a vertex ¢ with 67(c) > 0 and 6 (¢) > 0, which does not exist in
the construction. The same is true for vertex b in R2, hence (2) does not hold either. For
R3, we need non-adjacent vertices b and d with 6" (c¢) > 0, hence, b and d have to be in
Vi. But then, we have b — d. Hence, (3) does not hold. It follows that (1) has to apply
and thus there is an induced subgraph a — b — c in Grec (Witha € V4, b € V,,c € V3 by
construction) which corresponds to a triangle in G. O

From Lemma 3.8 we can deduce immediately that under the Strong Triangle Con-
jecture any combinatorial algorithm solving MPDAG-REC problem requires Q(n3°(1)
time. The same lower bound holds for MAXIMALLY-ORIENT. Otherwise, one could solve
MPDAG-REC in sub-cubic time by applying the algorithm for MAXIMALLY-ORIENT to the
given graph G and testing if the resulting graph coincides with G.

We now show that a similar reduction can be constructed for EXT as well:

Lemma 3.9. There is an O(n?) time reduction from TRIANGLE to the decision variant of EXT
that increases the number of vertices only by a constant factor.

Proof. Apply Lemma 3.7 to reduce TRIANGLE to 3PART-TRIANGLE and let G = (V, E, @)
be the corresponding instance with V; UV, U V3 = V. Construct graph G’ = (VU
{z},E/, A”) with
EE={u-—v|u—veEwithue Vzandv € V,}
U{u—v|u—v¢gEwithu e Vzandov e V1 }
U{u—v|lutveVs};

A'={u—v| u—veEwithu e Viandv e V,}
U{z—v|veVs}.
We show that G contains a triangle if, and only if, G’ is not extendable:

= Leta,b,c € V beatriangle in G witha € V3, b € V,, and ¢ € V3. Then G’ contains
the induced subgraph a — b — ¢ <—z and, hence, G’ cannot be extended as either
orientation of b — ¢ will create a new v-structure.

< Assume there is no triangle in G. We construct an extension D’ of G'. There are
three types of undirected edges x — y, which we direct as follows:

1. x € V1,y € V3: Orient as x <.
2. x € Vo,y € V3: Orient as x <—y.

3. x € V3,y € V3: Orient according to any linear ordering T of V3.

We show that this extension D’ is acyclic and contains no new v-structure:
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1. For the acyclicity, observe that we have V; — V, < V3 < {z}, with an arc
\_/

V; — V; indicating that all edges between these vertex sets are oriented from
u € V; towards v € V;. The sets V| and V, are not adjacent to z. It is
clear that any cycle would have to occur internally in a set V; as a path
uecVi>v g&Vi—...—>w € V; cannot exist. But only the set V3 contains
internal edges, which are topologically ordered. Thus, D’ is acyclic.

2. In the following case study, we analyze all situations in which @ — b <— ¢ can
occur in D’, as this is a necessary condition for a new v-structure. We show
that either a ~¢/ c or the v-structure already existed in G’.

a) a € V1,b € V5, ¢ € V3: A v-structure would be created if a — c is not in G/,
but this implies a triangle in G.

b) a € V;,b € V,, ¢ € Vi: These v-structures are present in G'.

c) ac V3,be Vi,cc Vz: Wehavea ~¢ cas V3 is fully connected.

d) a € V3,b € V,,c € V3: Same as (c).

e) a € V3,b € V3,c € V3: Same as ().

f) a € V3,b € V3,c = z: V3 and z are fully connected, hence a ~¢ z.

g) a =2z,b € V3,c € V3: Symmetrical to (f). O

Our main result follows immediately from Lemma 3.8 and 3.9.

Theorem 1.2. For any & > 0, every algorithm that solves MPDAG-REC, MAXIMALLY-ORIENT,
or EXT in time O(n%~¢) by a combinatorial or in time O(n“~¢) by an algebraic algorithm would
violate the Strong Triangle Conjecture.

3.3 Computing a Consistent Extension of a PDAG

We introduce a combinatorial algorithm for EXT that matches the lower-bound from the
previous section. Furthermore, we show that the algorithm performs provably better on
many important graph classes, e.g., we can compute extensions of graphs with bounded
treewidth and of planar graphs in linear time.

A graph property is a family of graphs that is closed under isomorphism, e.g., being
chordal is a graph property. We say that it is hereditary if it is also closed under taking in-
duced subgraphs. For instance, chordality and acyclicity are hereditary graph properties.
The same holds for extendability:

Lemma 3.10. Extendability is a hereditary graph property. That is, if graph G is extendable, the
same holds for any induced subgraph of G.

Proof. Consider consistent extension D of G and S a subset of its vertices. Then, D[S] is a
consistent extension of G[S]: it is acyclic because that is a hereditary graph property and
an orientation of G[S] with the same v-structures by definition. O

Definition 3.11 (Elimination order). Let p be a property of a vertex. A p-elimination-order
of a graph G = (V,E, A) is an order 7t such that every vertex v has property p in the induced
subgraph GV \ {w | m(w) < 7t(v) }].

Elimination orders characterize hereditary graph classes. For instance, a vertex v in
an undirected graph is called simplicial if its neighbors N(v) form a clique; a vertex w
in a directed graph is a sink if it has no outgoing arc. It is well-known that a (directed)
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graph is chordal iff it has a simplicial-elimination-order; and is acyclic iff it has a sink-
elimination-order [Fulkerson and Gross, 1965]. Dor and Tarsi [1992] observed that these
properties can be combined to obtain a characterization of extendable graphs:

Definition 3.12 (Potential-sink). A potential-sink in a graph G = (V,E, A) is a vertex v
such that X = {w | v—w € E } isaclique, {w | v—w € A} is empty, and x ~¢ y for all
xeXadyeY={w|w—-veA}l

Proposition 3.13 (Dor and Tarsi, 1992). Every partially directed graph that is extendable con-
tains a potential-sink.

Corollary 3.14. A partially directed graph is extendable iff it has a potential-sink-elimination-
order.

Proof. The first direction follows from Proposition 3.13 as extendable graphs are hered-
itary. On the other hand, successively removing a potential-sink and orienting all its
incident edges towards it yields an extension of the graph. O

Based on this characterization, Dor and Tarsi [1992] provided an O(A%m) algorithm
for recognizing extendable graphs. We improve this result by presenting an algorithm
that checks whether a graph is extendable in time O(dm), where d is the degeneracy of the
skeleton.

Definition 3.15 (Degeneracy). A graph G = (V, E) is d-degenerate if there is a linear order-
ing of the vertices < (called degeneracy ordering) such that |{w | w < vandw ~g v }| <d
for every v € V. The smallest value d for which G is d-degenerate is the degeneracy of G.

Observe that in any d-degenerate graph with n vertices, m edges, and maximum de-
gree A we haved < A < nand m < dn. We dedicate this section to prove the following;:

Theorem 1.1. Let G be a PDAG. There is an algorithm that decides whether G is extendable in
expected time O(dm). If G is extendable, a consistent extension can be computed within the same
time bound. Here, d is the degeneracy of the skeleton of G.

The “expected time” in this statement comes from the fact that constant time adja-
cency tests in sparse graphs are necessary to achieve this run-time. Storing the neighbors
of each vertex in a hash table, as we do in the methods presented here, yields expected
time O(1) for these operations, but not worst-case. Wiendbst et al. [2021a] show that the
statement above holds for worst-case time O(dm) using standard graph representation
tricks, which however complicate the presentation and do not lend themselves well for a
practical implementation, hence, we do not repeat those arguments here.

We assume that the undirected neighbors of vertex v as well as its children and par-
ents are stored in three separate hash tables. At the basis of our algorithm is an efficient
data structure for testing and updating whether a vertex is a potential sink. For each
vertex v, we store in §(v) the number of undirected neighbors, in §*(v) the number of
children and in 6~ (v) the number of parents of v. Moreover, we manage the following
information for each vertex v:

a(v) ={x—y|x—veEEANv—yE€EANXx~cY}|,
Blv)={x—y|x—veEEANy—>vEANX~cY}|

These values allows us to check potential-sinkness of a vertex s with a constant
amount of arithmetic operations.
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Table 3.2: Operations on graph G = (V,E, A) and their (expected) run-time. For graph
manipulation operations, this includes the update of the graph representation and data
structure for maintaining potential sinks described in the text.

—_
SN—r

Test whether s is a potential-sink.

n) Return list of all potential-sinks in G.
5(s)>+6(s)-67(s)) Remove s from the graph. Return a
list of neighbors of s, which became
potential-sinks due to this operation.

is-ps(s
list-ps(
pop-ps(s

Method (Expected) Time Effect
init(n) O(n) Initialize G = ({v1,...,v4}, D, D).
is-adjacent(u,v) O(1) Return true if u ~¢ v.
iterate-undir(u) O(6(u)) List all undirected neighbors of u.
iterate-ch(u) O(6" (u)) List all children of u.
iterate-pa(u) O(6 (u)) List all parents of u.
insert-edge(u,v) O(A(u)) Insert edge u — v to E.
insert-arc(u,v) O(A(u)) Insert arc u — v to A.
remove-edge(u,v) O(A(u)) Remove edge u — v from E.
remove-arc(u,v) O(A(u)) Remove arc . — v from A.
) Of
) O(
) Of

Lemma 3.16. A vertex s € V is a potential-sink iff:
1 a(s) = (°9)),
2. B(s) =06(s) -0~ (s) and
3. 67(s) =0.

Proof. Recall from Definition 3.12 that s is a potential-sink iff (i) Un(s) is a clique, (ii)
x ~g yforall x € Un(s) and y € Pa(s), and (iii) Ch(s) is empty. Obviously, item (iii)
corresponds to the third item in the claim. For (i), we need Un(s) to be fully connected,
that is G[Un(s)] to contain a[s] = (5(25)) edges. Finally, for (ii) we require that Un(s)
and Pa(s) form a complete bipartite graph, i.e., we need 4(s) - 6~ (s) edges between them
which coincides with B(s) = d(s) - 6~ (s). O

We now discuss how this data structure can be maintained efficiently. Our goal is
to achieve the run-times presented in Table 3.2. A few are obvious: Clearly, all the val-
ues for « and B are zero for the empty graph on n vertices, which allows for a trivial
O(n) initialization step (init). Lemma 3.16 implies that is-ps(s) and list-ps() can be
implemented in O(1), respectively O(n). Moreover, the run-time of is-adjacent and
the iterate methods directly follow from the graph representation. We focus on how
the insert and remove operations can be implemented in the stated time, as well as the
pop-ps method.

Lemma 3.17. Given a graph G with Un(v), Ch(v), Pa(v) represented by hash tables and data
structure D = (6,0%,0,a, B), it holds that inserting or deleting edge u — v or arc u— v in G
and updating D accordingly is possible in expected time O(A(u)).
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Proof. Adding edge u — v or arc u — v to G is possible in expected time O(1). It remains
to show how D can be updated. We iterate over the neighbors of u (that is, all vertices x
with u ~¢ x) and check whether x ~¢ v holds as well (this is possible in expected time
O(1) due to hashing), i.e., we iterate over the common neighbors of u and v. If u, v, and
x indeed constitute a triangle, all three vertices have a new edge in their neighborhood:
x has the new edge u ~¢ v, u the new edge x ~¢ v, and v has x ~¢ u. Hence, we may in-
crease the a- and B-values of all three vertices (of course, only if the edge directions match
the definition of & and ). These updates require O (6, (1) + 65 (1) + &5 (1)) operations.
Removing edges or arcs works analogously, we just have to decrease the corresponding «-
and pB-values. O

We also have to implement pop-ps(s), i.e., we wish to remove s and its incident edges
from the graph and output all new potential sinks. This removal is “virtual”, i.e., the
universe size of our data structure remains n and we just mark s as “deleted” in the
algorithm we discuss below. However, we actually delete all edges and arcs incident to s.
The crucial part is to achieve this in time 6(s)? + 6(s) - 6~ (s). Notably, we cannot directly
use our remove-edge method, as this would use O(d(s) + 6~ (s)) time for every incident
edge.

Lemma 3.18. Let G be a graph with Un(v), Pa(v), Ch(v) represented by hash tables and data
structure D = (6,6%,87,a, B). The method pop-ps(s) can be implemented in time O(5(s)? +

5(s) -6 (s)).

Proof. We observe that updating « and B is significantly simpler if we remove an arc v — s
instead of removing an arbitrary edge. In fact, we can ask which vertex x may have v — s
in its neighborhood counted for its a[x]- or B[x]|-value. Clearly, we must have s ~¢ x and,
since 61 (s) = 0, we have either s — x € E or x— s € A. In the latter case, the removal
of arc v — s affects neither a(x) nor B(x). In contrast, the removal of edge x —s € E
does. Therefore, to remove an arc v — s, we iterate over the undirected neighbors of s
(in 6(s)) and for each such x we look-up (in constant time) the type of the edge (or arc)
between x and v. Note that x ~¢ v as s is a potential-sink. Depending on the type of this
edge, we update the a- or B-value of each x and afterwards delete the arc v — s from the
graph (in expected constant time). Using this trick, we can remove all arcs v — s in time
O(6(s) - 6~ (s)) from the graph.

To achieve overall O(5(s)% + (s) - 6~ (s)), we remove the arcs v— s as described
above before we remove the other edges incident to s. Once the arcs are gone, s has only
undirected neighbors and, thus, we can remove the remaining edges in time O(J(s)?)
using remove-edge. Finally, we iterate over the old neighbors of s and check whether
they did become a potential-sink and, if so, output these vertices. O

The proof of Theorem 1.1 is based on the following slightly weaker statement, which
only achieves time O(Am). It follows directly from the data structure described above.

Proposition 3.19. There is an algorithm that decides whether a PDAG G is extendable in ex-
pected time O(Am).

Proof. The backbone of the algorithm is the data structure described above with the run-
times displayed in Table 3.2. Given this tool, the algorithm becomes rather simple: Ini-
tialize the data structure by inserting all edges (in time O(Am)); then initialize a stack of
all potential-sinks by testing for every vertex whether it is a potential-sink (overall O(n));
finally, as long as there is potential-sink s on the stack, apply pop-ps(s), remove s from
the stack, and push the newly generated potential-sinks to the stack. The overall run
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Table 3.3: Running time of the algorithm from Theorem 1.1 on graphs whose skeleton is
in the mentioned graph class.

Graph Class  Time Note

3

d-degenerate O(dm) Shown in Theorem 1.1
general graphs O(nm) Followsasd <n
forests  O(m) constant degeneracy
series-parallel ~ O(m)
planar  O(m)
)

treewidth-t  O(t Follows as d < ¢

time is obtained as follows: pop-ps(s) runs in time O(6(s)? + &(s) - 6~ (s)) and removes
67 (s) + 6(s) edges from the graph. By rewriting 6(s)? +6(s) - 6~ (s) as 6(s) - (6(s) + 6 (s))
we see that we pay O(d(s)) < O(A) per edge. Since the algorithm terminates after the
removal of all edges, an overall run time of O(Am) follows. O

In order to improve the run time of the algorithm from O(Am) to O(dm), we need
two things: First, a faster way of initializing the data structure (i.e., we cannot simply
insert all m edges and pay O(A) per item), and we require a finer analysis of the pop-ps
method. The main idea is to use the following facts about d-degenerate graphs: they
always contain at least one vertex of degree at most d, and they do not contain cliques of
size more than d 4- 1. We immediately have that:

Lemma 3.20. A potential-sink s in a d-degenerate graph has at most d + 1 undirected neighbors.

Proof. Since s is a potential-sink, its undirected neighbors constitute a clique in the skele-
ton of the input graph. However, a d-degenerate graph can contain no clique that is larger
than d + 1, as every induced subgraph has to contain a vertex of degree at most d. O

We are now able to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Before we initialize the data structure, we compute a degeneracy or-
dering of the skeleton of the graph. This is possible in time O(n + m) with the algorithm
of Matula and Beck [1983]. Let the ordering be vy, vs,..., vy, i.e., v; has at most d neigh-
bors in vy,...,v;_1. We iterate through the vertices and insert their incident edges to
preceding neighbors. That is, if we handle a vertex v;, we insert all edges v; — v, and arcs
v; — vy, v; — v; with x,y,z < i. This way, v; has degree at most d if we insert an edge for
it and, thus, inserting the edge requires time O(d), yielding an initial time of O(dm).

We proceed as in the proof of Lemma 3.19 and maintain a stack of potential-sinks.
While the stack is not empty, we use pop-ps(s) to orient edges towards s and remove
s from the graph. Recall that this costs O(6(s)? + 5(s) - 5~ (s)). Removing a potential-
sink s, by Lemma 3.20, produces costs of at most O(d? +d - 5 (s)). Since this removes
0(s) 4+ 07 (s) edges from the graph, we pay O(dm) to remove all potential-sinks.

To obtain the corresponding extension, we remember the order in which we remove
the potential-sinks. The reverse of that order is a topological ordering of an extension
and, hence, can be used to extend G in linear time. O

Let us close this section by pointing out the advantage of an O(dm) algorithm com-
pared to an O(Am) algorithm. Many natural graph classes have bounded degeneracy,
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Figure 3.4: Graph (1) is not extendable: Orienting the cycle of length 4 will either create
a v-structure or a directed cycle. (Intuitively, this explains why an undirected graph is
extendable iff it is chordal.) However, the graph is an MPDAG by definition. Graph (2)
on the other hand is extendable, a consistent DAG extension is shown in (3).

but unbounded maximum degree — for instance, planar graphs and graphs of bounded
treewidth. Our algorithm runs in linear time on such graphs. Table 3.3 summarizes the
tfindings of this section on some well-known graph classes.

3.4 A Graphical Characterization of Extendable MPDAGs

As discussed in the previous section, sink-based reduction algorithms can extend graphs
in time O(dm). The lower bounds suggests that no significantly faster algorithm is pos-
sible. However, the lower bounds do not rule out faster algorithms for more structured
graphs. It is well-known that extensions of CPDAGs can be constructed in linear time by
algorithms such as Maximum Cardinality Search [Tarjan and Yannakakis, 1984], as we
discussed in Section 2.3.

A related graph class is the one of MPDAGs, which encode additional background
knowledge compared to CPDAGs and are, in contrast to PDAGs, completed by the four
Meek rules R1-R4 (Figure 3.1). Unlike CPDAGs, MPDAGs are not extendable by defi-
nition — see Figure 3.4. For practical use, however, only extendable MPDAGs are mean-
ingful. Hence, it is our goal to provide a graphical characterization for such graphs. In
addition, this characterization allows us to compute an extension in linear-time. Con-
sider the graph (2) from Figure 3.4 and observe that in order to extend an MPDAG, it is
not sufficient to orient the undirected subgraph (it is not necessarily chordal). In partic-
ular, when we study MPDAGs, we have to consider the directed edges, too. Therefore,
we make use of a graphical object introduced by Perkovi¢ [2020]:

Definition 3.21 (Bucket). Let G be an MPDAG and C = (V, Ec, @) a connected component
in U(G). We call B = G[V(] a bucket.

A bucket is the induced subgraph on the vertices of a connected component in U(G)
and, hence, may contain directed edges such as a — c in (2) of Figure 3.4.

Definition 3.22 (Bucket Graph). Let G be a graph. Then, B(G) is the graph containing the
vertices of G and all directed and undirected edges between vertices, which are in the same bucket
in G. More formally: B(G) = (V, Eg, Ap()) with Aggy={a—b€ Ag|a—---—be G}

Computationally, B(G) can be constructed by starting with U(G) = (V, Eg,®) and
finding the connected components of it, and afterwards inserting arcs a — b € Ag with
a and b in the same connected component in U(G). Based on this subgraph, we want to
find a criterion for the extendability of MPDAGs. We derive the following statement, in
analogy to the case for CPDAGs:
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Lemma 3.23. Let G = (V, Eg, Ag) be an MPDAG. Let C = (V, @, Ac) be a consistent exten-
sion of B(G). Then, D = (V, @, Ag U Ac) is a consistent extension of G.

Proof. We show that by computing an AMO for every bucket we neither create a v-
structure nor a cycle. The proof follows the general structure of the one of Proposi-
tion 2.15. Again, it is immediate that (1.) D is an orientation of G. It remains to show that
(2.) itis acyclic and (3.) has the same v-structures as G.

For (3.), assume that D contains a v-structure a — b <—c that is not in G. Then, G
contains either a— b — c or a — b — c as induced subgraph. However, the first induced
subgraph cannot occur in an MPDAG by definition (R1 would apply) and, in case of the
second, a — b < c cannot be in consistent extension C of B with the edges 4, b, c being in
one bucket.

For (2.), assume there is a directed cycle in D and consider the shortest one
c1—>Cy—> ... >cp—c1. As the cycle can neither be fully undirected nor directed in
G (in the former case the whole cycle would be in one bucket leading to a similar con-
tradiction as above), there has to be a ¢; — ¢, 41 with ¢;_1 — ¢;. For p > 4, R1 implies that
ci—1 and c;11 have to be adjacent for G to be an MPDAG. However, both ¢;_1 — ¢;;1 and
ci—1 < ¢it+1 in D would lead to a shorter cycle. For p = 3, if one edge is undirected, then
R2 would apply in G; if two edges are undirected, again the cycle is in one bucket. O

We investigate the structural properties of buckets in more detail.
Lemma 3.24. Let G be an MPDAG. A bucket B of G does not contain a v-structure.

Proof. Consider a v-structure a — b < c. For 4, b, ¢ to be in the same bucket, we assume
w.1. 0. g. that there is an undirected path between a and b not containing c¢: b — p; — p2 —
-+ — pr —a with k > 1. Moreover, let a,b,c be chosen such that the path is shortest
among all v-structures in the same bucket.

We have an edge between a and p; as well as ¢ and p; (else G would not be an
MPDAG due to R1). These edges cannot be directed a <— p; (or p; — b, respectively) as
otherwise R2 would apply. Moreover, the edges cannot both be undirected, as R3 would
apply. Finally, setting one edge as @ — p; and the other as undirected would again imply
R1 if a and ¢ are nonadjacent (which they have to be to form a v-structure). Hence, we
have a — p; <—c. This excludes the case k = 1. For k > 1, p; would also be in the same
bucket as 4, c and the path from a to p; is shorter than to b. A contradiction. ]

Hence, in order to determine whether an MPDAG G has a consistent extension, it suf-
fices to determine whether B(G) can be oriented acyclically and morally, that is without
v-structure. In Chapter 2, we argued that an acyclic moral orientation of an undirected
graph U (we used the term AMO in this context) exists if, and only if, U is chordal.
Hence, for B(G) to have a consistent extension it is necessary for its skeleton to be chordal
by Corollary 2.18. The following result states that it is also sufficient. We note that pre-
liminary results in this direction were obtained by Meek [1995] (Lemma 8). However,
these are non-constructive and assume extendability. In contrast our proof shows both
directions and is constructive, yielding a linear-time extension algorithm for MPDAGs.

Lemma 3.25. Let G be an MPDAG. Graph B(G) has a consistent extension iff its skeleton is
chordal. Such a consistent extension can be computed in linear-time.

Proof. We prove the first direction constructively with a linear-time algorithm that pro-
duces a consistent extension of B(G) with a chordal skeleton.
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The algorithm proceeds as follows: A Maximum Cardinality Search (MCS, see Sec-
tion 2.3 for an introduction) is performed on the skeleton of B(G). This produces the
topological ordering T of an acyclic and moral orientation of the skeleton in linear time
as it is chordal by assumption (Proposition 2.21 and Lemma 2.17). By Lemma 3.24, we
know that orienting B(G) according to T satisfies condition (3.) of a consistent extension
(Definition 2.11) and condition (2.) is trivially satisfied. For satisfying (1.), for all directed
edges a — b in B(G), it has to hold that a comes before b in t. To achieve this, the MCS
is modified such that in its traversal, the algorithm always chooses a vertex, from the set
of vertices with highest number of visited neighbors (which we denoted by M; at step 1),
that has no incoming arcs in B(G) from unvisited vertices (see function bucket-mcs in
Algorithm 3.1). The corresponding set of vertices is denoted M#, where A is the given set
of arcs, which should be reproduced. Hence, the resulting ordering implies the directed
edges in B(G).

It remains to show that there is always such a vertex to choose, i.e., that MIA is non-
empty. We prove by induction that, if G is an MPDAG, at every step of the algorithm,
there exists a vertex with maximum number of visited neighbors, which has no incoming
arc in B(G). This is clear at the start (when every vertex has no visited neighbors and
hence My = V), as otherwise every vertex would have an incoming arc and, thus, we
would have a cycle (every acyclic graph and every subgraph subgraph of it has at least
one source).

Now assume the first i vertices have been visited and there was always a vertex with
maximum number of visited neighbors without an incoming arc in B(G). We show that
there is again such a vertex. Note that not all vertices in M; have an incoming arc from
another vertex in this set (as this would imply a cycle in B(G)[M,;]). Hence, there has to
be at least one vertex x in M; with an incoming arc from an unvisited vertex not in M;.
Let x <y be such an incoming arc. As y has less visited neighbors than x (else it would
also be in M;), there has to be a previously visited neighbor z of x, which is not a neighbor
of y. As the algorithm has visited z before x we have:

1. either B contains the arc z— x, which would be a contradiction by Lemma 3.24 as
this would be a v-structure in a bucket

2. or B contains the edge z — x, which would imply the induced subgraph z — x <y
(and this is also induced in G by the construction of B(G)) contradicting the fact
that G is an MPDAG.

By induction hypothesis, the arc z <— x cannot be in B. This proves that MZA is not empty
and hence the correctness of the algorithm.

Clearly, the algorithm can be implemented in linear time. For the adapted MCS, note
that similar techniques as in the standard MCS can be used, just with sets of vertices
split into two parts, the vertices that have no incoming arc from an unvisited vertex and
the remaining ones. These parts can be efficiently maintained, for example by having a
counter of incoming arcs for each vertex.

For the reverse direction, note that for a non-chordal skeleton there cannot exist an
orientation, which is acyclic and moral, see Corollary 2.18. ]

Hence, we obtain the following graphical characterization of extendable MPDAGs —
and a linear-time algorithm for computing extensions.

Theorem 3.26. An MPDAG is extendable iff the skeleton of every bucket is chordal.

Proof. Combine Lemma 3.23 and Lemma 3.25. O
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Algorithm 3.1: Computing a consistent extension of an MPDAG in linear time.

input : An MPDAG G = (V,E, A).
output: Consistent extension of G.

1 function bucket-mcs (U, A)

2 Tp := empty list

3 fori<~Oton —1do

4 // Similar to Algorithm 2.2, the next three lines can be

implemented efficiently with appropriate data structures

5 foreach v € V do P;(v) := Ney(v) N7

6 M;:={ve V\1|forallw € V\ 7 itholds that |P;(v)| > |P;(w)|}

7 M/ = {v € M; | thereexistsnow € V \ 7; such thatw — v € A}

8 x := any element of M#

9 Tl =T+ (x) // append X to T;
10 end

11 return 7,
12 end

13 // Compute B(G) as defined in Definition 2.11.

14 B(G) = (V/EG/AB(G)) with AB(G) = {(a,b) € Ag | a—---—be G}
15 T := bucket-mcs (skel(B(G)), Ap(c))

16 D := orient (G, T)

17 return D

Theorem 3.27. MPDAG-EXT can be solved in linear time O(n + m).

Proof. Perform the modified MCS from the proof of Lemma 3.25 on B(G). Afterwards,
test in linear time whether the orientation is moral [Tarjan and Yannakakis, 1984]. The
first part of this approach is described in Algorithm 3.1. O

3.5 Recognition of Causal Graph Classes

As shown in the previous section, it is possible to find a consistent extension of an
MPDAG in linear-time. The remaining question is how to check whether a partially
directed graph is an MPDAG. Checking acyclicity can be done in linear time, but testing
the closedness under the Meek rules R1-R4 is harder as the lower bound in Section 3.2
suggests.

In this section, we develop an algorithm that outperforms a naive detection of the
Meek rules — which alone for the rules R3 and R4 requires time O(A%n) or O(A%m). Our
approach runs in time O(Am) and, thus, matches the O(n®) lower bound that is pre-
scribed by the Strong Triangle Conjecture.

Theorem 3.28. MPDAG-REC can be solved in time O(Am).

Proof. The algorithm checks step-by-step whether the MPDAG criteria are satisfied:
1. If G contains a directed cycle, return “No”.
2. R1: If 3b — c and vertex a s.t. a— b — ¢, return “No”.

3. R2: If 3a — cand vertex b s.t. g lb; ¢ , return “No”.
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4. R3: If 3d — cand vertexas.t. g @ ¢ and vertex b s.t. b— ¢ < d, return “No”.
5. R4: If dc¢—band vertexds.t.d—>c—>bandas.t. g <§; ¢, return “No”.

6. Return “Yes”.

The rules R1 and R2 are detected naively. Hence, it is clear that the subgraphs corre-
sponding to R1 or R2 cannot be present in the graph, when the algorithm reaches R3 and
R4. For the detection of these rules, the existence of vertices a and b in R3 and d and 4 in
R4 is checked separately. Therefore, it remains to show that, indeed, it is not necessary to
explicitly check whether there is an undirected edge 2 — b in R3 or d — a in R4.

Consider R3. If (i) 2 and b were nonadjacent, R1 would apply to b — ¢ — a; if (ii) a — b,
R2 would apply to a> b — c; if (iii) 2 < b, R1 would apply to b —a — d. Hence, we
need to have a — b. For R4, if (i) d and a were nonadjacent, R1 would apply tod — ¢ — a;
if (ii) > d, R2 would apply to a> d — c; if (iii) a <-d, R1 would apply to d —a — b.
Hence, we need to have d — a.

It follows that the algorithm outputs “Yes” if, and only if, no cycle is present and
no rule from R1-R4 applies, i..e., when the graph is an MPDAG. The run time follows
immediately, as each edge is examined a constant number of times and only neighboring
vertices are considered. O

We conclude that it is possible to speed up the detection of R3 and R4 by not searching
for 4-tuples (a,b, c,d), but, e.g. in the case of R3 for 3-tuples (a,¢,d) and (b, ¢, d).

We summarize the complexity of the recognition problem for the remaining graph
classes. The result for PDAGs is straightforward and we list it here for the sake of com-
pleteness. To the best of our knowledge, the results for CPDAGs and CGs have not been
stated previously.

Proposition 3.29. The problems PDAG-REC, CPDAG-REC, and CG-REC can be solved in time
O(n +m).

Proof. For PDAG-REC, we only have to check that the input does not contain a directed
cycle. For CPDAG-REC the algorithm proceeds as follows (the input is a partially directed
graph G):

1. Find a consistent extension of G by using Algorithm 2.1.

2. If D contains a cycle, output “No”. Otherwise find the CPDAG corresponding to D
(let this be C) and output “Yes” if C = G and “No” otherwise.

Step 2 can be performed in O(n + m) as finding the CPDAG representing the Markov
equivalence class of a DAG is possible in expected linear time [Chickering, 1995]. Hence,
the whole algorithm runs in time O(n + m). If G is a CPDAG, then D is a consistent
extension by Theorem 2.1. Hence C = G. If G is not a CPDAG, either D contains a cycle
or the graph C is computed, which is by definition a CPDAG. Hence, C # G.

Finally, chain graphs can be recognized in linear time as well. We use the following
contraction based algorithm: As long as the input graph contains an undirected edge, we
contract it to an arbitrary neighbor. Once all undirected edges are gone, we simply check
whether the remaining graph is acyclic.

If the input contains a semi-directed cycle, the undirected parts of the cycle get con-
tracted and the resulting graph contains a directed cycle. On the other hand, any directed
cycle in the contracted graph corresponds to a cycle in the original graph with at least one
directed edge. O



40

O(m?A)
S
Ext. PDAG CPDAG MPDAG
O(m)8 O(dm)
O(dm)

DAG

Figure 3.5: Using the techniques from Section 3.5, it follows that (extendable) PDAGs
can be maximally oriented into CPDAGs/MPDAGs in O(m?A) by direct application of
the Meek rules. Using the new PDAG extension algorithm from Section 3.3, PDAG-to-
CPDAG can be performed in expected time O(dm) as DAG-to-CPDAG is possible in time
O(m) (§: [Chickering, 1995]). Below, we give an O(dm) algorithm for PDAG-to-MPDAG,
which uses a consistent DAG and the corresponding CPDAG as auxiliary graphs.

3.6 Application to Maximal Orientations of PDAGs

In this section, we study the problem MAXIMALLY-ORIENT, i.e., the task of computing
the closure of a PDAG under the orientation rules R1-R4. As we noted in Section 3.4,
for applications in causality, only extendable models are meaningful. In particular, a non-
extendable PDAG has no causal explanation and closing such a graph under the orienta-
tion rules R1-R4 is purposeless. This justifies that our algorithm for MAXIMALLY-ORIENT
assumes that the given PDAG is extendable. We will see that the ideas of the previ-
ous sections can be combined to obtain more efficient algorithms for this problem. An
overview of the results is given in Figure 3.5.

In general, MAXIMALLY-ORIENT produces an MPDAG when the input is an extend-
able PDAG. If the directed edges follow from v-structure information, i.e, there is no ad-
ditional background knowledge, the resulting graph is a CPDAG. In this setting, Chick-
ering [2002a] noticed that, in order to maximally orient a PDAG into a CPDAG, it is
not necessary to apply the Meek rules directly. A more efficient computation is possi-
ble by first extending the PDAG into a DAG and afterwards transforming the DAG into
the corresponding CPDAG. The latter task can be performed in linear time [Chickering,
1995]. In combination with the PDAG extension algorithm presented in this work, we can
conclude that PDAG-to-CPDAG can be performed in time O(dm) via the route PDAG-
DAG-CPDAG. Notably, this is significantly faster than directly applying the Meek rules,
which takes time O(m?A) (with the improvements for detecting the Meek rules that we
discussed in the previous section).

Building on this, we want to solve the general problem MAXIMALLY-ORIENT for ex-
tendable graphs. Here, the issue is that a DAG-to-MPDAG routine is not possible, as
a DAG does not correspond to a unique MPDAG. Hence, we have to include the edge
information from the PDAG to perform such a step. The idea is to utilize a topological
ordering induced by a consistent extension D, in order to traverse the PDAG only once
while detecting the Meek rules. This is based on the observation that an orientation u — v
into u — v through R1-R4 only relies on parents of v in any consistent extension. In this
way, it is possible to obtain a run time O(Am). By additionally making use of the CPDAG
corresponding to D, we can improve even further:
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Algorithm 3.2: Maximal orientation of an extendable PDAG.
input : Extendable PDAG G.
output: Maximal orientation of G.

1 D = consistent extension of G

2 T := topological ordering of D

3 // T '(v) denotes the position of v in T

4 C:=CPDAGof D

5 // the following modifications are performed in place in C
6 foreach connected component U of the undirected subgraph of C do

7 Copy edge directions from G to U

8 foreach v € V,, in order T do

9 // R1

10 foreach p — v with T~1(p) < T71(v) do

11 ‘ if das.t. a— p — v then Orient p — 0.

12 end

13 // R4

14 foreach p > v with T~ !(p) < v~ 1(v) do

15 ‘ if3d,ast.d— p—vand afg)p then Orient a — v.
16 end

17 // R2

18 foreach p — v with T~ (p) < T~ 1(v) in decreasing T~'(p) do
19 ‘ if dbs.t. p{b\—>v then Orient p — 0.

20 end

21 end
22 end
23 return C

Theorem 3.30. For extendable PDAGs, problem MAXIMALLY-ORIENT can be solved in time
O(dm).

Proof. MAXIMALLY-ORIENT can be solved with Algorithm 3.2. It applies the Meek rules
starting with CPDAG C instead of PDAG G. Such an approach is valid, see for example
the proof of Theorem 4 in Meek [1995].

Moreover, it is sufficient to apply the Meek rules inside the connected components of
U(C) (with the directed edges from G copied over). This is because a vertex outside these
connected components cannot take part in the rules R1-R4. The only such vertices could
potentially be 2 in R1 and b in R2, but clearly the rules cannot be applied in C immediately
and directing further edges will not create such a situation. Therefore, we obtain the
following problem. Given a PDAG H with chordal skeleton and no v-structures, and a
topological ordering T of a consistent extension, exhaustively apply R1-R4. Note that R3
cannot occur as it contains a v-structure.

The algorithm visits the vertices in topological order. We prove by induction that
after handling vertex v, the induced subgraph on all visited vertices coincides with this
induced subgraph in M. After visiting the first vertex, the proposition above holds as
the induced subgraph contains no edge. Now assume that the statement holds until the
vertex u is visited immediately before v. Then, all edges going into any visited vertex
except v have already been set correctly by induction hypothesis. To complete the proof,
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we only have to show that every edge into v is correctly oriented or left undirected. Note
that in case we direct the edge, only the orientation consistent with 7 is valid.

It is easy to see that it is sufficient to consider vertices coming before v in T for Meek
rule detection. The correctness of the fast Meek rule detection was already argued in the
proof of Theorem 3.28. However, we have to be careful due to the fact that applying a
rule to some edge p; — v may lead to the orientation of p, — v at some later point. Hence,
we have to make sure that edges p» — v do not have to be rechecked for applicability of
R1-R4 repeatedly.

We can see that rechecking for R1 is not necessary as the edge incident to v has to be
undirected (vertex v corresponds to vertex c in R1, as we want to find new directed edges
into v). In R4 (here v corresponds to vertex b) there is such a directed edge ¢ — b incident
to v, but this edge always follows from R1 (because of 4 — ¢). Hence, by first exhaustively
applying R1 and afterwards R4, these rules are handled correctly. As R3 does not apply,
R2 remains. Here, we consider the edges p — v with decreasing T~1(p), i.e., the closest p
first. When considering p, we hence know that for all p’ with t=1(p) < T71(p') < v71(v),

R2 has already been applied. Thus, when searching for p f;;’} v we know that p’ — v
has already been directed if it is directed in M.

It is immediately clear that the algorithm runs in time O(Am). To see that it is actually
O(dm), observe that we only consider parents of vertices in D. As we are in an undirected
component without any v-structures, the parents have to be fully connected, i.e., form
a clique together with v. But d-degenerate graphs contain cliques with at most d 4 1
vertices. ]

3.7 Conclusions

We proposed a method of time complexity O(n%) to find a consistent DAG extension in a
given PDAG that improves upon the commonly used algorithm by Dor and Tarsi [1992].
It is based on a new data structure for potential-sinks in PDAGs, which makes it easily
implementable and practically useful. By applying a fine-grained complexity analysis,
we showed that our algorithm is optimal under the Strong Triangle Conjecture. This an-
swers the open question on the existence of a linear-time method for the extension prob-
lem in PDAGs negatively conditional on this conjecture. Through a refined analysis, we
showed that our algorithm runs in linear time on practically important graphical causal
models, such as graphs with bounded treewidth. Based on these results, we provided a
precise complexity-theoretic classification of the extension problem, also including more
structured graph classes. As part of this, we gave a graphical characterization of extend-
able MPDAGs: a result, which moreover yields a linear-time extension algorithm for this
graph class. Finally, we applied the new methods to the corresponding recognition prob-
lems and developed the techniques further to design an effective algorithm for closing a
PDAG under the orientation rules of Meek.



Enumerating Markov Equivalent DAGs

The previous chapter discussed the problem of testing extendability of causal graphical
models, that is whether a graph with directed and undirected edges admits a causal ex-
planation. The algorithms were constructive in the sense that they return an extension if
it exists. However, they only give a single arbitrary representative of the set of consistent
extensions of the given graph.

In this chapter, we build on these tools in order to deal with the problem of enumerat-
ing the DAGs in an MEC given its CPDAG (we actually solve the more general problem
of enumerating all consistent extensions of a PDAG), that is listing each member of the
MEC exactly once (see Figure 4.1 as an example of an MEC and its CPDAG). This task
is an important primitive in causal analysis, used as a subroutine to solve more complex
problems in software packages such as pcalg [Kalisch et al., 2012], causaldag [Squires,
2018], TETRAD [Ramsey et al., 2018] and dagitty [Textor et al., 2016]. Enumeration of an
MEC’s members can be applied to solve many important downstream tasks in causal
inference. For example, one can estimate the causal effect of the exposure variable on
the outcome for each DAG in the equivalence class, which is learned from the observed
data [Maathuis et al., 2009]. One could also check for every DAG whether it conforms
to additional domain information or background knowledge in order to find the most
plausible DAG [Meek, 1995], or select intervention targets to distinguish between certain
DAGs in the equivalence class [He and Geng, 2008, Hauser and Bithlmann, 2012]. While
there are custom algorithms, which avoid the use of explicit enumeration (sometimes by
settling for approximate solutions), for many of these cases, it remains a flexible and very
general tool that can be utilized even when other methods fail. The main drawback is, of
course, its high computational cost, which we aim to address in this chapter.

Any method for enumerating the DAGs in an MEC requires exponential time in the
worst-case, due to the basic fact that there are classes with exponential size. A crucial
feature from a computational perspective is thus the delay: the algorithm’s run-time be-
tween two consecutive output DAGs, which should be as small as possible. Another
desirable property would be that subsequent DAGs smoothly change their structure, i.e.,
share most of their edge orientations, which constitutes a more plausible enumeration
from the causal point of view. In this chapter, we take both these aspects into account.

To the best of our knowledge, no study has been published that performs a system-
atic analysis of the enumeration problem, including its algorithmic aspects. One com-
monly used folklore algorithm is based on the rules proposed by Meek [1995], which
we introduced in the previous chapter (Figure 3.1), to transform a causal graph (e.g., a
CPDAG or PDAG) into its maximal orientation. Such an approach is used for example
in the TETRAD package. Applying the Meek rules has the property that any remaining
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Figure 4.1: An MEC on the right, which consists of six DAGs. This class is represented
by the left CPDAG, which uniquely represents the MEC by including undirected edges
if two DAGs differ in their direction.

undirected edge a — b is oriented a — b in at least one and 4 < b in another DAG repre-
sented by the graph. Consequently, the DAGs can be enumerated by successively trying
both possible orientations. This yields a polynomial delay algorithm, but the degree of
the corresponding polynomial is rather large since the Meek rules have to be applied
at every step. Another folklore approach is based upon the transformational characteriza-
tion of MECs given by Chickering [1995], which states that two DAGs in the same MEC
can be transformed into each other by successive single-edge reversals. This approach
is used in the causaldag package. Hence, the MEC can be explored through such edge
reversals starting from an arbitrary DAG in the class. The issue with this method is that
already output DAGs need to be stored and every time a new DAG is explored it has to
be checked that it has not been output before. This leads to a relatively large delay and
memory demand. As both algorithms (which we call MEEK-ENUM and CHICKERING-
ENUM) have not been explicitly stated in a publication, we give a formal description of
both in Section 4.1 as well as a rigorous analysis of their delay.!

The main contribution of this chapter is the first O(n + m)-delay algorithm that, for a
given CPDAG representing an MEC, lists all members of the class. We also show that the
algorithm can be generalized to enumerate DAGs represented by a PDAG or MPDAG -
causal models incorporating background knowledge. To achieve these results, we utilize
Maximum Cardinality Search (MCS) [Tarjan and Yannakakis, 1984] originating from the
chordal graph literature. In addition to the theoretical results, we give an efficient prac-
tical implementation, which is significantly faster than implementations of MEEK-ENUM
and CHICKERING-ENUM.

We also propose a complementary method with the property that during enumera-
tion subsequent DAGs gradually change their structure. This method utilizes the results
by Chickering [1995], but performs the traversal of the MEC in a more refined way. Us-
ing such an approach, it is possible to output all Markov equivalent DAGs in sequence
with the property that two successive DAGs have structural Hamming distance (SHD) at
most three. This result is tight in the sense that there are MECs whose members cannot
be enumerated in a sequence with maximal distance at most two. We also show that this
observation can be used in the more general setting of enumerating maximal ancestral

IThe libraries pcalg and dagitty use neither of the two approaches described here. We will not discuss
these implementations further, but mention that they do not have polynomial-time delay.
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graphs (MAGs) which encode conditional independence relations in DAG models with
latent variables [Richardson and Spirtes, 2002].

4.1 Background

Enumerating (also known as generating or listing) all configurations satisfying a given
specification is a fundamental task in combinatorics with classic problems being the enu-
meration of all permutations of n objects or all combinations of k of them. From a com-
putational point of view, the main interest is to enumerate such objects as efficiently as
possible. In this work we are interested in enumerating orientations of graphs, that is the
input is a graph and the output is a list of oriented graphs satisfying certain properties.
There are different ways of classifying algorithms for this task, respectively measuring
their efficiency, see e.g. the classification given by Johnson et al. [1988].

Measuring the time complexity in the size of the input is often not desirable as the out-
put size is commonly exponentially large, making a classical complexity analysis hard to
interpret. A simple adaptation is to measure the time complexity in terms of combined
input and output size. If the complexity of an algorithm can be expressed by a polynomial
in this way;, it is called a polynomial total time algorithm. However, this is still not a very
fine measure of complexity, thus necessitating more restrictive definitions of “efficient”
enumeration approaches. A popular and useful concept is that of delay, that is the maxi-
mum time that passes between two consecutive outputs. This complexity is measured in
terms of the input size but can still be polynomial even for exponentially large outputs,
which makes it easy to interpret. Delay algorithms have the crucial practical advantage
that outputs are generated on the fly, which allows working with the first configurations
without waiting for all to be generated.

When listing configurations one-by-one, it is moreover desirable to use only polyno-
mial space during generation, thus in particular not storing all past configurations. This
is an important feature in practice as it avoids memory problems in case of exponentially
large outputs. Generally, we aim to give enumeration algorithms which have polynomial
(or better linear) delay and space requirements. In particular, we are mainly interested in
the following enumeration problem

Problem 4.1. ENUM-EXT

Instance: A PDAG G = (V,E,A).
Result: Listing of all consistent extensions EXT(G), each exactly once.

Another aspect is to generate enumeration sequences with successive configurations
being “close” to each other. Closeness is formalized in this context such that the configu-
rations can be transformed into each other through few (a constant amount of) changes.
This is also known as Gray code enumeration and it has a rich literature in combina-
torics [Savage, 1997, Miitze, 2022, Knuth, 2014].

Before we tackle Problem 4.1 from these perspectives, we give a formal description of
the folklore algorithms based on [Meek, 1995] and [Chickering, 1995] as those approaches
have never been explicitly discussed, in particular, with regard to their delay.

Enumeration based on Meek’s rules. As presented in Figure 3.1 in the previous chap-
ter, Meek [1995] gave a complete set of four rules (R1 - R4), which, when applied re-
peatedly, transform a PDAG into its maximal orientation (an MPDAG), i.e., orient all
undirected edges, which are fixed in the consistent extensions of the PDAG.
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A graph completed under the Meek rules has the property that every undirected edge
x — y is not fixed in the DAGs it represents, i.e., there is one which contains x — y and
one which contains x <—y. Thus, the consistent extensions can be enumerated by first
orienting the edge as x — y (and recursively orienting the remaining edges one-by-one,
always after completing the graph under the Meek rules to ensure that every orientation
yields a valid DAG) and afterwards orienting the edge as x <—y. We call this approach
MEEK-ENUM and it is stated in Algorithm 4.1.

Algorithm 4.1: Enumeration algorithm of Markov equivalent DAGs based on
Meek’s rules (MEEK-ENUM).

input : An extendable PDAG G = (V,E, A).

output: All consistent extensions of G.

1 function enumerate (G)

2 H := maximal orientation of G
3 if Ey is empty then // Ep is the set of undirected edges of H
4 ‘ Output H
5 else
6 u — v := any element from Ey
7 Orient u —vintou — vin H
8 enumerate (H)
9 Reverse the orientation 4 — v into # < v in H
10 enumerate (H)
11 Unorient 4 < vintou —vin H
12 end
13 end
14 enumerate(G)

MEEK-ENUM has polynomial-delay, particularly as every orientation leads to a valid
DAG (there are no “dead-ends” in the recursive search). However, it requires the appli-
cation of Meek’s rules in every step, which, by Theorem 3.30 of the previous section, is
possible in time O (%) (a “naive” application of the Meek rules takes significantly longer,
amounting to a polynomial run-time of high-degree). This yields the following bound
on the delay.

Proposition 4.2. MEEK-ENUM (Algorithm 4.1) can be implemented such that all consistent
extensions are enumerated with worst-case delay O(m - n®).

Proof. Clearly, every consistent extension is output as every undirected edge is oriented
in both directions (by soundness of the Meek rules every directed edge is actually fixed
in the DAGs in the class). No consistent extension is output twice because in each step,
an undirected edge is oriented and fixed, i.e., every recursive call receives a different
graph as input. Nor is an invalid DAG output, because every undirected edge can be
oriented in both directions leading to a valid DAG by completeness of the Meek rules. In
the worst case, the algorithm needs m recursive calls until a DAG is output, and a single
call costs time O(n3) due to the application of Meek’s rules by Theorem 3.30. Hence, the
delay between two outputs is bounded by O(m - n%). O
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Enumeration based on [Chickering, 1995]. Another approach for enumerating Markov
equivalent DAGs is build on the transformational characterization of MECs by Chicker-
ing [1995]. It is based on the notion of covered edges:

Definition 4.3 (Covered edge [Chickering, 1995]). An edge x —y is called covered if
Pa(x) U {x} = Pa(y).
Theorem 4.4 (Chickering [1995]). Let D and D’ be two Markov equivalent DAGs. There exists
a sequence of SHD(D, D) edge reversals in D with the following properties:

1. Each edge reversed in D is a covered edge.

2. After each reversal, D is a DAG Markov equivalent to D'.

3. After all reversals, D = D'.

Here, SHD(D, D’) refers to the structural Hamming distance between D and D’, that is
the number of vertex pairs which have differing edge relations in D and D’. Theorem 4.4
states that starting from a DAG D we reach all DAGs in the same Markov equivalence
class by reversals of covered edges. This permits the following enumeration approach,
which we call CHICKERING-ENUM.

Algorithm 4.2: Enumeration algorithm of Markov equivalent DAGs based on
Chickering’s characterization [Chickering, 1995] (CHICKERING-ENUM).

input : A CPDAG G = (V, E, A).
output: [G].

1 function enumerate (D, vis)

2 Output D

3 foreach DAG D' obtained by reversing a covered edge in D do
4 if D’ ¢ vis then

5 vis = visU {D'}
6 enumerate (D’, vis)
7 end
8 end

9

end
10 D := any DAG in [G]
1 vis == {D}
12 enumerate(D)

Starting from D, similar to a depth-first-search (DFS), all neighbors of D (graphs with
a single reversed covered edge) are explored and this is continued recursively. Eventually
all Markov equivalent DAGs are reached by Theorem 4.4 above. In order to not visit any
DAG twice, it is necessary to store a set of all visited DAGs. This is a major disadvantage
of this algorithm leading to worst-case exponential space requirements.

Proposition 4.5. CHICKERING-ENUM (Algorithm 4.2) enumerates a Markov equivalence class
and can be implemented with worst-case delay O(m?>).

Proof. Clearly, any DAG is output exactly once by Theorem 4.4 and storing all visited
DAGs ensures not outputting any DAG multiple times.
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For the delay, it is first useful to analyze when the most steps between two outputs are
necessary. This happens when the algorithm traverses back up the recursion tree (from
a leaf), potentially up to the root, without outputting any new DAG and then down into
another subtree. In principle, the recursion depth might be exponential and this would,
in turn, lead to an exponential-time delay.

However, it is possible to bound the recursion depth by m (by Theorem 4.4 every
edge is reversed at most once) and one will still find all DAGs in the MEC. It remains to
estimate the cost at each recursion step. Going up the recursion tree, at each DAG, O(m)
neighbors might be checked whether they have been visited before, e.g., if they are in vis,
and all of them might indeed be. The check takes time Q)(m) per neighboring DAG D’
as the whole DAG has to be “read” at least once for lookup. If one uses a hash table for
storing the DAGs, expected time O(m) can be reached.

So, in total, we have O(m) recursion steps between two outputs, with at most O(m)
neighboring DAGs being considered, each of which consuming O(m) time for lookup in
vis. This leads to a worst-case delay of O(m?). O

The algorithm is stated for CPDAGs, however, it is rather easy to see that it also works
for listing all consistent extensions of PDAGs with only minor modifications.

4.2 Enumerating the Members of an MEC

The input for the considered enumeration problem stated in Problem 4.1 is a PDAG.
However, to make things easier, we will at first restrict ourselves to CPDAGs, i.e., a
more structured subclass of PDAGs representing an MEC. Recall Section 2.3 for a detailed
discussion on how to find any DAG in the MEC represented by a CPDAG in linear-time.
Proposition 2.15 showed that every consistent extension of CPDAG G corresponds to an
AMO of its undirected subgraph U(G). Hence, the problem immediately reduces to the
task of enumerating the AMOs of a chordal graph.

In Algorithm 2.2, we presented the well-known MCS algorithm, which is adapted to
yield an AMO provided it is run on a chordal graph, such as U(G). We now show that
this algorithm is, in principle, able to produce any AMO of U(G) and, consequently, any
consistent extension of CPDAG G.

Definition 4.6 (MCS ordering). Let G = (V, E) be an undirected graph. A linear ordering
T = (v1,...,04) is an MCS ordering if it is the visit order of an MCS, that is for each v;, it
holds that Ne(v;) N {v1,...,vi_1} is maximum over vj, ..., v,.

This is equivalent to v; being in M;_; as defined in Section 2.3. Not every PEO of G
is an MCS ordering, however, they are still expressive enough to represent all AMOs of
a chordal graph.

Lemma 4.7. Let G = (V,E) be a chordal graph. Every AMO D of G can be obtained by
orienting the edges according to an MCS ordering T, i.e. as D = G[t].

Proof. We give a constructive proof. Consider a modified version of MCS, which always
picks a vertex x € M; such that there isno w — x foraw € V' \ 7; in D. Clearly, this MCS
produces a topological ordering inducing D and this ordering is an MCS ordering.

It remains to show that such a vertex x € M; always exists. Assume, for the sake
of contradiction, that this is not the case. Then, all vertices x in M; have at least one
incoming edge w— x from a w € V \ 7. For at least one x, there exists a w with w— x
which is not in M;. Else D would contain a directed cycle as the induced subgraph D[M]
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Figure 4.2: An example showing for the chordal graph (i) that, at a given step i of the
algorithm, not all vertices in M; can be chosen. If the MCS starts with vertex g, all neigh-
bors b, c,d, e, f have the same number of visited neighbors, namely 1. While an MCS may
choose any one of them, we cannot choose all one-after-the-other in our enumeration.
Choosing b or e as the second vertex may yield the same AMO as (a,b,¢c,d,e, f,g) and
(a,e, f,g,b,c,d) are both topological orderings of (ii). However, choosing vertices in M;
from one connected component in G[{b,c,d, e, f,g}] such as {b,c,d} one-after-another
will yield distinct AMOs (in (iii) and (iv) AMOs with ¢, d chosen as second vertex are
given).

would not have a source vertex. However, with w not in M;, there exists, by definition,
a vertex v € T, which is adjacent to x but not w. This implies v — x < w in D, which
contradicts the morality of D. O

This observation yields a new enumeration approach: Instead of producing a single
AMO by choosing an arbitrary vertex in each step of the MCS, perform multiple choices
and recur for each of them - eventually listing all AMOs by Lemma 4.7 and thus gener-
ating all consistent extensions of a CPDAG by Proposition 2.15 and Corollary 2.19. There
is one pitfall however: We cannot simply choose every vertex from M; one after the other
as some graphs would be output multiple times. Figure 4.2 illustrates this issue: If vertex
a has been visited, the next vertex could be b, ¢, d, e, or f (all have one visited neighbor,
namely a). But choosing, say, b or e may lead to the same AMO as the order of b and ¢
after choosing a is irrelevant.

This issue can be addressed as follows: While the choice of the first vertex v from
M,; is arbitrary, every other vertex x has to be connected to v in G[V \ 7|. If they are
connected, then the order of v and x matters. Otherwise, choosing x instead of v would
lead to duplicate AMOs being output. In our example, this means that if b is the first
considered vertex in M; after a has been visited, the other choices we would consider
are ¢ and d as these are the vertices reachable from b in the induced subgraph over the
unvisited vertices.

Lemma 4.8. Let G = (V, E) be a chordal graph and T; the visit sequence of an MCS after i steps
withi < n.
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1. If x,y € M; are connected in G[V \ 7], the set of AMOs produced by visiting x next is
disjoint from the set produced by choosing y next.

2. If x,y € M; are unconnected in G[V \ 7], any AMO produced by visiting y as the next
vertex can be produced by choosing a vertex in M; connected to x in G[V \ 1] next.

Proof. We show item (1.) first and let p be the shortest path between x and y in G[V'\ 7].
Since AMOs do not contain v-structures, any AMO choosing x next must orient p as
x— ... — y while any AMO with y next yields x < ... <.

For item (2.) let Cy, . .., Ci be the connected components of G[V \ 7;] with x € C;. Any
topological ordering with prefix 7; can be rewritten as 7, C(1), . . ., Cr(x) for an arbitrary
permutation 77 — in particular for 77 = id. O

The following Lemma provides a simplified and more efficient way of testing
whether two vertices in M; are connected.

Lemma 4.9. Let G = (V, E) be a chordal graph and T; the visit sequence of an MCS after i steps
with i < n. It holds that vertices x,y € M; are connected in induced subgraph G[V \ ;] iff they
are connected in G[M;].

Proof. Trivially, if x and y are connected in G[M;] so they are in G[V \ 7;]. Hence, we only
have to prove that if they are not connected in G[M;], then they are also disconnected
in G[V \ 7;]. The base case of 7; being empty is trivial as then we have M; = V' \ 7;. So
let 7; be non-empty and consider two arbitrary vertices x,y € M; that are in different
connected components of G[M,;]. For a contradiction assume that they are connected in
G[V \ 7] viaashortestpath m =x—p; —--- —p,—ywith{ > land py,...,ps € V\ 7.

On 7, there has to be a vertex py ¢ M;, else x and y are connected in G[M;]. Hence,
there is (i) a vertex z € P;(x), which is not in P;(px), and (ii) a vertex z' € P;(y), which
is not in P;(px) by definition of M;. We first consider the case that z or z’ is a common
neighbor of both x and y (this includes the case z = z’). Let this common neighbor be
w.lo.g. vertex z. Then, there is a cycle x — p; —--- — py —y — z — x in G. Moreover, pj
is not a neighbor of z, vertices x and y are nonadjacent (else they would be connected in
G[M;]), and due to 7t being the shortest path, there are no edges between x — p; for j > 1,
y — pj for j < £and p; — pj for |j — j'| > 1. Hence, the only chords the cycle might have
could be p; — z edges, with j # k. But there could only be / — 1 such chords and for a
cycle of length | + 3, | chords are needed to make it chordal. A contradiction.

The remaining case is that z and z’ are both not a common neighbor of x and y. We
show that there can be no AMO produced by the MCS, when it chooses x or y next from
M;, which would be a contradiction. W.l.o.g., we show the argument for x. Let a be a
topological ordering inducing an AMO of G having prefix 7; + (x). Denote by a1 (v) the
position of v in . It has to hold that a (x) < a™!(p1) < a7 ' (p2) < -+ < a ™Y (py) <
a1 (y) as the first vertex p; with a~'(p;) > a~!(pjs1), would induce a v-structure. As
we have a7 1(z’) < a=1(py) < a~!(y), vertices z’ and p, have to be adjacent to avoid a
v-structure. Then, the same applies to a7 1(z') < a~1(p,_1) < a~!(p,), which implies an
edge between z’ and p,_;. This iteration can be continued only until vertex p;, which is
nonadjacent to z’ by assumption. O

Algorithm MCS-ENUM utilizes these results to enumerate the AMOs of a chordal
graph. The recursive function enumerate first proceeds as the standard MCS by choosing
any vertex v from M;, appending it to 7; and, in this case recursively, calling enumerate
to continue in this manner until the AMO induced by T, is output. When the recursive
call in line 12 returns for the first time, however, lines 13-15 are executed computing the set
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Algorithm 4.3: Linear-time delay enumeration algorithm MCS-ENUM for listing
all AMOs of a chordal graph.

input : Chordal graph G = (V,E).

output: All AMOs of G.

1 function enumerate (G, T;)

2 if i = n then

3 | Output G[1,].

4 end

5 // As in Algorithm 2.2, Pi(v) and M; can be maintained
efficiently using appropriate data structures

6 | foreachv € V do P;(v) := Neg(v) N1

7 | Mij={veV\7|forallw € V\ 7 itholds that |P;(v)| > |P;(w)|}

8 v = any vertex from M;

9 X:=70

10 do

11 Ti1 =T+ (x) // append x to T;

12 enumerate (G, Tj11)

13 if x = v then

14 | R:={a| areachable from v in G[M;]}

15 end

16 while R is non-empty, x := pop(R)

17 end

18 7= ()

19 enumerate(G, )

R of vertices reachable from v in G[M;]. These vertices in R are then also chosen as next
vertex to visit and for each of them enumerate is called recursively as before (whereas set
R is only computed once).

Theorem 4.10. Given a chordal graph G, MCS-ENUM enumerates all AMOs of G.

Proof. Every DAG output in line 3 is an AMO, as it is generated by a linear ordering pro-
duced by an MCS. This holds as any chosen vertex is from M;. To see that the algorithm
outputs all AMOs of G, recall that every AMO can be represented by an MCS ordering
by Lemma 4.7. In principle, Algorithm 4.3 considers all possible courses an MCS could
take, except the pruning of vertices unreachable from v. By Lemma 4.9, it suffices to in-
spect only connected vertices in G[M;] and by item (2.) of Lemma 4.8 those unreachable
vertices would not lead to any new AMO.

Finally, we argue that no AMO is output twice. Every output is obtained by con-
structing a directed graph based on the ordering given by the graph traversal. Assume
for the sake of contradiction that we have two such sequences 71 and 7, representing the
same AMO. Let x and y be the vertices in 77 and 1> at the first differing position, respec-
tively. Note that x and y are connected and, hence, by item (1.) of Lemma 4.8 it follows
that 71 and 1, yield different AMOs. O

Theorem 4.11. MCS-ENUM has worst-case delay O(n + m).

Proof. In a standard MCS, data structures are used, which are able to update M; in time
O(A(x)) after visiting vertex x. In our algorithm, we need to efficiently perform the
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reverse step, when going back up the recursion tree. It is easy to see that this is also
possible in time O(A(x)).

Let us partition the steps between two outputs in three phases: (i) the recursion goes
“upwards” from an output; (ii) it reaches its “top” in the recursion tree; and (iii) the
recursion goes “downwards” towards the next output.

We show that each phase runs in time O(n + m). In phase (i), the do-while loop
stops (otherwise we would be in phase (ii) because line 12 would be called, again going
“downwards” the recursion tree). Hence, the reachability search (if called) would not
yield any vertices and terminate after O(A(x)) steps by Lemma 4.9. Overall, the time
complexity of a single upwards step is thus O(A(x)) and this phase may take time O(m)
in total. Phase (iii) is the standard “forward” step of MCS, thus needing time O(A(x)),
which again amounts to O(m) total time. In phase (ii), non-empty set R is computed,
which may take time O(m). However, this phase only consists of a single step. Hence,
we obtain a worst-case delay of O(n + m). O

From a practical point-of-view, it is clear that it happens very rarely that the procedure
“backs up” far in the recursion tree, most times it will stay close to the leaves between
two outputs. Therefore, outputting the resulting AMO is the actual bottleneck of the al-
gorithm and it is faster when only 7 is returned in line 3. Formalizing this and analyzing
the amortized or average case delay between two outputs is an interesting open problem.

Algorithm 4.4: Linear-time delay enumeration algorithm of Markov equivalent
DAGs based on MCS-ENUM.

input : ACPDAGG = (V,E, A).

output: [G].
1 U(G) == (V,E), i.e., the graph with only the undirected edges of G

2 Execute Algorithm 4.3 on U(G) and each time add arcs A when outputting the
DAG (in line 3 of Algorithm 4.3).

The result for chordal graphs immediately generalizes to CPDAGs as prescribed by
Proposition 2.15.

Theorem 1.3. Let G be a CPDAG. There exists an algorithm which enumerates the members of
the MEC [G] with worst-case delay O(n + m).

Proof. Algorithm 4.3 is called for the graph obtained by removing all directed edges of
G. After computing an AMO of this graph, the directed edges can be re-added and the
output is a member of [G] produced with delay O(n + m). The correctness follows from
Proposition 2.15. Algorithm 4.4 describes this approach. O

4.3 Enumerating Consistent Extensions of PDAGs

In the previous section, we restricted ourselves to the enumeration of consistent exten-
sion of CPDAGs. In this section, we consider the problem for general PDAGs.

The set of consistent extensions represented by PDAG G can also be represented by
an MPDAG G’ which is obtained from G by iteratively applying the four Meek rules
(Figure 3.1). In Chapter 3, we showed how this step can be performed in time O(n?)
(or O(dm), where d is the degeneracy of the skeleton, to be more precise). It reduces the
enumeration task from PDAGs to MPDAGs, with an additional O(n?) initialization step.
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We also showed in Chapter 3 how a consistent extension of an extendable MPDAG?
can be computed in time O(n + m). The key insight was to modify the MCS such that,
at step i, a vertex from M,; is chosen, which has no incoming edges in arc set A from un-
visited vertices, i.e., ones in V' \ 7;. We denoted the subset of vertices of M; satisfying this
constraint with M#. This MCS is performed on the bucket graph of G. By Lemma 4.7, every
consistent extension of bucket graph B(G) can be induced by an MCS order (note that
the skeleton of B(G) is chordal by Lemma 3.25). Moreover, every consistent extension of
G is made up of a consistent extension of B(G) (and the remaining directed edges in G).
This constitutes the reverse direction of Lemma 3.23.

Lemma 4.12. Let G = (V,Eg, Ag) be an MPDAG. Let D = (V,®, Ap) be a consistent
extension of G. Then, graph C = (V, Ac) with Ac = {(a,b) € Ap |a—---—b e G}isa
consistent extension of B(G).

Proof. Assume C is not a consistent extension of B(G). Then, it does not satisfy one of
the three conditions of a consistent extension. However, (1.) it is an orientation of B(G)
because D is an orientation of G and C is the subgraph on the same skeleton as B(G).
Moreover, (2.) it is acyclic as D is acyclic and C is a subgraph. Finally, (3.) it has the same
v-structures because a — b < ¢ with @ and c nonadjacent in C, but not B(G), would imply
the same for graphs D and G (note that 2 and ¢ cannot be adjacent in G if they are not in
B(G)). Conversely, a v-structure in B(G) is also in G by (1.). O

On the basis of this, an analogue modification of Algorithm 4.3 suggests itself to enu-
merate all AMOs of a bucket graph B(G): Perform the algorithm on the skeleton of B(G)
and only consider vertices in M#, with A being the set of arcs in B(G).

Lemma 4.13. Let B = (V,E, A) be the bucket graph of an extendable MPDAG and T; be a
sequence of visited vertices with i < n produced by the modified MCS (function bucket-mcs in
Algorithm 3.1) on skel(B). Then it holds that:

1. If x,y € M are connected in skel(B[V \ 7]), the set of AMOs produced by choosing x
next is disjoint from the set produced by choosing y next.

2. If x,y € M# are unconnected in skel(B[V \ 1]), any AMO produced by choosing y
as the next vertex can also be produced by choosing a vertex in M# connected to x in
skel(B[V \ 7;]) next.

Proof. For item (1.) consider the shortest path between x and y and assume that it con-
tains directed edges (if not the argument of Lemma 4.8 applies). Then x or y has an
incoming arc due to the non-applicability of the first Meek rule in B. This violates the
assumption that x, y € M. For item (2.) the same argument as in Lemma 4.8 holds. [

Reachability can again be tested in a simplified way:

Lemma 4.14. Let B = (V,E, A) be the bucket graph of an extendable MPDAG and T; a se-
quence of visited vertices with i < n produced by the modified MCS (function bucket-mcs in
Algorithm 3.1) on skel(B). Vertices x,y € M are connected in skel(B[V \ 1)) iff they are
connected in skel(B[M#)).

2Throughout this section, we assume that the MPDAGs have a non-empty set of consistent extensions.
If needed, this can easily be checked by an O(n%) preprocessing step.
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Proof. Recall that M,; is the set of all vertices with maximum number of visited neighbors
at step i including the ones with unvisited parents. As shown in the proof of Lemma 4.9
and due to the chordality of skel(B) (Lemma 3.25), the vertices x and y are connected in
the subgraph of skel(B) induced by M,; if they are connected in the subgraph induced by
V' \ 7;. Hence, for the sake of contradiction, assume that x and y are connected in M; but
not in M#. Then there is a shortest path x = p; — po — -+ — px_1 — px = y with some
pj € M;\ M. Consider the p; with smallest j and assume the shortest path is chosen
such that this j is maximized (in case that there are multiple shortest paths). This path
is completely undirected in B as x or y would otherwise have an incoming edge by the
same argument as in the proof of Lemma 4.13.

Observe that p; has an incoming edge from an unvisited vertex z; in B. By the proper-
ties of the MCS we have z; € M; as otherwise, because p; € M;, z; would be non-adjacent
to a previous neighbor a of p; implying the v-structure a — p; < z; and violating the fact
that the modified MCS returns an AMO. Because B is a bucket graph of an MPDAG, z;
needs to be adjacent to p;_1. Furthermore, if z; has an incoming edge from an unvisited
vertex z; then this vertex has to be connected to p j—1as well.

This process can be iterated further and we will consider the first z, that has no un-
visited parent. Such a vertex has to exist as otherwise there would be a directed cycle.
The edge between z; and p;_1 is undirected by the minimality of p; (i.e., no vertex before
p; has an incoming edge from an unvisited vertex).

Moreover, z1 needs to be adjacent to pj,1 by the same argument. If this edge is undi-
rected, z needs to be adjacent to pj,1. If it is directed z; — p;;1, then z; needs to be
adjacent to pj,2. Generally, the highest index vertex on the path that z; is adjacent to is
connected to it by an undirected edge. Meaning z;,; has to be connected to it as well.
Thus, z, is connected by an undirected edge to some p; on the path, for t > j. This yields

the desired contradiction as either thepathx = p1 — - —pj 1 —zp—pr— - —pr =y
is shorter than the previously considered one or the first vertex with an unvisited parent
has a higher index. ]

Using these results, we can show that:

Theorem 4.15. Let G be an MPDAG. There is an algorithm that enumerates all consistent
extension of G with worst-case delay O(n + m).

Proof. This approach is stated in Algorithm 4.5. We first show that every DAG that is
output by the algorithm is a consistent extension of G. This follows from the fact that
the algorithms produces outputs just as Algorithm 3.1 (see Theorem 3.27), only with
additional backtracking steps.

Moreover, every consistent extension of the given bucket is output. By Lemma 4.12,
every consistent extension of G can be obtained by finding a consistent extension of B(G)
and by generalization of Lemma 4.7 every such consistent extension can be induced by
an MCS ordering. The algorithm considers all MCS orderings, except (i) those which
do not conform with the given directed edges (if vertex v has an incoming arc from an
unvisited vertex w it cannot be in MZA) and (ii) those vertices that are unreachable from v
(which do not produce new consistent extensions by item (2.) of Lemma 4.13).

Finally, it remains to show that no consistent extension is output twice. Clearly, every
sequence T that we obtain is different. So assume for the sake of contradiction that the
algorithm outputs two sequences T and 7’ that represent the same consistent extension.
Let x and y be the vertices in T and 7’ at the first differing position. Then x and y are
connected in the induced subgraph over the unvisited vertices (by line 15) in the skeleton
of B. A contradiction since this implies that the AMOs represented by 7 and 7’ differ.
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For the complexity analysis we partition the algorithm into three phases (i), (ii), and
(iii) as in the proof of Theorem 4.11. The cost of (i), (ii) and (iii) are the same as in the anal-
ysis of Theorem 4.11. Particular, observe that, similar as before, reachability terminates
after O(A(x)) steps for vertex x in phase (i) due to Lemma 4.14. O

Algorithm 4.5: Linear-time delay enumeration algorithm of the consistent ex-
tensions of an MPDAG.

input : MPDAG G = (V,E, A).

output: All consistent extensions of G.
1 function bucket-enumerate(B, A, T;, Ag)
2 if i = n then
3 Output graph obtained by orienting B according to 7, and adding the arcs
from A; (which are not present already).

4 end

// As in Algorithm 3.1, the next three lines can be implemented
efficiently with appropriate data structures

6 | foreachv € V do P;(v) := Neg(v) NT;

7 | Mij={veV\1|forallw € V\ 7 it holds that |P;(v)| > |Pi(w)|}

8

9

(6]

M = {v € M; | there exists no w € V' \ 1; such that w — v}
v := any vertex x € M#
10 | x:=0

11 do

12 T =T+ (x) // append x to T;
13 bucket-enumerate (B, Tj;1)

14 if x = v then

15 | R:={a| areachable from v in B[M]}

16 end

17 | while R is non-empty, x := pop(R)

18 end

19 B(G) = (V, Eg,AB(G)) with AB(G) = {(ﬂl,b) € AG | a—---—be G}

20 7= ()

21 bucket-enumerate (skel(B(G)), Ap(c), To, Ac)

Theorem 4.16. There is an algorithm that enumerates all consistent extensions of a given PDAG
with O(n + m) delay after an initialization step of time O(n®).

Proof. The graph is initially transformed into its MPDAG. This is possible in time O (1)
as shown in Theorem 3.30. Afterwards, apply Algorithm 4.5. O

4.4 Enumerating Markov Equivalent DAGs With Small
Changes

The results of the previous sections settle the worst-case complexity of enumerating the
members of an MEC.? In this section, we complement these results with an enumeration

3At least if every DAG is output separately, a run-time of o(n -+ m) is not achievable as this would be
less than the size of the graph. There are however, algorithms which modify the configurations in place and
this allows for faster, even constant-time delay, enumeration algorithms.
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Figure 4.3: An example CPDAG G for which there exists no enumeration sequence of [G]
with successive DAGs having SHD smaller or equal to two. Two DAGs in the MEC are
connected by an edge if they can be transformed into each other by a single edge reversal.
For trees, the resulting topology coincides with the one of the CPDAG, each DAG in the
MEC can be represented by its unique source vertex. During the enumeration, the DAG
in the center can be used only once, which makes it impossible to list all “leaf DAGs”
when allowing only for distance at most two.

sequence of small changes between consecutive DAGs. While this approach has worse
delay, such sequences are more natural from the causal perspective, with only a few
edge orientations changing at a time, and emphasizes the structural properties of Markov
equivalence. In more detail, we show that all graphs in an MEC can be enumerated in
a sequence such that every two consecutive DAGs have structural Hamming distance
(SHD) at most three. Our results are based on the seminal characterization of Markov
equivalence stated in Theorem 4.4 above, which is the basis for CHICKERING-ENUM.

It implies that is possible to go from one member of an MEC to another with only sin-
gle edge reversals and this also holds for consistent extensions of PDAGs and MPDAGs.
The task we are trying to solve, however, is to enumerate all Markov equivalent DAGs,
meaning the goal is to find a sequence in which every DAG occurs exactly once. It can
be shown that such a sequence with SHD at most one does indeed not exist. Figure 4.3
provides an example that does not even allow a sequence of SHD two.

Lemma 4.17. There exists an MEC M without a sequence (D1, D», ... ), which contains each
DAG in M once and has the property that successive graphs have an SHD of at most two.

However, if we permit three edge reversals between consecutive DAGs we can always
find such a sequence. This relies on the result by [Sekanina, 1960], that any connected
graph has a sequence containing each node exactly once such that successive nodes in
the sequence have distance < 3 in the graph. The graph we consider in this context is
the one, which contains the DAGs in an MEC as nodes* and an edge between nodes
Dy and D, if the corresponding DAGs SHD(D;, D;) = 1. By Chickering [1995], this
graph is connected, which implies Corollary 4.18 below. Utilizing the result by Sekanina
[1960] for enumeration in this way is generally possible by constructing the graph with all
configurations as nodes and connecting them if they have distance one.> Consequently,
it is an essential tool for constructing enumeration sequences with small distance (also
known as Gray codes) in general, for a reference see Section 2.4 of [Miitze, 2022].

“We use the term node instead of vertex here to avoid confusion with the vertices of the DAGs.

5Depending on the context, different measures of distance might be useful. E.g., when enumerating
permutations, two permutations may have distance one if they can be transformed into each other by a
single swap of objects.
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Corollary 4.18. Every MEC can be represented as sequence (D1, D», . .. ) of Markov equivalent
DAGs such that successive graphs have SHD at most three.

Proof. For a constructive, proof consider the graph that contains all DAGs in the MEC as
nodes. In that graph connect two nodes with an edge if the DAGs can be transformed
into each other by a single edge reversal (hence, these have SHD one). By Chickering
[1995] (Theorem 4.4 above), the graph is connected.

Every connected graph has a sequence (p1, p2, ... ) that contains every node exactly
once such that the distance between consecutive nodes is at most three [Sekanina, 1960,
Miitze, 2022]. This sequence can be constructed by performing a depth-first-search (DFS)
starting at an arbitrary node r and appending nodes with an even distance from r in the
DEFS tree when they are discovered and nodes with an odd distance from r when they
are fully processed (essentially mixing pre- and post-order depending on the layer of the
DFS tree). The SHD between two output nodes is never larger than three: When going
down the DFS tree, every second node is output, when going up (after last outputting
in odd layer i) the node in layer i — 2 is output after it is finished. Hence, if it has no
unvisited neighbors, the SHD is two. If it does, one of these gets explored and, hence,
immediately output as it is in even layer i — 1. In this case, the SHD to the last output is
three. O

The approach used in the proof is formalized in Algorithm 4.6.

Algorithm 4.6: Enumeration algorithm with SHD < 3 of Markov equivalent
DAGs based on Chickering’s characterization [Chickering, 1995] (SHD3-ENUM).

input : ACPDAGG = (V,E, A).

output: [G].
1 D :=any DAG in [G]
2 vis := {D}

3 enumerate(D,vis,0)

4 function enumerate (D, vis, i)

5 if imod 2 = 0 then
6 ‘ Output D
7 end
8 foreach DAG D' obtained by reversing a covered edge in D do
9 if D’ ¢ vis then
10 vis :== visU {D'}
1 enumerate(D’, vis, 1 + 1)
12 end
13 end
14 if imod 2 =1 then
15 ‘ Output D
16 end
17 end

Theorem 4.19. For a CPDAG G, SHD3-ENUM enumerates the DAGs in |G| with delay O(m?)
such that successively output DAGs have SHD at most three.
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Proof. The argument is similar to the proof of Theorem 4.5. First, it is clear that all DAGs
in the MEC are output exactly once. Moreover, by the proof of Corollary 4.18, it satisfies
the stated property with regard to the SHD.

The analysis of the delay differs slightly in the sense that this algorithm has worst-
case delay O(m?) (instead of O(m?)) due to the fact that between two outputs only a
constant number of recursive calls are handled. This follows from the fact that the al-
gorithm outputs successive DAGs with SHD < 3 and that between the output of these
DAG:s, there are only constantly many steps in the traversal of the MEC. The cost per
DAG can be bounded by O(m?) as in Theorem 4.5. O

Both Algorithm 4.6 as well as Theorem 4.19 directly apply to PDAGs as well. In
contrast to these results, we note that MEEK-ENUM, CHICKERING-ENUM and MCS-ENUM
do not enumerate an MEC such that the SHD between two successive outputs is at most
three.

Lemma 4.20. Sequences of DAGs produced by MEEK-ENUM, CHICKERING-ENUM and MCS-
ENUM may contain consecutive DAGs with SHD larger than three.

Proof. Consider the CPDAG shown in Figure 4.3. Since MEEK-ENUM has no preferences
on the edge it orients first, it may start with the edge a — b. All other edge directions
would then follow from the first Meek rule yielding the output DAG shown in Fig-
ure 4.3. The orientation a < b is tried afterwards, which would result in no further
directed edges. Then, assume the next undirected edge picked by the algorithm is the
ones between /1 and i. It may be oriented as h <1 yielding a DAG with SHD four to the
previously output DAG.

Similar arguments hold for CHICKERING-ENUM and MCS-ENUM, the former could
end up in a state where the only DAGs left are the one with edge a— b and the one
with h <7 and the latter could start with vertex a and afterwards choose i as the first
vertex — yielding again the same DAGs. O

Computationally, our results do not imply a better bound (compared to e.g. the linear-
time algorithm we presented above) on the delay in producing the sequence from Corol-
lary 4.18 and we leave this as an open problem. The constructive algorithm (which
we call SHD3-ENUM) given in the proof of Corollary 4.18 behaves relatively similar to
CHICKERING-ENUM and has delay O(m?) as every DAG may have m neighbors and we
have to check for each of them whether they were already visited. It seems unlikely that
this can be improved without further structural insights.

Lastly, we remark that the same idea can also be used in the more general setting
of enumerating Markov equivalent maximal ancestral graphs (MAGs) without selection
bias, which are causal models allowing for latent confounders and for which a similar
transformational characterization exists [Zhang and Spirtes, 2005]. A detailed treatment
of MAGs is given in Chapter 7. We focus here on the following property generalizing the
results by Chickering [1995].

Theorem 4.21 (Zhang and Spirtes [2005]). Two MAGs without selection bias G and G’ are
Markov equivalent iff there exists a sequence of single edge mark changes in G such that

1. after each mark change, the resulting graph is a DMAG and is Markov equivalent to G,

2. after all the mark changes, the resulting graph is G'.
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It follows that the graph over Markov equivalent DMAGs with an edge between
DMAGs with SHD one (we define the SHD similar to the DAG case, that is, the num-
ber of differing edges; one could also define it to be the number of differing edge marks,
and the statement still holds) is connected and hence, there is, by the same argument as
in Corollary 4.18, a sequence of DMAGs containing each in the MEC exactly once with
successive DMAGs having SHD < 3.

Corollary 4.22. Every MEC of MAGs without selection bias can be represented as sequence
(M1, My, ...) of Markov equivalent MAGs with SHD between successive graphs at most three.

In contrast, approaches such as MEEK-ENUM do not exist for MAGs as analogue rules
to the ones by Meek [1995] proposed by Zhang [2008b] only complete the graph in case
the edge marks are inferred from observational data. If edge marks are chosen for the
sake of enumeration, these rules are not known to be complete. Generally, it is an inter-
esting direction for future work to investigate the computational aspects of the enumer-
ation of MECs of MAGs.

Finally, we note that the transformational characterization in Theorem 4.21 does not
hold for MAGs with selection bias and it follows from the example given in Zhang and
Spirtes [2005] that it is indeed not possible to find an enumeration sequence with SHD
< 31in this case.

4.5 Experimental Evaluation

In addition to the theoretical results, we also show that MCS-ENUM and its generaliza-
tions are practically implementable and significantly faster than previously used algo-
rithms.® In Figure 4.4, we compare the average delay of the four approaches (MEEK-
ENUM, CHICKERING-ENUM (abbreviated CHI. in the figure), MCS-ENUM, SHD3-ENUM)
implemented” in Julia [Bezanson et al., 2017]. For each instance (the generation proce-
dure is described below), the programs were terminated after two minutes if the enumer-
ation was not completed. For the experiments, we used a single core of the AMD Ryzen
Threadripper 3970X 32-core processor on a 256 GB RAM machine. As the enumeration
problem reduces to listing the AMOs of a chordal graph (as implied by Proposition 2.15
and Corollary 2.19), we consider as instances undirected graphs generated by randomly
inserting edges, which do not violate chordality, until a graph with k - n edges is reached.
Note that these instances are all CPDAGs, just fully undirected ones, and thus all ap-
proaches can be applied to this setting.?

The results clearly show that MCS-ENUM is by far the fastest among the algorithms.
This is mainly due to the fact that the other algorithms always incur a cost of at least
Q(n + m), whenever a single edge is (re-)oriented. MEEK-ENUM needs to apply the com-
pletion rules, whereas CHICKERING-ENUM and SHD3-ENUM require checking whether
the resulting DAG was already output (which might often be the case). Still, the latter
algorithms are significantly faster than MEEK-ENUM (at the cost of higher memory de-
mand), and notably have both very similar delay, further showing that the enumeration

The implementations of the algorithms are available at https://github.com/mwien/mec-enum.

"The algorithm MEEK-ENUM is implemented as in, e.g., the package TETRAD, with a direct application
of the Meek rules and not using the improved algorithm used in Theorem 3.30. The overall results would
hardly be affected, even when using the O(n3) algorithm instead.

8Wienobst et al. [2023] also compare the results for CPDAGs with directed edges as well as for PDAGs,
which both lead to very similar results. Generally, MCS-ENUM is constrained mostly by constructing the
output graph from the MCS ordering. The other approaches are more global and much slower with the
concrete run-time depending mostly on graph size and density.


https://github.com/mwien/mec-enum
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Figure 4.4: Average delay in milliseconds for enumerating the AMOs of random chordal
graphs with m = k- n edges. The graphs are generated by starting with a tree over n
vertices sampled uniformly and adding edges between randomly chosen pairs of non-
adjacent vertices until the graph has k - n edges. We compare the algorithms MEEK-ENUM,
CHICKERING-ENUM (CHI.), MCS-ENUM and SHD3-ENUM.

with SHD at most three gives mainly structural insights into Markov equivalence and
has in itself no computational advantage.

4.6 Conclusions

We have given the first formal and exhaustive treatment of the fundamental problem
of enumerating Markov equivalent DAGs. Our main results are twofold: (i) we signif-
icantly improve the run-time of enumeration by giving the first linear-time delay algo-
rithm, which is also practically effective, and (ii) we give structural insights into Markov
equivalence by constructing an enumeration sequence with minimal distance between
successive graphs. The concepts for (ii) are general and directly apply to MAGs without
selection bias as well.

As an open problem, it remains to find more efficient enumeration algorithms for
MAGs, where, currently, approaches in the spirit of both MEEK-ENUM and MCS-ENUM
are not known.



Counting Markov Equivalent DAGs

In the previous section, we discussed the computational aspects of enumerating all con-
sistent extensions of a CPDAG G, i.e., the task of enumerating all DAGs in the corre-
sponding MEC. A closely related problem is to compute the size of a Markov equiva-
lence class. Indeed, one could solve it with brute-force by enumerating of all its mem-
bers using Algorithm 4.3 and counting them one-by-one. However this would not lead
to a polynomial-time algorithm with |[G]| being worst-case exponentially large in the
number of vertices, taking size O(n!) if G is the complete graph on n vertices. In this
chapter, we propose a more intricate algorithmic approach, which constitutes the first
polynomial-time algorithm for computing the size of an MEC.

The size of an MEC is one of its most fundamental properties and naturally of high
interest in causal discovery as it quantifies uncertainty about the true underlying causal
structure. There are multiple practical applications of an efficient counting algorithm, for
example, to sample a DAG uniformly from the MEC, in active learning of DAGs through
interventions [He and Geng, 2008, Hauser and Bithlmann, 2014] and in causal effect es-
timation over MECs [Maathuis et al., 2009]. We devote Chapter 6 to these applications
and focus solely on the algorithmic aspects of the counting task in this chapter.

The problem has a long history and it was first mentioned in Section 4.1 of the semi-
nal work by Meek [1995] on causal explanations with background knowledge. Therein,
it is mentioned that a method for calculating the size of a Markov equivalence class may
be derived from the proofs of the main theorems of the paper. Indeed, the proofs con-
tain powerful results and already show that the problem reduces to finding consistent
extensions of the chordal components of G (as we will discuss in detail below). They also
highlight the importance of the clique-tree representation of a chordal graph, which we
build on extensively. However, from these properties only an exponential-time algorithm
follows, which amounts to brute-force enumeration of the DAGs for any connected com-
ponent of the undirected subgraph in order to compute its size. The number of DAGs in
the MEC is then the product of this quantity for each chordal component. The algorithm
was later described and analyzed in Autio et al. [1999].

This approach can be effective in case the CPDAG has few undirected edges or its
undirected subgraph has small connected components. One example is when each such
component consists of a single undirected edge. Then, even though there would be 2
(with k being the number of components) DAGs in the Markov equivalence class, the
algorithm would be be extremely fast (it is easy to enumerate the two orientations of each
component and to compute the product). For large undirected components, however,
this method exhibits a worst-case exponential time complexity.
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Starting with the pivotal paper by He et al. [2015], the problem regained significant in-
terest from the research community. In particular, the worst-case time complexity became
the main topic of interest. With better and better, but still worst-case exponential-time,
counting algorithms [Talvitie and Koivisto, 2019, Ghassami et al., 2019, Ganian et al.,
2020, AhmadiTeshnizi et al., 2020] the question emerged whether this problem might be
solvable in polynomial time. In this work, we answer this question affirmatively by pre-
senting an algorithm with worst-case run-time O(n*). This algorithm, which we name
Clique-Picking, certifies that the problem can be solved efficiently in theory and practice,
even for its hardest instances.

5.1 Background

Main Problem. We consider the following computational problem (recall that EXT(G)
is the set of consistent extensions of graph G):

Problem 5.1. #EXT

Instance:  Graph G = (V,E, A).
Result: Number of consistent extensions of G, that is |[EXT(G)|.

In this chapter, we focus on the case that G is a CPDAG, in which the problem
amounts to computing the size of an MEC (in contrast to computing the size of a subclass
of an MEC for general graphs G).

From Proposition 2.15, it follows that only the undirected edges of G need to be con-
sidered for computing |[EXT(G)| and that they form a chordal graph U(G). We have not
relied on this fact before, but it is obvious that the connected components of U(G) (we
denote those as C(G) instead of the more verbose C(U(G))) can be considered separately.
This observation is crucial for obtaining efficient counting algorithms. Consequently, we
define |]AMO(H)| as the number of AMOs of chordal graph H and throughout this chap-
ter assume that this graph is connected. This is formalized in the following proposition:

Proposition 5.2 (Gillispie and Perlman [2002], He and Geng [2008]). Let G be a CPDAG.
Then,
EXT(G)|= ] |AMO(H)|. (5.1)
HeC(G)

Thus, the problem #EXT of counting the number of DAGs in an MEC reduces to
counting the number of AMOs in a connected chordal graph [Gillispie and Perlman,
2002, He and Geng, 2008] as, given a polynomial-time algorithm for the latter task, Equa-
tion 5.1 can be evaluated in polynomial-time as well. Therefore, we focus on the follow-
ing simpler problem in this chapter:

Problem 5.3. #AMO

Instance: ~ Connected chordal graph G = (V,E).
Result: Number of acyclic moral orientations of G, that is |AMO(G))|.

In terminology from the chordality literature, this amounts to computing the number
of different orientations of a chordal graph, which are induced by a perfect elimination
ordering of the vertices. This problem has not been studied in the chordal graph com-
munity, only in the modern works on counting Markov equivalent DAGs, even though
orientations induced by PEOs are discussed, e.g., by Vandenberghe and Andersen [2015].
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Table 5.1: We state the time complexities of fundamental orientation tasks on chordal and
general graphs. Only undirected graphs are considered here.

Graph type
Orientations Chordal General Remarks
All  O(m) O(m) Answer is 2.

Acyclic O(n+m) #P-hard Given by |xc(—1)| [Stanley, 1973].
Acyclicmoral ~ O(n%) O(n*)  Stated in Theorem 5.34 and Theorem 5.43.

Counting orientations of graphs. Counting orientations of undirected graphs is a fun-
damental combinatorial task. It is interesting to contrast the task of finding the number of
acyclic and moral orientations with related ones. An overview is given in Table 5.1. Ob-
viously, the number of all possible orientations is simply 2", with m denoting the number
of edges of the graph. More interesting is to count only orientations which are acyclic.
Counting those can be shown to be #P-hard for general graphs [Linial, 1986]. This re-
sult follows from deep connections between acyclic orientations and graph polynomials
from algebraic graph theory. The core insight is that the number of acyclic orientations
is given by |xg(—1)| [Stanley, 1973], where x¢ is the chromatic polynomial of graph G,
i.e., the unique polynomial of degree n for which x¢ (k) gives, for positive k, the number
of k-colorings of G. The more general Tutte polynomial T yields the number of acyclic
orientations when evaluated at T (2,0) [Welsh, 1999]. These connections imply the pos-
itive result for the subclass of chordal graphs because here the chromatic polynomial
can be computed in linear-time, as it is given by x¢ (k) = [T;(x — |P;(v;)|) [West, 2001]
for PEO T = (v1,02,...,0,) and P;(v;) being the set of neighbors of v; coming before it
in T in analogy to the notation introduced in Section 2.3, leading to a polynomial-time
algorithm for counting the number of acyclic orientations.

One might wonder how the problem of counting acyclic moral orientations fits into
this landscape. Firstly, by Corollary 2.18, only chordal graphs have AMOs meaning the
problem cannot differ in hardness between chordal and general graphs. Moreover, one
can easily show that the number of AMOs cannot be expressed as a functional of the Tutte
polynomial, see Figure 5.1 for a counterexample. This implies that counting AMOs is not
possible based on a contraction-deletion recurrence, as the Tutte polynomial is the most
general such invariant [Godsil and Royle, 2001]. Hence, we can conclude that different
tools are needed for tackling the problem #AMO, which we will derive in the following.

Related work. Before, it is helpful to first review the work by He et al. [2015] as it con-
tains fundamental ideas for efficiently counting AMOs. The goal is to express |AMO(G)|
recursively. For this, a few observations are needed.

Lemma 5.4 (He et al. [2015]). Let D be an AMO of connected chordal graph G. Then, D has
exactly one source vertex, i.e., a vertex with oc (v) =0.

Denote the set of AMOs of G, which have s as source with AMO(G, s).

Definition 5.5 (Source orientation [He et al., 2015]). Let G be a connected chordal graph and
s € V. We define G° := pdag(AMO(G,s))[V \ {s}].

Hence, G° is the graph over vertices V' \ {s}, which contains edge a — b if there are
Dy € AMO(G,s) with a— b and D, € AMO(G, s) with a < b, and which contains a — b
if there is D; € AMO(G,s) with a— b but no D, with a <—b (see Definition 2.6). It is
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12 AMOs

° 13 AMOs

T(x,y) = x> 4+ 2x% + x* + xy + 2x%y + xy?
x(x) = x° —6x* +13x% — 12x% + 4x

Figure 5.1: Two chordal graphs with the same Tutte and chromatic polynomial T(x, y)
and x(x), but with a different number of AMOs.

rather easy to observe that the number of consistent extensions of G° equals |AMO(G, s)|,
that is the number of AMOs of G with s as source vertex. Based on this and in combina-
tion with Lemma 5.4, He et al. [2015] derive the following recursive formula:

Proposition 5.6 (He et al. [2015]). Let G = (V, E) be a connected chordal graph. Then,

]AMO(G)|:Z H |AMO(H)|
s€eV HeC(G%)

This proposition utilizes the fact that the number of AMOs with source vertex s can
again be expressed as the number of AMOs of connected chordal graphs, namely C(G®),
the connected components of (the undirected subgraph of) G°. This is due to the fact that
(i) C(G®) are again chordal and (ii) can be oriented independently of each other and the
directed edges to yield exactly the consistent extensions of G°.

Every H in the recursive formula in Proposition 5.6 is an induced subgraph of G. As
there are 2" induced subgraphs, evaluating this expression and storing |AMO(-)| when-
ever it s first computed yields a run-time of O(2" - poly(n)), which improves upon naive
O(n!) [Talvitie and Koivisto, 2019]. This worst-case complexity barrier was not broken
until the development of the first polynomial-time algorithm presented below.

5.2 The Clique-Picking Algorithm

Every AMO of chordal graph G can be represented by at least one topological ordering
T, which is a PEO (Lemma 2.17). The underlying idea of our counting approach is to
associate exactly one topological ordering to each AMO of G. For this, it is useful to
consider only topological orderings, which are well-behaved in the following sense (in
this chapter we often write 715 to denote an arbitrary permutation or linear ordering of
set S):

Definition 5.7 (Clique-starting ordering). Let G be a connected chordal graph. A topological
ordering T is called clique-starting if it has a maximal clique as prefix, i.e., T = 7tx + 7Ty g With
K being a maximal clique.

We denote all clique-starting topological orderings representing an AMO D of a
graph G by top(D) = {7, T,... } and will only consider such topological orderings
in the following. It is sound to restrict ourselves in this way due to the following result:

Lemma 5.8. Every AMO can be represented by a clique-starting topological ordering.
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Proof. Consider AMO D. We construct one-by-one a topological ordering starting with a
maximal clique by an adaption of Kahn's algorithm [Kahn, 1962]. First, let the start vertex
in the ordering be the unique source s (Lemma 5.4) and let set S = {s} denote the already
considered vertices. Second, as long as there is a vertex adjacent to every x € S, choose
such a vertex v which is incident to no edge u—v in D for u € V \ S and add it to S.
Third, iteratively append the remaining vertices to the ordering by repeatedly choosing
vertices with no incoming arcs from unvisited vertices (i.e., by Kahn’s algorithm).
Clearly, the resulting ordering is a topological ordering and starts with a maximal
clique provided vertex v always exists. Consider the set W = {w | w € N(u) forallu €
S} of common neighbors of S, which is non-empty in the second phase. Assume for a
contradiction that every vertex in W has an incoming arc from a vertex in V' \ S. Note
that no vertex in w € W can have an incoming edge from x € V' \ (S U W) as this would
imply a v-structure y — w < x for a y € S not adjacent to x in the given graph D (vertex
y exists because x ¢ W). As the graph D is acyclic (and this property holds for taking
induced subgraphs, i.e., for G{W] as well by Lemma 3.10) there has to be a vertex in W
with no incoming arc from a vertex in V' \ S - a contradiction. O

Based on this observation, we generalize the definition of G® (Definition 5.5) with the
goal of handling whole cliques at once: For this, we consider permutations 7ts of a clique
S, as each 75 is associated with a distinct AMO of the subgraph induced by S.! First, we
generalize AMO(G, s), that is the set of AMOs with source s, to sets S and sequences ¢

Definition 5.9 (AMO(G,0) and AMO(G,S)). Let G be a connected chordal graph, S be a
set of vertices and o a linear ordering of S. We define AMO(G,o) = {D € AMO(G) |
3t = 0 + my\g with G[t] = D} and analogously AMO(G,S) = {D € AMO(G) | 3t =
s + g with G[t] = D}.

Similarly, we define top(D, S) to be the topological orderings representing D having
some permutation of S as prefix and top(D, o) the ones, which have precisely ¢ as prefix.
Moreover, in analogy to G* introduced above, we define G° and G.

Definition 5.10 (G” and G°). Let G be a connected chordal graph, S be a clique in G, and ¢ be
a permutation of S. We define

1. G” := pdag(AMO(G,0))[V \ S] and
2. G5 := pdag(AMO(G,S))[V \ §].

As in case of G°, the number of consistent extensions of G” corresponds to
|AMO(G, 0)|. We give a short proof.

Lemma 5.11. Let G be a connected chordal graph, S a clique in G and o a linear ordering of S.
Then, |[EXT(G")| = |AMO(G, 7).

Proof. Observe that all DAGs in AMO(G, o) have the same skeleton and v-structures
(namely none), which translates to their PDAG representation pdag(AMO(G,0)). The
set of consistent of this graph yields precisely all DAGs with the same skeleton as G,
no v-structures and o as prefix of every topological ordering, which coincides with
AMO(G, o). O

IWe try to be consistent in using K for maximal cliques and S for cliques in general. This will be useful
below, where we consider minimal separators, which are (non-maximal) cliques and to be distinguished
from maximal ones.
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Figure 5.2: For connected chordal graph G in (1), the figure shows G?) in (2), G(4<04) in
3), and G{2bedt in (4). C(G?), C(G#eb2)) and C(Gi*P<4}) are indicated by the colored
regions and the vertices put at the beginning of the topological ordering by a rectangle
(all edges from the rectangle point outwards). Vertices inside the rectangle and edges
incident to them are grayed out, since they are not part of G°, G” and G°.

Our aim is to develop a recursive formula generalizing Proposition 5.6 towards han-
dling cliques as “source” (instead of single vertices). Towards this, we derive central
properties of G’ and G°, namely the invariance to the choice of permutation of S. For
obtaining an efficient algorithm, the immediate corollary that the connected components
C(G") are independent of the permutation ¢ is crucial.

Lemma 5.12. Let G be a connected chordal graph, S be a clique in G, and o and ¢’ permutations
of S.

1. G"=G",

2. G’ =G5S and

3. C(GY) = C(G").

Proof. We prove (1.), from which the other two statements follow immediately. To this
end, consider D € AMO(G, ). We will show that there exists D’ € AMO(G, ¢’) with
D[V \ §] = D'[V \ S]. This will immediately imply the statement.

Let 7 be any topological ordering of D, which starts with o, that is T = ¢ + 7Ty\s.
Then, consider T = ¢’ + 7y\g and D' = G[7’]. To conclude the proof we show that D’
is an AMO of G. By definition it is an acyclic orientation. Assume for the sake of contra-
diction that it contains a v-structure a — b < c. Because D does not and only directions
between vertices in S have been changed in D’, it has to hold that either

1. two vertices of 4, b, c are in S (w.l.o.g. assume these are a4 and b), but then we have
b—c ¢ Sascisnotin S and thus preceded by b in 7/, or

2. all three vertices are in S, but then a — b <—c is no induced subgraph with S being
a clique. ]

Figure 5.2 gives example graphs G°, G” and G°. For G in (1), a clique S = {a,b,c,d},
and a permutation o = (d, c, b, a), graph G is presented in (3). It is the subgraph induced
by vertices {e, f, g} of the union of two AMOs of G, whose topological orderings begin
with ¢. The first DAG can be induced by topological ordering (d,c,b,a,¢, f,g) and the
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second oneby (d,c,b,a, f,e,g). Graph G is identical to G5, shown in (4), as prescribed by
Lemma 5.12. In contrast, G® for s = d, given in (2), leads to significantly more remaining
vertices and undirected edges.

As starting point towards developing a polynomial-time algorithm for #AMO, we
construct a linear-time algorithm for computing C(G®). It is given in Algorithm 5.1 and
yields structural insights we will later use for deriving a recursive formula for counting
Markov equivalent DAGs.?

Algorithm 5.1: Computing C(G®).
input : Connected chordal graph G = (V,E), aclique S C V.
output: C(G®).

Ty = ( )

TO =S5

fori<-Oton—1 do

if i < |S| then

x := any element of S

Remove x from S

else

// As in Algorithm 2.2, Pi(v) and M; can be maintained
efficiently using appropriate data structures

® N o Ul R W N R

9 foreach v € V do P;(v) := Neg(v) N1
10 M;={veV\7|forallw € V\ 7; it holds that |P;(v)| > |P;(w)|}
11 x = any element of M;
12 Append connected components of G[M; \ T;] to the output
13 Tiv1 =T, UM;
14 end
15 Tyl =T +x // append x to T;
16 end

Let t(x) denote the first i such that x is in T; but not in T;_;. The ordering T, is not
needed in the algorithm except for the definition of M; (which is maintained dynami-
cally in a concrete implementation, see Section 2.3). We include it explicitly to prove the
following lemma.

Lemma 5.13. Let G be a chordal graph and T, the visit order computed by Algorithm 5.1. Then,
Ty, is a PEO of the vertices of G.

Proof. By Proposition 2.21, the statement holds if for any chosen v, it is true that x € M;.
This is trivially the case in line 11. It remains to show that it also holds in line 5. Observe
that the first |S| chosen vertices are all from clique S. Hence, when a vertex x from S is
chosen all previously chosen vertices are neighbors of x, implying it is in M;. O

Theorem 5.14. Given connected chordal graph G and clique S, Algorithm 5.1 computes C(G).
It can be implemented to run in time O(n + m).

2 A naive approach for would be to choose an arbitrary permutation 7t5 and compute G™ by setting the
initial orientations between edges in S and from S to its neighbors and afterwards applying the Meek rules
(Figure 3.1). Indeed, computing G is an instance of the maximal orientation problem studied in Chapter 3.
In this section we show that in this special case it is possible to solve the problem in linear-time (also see the
subsequent chapter for generalizations of this method).
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Proof. Consider two adjacent vertices 2 and b in G. We show that 2 and b are in the same
connected chordal graph H in the output iff we have a — b in G°. By transitivity it follows
that two vertices are in the same output graph H iff there is an undirected path between
them, which implies the first part of the statement.

If a and b are in different connected components output by Algorithm 5.1, then there
was a step i in the algorithm at which 2 and b were in M; and, hence, either one could
have been chosen as vertex x. In both cases the algorithm would have produced a
topological ordering representing an AMO starting with clique S (by Lemma 5.13 and
Lemma 2.17), one time with a — b, the other with a <— b. Hence, a — b in G° by definition.

Consider that 2 and b are not in the same connected component output by the algo-
rithm. Let a be w.l.o.g. the vertex which is output earlier, i.e., t(a) < t(b). We show by
induction over i that a— b in G°. We do this by proving that a— b in every graph in
AMO(G, S). For the start of the induction, observe that the vertices in S are not output
at all and all edges from S to vertices in V' \ S are oriented towards the latter in every
graph in AMO(G, S). At step i = t(a) when a was output, b was not in M;. It follows
that Pj(a) # P;(b). With P;(b) \ Pi(a) # @ and as the algorithm produces a PEO by
Lemma 5.13, it follows that P;(b) C Pi(a). Let ¢ be in P;(a) \ P;(b). By induction hy-
pothesis, we have ¢ — a in every graph in AMO(G, S) as c is not output together with a
(recall that i is the iteration when a is output, c has already been visited previously). This
necessitates a — b for avoiding a v-structure (first Meek rule).

Similar to the standard MCS, the algorithm can be implemented in linear-time. O

Theorem 5.14 is an important result in its own right. Algorithm 5.1 may be used not
only for computing C(G®), but also G° in linear time, which improves previous algo-
rithms, such as an O(n - m) algorithm in [Talvitie and Koivisto, 2019] by a factor n. It
can be generalized to find the interventional CPDAG based on given intervention results
(see Chapter 6 for a discussion).

For now, we focus on the structural properties of AMOs revealed by Algorithm 5.1,
which allow us to conclude (i) that the components in C(G®) are chordal and (ii) can be
oriented independently. The first fact can be easily seen as, by Algorithm 5.1, the con-
nected components are induced subgraphs, which preserve the chordality of the graph.
The second fact is more technical and due to the observation that vertices in the same
connected component have the same parent set in G°, which ensures that any AMO of
the component will not create a new v-structure or cycle in GX. Crucially, this paves the
way towards a recursive formulation of #AMO based on picking a clique as source.

Corollary 5.15. Let G be a chordal graph, S a clique and o a permutation of S.
1. The connected components C(G®) are induced subgraphs of G and hence chordal graphs.

2. Let adjacent x,y in G be in different connected components of G° and t(x) < t(y). Then,
x— yisan edge in G°.

3. Py(v)(v) = Pags(v).

4. For adjacent a,b in the same undirected component of G, we have that Py(a) = Pypy).-
5. |[AMO(G, 7)| = [xec(cr) [AMO(H)| and

6. |AMO(G,S)| = 18! x TTreccs) |AMO(H).

Proof. We show the statements one-by-one:
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1. Follows immediately from Theorem 5.14 and the fact that Algorithm 5.1 returns
induced subgraphs (chordality is a hereditary graph property as is extendability,
see Lemma 3.10).

2. Shown in the proof of Theorem 5.14.

3. We show two directions: Let x € Py,)(v). Then, x is a neighbor of v and output
before v. By (2.) we have x — v. Now, let x € Pacs(v),ie., x —vin G®. From (1.) it
follows that x is not in the same connected component. Then x is visited before v is
output and consequently in P, (0).

4. As a and b are output in the same iteration i = t(a) = f(b), they both are in M;,
and could both have been picked as vertex x. However, if P;(a) \ Pi(b) # @ or
P;(b) \ Pi(a) # @ the algorithm would not produce a PEO (after the choice of either
a or b). A contradiction. Hence, the statement follows.

5. By Lemma 5.11, we have that |]AMO(G, 0)| = |[EXT(G”)|. Moreover, by (1.) the
connected components in C(G”) are chordal induced subgraphs and hence its con-
sistent extensions are AMOs. It is left to show that the orientations of the connected
components can be constructed separately, yielding the product formula. By com-
bining (3.) and (4.), the set of parents is identical for each vertex in the same com-
ponent. Then, the statement follows from this fact analogously to Theorem 4 and 5
from Lemma 10 in [He and Geng, 2008].

6. By Lemma 5.11 and Lemma 5.12 we have that |AMO(G, 7ts)| = |[AMO(G, 7g)| =

|EXT(G™)| = |EXT(G®)| for any 75, 5. As there are |S|! many permutations,
which all lead to different AMOs, and combined with (5.) we arrive at the stated
formula. O

Based on item (6.) of Corollary 5.15 and justified by Lemma 5.8, we would like to
count the AMOs of a connected chordal graph G with the following recursive procedure:
Pick a maximal clique K, consider all its permutations at once (i.e., multiply by |K|!), and
take the product of the recursively computed number of AMOs of the graphs H € C(GK).
Due to Lemma 5.8, we will count every AMO in this way, if we compute the sum over
all maximal cliques. Unfortunately, we will count some orientations multiple times, as a
single AMO can be represented by topological orderings starting with different maximal
cliques. For instance, assume we have two maximal cliques K; and K, with K1 NK, = S
such that K \ S is separated from K; \ S in G[V \ S]. A topological ordering that starts
with S can proceed with either K; \ S or K5 \ S and result in the same AMO.

Example 5.16. Consider the following chordal graph (left) with maximal cliques K1 = {a,b,c}
and Ky = {b,c,d}. A possible AMO of the graph is shown on the right.

/b\ /b\
a d a T d
\C/ \c/

The AMO has two topological orderings: 71 = (c,b,a,d) and 1, = (c,b,d, a) starting with
Ky and Ky, respectively. Hence, if we count all topological orderings starting with Ky and all
topological orderings starting with Ky, we will count the AMO twice. However, Ty and T have
(¢,b) as common prefix and Ky N Ky = {b, ¢} is a minimal separator of the graph — a fact that we
will use in the following. o
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Towards characterizing this phenomenon, we start with the following straightfor-
ward lemma (recall that we use 7rs to denote a permutation of the set of vertices S).

Lemma 5.17. Let G be a connected chordal graph, D be an AMO of G, mg be the prefix of
some topological ordering T € top(D) and S' O S a clique in G. Then, 7ts is a prefix of every
topological ordering in top (D, S').

Proof. Consider, for the sake of contradiction, there exists a topological ordering v/ €
top(D, S’) not having 75 as prefix. If the vertices in S would be ordered in 7’ according
to a permutation 71 # 77, then it cannot be a topological ordering of D. It follows that
there exist vertices v € S’ \ Sand s € S such that v comes before s in T/ implying the edge
v—sin D. However, T is a topological ordering of D with S as prefix, which makes an
edge v — s, generally for any v not in S, impossible. O

A trivial special case of this lemma is that, for a clique S, all topological orderings
in top(D, S) start with the same permutation of S. Building on this we show that (with
«[1 : k] denoting the first k elements of a sequence «):

Lemma 5.18. Let G be a connected chordal graph and R C T1(G) a set of maximal cliques with
AMO D € Nxer AMO(G, K). Then,

1. S = Nker K is a minimal separator or maximal clique of G and
2. a permutation g is the longest common prefix of Ugcr top(D, K)[1 : |K]].

Proof. We show the statement by induction over the cardinality of R. If R is a single-
ton set, (1.) is obvious and (2.) follows from Lemma 5.17. Assume the induction hy-
pothesis that S = (g K is a minimal separator or maximal clique of G and longest
common prefix of Uger top(D,K)[1 : |K|]. Consider now R’ = RU {K'} and define
S" = Nkerr K = SN K’ by associativity. We show that the statement holds for R’ by
distinguishing two cases.

If S’ =S, then (1.) S’ is a minimal separator by induction hypothesis and (2.) longest
common prefix of Ugcr top(D, K)[1 : |K|] by induction hypothesis and Lemma 5.17.

If S C S, then there exist by induction hypothesis v € S\ §’, which is at position
|S’| + 1 in every topological ordering in Jgcg top(D, K). Consider w € K'\ S’ which
is at position |S'| + 1 in every topological ordering in top(D,K’) by Lemma 5.17. By
Lemma 3.10, D[V \ §'] is an AMO of G[V \ §’]. By Lemma 5.4, v and w cannot be in the
same connected component in G[V \ §']. Hence, S’ is an v — w separator and, as v and w
are fully connected to S’ due to being in cliques which are supersets of S/, it is a minimal
one. Moreover, by induction hypothesis and Lemma 5.17, we have that S’ is a prefix
of every topological ordering of top(D, K’) and due to existence of v and w the longest
common prefix of Ugcr top(D, K)[1 : |K]]. O

This insight allows us to formulate a novel recursive formula for #AMO. We will
further refine it below, however, it already illustrates the kind of recursive formula we
are aiming for and yields a polynomial-time algorithm. It relies on the combinatorial
function ¢.

Definition 5.19 (¢(S)). Let G be a connected chordal graph and S € ¥(G) UTI(G). We define
¢(S) as the set of permutations of S, which do not have a permutation g as a prefix for a minimal
separator ' C S.
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The goal is to count an AMO D at a single minimal separator or maximal clique, as
all topological orderings top(D) share the same prefix which is the former or the latter
by Lemma 5.18.

Proposition 5.20. Let G be a connected chordal graph. Then:
[AMO(G)[ = ). l¢(S)Ix [] [AMO(H)].

SEX(G)UII(G) HeC(GS)
Proof. By Corollary 5.15, we have that

AMO(G)|= ), [¢(S)x JI [AMO(H)|
SEX(G)UII(G) HeC(GY)

-y O amo, ).

S€X(G)UII(G) St

Every term of the sum counts the number of AMOs which can be represented by a topo-
logical ordering with 7tg € ¢(S) as prefix. We argue that every AMO D is counted at
exactly one term.

Let S € X(G) UII(G) be the smallest common prefix of all topological orderings in
top(D), which is a minimal separator or maximal clique of G. This set is well-defined
by Lemma 5.18 and Lemma 5.8. First observe that, by the minimality of S, D is counted
at the term for S: There is no other prefix S’ C S of the topological orderings with S’ €
%(G) UTI(G), which implies that the permutation of S corresponding to the prefix is in
$(S). Conversely, S is the only term in the sum at which D is counted, as for any larger
S" with S C §' that is a prefix of some 7 € top(D), we have that any permutation of S’
with S as prefix is not in ¢(S) and, by Lemma 5.18 and the construction of S, T contains
such a prefix 7s. O

Example 5.21. We illustrate the formula in Proposition 5.20 for the following graph:
N

b c
\ 2(G) = {{b,c}, {b.c,e}}

d/e—f T1(G) = {{a,b,c}, {b,c,d,e}, {b,c.e, f}}

Let H := G[{d, e, f}] be the induced subgraph d — e — f. For the sake of readability, we omit
terms in the product [Tpec(gs) |AMO(H)| that are equal to one.
[AMO(G)| = |¢({b,c})| - [AMO(H)| + |¢({b, c,e})| + |¢({a, b, c})| - [AMO(H)| +

[p({b,c,d,e})| + |¢({bc e, f1)]
=2-3+4-1+4-3+16-1+16-1=>54

We discuss how ¢ can be computed efficiently further below. o

This function can already be implemented to yield polynomial-time.> However, we
will further refine our approach summing only over the maximal cliques. While this will
lead to a more intricate analysis, the algorithm itself can be implemented easily and effi-
ciently. It will also lend itself well to efficient uniform sampling of AMOs (see Section 6.1)
due to the restrictions we impose on ¢. We aim for a formula of the form

[AMO(G)[ =} [¢m(K)| [ |AMO(H)].

Kell(G) HeC(GK)

3In [Wiendbst et al., 2021b] and [Wienébst et al., 2023], it is stated that it is unclear whether ¢(S) as de-
fined above can be computed efficiently. Indeed, it can, by using very similar techniques as in Theorem 5.37.
We give a remark on this below.
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Here, each AMO D is counted at one maximal clique K — in contrast to a maximal
clique or minimal separator above. For dealing with overcounting, function ¢x is de-
fined with regard to a rooted clique tree TR (the formal definition of TR was given in
Chapter 2). To characterize at which clique the AMO D is counted needs the following
machinery which has S-flowers, defined with regard to a minimal separator S, at its core.
In the following, we denote {K | K € TI(G) A S C K} by I1°(G) thus generalizing I1°(G)
defined in Chapter 2.

Definition 5.22 (S-flower). Let G be a connected chordal graph and S a minimal separator. An
S-flower is a maximal set F C T1°(G) such that g cp K is connected in G[V'\ S]. The bouquet
B(S) of a minimal separator S is the set of all S-flowers. For F € B(S), we denote the set of
vertices in any clique in F by Vr := Uger K.

We start with a few immediate facts about S-flowers.
Lemma 5.23. Let G be a connected chordal graph and S € £(G).
1. B(S) is a partition of the set of cliques I1°(G),
2. TR[F] for F € B(S) is a connected subtree of TR[I1°(G)],
3. B(S) partitions TR[I1°(G)] in connected subtrees,
4. Vg for F € B(S) is a subset of the vertices of a connected component in G[V \ S| and
5. for Ky € Fy and Ky € F, for distinct F;, F, € B(S) it holds Ky N Ky = S.
Proof. We show the statements one-by-one.

1. It follows directly from Definition 5.22 that every clique is in at least one flower.
Assume, for a sake of contradiction, clique K is in F; € B(S) and F, € B(S) with
F; # F,. Then, as every clique A € F; and B € F, is connected to K in G[V \
S] by definition, we have that A is connected to B in G[V \ S] by transitivity of
connectedness. This violates the maximality of F; and F.

2. Assume for a contradiction that F is not connected in T. Then there are cliques
Ki1,K; € F that are connected by the unique path K; — K — -+ — K, with K & F.
Since TR[I1°(G)] is connected by definition of clique trees, we have S C K. By the
maximality of F, we have K; N K = S. But then S separates K; \ S from K; \ S,
which contradicts the definition of S-flowers.

3. Immediately follows from items (1.) and (2.).
4. By Definition 5.22 the vertices Vr are connected in G[V'\ S].

5. Let S’ := KNK'. Every s € S is in S’ by Definition 5.22. Conversely, s ¢ S in S’
would contradict item (4.), which implies S = §'. O

Items (1.) to (3.) allow defining a partial order over S-flowers with regard to a rooted
clique-tree TK.

Definition 5.24 (j%{). Let G be a connected chordal graph, TR be a rooted clique-tree of G,
S € X(G) and F,F, € B(S). Then, F j?R F, if there exists Ky € Fy such that for every
Ky € F, it holds that Ky is on the unique path from R to Kj.

Lemma 5.25. The relation j;R defines a partial order which has a least element.
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Proof. It is easy to see that <3, defines a partial order. To see that it has a least element,

observe that TR[I1°(G)] has a clique K closest to R. It is on the path from R to every
clique in TR[IT%(G)] and hence F with K € F is the least flower. O

Our goal is to associate an AMO D with a single maximal clique K for which D €
AMO(G,K) and to count D at precisely this clique. For this, we need the following
observations:

Lemma 5.26. Let G be a connected chordal graph, S € %(G), D € AMO(G, S) and F € B(S).
1. There exists K € F such that D € AMO(G, K) and

2. for K,K' € Fwith D € AMO(G,K) and D € AMO(G, K'), it holds that S’ := KN K’
satisfies S C S'.

Proof.

1. By definition, in AMO D every edge between u € Sand v ¢ S is directed u — v.
The order of vertices in different connected components of G[V \ S] in a topological
ordering of D can be chosen arbitrarily. Let H be the connected component of
G[V'\ S] that F is in (by Lemma 5.23 item (4.)) and consider w.l.o.g. that vertices Vy
come immediately after S in topological ordering 7. By Lemma 5.8, there exists a
topological ordering of D[S U V] (which is an AMO of G[S U V| by Lemma 3.10)
starting with a maximal clique, completing the proof.

2. By Lemma 5.18, it holds that (i) S’ is a minimal separator and (ii) there exists
mtgr which is longest common prefix of the topological orderings in top(D, K) U
top(D,K’). By (i), K and K’ are in different S’ flowers. It follows that S’ Z S.
Because D € AMO(G,S), we have, by (ii), S C K as well as S C K’ and
Lemma 5.17 that there exists a prefix 7ts, which is a prefix of any topological or-
dering in top(D, K) Utop(D, K’). Hence, S and S’ have an inclusion relation, which
can only be S C S’ by the arguments above. O

These results form the basis of our new approach. Consider AMO D and the set
top(D) of topological orderings representing D. Then, by Lemma 5.18, those have a com-
mon prefix S which is a minimal separator (or maximal clique). Now the partial order
j?FR over the S-flowers in bouquet B(S) has a least element F. By Lemma 5.26 item (1.),
F contains a maximal clique K such that D € AMO(G, K). If this clique is unique, then
count D at K. If not, then the cliques K € F with D € AMO(G, K) have a common prefix,
which is another minimal separator S’ (with S C §’), again by Lemma 5.18. Here, a re-
cursive argument applies, which ultimately leads to a unique clique at which we aim to
count D.

Example 5.27. We illustrate this for the example graph from Example 5.21 with a clique-tree
representation on the right:

T T {b,c,d, e}

b
T{b,c,d,e} — / \

G =
d%f {a,b,c} {b,ce f}

Below, the clique-starting topological orderings of DAG D (right) are shown on the left. They all
have a common prefix (b, ¢), which is a minimal separator. It has two flowers, the one with cliques

b,c,d, e} and {b,c,e, f} is lesser than {{a,b,c}} with regard to j{l,’f}. In this lesser flower,
4 T
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again the common prefix is a minimal separator {b,c,e}. Repeating the procedure ultimately
yields {b,c,d, e} as the clique at which we aim to count D.

top(D) b =
b e o 4 f p- X
b, ¢ |a, e f, 4, d<—e—>f
( b, ¢ |e 1 d f, a
b, c, | e, d, a, f, b,c
b/ C/ e/ f/ d/ a/ {{b’ C’ d’e}’ {b’ C’ e’f}} —<;';R, } {{a, b,C}}
b, ¢ |e, f, a, d, {b,c.e}
) {{b,c,d,e}} <7 {{b,c,e, f}}

In the following, we formalize this arqument and, building on it, we derive a new counting pro-
cedure. o

We proceed in a non-constructive way showing that there exists a partial order over
cliques K with D € AMO(G, K) with a least element. It will neither be necessary nor
efficient to explicitly construct this clique for each AMO, instead our counting algorithm
will implicitly consider an AMO only at the least clique.

Definition 5.28 (j?R). Let G be a connected chordal graph, TR a rooted clique-tree of G, D an
AMO of G and distinct K1, K, € TI(G) with D € AMO(G,Ky) N AMO(G, Ky). Moreover,
S=KiNKryand Ky € [, K; € L with [, € B(S) Then, Kq j?K K> lfFl j%{ F.

This definition assumes K; # Kj, in case the cliques coincide, we define K; j% Ks.
Lemma 5.29. The relation <Dy defines a partial order which has a least element.

Proof. The crucial part of showing that le)R is a partial order is transitivity. Assume we
have K; j% K5 and K, j?R K3. We show that K; j% K3 holds as well. For this, observe
that K; N K; = S and K, N K3 = S’ satisfy either (i) S = S/, (ii)) S C §' or (iii)) S D §'.

To see this, let S be the common prefix of any topological ordering top(D, K;) and
top(D, K») by Lemma 5.18 and S’ the common prefix of any ordering in top(D, K») and
top(D, K3). Then, the orderings in top(D, Ky) start with S and S’, which implies the in-
clusion relations above.

We consider case (ii) first and denote K; N1 K3 = §”. With S C S’, we have that S = §
because K; and K3 are in the same S-flower (by contraposition of Lemma 5.23 item (5.)),
which is by assumption lesser than the one Kj is in. Here, and by symmetry for (iii),
transitivity follows. Consider now case (i). By contraposition of Lemma 5.26 item (2.),
K1, K; and K3 are in different S-flowers with F; > Kj being the greatest and F3 > K3 being
the least by assumption, again implying transitivity.

It remains to show that the partial order has a least element. Any partial order over
a finite (non-empty) set has a minimal element, it remains to show that it is unique. For
the sake of contradiction, assume there are two distinct minimal elements K; and Kj.
Then, S = Kj N K; has a least S-flower F by Lemma 5.25, which contains a clique K3
with top(D, K3) # @ by Lemma 5.26 item (1.). K; and K; are in different incomparable
S-flowers by contraposition of Lemma 5.26 item (2.) and under the assumption that they
are minimal elements. In particular, this implies that K; and K; are not in F and thus they
are greater than K3. A contradiction to the minimality of K; and Kj. ]
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To make use of these results, it is necessary to design an algorithm, which (implicitly)
counts D exactly at the least clique with regard to jIT)R for some rooted clique-tree TX.

Consider a clique K which is not least element with regard to AMO D. Then, there is
at least one minimal separator S, such that K is not in the least S-flower. Conversely, this
is not the case if K is least element. In the following we exploit that S is the intersection of
two adjacent cliques on the R-K path. Before proving this formally below, we introduce
the corresponding counting function ¢ (K).

Definition 5.30 (¢p7= (K)). Let G be a connected chordal graph and TR be a rooted clique-tree of
G. Then, ¢r=(K), for K € T1(G), describes the set of permutations of K, which do not have a
separator S = K; N K as prefix, with K; and K; being adjacent vertices on the path from R to K.

Such a separator S is called a forbidden prefix of K.

Lemma 5.31. Let TR be a rooted clique-tree of G, K € T1(G), D € AMO(G, 7tg). Then, K is
least clique with regard to <XD; if, and only if, ik € prx (K).

Proof. We show two directions. Assume K is not least clique with regard to jIT)R. Then,
there exists a separator S C K such that K is in S-flower F distinct from the least S-flower
F'. By Definition 5.24, this means that there is a clique K’ € F’ on the unique path from
R to K in TR. By Lemma 5.23 item (3.), this necessitates two adjacent cliques on the path
from R to K, which are in different S-flowers (more precisely on the K’ — K subpath). By
Lemma 5.23 item (5.), these cliques have intersection S. In turn, this means that S C K'is
a forbidden prefix of K with regard to ¢= (K) and that g is not in ¢r (K).

In the converse, assume that tx € ¢x(K). Then, there exists a minimal separator
S C K at the beginning of 7tk such that there is an edge on the path from K to R which is
associated with S. This implies that K is not in the least S-flower and that, by Lemma 5.26
item (1.), the least S-flower contains a clique, which can represent D and is thus lesser
then K. O

The following recursive formula immediately follows:

Proposition 5.32. Let G be a connected chordal graph and TR be a rooted clique tree of G. Then

[AMO(G)| = ) lpm=(K)|x [T [AMO(H).
KeIl(G) HeC(GK)

Proof. Analogously to the proof of Proposition 5.20, by Corollary 5.15, we have that

IAMO(G)| =} |¢m(K)[x ] [|AMO(H)]

KeIl(G) HeC(GK)
K
_ “PT;(" )L |aMo (G, k).
KeII(G) )

Thus, it remains to argue that AMO D is counted at precisely one term of the sum.
This directly follows from Lemma 5.31. O

Example 5.33. We illustrate the formula in Proposition 5.32 for the graph from above:
{b,c,d, e}

c
G — T{b,c,d,e} — / \
%J{ {a,b,c} {bcef}
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As before, let H = G[{d, e, f}] be the induced subgraph d — e — f. For the sake of readabil-
ity, we again omit terms in the product [Tpcc (o) [AMO(H)| that are equal to one.

[AMO(G)| = |@r=({a,b,c})| - |AMO(H)| + |¢r=({b, c,d, e})| + |¢r=({b, c e, f})]
=4-3+4+24-1+18-1=054.

In particular, the six permutations of {b, c,e, f } which are forbidden are of the form 7t .1 +
7t 5y Below, we discuss how ¢rr can be efficiently evaluated in general. o

Algorithm 5.2: Computing |AMO(G)| in polynomial-time with Clique-Picking.
input : A connected chordal G = (V, E).
output: |AMO(G)]|.

1 function count (G, memo)

2 | if G € memo then return memo|[G]

3 | TR:=arooted clique tree of G

4 | // Calculate |[AMO(G)| in variable sum.

5 sum =0

6 | foreach K € II(G) do

7 // Calculate [Tycc(gr) |[AMO(H)| in variable prod.

8 // C(GX) can be computed by Alg. 5.1 in time O(|V|+ |E|).
9 prod =1

10 foreach H € C(GX) do

11 | prod := prod - count(H, memo)

12 end

13 // ¢7xr(K) can be computed by Alg. 5.3 in time O(|V|+ |E|).
14 sum := sum + |prr (K)| - prod

15 end

16 | memo[G| = sum

17 return sum

18 end

19 memo := empty hash-table
20 return count(G, memo)

Algorithm 5.2 provides pseudocode for evaluating this recursive formula with mem-
oization (that is storing the results for each function call to avoid repetitive calculations).

Theorem 5.34. Given a connected chordal graph G, Algorithm 5.2 returns the number of AMOs
of G.

Proof. Follows from Proposition 5.32 and the fact that the algorithm implements the
stated recursive formula. O

It remains to show that this approach yields a polynomial-time algorithm: For this,
we show that (i) the right side of the formula in Proposition 5.32 can be evaluated in
polynomial-time, assuming |AMO(H)| was already recursively computed. In particular
we need to show how |¢rx(K)| can be calculated in polynomial time, and (ii) that the
recursion tree contains only polynomially-many distinct elements. In combination, this
yields a polynomial-time algorithm for #AMO(G).

We begin with (i) and efficiently calculating |¢7= (K)|. For this, we introduce the func-
tion p(X) for strictly increasing sequence X.
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Definition 5.35 (0(X)). Let X = {x1,x2,...} be a strictly increasing sequence. Then, define
p(X) to be the set of permutations of {1,2,. .., x} which do not contain {1,2,...,x;} fori < k

as prefix.

This naturally generalizes the notion of irreducible permutations, whichon {1,2,...,n}
coincide with p((1,2,...,n)). It is rather easy to see that the size of p(X), for an appro-
priate X, can be associated with the size of ¢p7x(K).

Lemma 5.36. Let TR be a rooted clique-tree of G and K € T1(G). Then, |¢prx(K)| = |o(X +
(IK|))| with sequence X containing elements |S| for sets S = K; N K; with K; and K; adjacent on
the path from K to R, which satisfy S C K, ordered by decreasing distance from K on the path.

Proof. First, observe that only separators S = K; N K; with § C K can be forbidden pre-
fixes of any permutation of K with regard to ¢=(K). Moreover, duplicates S can be
removed. The remaining separators S form a strictly increasing sequence when ordered
by decreasing distance from K. To see this, observe that if S; further away from K than
S» would contain a v € Sy \ Sy, it would hold that TR[IT°(G)] is not connected violat-
ing the definition of clique-trees. Finally, there is an bijection from the vertices in K to
{1,2,...,|K]|} such that any S in S can be mapped to {1,2,...,|S|}. The statement im-
mediately follows. O

We now show that |p(X)| can be computed efficiently.

Theorem 5.37. Let X = (x1,Xa,...,xx) be a strictly increasing sequence. Then, |p(X)| can be

computed in time O(k?).
Proof. Ttholds for X = (x1,...,x;) that
k
lo(X)] = x! = Y (e — x:)! - (e, -, %) |-

i=1

To see this let 7 be a permutation of {1,...,x}, such that {1,...,x;} for i < k is its
shortest prefix of this form. Clearly, this permutation is counted precisely at term i of the
sum and thus subtracted once from x;!. By induction, the statement follows. O

We are now able to give an algorithm for computing |¢rz(K)|. The correctness and
run-time of the algorithm follows immediately from Theorem 5.37 and its proof.

Corollary 5.38. Algorithm 5.3 computes |¢rx (K)| in time O(| Vx| + |K[?).

Example 5.39. As a non-trivial example for the computation of the size of ¢rr consider our
graph from the examples above, this time with the clique-tree rooted at maximal clique {a, b, c}:

{a,b,c}
. /b\ c |

G = M ‘ Tiabet —  {b,c,d, e}
- |

= {b,c,e,f}

We compute the cardinality of ¢pr=({b,c,e, f}). This sets consists, by definition, of all permuta-
tions of {b, c, e, f } which start neither with {b, c} (the separator associated to the first edge on the
path from the root to {b,c,e, f}) nor with {b,c,e} (the separator associated to the second such
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Algorithm 5.3: Computing |¢7x(K)| in polynomial-time.

input : A rooted clique-tree TR and a maximal clique K € Vix.
output: |¢r= (K)|.
function rho (X = (x1,...,xx))
fori:=1tokdo
pi = x;!
forj:=1toi—1do p;:=p; — (x; — xj)! - p;
end
return p;
end
X = (K)
9 foreach edge K; — K; on the path from K to R in TR in increasing distance from K do
10 S:=K;N K]‘
11 | if first(X) # |S|and S C K then

N S Ul s W N =

®

12 | X=(|S)+X

13 end

14 if SN K = @ then break
15 end

16 return rho(X)

edge). The desired quantity can also be expressed as |p((2,3,4))|, where 2, 3, and 4 denote the
cardinality of {b,c}, {b,c,e}, and {b,c,e, f}. We have that:

0((2,3,4))] = 4! =21 [p((2))] = 1! - [p((2,3))]
= 412021 —11- (31— 1! |p((2))])
— 41202011 (31 —1!-21)
—24—4—4=16.

To complete the example, we show that rooting the clique-tree at clique {a,b,c} again yields
|AMO(G)| = 54 through the computation below. As in the examples above, we have H =
G[{d, e, f}] and omit trivial terms in the product [Tpcc(cs) [AMO(H)|.

[AMO(G)| = |@r=({a,b,c})| - |AMO(H)| + |¢r=({b, c,d, e})| + |pr=({b, c,e, f})]
=6-3+20-1+16-1=54.

Hence, the choice of the clique-tree and its root has an influence on the performed arithmetic
operations, however not on the overall result and the recursive subproblems. o

We note that the restriction to strictly increasing sequences is not necessary for effi-
ciently computing the size of ¢. Let S be a set of, e.g., vertices, R a collection of subsets
of Sand |¢(S, R)| denote the number of permutations of S which do not have 7g for any
R € R as prefix. Similar to the formula in the proof of Theorem 5.37, it holds that

[9(S, R)| =" —RZ;Q(!S\ — RN [p(R,{R" € R | R" C R})|.

It is easy to see that this formula, combined with the analysis below, implies that
Proposition 5.20 would also lead to a polynomial-time algorithm. However, we will
focus solely on the formula in Proposition 5.32 in the following.
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It remains to show that relying on this approach, there are at most polynomially-
many distinct recursive calls of [AMO(G)|. For this, recall that Py, (v) are the neighbors
of v, which are already visited, i.e. which are in Tj(0), at step t(v) of the algorithm, that is
when v is handled. By Corollary 5.15 item (4.), we have that P, (,)(v) is identical for all
v € Vi, where H € C(GX) for some clique K. Hence, slightly abusing notation, we write
Py(pyy(H) and 1) (H) instead of Py,)(v) and 7y () for any vertex v in Vp.

Lemma 5.40. Let G be a connected chordal graph and H € C(GX). Then, Py w) (H) separates Vi
from W = Ty \ Pypy(H) and is a minimal separator of G.

Proof. The set Py (H) is a proper subset of all visited vertices at step t(H) (as Vj is not
part of the maximal clique K Algorithm 5.1 starts with) implying that W is non-empty.
Since Py(p)(H) contains all visited neighbors of H, it separates Vy; from W. To see this,
assume for sake of contradiction that there is a path from v € Vg to w € W without
a vertex in Pyy)(H). Consider the shortest such path and let y be the first vertex with
successor z preceding it in the vertex ordering produced by Algorithm 5.1: v — - - - — x —
y—z—---—w &€ W. Then x — z € Eg, as the ordering is a reverse of a PEO. Hence, the
path is not the shortest path and, thus, y cannot exist. Since there can be no direct edge
from v to w, the set Py(yy(H) is indeed a separator.

Let us now show minimality. We prove that there is a vertex in W, which is a neighbor
of all vertices in P,y (H). Consider the vertex in P,y (H), which is visited last (denoted
by p). When vertex p is processed, it has to have a neighbor x € W, which was previously
visited, else p would be part of H. This is because the preceding neighbors would be
identical to the ones of the vertices in H (namely, P,y (H) \ {p}), meaning that p would
have the same number of already visited neighbors. It would follow that in line 13 of
Algorithm 5.1 either p and the vertices in H are appended to T; when p is visited or were
already appended to T; previously (e.g., for j < 7). In both cases, p would be in H, which
is a contradiction.

Hence, such vertex x has to exist. Moreover, x has to be connected to all vertices in
Py (1) (H) because of the PEO property (all preceding neighbors of a vertex form a clique).

From the first part of the proof, we know that x and y € H are separated by P, ;) (H).
As both x and y are fully connected to Py (H), it follows that this set is also a minimal
X — Yy separator. O

Lemma 5.41. Let G be a connected chordal graph for which the number of AMOs is computed
with the function count in Algorithm 5.2. Let H be any chordal graph for which count is called
in the recursion (for H # G). Then Vg = V¢ \ S for some S-flower F in G with S € %(G).

Proof. Let Sy be the union of all sets Py ¢ (G) for G on the recursive call stack from the
input graph G to currently considered subgraph H. We define P,)(G) = @ for conve-
nience. Let H # G, we show by induction that (i) Sy is a minimal separator, (ii) Sy is
fully connected to H, and (iii) Vg = V¢ \ Sy for some Sy-flower F.

In the base case, H € C (GI< ). By Lemma 5.40, Sy is a minimal separator in G, which
is by definition connected to all vertices in H. Hence, as H is connected, Vg C V¢ \ Sy
holds for an Sy-flower F. We show the equality by contradiction. Assume there is a
vertex v € Vp '\ S but not in H. Then v can neither be a vertex in W nor the neighbor
of a vertex in W, as by the definition of flowers this means that there is a path from W
to H in G[V \ Sy| - this would violate that H is separated from W by Sy (Lemma 5.40).
Moreover, v is a neighbor of all vertices in Sy. Hence, we have Py, (v) = Pyy)(H) = Su
and v € Vg. A contradiction.
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Assume count is called with a graph H € Cg/(K) for some graph G’ and K € I1(G').
By induction hypothesis, we have that S¢’ is a minimal separator in G and fully con-
nected to G'. Moreover, G' = Vi \ Sgr for some F'-flower of Sgi. Now, Py (H) is by
Lemma 5.40 a minimal separator in G’ for some vertices x and y. As x and y are connected
to every vertex in Sg, it follows that Sy = Sgr U Pypy)(H) is a minimal x-y separator in
G. Furthermore, Sy is fully connected to H and it can be easily seen that H C V¢ \ Sg. To
show equality, observe that every vertex v in V¢ \ Sy is in G’ (if it is not separated from
Vi by S, it is clearly not separated from Vp in Si/). Thus, the same argument as in the
base case applies and the statement follows. ]

Finally, we are able to show:

Proposition 5.42. Let G be a connected chordal graph. The number of distinct recursive calls
explored by count is bounded by 2|T1(G)| — 1.

Proof. By Lemma 5.41, it remains to bound the number of flowers in G. Each flower is
associated with a minimal separator S and there are at most |I1(G)| — 1 such separators,
as they are connected to the edges of the clique tree [Blair and Peyton, 1993]. Let r (which
is initially [TI(G)| — 1) be an upper bound for the number of remaining separators. Now
consider separator S. If B(S) has k flowers, S can be found on at least k — 1 edges of the
clique tree, namely the edges between the flowers (by Lemma 5.23 item (3.) the flowers
partition the bouquet and by item (5.) the intersection of cliques from two distinct S-
flowers is S). Thus, we have at most r — (k — 1) remaining separators. The maximum
number of flowers is obtained when the quotient k/(k — 1) is maximal. This is the case
for k = 2. It follows that there are at most 2(|I1(G)| — 1) flowers.

When bounding the number of distinct recursive calls, we additionally take into ac-
count the input graph and obtain as bound 2(|II(G)| — 1) + 1 = 2|II(G)| — 1. O

This allows to bound the run-time of Algorithm 5.2 as follows:

Theorem 5.43. Let G be a connected chordal graph. Then, Algorithm 5.2 runs in time at most
O(ITH(G)? - (n +m)).

Proof. By Proposition 5.42, count explores O(|I1(G)|) distinct recursive calls. For each of
the corresponding chordal graphs, the clique tree is computed in time O(n + m). After-
wards, for each maximal clique, the subproblems are computed by Algorithm 5.1 in time
O(n + m) by Theorem 5.14. The computation of ¢ (K) can be performed in time O(m)
as well by Corollary 5.38. O

It follows immediately by Proposition 5.2 and Theorem 5.34 and 5.43 that:

Theorem 1.4. Let G be a CPDAG. There exists an algorithm computing the size of the Markov
equivalence class |G| in time O(n*).

We note that the proof of Theorem 5.43 associates each distinct subproblem in the
recursion with an S-flower. Moreover, the S-flowers can be connected to subtrees of the
clique-tree of initial graph G (Lemma 5.23 item 2). It follows that the whole recursion
could, in theory, be implemented by only relying on the initial clique-tree and passing
subtrees of it to the recursive calls. As the clique-tree is a compact representation of a
chordal graph, this could be the basis for further improvements of the asymptotic run-
time. Exploring this is an interesting direction for future work.



81

Average Time Average Time
in Minutes in Minutes
am am
tout f-------1 r li tout [----¢=- li
30 30
25 - 25 -
20 - 20 -
15 15
10 10 ]
51 5 >
| c |
24 25 26 27 28 29 210 211 212 24 25 26 27 28 29 210 211 212
Number of Vertices Number of Vertices
#cl 6 10 19 33 66 126 231 441 841 #cl 6 11 21 46 86 168 340 688 1364
dns 0.50 0.40 0.31 0.22 0.14 0.09 0.05 0.03 0.02 dns 0.66 0.67 0.67 0.65 0.67 0.68 0.67 0.66 0.67

Figure 5.3: Experimental results for the solvers Clique-Picking (cp), AnonMAO (am),
TreeMAO , and Lazylter (li) on random chordal graphs with n = 16,32,...,4096
vertices. For the left plot, we used graphs generated with the subtree intersection method
and density parameter k = log n; the right plot contains the results for random interval
graphs. At the bottom, we present the number of maximal cliques as well as the graph

density |E|/(“2/‘).

5.3 Experimental Evaluation

We evaluate the practical performance of the Clique-Picking algorithm by comparing it
to three state-of-the-art algorithms for #AMO. AnonMAOQO [Ganian et al., 2020] is the best
root-picking method; TreeMAQ [Talvitie and Koivisto, 2019] utilizes dynamic program-
ming on the clique tree; and Lazylter [AhmadiTeshnizi et al., 2020] combines techniques
from intervention design with dynamic programming.*

Figure 5.3 shows the run time of the four algorithms on random chordal graphs —
details of the random graph generation and further experiments are given in Wiendbst
et al. [2021b] and the source code is available at github. com/mwien/CliquePicking. We
chose the random subtree intersection method (left plot in Figure 5.3) as it generates a
broad range of chordal graphs [Seker et al., 2017]; and we complemented these with
random interval graphs (right plot) as AnonMAO runs provably in polynomial time on
this subclass of chordal graphs [Ganian et al., 2020].

The Clique-Picking algorithm outperforms its competitors in both settings. For the
subtree intersection graphs, it solves all instances in less than a minute, while the other
solvers are not able to solve instances with more than 1024 vertices. The large instances
of the interval graphs are more challenging, as they are denser and have more maximal
cliques. However, Clique-Picking is still able to solve all instances, while the best com-
petitor, AnonMAQO, can not handle graphs with 256 or more vertices.

4The implementation of Lazylter provided by the authors gives incorrect results for some instances. The
authors have been informed in 2020, however, since then there has been no update.
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5.4 Conclusions

We presented the first polynomial-time algorithm for counting Markov equivalent
DAGs. Our novel Clique-Picking approach utilizes the clique tree without applying cum-
bersome dynamic programming on it. As a result, the algorithm is not only of theoretical
but also of high practical value, being the fastest algorithm by a large margin. We further
investigate the applications of an efficient counting algorithm in the subsequent chapter.



Applications of Efficiently Counting Markov
Equivalent DAGs

The previous section focused on the graph-theoretical and algorithmic contributions to-
wards developing a polynomial-time algorithm for computing the size of an MEC repre-
sented by a CPDAG, which reduces to counting the AMOs of a chordal graph. This chap-
ter considers the larger picture and, in particular, embeds the Clique-Picking algorithm
into the broader context of causal discovery. We consider the following problems: Uni-
form sampling of DAGs from an MEC, choosing an intervention target in active learning
of DAGs, computing the multiplicity of causal effects in an MEC and the general problem
of counting consistent extensions of PDAGs. We discuss how they can be tackled using
Clique-Picking directly, if possible, or by building on it.

These tasks have been previously connected to the problem of counting Markov
equivalent DAGs, see in particular [Talvitie and Koivisto, 2019] and [Ghassami et al.,
2019]. Our contributions lie in the following: Concerning the first application, i.e.
uniform sampling, we perform the technical task of transforming the polynomial-time
counting algorithm to a practical and worst-case polynomial-time uniform sampler. Par-
ticularly, we show its effectiveness by providing, to the best of our knowledge, the first
implementation of an exact uniform sampling algorithm for Markov equivalent DAGs
and analyzing it experimentally. The implementation is split into a preprocessing and a
sampling phase such that the latter can be performed in linear-time per sampled DAG.

In the second and in particular the third application, we show that these problems can
be analyzed under the framework of interventional CPDAGs (also known as interventional
essential graphs). This allows us to improve the performance in various aspects, in par-
ticular, it is possible to use Clique-Picking (Algorithm 5.2) to again compute the number
of consistent extensions (of the interventional CPDAG) in polynomial-time. Previously,
e.g. as in Ghassami et al. [2019], these problems have been modeled with PDAGs without
exploiting the structure present in interventional CPDAGs, thus leading to exponential
time algorithms.

In the final section, we discuss this general problem of counting the number of consis-
tent extensions of a PDAG in more detail. We show that this problem is #P-hard and thus
likely not solvable in polynomial-time. We still sketch an algorithm based on Clique-
Picking, which provides a reasonable line-of-attack for practical settings.

Generally in this chapter, we aim to show that the task of counting Markov equivalent
DAGs does not have to be avoided in applications because it can be solved efficiently in
theory and practice as our results from the previous section certify. This is in contrast
to many common approaches, particularly for the second and third task, which prefer
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other approaches, not relying on the counting task, sometimes at the cost of accuracy. In
Sections 6.2 and 6.3 we go into more detail on this topic.

In contrast, it is not the goal of this chapter to show that these applications can only
be practically tackled because of the polynomial-time Clique-Picking algorithm from the
previous section. Quite oppositely, for many instances that are commonly encountered
in causal discovery, which usually have rather small connected components (with regard
to the undirected subgraph), more naive counting approaches can often be effective in
practice as well.

6.1 Uniform Sampling of Markov Equivalent DAGs

The complexity of uniform sampling and counting are closely connected and their re-
lation has been the topic of intensive study. In particular, it is well-known and easy to
show that an efficient (polynomial-time) algorithm for counting configurations with self-
reducible relations implies an efficient uniform sampling algorithm (see [Sinclair and Jer-
rum, 1989] and references therein). Self-reducible means that the original counting task
can be formulated recursively, more precisely, that the number of configurations can be
expressed by a combination of at most polynomially many solutions to smaller counting
instances of the same problem. In the context of this work, the formula given in Propo-
sition 5.32 is such a self-reduction thus making the problem at hand amenable to this
technique.!

The main idea is to sample the configuration step-by-step, at each weighting the prob-
ability proportionally to the number of partial configurations for the remaining sequence.
Concretely, for sampling of Markov equivalent DAGs, we aim to choose the first clique
K in a topological ordering inducing an AMO proportionally to the number of AMOs
counted at K in the Clique-Picking approach and draw a uniform permutation 7t of it
that is in ¢7x (K).

Algorithm 6.1: The recursive function sample uniformly samples an AMO (rep-
resented through its topological ordering) from a connected chordal graph G.

input : Connected chordal graph G.
output: Topological ordering of uniformly drawn AMO of G.
function sample (G)
Let TR be a rooted clique tree of G.
K = drawn w. probability proportional to [¢r= (K)| X [Tec(gr) [AMO(H)|
T := uniformly drawn from ¢x (K)
foreach H € C(GKX) do
| 7 := 1T+ sample(H, memo)
end
return T
end

O 0w N U R W N

IThe first self-reduction for this problem was given by [He et al., 2015] as discussed in the previous
chapter. Notably, this self-reduction could also be used in combination with Clique-Picking, by choosing
the source vertex proportionally to the number of AMOs with this source (this number can be computed
in polynomial-time using Clique-Picking as well) and this would also yield polynomial-time (as there are
at most 1 steps of choosing a source and for each Clique-Picking is called at most n times). However, the
run-time is rather high (of order %) and it is not clear how to use preprocessing to significantly improve it.
In contrast, we will be able to achieve the same preprocessing run-time as for Clique-Picking, that is O(n4),
and linear-time sampling afterwards.
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This approach is formalized in Algorithm 6.1. The recursive function sample takes as
input a connected chordal graph G and produces a topological ordering of the vertices T,
which represents a uniformly sampled AMO of G. It utilizes the formula

IAMO(G)| =} lopme(K)|x ] [AMO(H)]
Kell(G) HeC(GK)
derived in Proposition 5.32. The idea is to first sample a maximal clique K, which is put
at the start of the topological ordering. For this, K is drawn with probability proportional
to
ore(K)] x T[] |AMO(H)],
HeC(GK)

i.e., the number of AMOs counted at the clique. This will ensure that every AMO has
uniform probability of being drawn. In practice, it is useful to run the Clique-Picking
algorithm once as precomputation step, in order not to evaluate the formula repeatedly.
We discuss such implementation details later. Next, a permutation T of chosen clique
K is drawn uniformly from ¢r=(K). Finally, the algorithm recurs, as prescribed by the
formula above, into the subgraphs in C(GX), which are considered independently. The
topological orderings sampled for these subgraphs are appended to 7.

We will start this section by showing that this approach will indeed sample a uniform
AMO. Afterwards, we will discuss possible implementations of this method.

Theorem 6.1. Given a connected chordal graph G, the function sample returns a topological
ordering representing an AMO chosen with uniform probability.

Proof. We show the theorem by induction. As base case we consider a single clique K.
Here, any permutation of K represents a unique AMO. Because there is only one clique
to choose and, as ¢ (K) contains all permutations of K, such a permutation (and hence
the corresponding AMO) is chosen uniformly.

In order to make the following arguments more precise, we denote with Pr(7p(G))
the probability that Algorithm 6.1 draws a topological ordering 7 of the vertices in G that
represents AMO D. Our goal is to show, as we just did in the base case, that for all D:

Pr(1p(G)) = 1/|AMO(G)|.

For connected chordal graph G and clique-tree TR, let Kp be the maximal clique,
at which D is “counted” and let 7rp be the corresponding permutation of Kp in any
topological ordering of D. The correctness of the proof relies on the fact that both Kp and
7tp are unique (for Kp this follows from the proof of Proposition 5.32). Then:

Pr(tp(G)) = Pr(Kp)Pr(np | Kp)  []  Pr(tpi(H))
HeC(GKp)
|¢r=(Kp)| X [Tpec(cro) [AMO(H)
= P H
AMO(G)  [¢re(Ko)| ok, PrPot (D)
_ HHeC(cKD) |[AMO(H)| _ 1
|AMO(G)| x [Tgec(cro) IAMO(H)|  [AMO(G)|

In the second step, we insert the definitions of Pr(Kp) and Pr(7tp | Kp). In the third step,
we use the induction hypothesis

1
Pr(tpim (H)) =
HG;Z(I}KD) pi [Mhec(cro) |AMO(H)|

to complete the proof. O
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We will now discuss how to efficiently implement the proposed sampling algorithm.
The non-trivial tasks are lines 3 and 4 of Algorithm 6.1.

Note that when calling the function sample for an input graph G, it is only neces-
sary to know for each maximal clique K, the following information: the set of forbidden
prefixes used in the computation of |¢7x (K)| and

lprr(K)| x  J] #AMO(H).
HeC(GK)

Moreover, in a single run of the counting algorithm (Algorithm 5.2) these terms are com-
puted for G and all possible recursive subcalls. Hence, in a preprocessing step we per-
form the counting algorithm once, storing these information.

For the implementation of line 3, we hence need to draw from a categorical distribu-
tion with known weights over the maximal cliques K. This is possible in constant time
O(1) using the Alias Method [Walker, 1974, Vose, 1991] assuming that the preprocessing
includes the computation of a Alias Table. As this is possible in linear-time in the number
of categories, there is no computational overhead.

The implementation of line 4 is trickier. In [Wienobst et al., 2021b], we proposed a
routine which performs this step in O(|K|?) time. This leads to overall cost of O(n + m) of
sample. Moreover, the precomputation is significantly more complicated, needing time
O(|T1(G)|*- n - (n+ m) and hence an additional factor n compared to the time complexity
of Clique-Picking.

Here, we propose a simple Las Vegas algorithm for the implementation of line 4 based
on rejection sampling. Due to the combinatorial structure of the counting function ¢,
we are able to bound the expected number of draws in this rejection sampling routine
by a constant. This leads to a very efficient and practical algorithm, as the preprocessing
cost are in the same order as the standard Clique-Picking algorithm, i.e., taking time
O(JTI(G)|? - (n + m)). Afterwards, uniform sampling of an AMO is possible in linear-
time O(n + m), respectively O(n) if only a topological ordering of the AMO is output.

Theorem 6.2. There is an algorithm that, given a connected chordal graph G, uniformly samples
an AMO of G in expected time O(n + m), respectively its topological ordering in O(n), after
an initial O(|T1(G)|? - (n + m)) setup.

Proof. The main idea is simple: Implement line 4 in Algorithm 6.1 by rejection sampling,
i.e., repeatedly draw random permutations until one which is not forbidden is found.

We begin by showing that, in expectation, only a constant number of draws are nec-
essary (this holds for any input). Let |¢7x(K)| be the number of allowed permutations
and recall that, by Lemma 5.36, this coincides with |p(X)| for an appropriately chosen
sequence X = (x1,...,x;). The ratio |p(X)|/xx! gives the probability that a random per-
mutation is allowed. We derive a lower bound of 1/2 for the ratio in order to obtain the
statement. The value of |p(X)| reaches its minimum when allowing as few permutations
as possible. Consequently, worst-case sequences X have the form X = (1,2,..., xx).

In this case, the number of allowed permutations is known as the number of irre-
ducible permutations of {1, ..., x;} (OEIS A003319 [OEIS Foundation Inc., 2022]), which
we denote with |p(xy)|. It is well-known (and a special case of Lemma 5.36) that

|—p| le
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For our derivation of the lower bound, we start by deriving some simple bounds of
fractions of binomial coefficients. For2 <i < p —2

1 1 2
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for |S| > §; that the estimate holds for all |S| < 8 can be checked by hand. In conclusion,
it holds
E[number of trials until first success] < % =2.
2

The same bound carries over to |¢rr|. It remains to analyze the expected run time of
the overall routine. Drawing a permutation in ¢« (K) is possible in linear time in |S].
We do this by sampling a permutation of {1,..., x;}, which can easily be mapped to K
(see proof of Lemma 5.36). Checking whether a permutation is forbidden can be done in
linear-time as well: For every object s € {1,...,x;}, we record its first “occurrence” in
sequence X, that is the first i such that x; > s, in o(s). Afterwards, go through the drawn
permutation from front to back and memorize the highest 0-value seen up until this step.
If at position i the maximal value has been i, this permutation contains a forbidden prefix.

We will now discuss the run time of the whole sample function: We assume that as
precomputation, a modified version of the Clique-Picking was performed. Then, using
the Alias Method, line 3 takes time O(1).

Hence, we have overall expected linear-time for the drawing of a non-forbidden per-
mutation. This means, we “pay” a constant amount per element in the build topological
order and therefore this order can even be obtained in expected time O(n) after appro-
priate preprocessing. Note that to output the AMO itself, ®(n + m) time is needed as
this is the size of the output. O

This immediately yields, similar to the case of Theorem 1.4.

Theorem 6.3. Let G be a CPDAG. There exists an algorithm that uniformly samples a member
of the Markov equivalence class [G] in time O(n + m) after an initial O(n*) setup.
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We close this section by giving an experimental evaluation of our algorithm. As there
are, to the best of our knowledge, no other implementations of exact sampling from an
MEC, we will confine ourselves to showing that (i) the overhead of the preprocessing
for sampling compared to the “standard” Clique-Picking algorithm is negligible and (ii)
that sampling after preprocessing is extremely fast. We compare implementations of
the algorithms in Julia and generated chordal graphs as described by Wientbst et al.
[2021b], namely using the subtree intersection method [Seker et al., 2017] with density
parameter k = logn (the expected number of neighbors per vertex is proportional to
this parameter) and the algorithm by Scheinerman [1988] for sampling random interval
graphs (interval graphs form a subclass of chordal graphs). For each input graph, we
performed the counting algorithm without and with preprocessing. The run times are
averages over 100 graphs. Afterwards, we sampled 10 DAGs from each MEC uniformly,
in total forming the average over 1000 sampling steps.

Table 6.1: The run times in seconds of the standard Clique-Picking (CP) algorithm with-
out any precomputations (CP w/o pre.) and the modified one which includes precom-
putations (CP with pre.) for sampling on randomly generated chordal graphs (using
the subtree intersection method as well as random interval graphs). For each choice of
parameters, the algorithms were run on the same 100 graphs. Moreover, we give the
average run time of sampling (after the preprocessing step), which is calculated as the
average of 10 samplings per graph.

Number of vertices
16 32 64 128 256 512 1024 2048 4096

Random subtree intersection (k = log, n)

CPw/opre. 0.00076 0.00199 0.00729 0.02718 0.09463 0.38164 1.62875 7.53509 35.0380
CP with pre. 0.00135 0.00219 0.00774 0.02783 0.09602 0.38530 1.63844 7.58248 35.0759
Sampling 0.00001 0.00003 0.00006 0.00013 0.00026 0.00054 0.00118 0.00283 0.00695

Random interval graphs

CP w/opre. 0.00066 0.00211 0.00834 0.03512 0.18089 1.14654 8.17442 66.3541 539.270
CP with pre. 0.00080 0.00233 0.00864 0.03600 0.18278 1.15313 8.20020 66.2455 538.496
Sampling 0.00002 0.00003 0.00008 0.00025 0.00068 0.00204 0.00691 0.02298 0.10378

First, the run time difference between the standard Clique-Picking algorithm and the
modified one, which includes preprocessing for sampling, is extremely small. The addi-
tional computations do not form the bottleneck of the approach and have only a small
influence on the run time. For the very large graphs, in particular the dense interval
graphs, the run time difference can hardly be measured, due to the fact that the addi-
tional precomputation effort is independent of the number of edges, which dominates
the run time.?

Second, it can be clearly seen that sampling (after the initial setup step) is extremely
fast. Even for large graphs it takes only fractions of a second. We remark that the sam-
pling algorithm returned the full sampled DAG, which is the desired output in most
cases, but that it would also be possible to only return the topological ordering, reducing
the run time further.

2The execution time naturally fluctuates and for the large interval graphs this fluctuation influences the
result more than the actual overhead. Hence, in some cases the precomputation algorithm is recorded as
faster in the experiments. Clearly, Clique-Picking with precomputations does strictly more computations
and, thus would, without noise, not be faster than normal Clique-Picking.
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6.2 Interventional CPDAGs and Active Learning

As we discussed in detail above, when dealing with purely observational data, a DAG is
only identifiable up to its MEC [Andersson et al., 1997], which often makes it impossible
to discover the true underlying structure. In some cases, however, additional experi-
mental (also called interventional) data may be available or can be produced, in order to
resolve the ambiguities. There is a large body of work in the field addressing this prob-
lem of estimating and explaining a causal structure from both observational and inter-
ventional data. Analogously to the observational case, all DAGs which satisfy the condi-
tional independencies in both observational and interventional data form an equivalence
class represented by an interventional CPDAG. This graph (as the CPDAG for MECs) is
the PDAG representation of the corresponding class of DAGs. An example and further
explanation regarding interventional MECs and CPDAGs is given in Figure 6.1.

Let D = (V,E) be a DAG and joint probability distribution IP(x, ..., x,) be Marko-
vian to D. For a set of targets I C V, an intervention with perturbation targets
v € I models the effect of replacing the observational distribution P(x, | Xp,()) by
P!(x,) for all v € I. The intervention graph of D is the DAG D! = (V,E!), where
El = {u—>v € E | v ¢ I}. Given a family of targets Z C 2" the pair (P, {P'}c7) is
Z-Markovian to D if IP is Markovian to D and for all I € 7 the interventional distribution

P! factors as
Pl(xy,...,x,) = H]P(xv | xpa(v))H]PI(xv).
vl vel

Two DAGs D; and D, are Z-Markov equivalent if for all positive distributions,
(P, {IP'}c7) is Z-Markovian to D if and only if (P, {IP!},c7) is Z-Markovian to Dy. This
relation can be expressed in graphical language as follows: For a conservative family of
talrgets3 Z, Dy and D, are Z-Markov equivalent if forall I € Z, D{ and Dé have the same
skeleton and the same v-structures. The Z-Markov equivalence class of a DAG D (Z-
MEC) is denoted by [D]7 and can be represented by the Z-CPDAG &7 (D) = pdag([D]z).
A graph G is called an Z-CPDAG if G = £7(D) for some DAG D.

The key property of interventional CPDAGs, for our purposes, is that their undirected
components are chordal and induced subgraphs, just as in standard CPDAGs:

Proposition 6.4 (Hauser and Bithimann [2012]). Let G be an Z-CPDAG representing an Z-
MEC [D]z for a target family . Then, the connected components C(G) are chordal. Moreover, a
DAG D' is in [D]z if and only if D' can be obtained from G by acyclic moral orientations of the
connected components of G independently of each other.

For example, in the Z-CPDAG G4 in Figure 6.1 representing the Z-MEC determined
by the intervention result ¢ — a < b, the only non-trivial connected component is the

triangle b ~¢ = . The Z-MEC consists all DAGs which can be obtained from G by
acyclic moral orientations of the triangle. Generally, the proposition above implies that
for interventional CPDAG G, the number of DAGs in the corresponding equivalence
class [D]z is
D)z = [T |AMO(H)|
HeC(G)

3A family of targets 7 is called conservative if for all v € V, there is some I € Z such that v ¢ I. Note
that, e.g., any family containing the empty set @ is conservative. In this section we assume that the target
families are conservative.
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CPDAG Partitioning of the MEC represented by G in Z = {{a} }-MECs

G T?T 1. c>a—>p 2. c<a<} 3. c<a—>p
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Figure 6.1: For the CPDAG G on the top left, we show on the right the interventional
MECs for the family Z = {{a}}, i.e., an intervention is performed on the variable cor-
responding to vertex a (marked in color). The possible results for the intervention are
shown in the colored regions and the DAGs are partitioned according to those configura-
tions. Each {{a} }-MEC can be represented by the corresponding interventional CPDAG
on the bottom left, which encodes the still unknown edge orientations as undirected
edges.

and, thus, this can be efficiently computed with the Clique-Picking algorithm. This leads
to the following, main theorem of this section, which can be proved in the same manner
as Theorem 1.4 and 6.3.

Theorem 6.5. For a given interventional CPDAG representing an Z-MEC [D]z, the number of
DAGs in [D]z can be computed in polynomial time. Moreover, sampling uniformly a DAG in
[D]z can be done in linear time, after preprocessing.

The fact that the size of interventional CPDAGs can be computed efficiently can be
utilized, e.g., in the context of active learning of the underlying causal DAG. It describes
the process of designing experiments (i.e. interventions) in order to recover the DAG.
A natural approach is to start estimating the CPDAG with observational data and af-
terwards, through experimentation, inferring the direction of beforehand unorientable
edges to reduce the number of indistinguishable DAGs. Usually the objective is to find
the underlying causal DAG with as few experiments as possible. Active learning has
been the subject of a considerable amount of research, see [Eberhardt et al., 2005, Eber-
hardt, 2008, He and Geng, 2008, Hauser and Bithlmann, 2012, Hauser and Biihlmann,
2014, Shanmugam et al., 2015, Ghassami et al., 2018, Greenewald et al., 2019, Squires
et al., 2020] and the references therein.

One way of designing experiments is to use the following approach: Consider (for
simplicity) only noiseless adaptive single-target interventions, i.e., each experiment ma-
nipulates a single variable of interest and the intervention informs us correctly about the
resulting Z-MEC. In this setting, every intervention reveals the orientations of all edges
adjacent to the intervened vertex and further edge orientations may be inferred by the
Meek rules [Meek, 1995] (see Figure 6.1 for an illustration). Additionally, we assume vari-
ables are manipulated sequentially, i.e., one can use intervention results obtained by ma-
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nipulating the previous variables to select a current variable to intervene on. To choose
the best intervention target, usually an objective function w.r.t. the current interventional
CPDAG is computed for each variable, often based on every possible intervention result.

Below we discuss three algorithms following this approach: MinMaxMEC and Max-
Entropy by He and Geng [2008] and OptSingle by Hauser and Biihlmann [2014]. The first
two, particularly, use the sizes of the Z-MECs resulting from such hypothetical interven-
tions, in order to compute the objective function. Hence, effective counting algorithms
are central for the computational feasibility of those approaches. Moreover, we show that
even the third approach can be sped up significantly.

The algorithms start with the (observational) MEC [D]z, for Z = {@} and D being the
true DAG, which is represented as an Z-CPDAG &7 (D). Afterwards, while |[D]z| > 1,
the current target family Z and G = £7(D) are updated as follows: MinMaxMEC selects
the variable to intervene on such that

v* = argmin max |[D’ . 6.1
gmin max D' lzuggop (6.1)
MaxEntropy chooses
v* = argmax Hy, (6.2)
veV

where H, is the entropy defined as follows: Let Dy, ..., Dy € [D]z be DAGs such that
[D1]zug1opyU- - - UlDk]zui{0}y 18 @ partition of [D]z. Then H, = — Z};l %log %, with [; =
[Djlzugfoyy| and L = [[D]z]. Algorithm OptSingle computes a vertex

v* = argmin max &(E7 (D)), 6.3
gm D/E[D]IC( Tui{e}} (D)) (6.3)

where ¢(H) denotes the number of undirected edges in a graph H. Next, the intervention
on v* is realized and the algorithm updates G = E7((+}(D) and Z = ZU {{v"}}
completing the iteration step. Note that none of these three strategies lead to an optimal
algorithm (in a worst-case or average-case sense), but are greedy heuristics.

Example 6.6. For the CPDAG G in Figure 6.1, the algorithms MinMaxMEC, MaxEntropy and
OptSingle partition, for every vertex v, the MEC represented by G into {{v} }-MECs according
to all possible results for the intervention on v. The partitioning for v = a is shown in Fig-
ure 6.1. The values needed to select v* = b or v* = c solving the Equation (6.1), Equation (6.2),
resp. Equation (6.3), are given in the table below.

cardinalities of number of undir. edges
v {{v}}-CPDAGs maxcard. H, in {{v}}-CPDAGs max num.
a 6,2,1,1 6 1.57 3,1,0,0 3
b 322111 3 2.45 2,1,1,0,0,0 2
c 322111 3 2.45 2,1,1,0,0,0 2
d 6,2,1,1 6 1.57 3,1,0,0 3

/4 7 /4

o

Clearly, the most costly part of implementing MinMaxMEC and MaxEntropy is the
counting of Markov equivalent DAGs. As this was previously thought infeasible, these
methods were often avoided [Squires et al., 2020]. However, one can easily see that,
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based on Theorem 6.5, the sizes of MECs needed to choose a vertex with regard to Equa-
tion (6.1), respectively Equation (6.2), can be computed in polynomial time, assuming the
(Z U {{v}})-MECs are represented as interventional CPDAGs.

Another efficiency issue of the algorithms, including OptSingle, concerns the compu-
tation of the interventional CPDAGs for each possible intervention results (as there may
be exponentially many such results and the algorithms consider every hypothetical re-
sult in advance, this step is crucial). Using the ideas from the previous chapter, especially
from Algorithm 5.1, we can show that, given a current Z-interventional CPDAG G and
an interventional result on a vertex v, we can compute the new interventional CPDAG in
linear time. This is possible using an algorithm based on MCS [Tarjan and Yannakakis,
1984] similar to Algorithm 5.1, which we describe below.

The only thing left to be explained is how to enumerate the possible interventional
results on v. To see this, let H be a connected component of G containing v. Then the
resulting orientations of the incident undirected edges u — v in G can be represented as a
clique K C Ney(v), which contains the incident vertices u of edges oriented as 1 — v;* the
edges u — v, with u € Ney(v) \ K, are oriented as u < v. Note, that K can be empty. E.g.
in [Schauer and Wienébst, 2023], it is discussed how to elegantly enumerate all cliques in
a chordal graph (the subgraph induced on the neighbors of vertex v).

Theorem 6.7. Assume D is a DAG, 7 is a target family, v is a vertex, and H is a connected
component of G = E7(D) containing v. Let a cliqgue K C Ney (v) represent orientations of edges
u — v in G as described above and let DX € [D]z be a DAG with the edges oriented according to
K. Then, given G, v, and K, the interventional CPDAG G' = &7, { {U}}(DK) can be computed in
time O(n + m).

Proof. Due to Proposition 6.4 we know that, to compute G/, it is sufficient to maximally
orient H into H' since the remaining connected components of G remain unchanged. Let
X be the set of vertices reachable from v (including v itself) in H with edges incident to
K removed. Let A = V '\ {X U K} be the remaining vertices without K. As we will show
in the following, (i) the induced subgraph H[A U K] is undirected, (ii) there are no edges
between A and X, (iii) the edges from K to X are oriented outwards from K (iv) and the
edges in H[X] are given by calling Algorithm 5.1 on H[X U K] with clique KU {v}.

We begin with (ii). Assume, for the sake of contradiction thereisanedge A > a4 —v €
V. Then, by definition, a would be part of V. For (iii), observe that there is a path in
H[X] from v to every vertex. For the sake of the argument, let us only consider shortest
paths. Then, the first Meek rule can be iteratively applied along that path (note that the
first edge is given by the intervention result). Hence, in H’, there is a directed path from
v to any vertex in H'[X]. Consequently, every edge between K and X has to be oriented
from K to X to avoid a directed cycle (every vertex in K is a parent of v in H’).

We are now able to show (i). From (ii) and (iii), every edge between A U K and X is
oriented from A UK to X. It follows that the chordal induced subgraph H[A U K] can be
oriented independently of the remaining graph as no v-structure or cycle can occur.

It is left to show (iv). By the intervention result and (iii), we know that every edge
from the initial clique K U {v} is oriented outwards. It immediately follows from the
correctness of Algorithm 5.1 that every implied directed edge is correctly detected (as it
follows from those initial orientations). To see that all undirected edges a — b are indeed
undirected in H’, recall that in the proof of Theorem 5.14 it is argued that there exists
an AMO with a— b and one with 4 <—b. Now note that finding an AMO for H[X U

4The parents of v have to form a clique, else a new v-structure would be created, which would be in
violation with the definition of Z-MECs.
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K] (the orientation of the initial clique does not matter, just consider an arbitrary fixed
orientation), will also yield an AMO for H by combining it with an AMO for H[A U K].
Hence, the same argument holds. O

This theorem improves upon previous work by AhmadiTeshnizi et al. [2020], which
gave an O(d - m) algorithm for this task.

For an example of our whole approach, computing a vertex solving Equation (6.1)
in MinMaxMEC can be implemented as shown in Algorithm 6.2 below. The other two
approaches can be handled similarly. The time complexity is O(|I1(v)| - n*), where |T1(v)|
is the number of possible intervention results (coinciding with the number of cliques in
the neighborhood of v) and n* is the time complexity of the Clique-Picking algorithm.

Algorithm 6.2: An efficient implementation of MinMaxMEC: The algorithm
computes a vertex solving Equation (6.1).
input : An Z-CPDAG G = (V,E, A).
output: Vertex v* solving Equation (6.1).
1 if G isa DAG then return @
2 minmax := 00
3 foreach undirected component H of G do

4 foreachv € H do
5 max = (
6 foreach clique K C Ney(v) do
7 G = EIU{{U}}(DK) // compute with Theorem 6.7
8 ¢ :== |EXT(G)] // compute with Algorithm 5.2
9 if ¢ > Max then Max := ¢
10 end
11 if Max < MinMax then MinMax := Max; v* := v
12 end
13 end

14 return v*

These improvements can make the difference between infeasibility and practical ap-
plicability. We replicate the experimental results from Squires et al. [2020], which includes
a comparison of the most popular algorithms for single-target adaptive active learning.
For their experiments, a single chordal component was generated in two ways: Large and
sparse graphs were sampled by adding edges to randomly generated trees, and small
and very dense graphs by “chordalizing” Erdos-Renyi graphs. The three strategies we
discussed above were only included in the experiments on small graphs (between 8 and
14 vertices) due to their apparent infeasibility. We show that, using implementations® of
our methods, these approaches scale to much larger graphs and that they deliver supe-
rior results compared to other algorithms.

In Figure 6.2, the plot on the left shows the number of performed interventions of five
active learning strategies for the large and sparse graphs and the right one for the small
and very dense graphs. The three strategies we discussed above, MinMaxMEC, MaxEn-
tropy and OptSingle, clearly outperform the other methods and, in particular, the two
methods which utilize the sizes of the Z-MECs need the least amount of interventions.
In case of the sparse graphs the differences are larger due to the fact that the structure

5The experiments in this paper record the results using implementations in the Julia programming lan-
guage provided under https://github.com/mwien/counting-with-applications.
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Figure 6.2: We compare the performance of the three discussed strategies MinMaxMEC
(minmax), MaxEntropy (ent) and OptSingle (), with the coloring-based strategy (col) of
Shanmugam et al. [2015], and directed-clique-tree approach (dct) of Squires et al. [2020].
On the left, the average number of interventions for large, sparse graphs; on the right, for
small dense graphs. For each choice of parameters, 100 CPDAGs (chordal graphs) were
generated as described in Squires et al. [2020]. Afterwards, for each CPDAG, a DAG
was uniformly chosen from the MEC (the true DAG, used as oracle for the intervention
results).

of the graph can be utilized to a higher degree; the dense graphs are close to fully con-
nected graphs. Importantly, for the sparse graphs, where a lot of performance may be
gained and which occur frequently in practice, the implementation using Clique-Picking
is able to scale up to graphs with 500 vertices (taking about 10-15 minutes on a desktop
computer for the largest graphs®). In case of the dense graphs, the implementations of
MinMaxMEC, MaxEntropy and OptSingle can handle up to 30 vertices, compared to 14
previously (the bottleneck here is the exponential number of hypothetical intervention
results).

Hence, we argue that these methods are feasible in most practical settings as, on the
one hand, sparse graphs are more prevalent and, on the other hand, this experiment con-
siders fully undirected graphs and usually many edge directions are already detected
during the estimation of the CPDAG. Finally, the tradeoff between possibly saved com-
putation time and finding better intervention targets, should lean, in our view, towards
the latter, as the cost of experimentation exceeds the cost of beforehand-computation by
a large margin.

6.3 Estimating Causal Effects from CPDAGs and Observed
Data
A second application concerns calculating total causal effects to measure the effects of in-

terventions based on observational studies using Pearl’s do-calculus [Pearl, 2009]. For
a given DAG D = (V,E), with vertices V = {1,...,n} representing random variables

6The experiments were run on an Intel(R) Core(TM) i7-8565U CPU with 16 GBs of RAM.
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X;, fori € V, and a distribution P over X = (Xj,..., X,), which is Markovian to D, the
distribution generated by an intervention on X;, written do(X; = x!), can be expressed in
the truncated factorization formula

]P(xl,. R | dO(XZ' = xf)) = H IP(X]' | xpa(]-))
=1

if x; = xj and 0 otherwise. By marginalizing out all variables, except x;, x;, we get that
the distribution of X; after an intervention do(X; = x;) can be computed by adjustment for
direct causes of X; (represented as parents of i in D):

P(xj) if j € Pa(i)

ip . 6.4
Ty PO | X Xp )P (xpagy) ifj & Pati). &Y

P(xj | do(X; = x7)) = {

In turn, the total causal effect 0; of X; on X; is defined as a quantity of the interventional
distribution with a common choice being, in the non-parametric setting, the difference of
expected values under two actions x} and x/’ [Pearl, 2009, page 70]:

0;i(D) = E(X; | do(X; = x})) — E(X; | do(X; = x)). (6.5)

When the true causal DAG D is known, the outcomes of interventions can be esti-
mated using the formulas above and there is an extensive literature providing techniques
for calculating causal effects when the formula (6.4) is not applicable, e.g., due to unob-
served variables (see, e.g., [Pearl, 2009, Shpitser and Pearl, 2006, Shpitser et al., 2010,
van der Zander et al., 2019]). On the other hand, if a DAG is only identifiable up to its
MEC, the situation changes significantly: while for some CPDAGs one can compute the
causal effects from the graph and the observed data [van der Zander and Liskiewicz,
2016, Perkovi¢ et al., 2017], in general, for a given CPDAG G, the true causal effect of X;
on X; may differ across the DAGs in the MEC [G]. In such cases we can at best determine
a multiset of possible causal effects 0;;(D), one for each DAG D in [G].

Based on this idea, Maathuis et al. [2009] propose algorithms, called IDA (Interven-
tion calculus when the DAG is Absent), to extract useful causal information, e.g., to es-
timate bounds on causal effects. The basic algorithm (Algorithm 1 in [Maathuis et al.,
2009]), also called global-IDA in the literature, starts with an empty multiset ® and,
for a given CPDAG G, adds 6;;(D) to © for all DAGs D in [G]. To avoid the unneces-
sary enumeration of all DAGs, the authors propose a natural modification, which com-
putes the same output © and works as follows: Let Dy, ..., Dy € [G] be DAGs such that
[D1li@,1ipyU- - - U[Dil{,1iy; is the partition of [G] into the possible interventional-MECs
forT = {@,{i}}. Then, forall £ = 1,...,k, the algorithm adds ¢, copies of 0;;(D), where
the multiplicity ¢, denotes the number of DAGs in [Dy](g,(;};- The correctness is based
on the fact that for all DAGs in [Dy](g, (1}, the causal effect of X; on X; is the same.”

Maathuis et al. [2009] notice, that global-IDA “works well if the number of covariates is
small, say less than 10 or so” and that the bottleneck is the computation of the multiplicities
c¢, which quickly becomes infeasible if the number of covariates n increases. Therefore,
the authors developed a “localized” version, called local-IDA, which computes the mul-
tiset @ = {6;;(Dy),...,0;i(Dy)} instead of ®. This, however, does not reflect the true
multiplicities assuming each DAG in the MEC is equally likely to be the ground truth.

7In the original work as well as later papers Ghassami et al. [2019] the connection to Z-MECs was not
drawn. This is crucial for obtaining efficient algorithms for computing the multiplicities through Theo-
rem 6.5 and connects this and the previous application discussed in this chapter.
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In the context of Figure 6.1, assuming we perform IDA on CPDAG G, this means that
the information, that the causal effect 04; corresponding to the configuration 3 — 1 <2
appears in 6 of the possible 10 DAGs, is discarded.

In this paper we show that using our new approaches we can effectively implement
global-IDA, meaning, in particular, we can efficiently compute for each possible parent
set (i.e., each of the partitions of the MEC) the multiplicity, meaning the number of DAGs
in the partition. We present this implementation as Algorithm 6.3. Relying on the formu-
lation of the problem in terms of Z-MECs from above and utilizing Theorem 6.5 and 6.7,
we can conclude:

Theorem 6.8. For a given CPDAG G = (V,E) and i,j € V, Algorithm 6.3 computes the
multiset @ = {0;;(D) | D € [G]} of causal effects of X; on X; for all DAGs D € [G]. It runs in
time O (k - n*), where k = |@"| (disregarding the time to estimate the causal effect 0;;(D) from
data, respectively assuming it can be computed in O(1) for a DAG D).

Algorithm 6.3: An efficient implementation of the global-IDA algorithm.
input : ACPDAG G = (V,E, A) and verticesi,j € V.
output: Multiset © of possible causal effects of X; on X;

10:=0

2 H := connected component of G containing vertex i

3 foreach cliqgue K C Ney (i) do

4 | G'= &g qip(Di) // compute with Theorem 6.7
5 | c:=|EXT(G) // compute with Algorithm 5.2
6 | Add c copies of 0;;(Dk) to @.

7 end

8 return ©

Hence, the additional effort of Algorithm 6.3 compared to local-IDA is only a poly-
nomial factor. In practice, this factor will likely not matter, as we show by replicating the
experiments on linear models originally performed by Maathuis et al. [2009].

In a causal linear model, where every edge represents a linear direct causal effect and
under the assumption that the distribution of variables follows a multivariate normal dis-
tribution, one can compute the causal effects 0;;(D), as the regression coefficient fi|p,,(p)
of X; in the linear regression of X; on X; and Pa;(D) (for details, see e.g., [Pearl et al.,
2016]). Maathuis et al. [2009] use sample versions of global- and local-IDA, particularly
relying on the PC-algorithm and conditional independence tests for the estimation of
CPDAG G from data. In their studies, they consider variables Xj, ..., X, X, 1 and, as
described above, they compute the multisets O, and C:)ZL for total effects of a randomly
chosen covariate X; on a response variable Y = X, 1.

They report, that in simulation studies over sparse DAGs, already for p = 14, at
least one of the 10 replicates® of the global-IDA algorithm took more than 48 hours to
compute, so that the computation was aborted. Correspondingly, for the riboflavin data
with p = 4088 covariates in the data set, the global-IDA algorithm is stated as infeasible.
We perform the same experiments reporting (i) the run time of computing @F, i.e., the
causal effect for each possible parent set of X; and (ii) the run time of computing the
multiplicity for each parent set, i.e., the number of DAGs in the MEC with X; having the

81n the original experiments, the algorithms run over 10 replicates with sample size 1000. We perform
100 replicates for more stable results.
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specified parents, as proposed in Algorithm 6.3. Hence, local-IDA would be identical to
performing step (i), whereas global-IDA would consist of (i) and (ii). Table 6.2 shows the
results.

Table 6.2: Mean run-time in seconds of computing the causal effects and the multiplicities
over 100 replicates with sample size 1000 and the specified number of covariates. The
case p = 4088 is the real-world riboflavin dataset and is hence performed only once.
Here, we average over all covariates X; instead of choosing a random one.

number of covariates
4 9 14 29 49 99 4088

Timeins 0.09440 0.14986 0.18639 0.24875 0.24214 0.27393 0.48184
Effects giq dev. 011958 0.11310 0.12029 0.16941 0.11084 0.14278 0.22053

) Timeins 0.00014 0.00023 0.00023 0.00086 0.00113 0.00172 0.07042
Multipl.  gtq dev.  0.00028 0.00059 0.00006 0.00453 0.00484 0.00545 0.02758

Clearly, the extra effort of computing the multiplicities is negligible in this setting.
The regression tasks, which both local- and global-IDA perform for the causal effect es-
timation, have significantly larger computational effort. This is due to the fact that the
counting tasks for computing the multiplicities is often extremely simple for the given
graphs. The CPDAGs learned from the PC-algorithm are usually very sparse. More-
over, the input to Clique-Picking (and other counting algorithms) consists only of the
undirected components of the CPDAG and even for large graphs, these are often quite
small. In this sense, the graphs used in the experiments in the previous subsection were
worst-case inputs when it comes to computational cost, as they were completely undi-
rected. Therefore, we reemphasize that for most practical problems, there is no reason to
avoid the counting task as the Clique-Picking algorithm should be fast enough to handle
almost all imaginable cases.

6.4 Counting Consistent Extensions of PDAGs

In the other settings in this chapter, it was possible to immediately build on the Clique-
Picking algorithm using it as a preprocessing step, such as for uniform sampling, or
to efficiently count the number of consistent extensions, for example in the case of an
interventional CPDAG. In this section, we consider the more general case of counting
the number of consistent extensions of a PDAG, which is more complex.

The following theorem shows that this problem is not in P under standard
complexity-theoretic assumptions. We proceed by reducing from the #P-hard problem of
counting the number of topological orderings of a DAG [Brightwell and Winkler, 1991],
in the following denoted by #TO.

Theorem 6.9. The problem #EXT is #P-complete for arbitrary input graphs G, and in particular
for PDAGs and MPDAGs.

Proof. We give a parsimonious reduction from #TO to #EXT for PDAGs. The resulting
PDAG can in turn be transformed into an equivalent MPDAG in polynomial time [Meek,
1995], which certifies hardness for this model class as well.

Given an instance for #TO, that is a DAG G = (V, E), we construct the PDAG G’ as
follows: G’ has the same set of vertices V as G and we add all edges from G to G'. We
insert an undirected edge for all pairs of remaining nonadjacent vertices in G'.
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Each extension of G’ can be represented by exactly one linear ordering of V' (because
G' is complete) and each topological ordering of G is a linear ordering as well. We prove
in two directions that a linear ordering of V is an AMO of G’ if, and only if, it is a topo-
logical ordering of G.

= If a linear ordering 7 represents an AMO of G/, the edges in G are correctly repro-
duced. Hence, it is a topological ordering of G.

<« If a linear ordering 7 is a topological ordering of G, the orientation of G’ according
to it is, by definition, acyclic and reproduces the directed edges in G'. As G’ is
complete, there can be no v-structures. Hence, T represents an AMO of G'.

O]

Notably, the reason Clique-Picking cannot be used to directly solve these counting
problems can be connected to the main idea of the proof as well. Intuitively, the prob-
lems for PDAGs and MPDAGs can be reduced to the setting that, when counting AMOs
of connected chordal graphs, some edge orientations in the chordal component are prede-
termined by background knowledge. Hence, in the Clique-Picking algorithm, when count-
ing the number of permutations for a clique K, we have to count only those consistent
with the background knowledge. But this is equivalent to the hard problem of counting
the number of topological orderings of a DAG. We formalize this in the following. First,
we introduce a modified version of counting function ¢.

Definition 6.10 (¢7z). Let G be a connected chordal graph, K € TI(G) and TR a rooted clique-
tree. For a partial order < over the elements of K, we define ¢7.x (K, X) as the set of all permuta-
tions of K consistent with < that do not have a set K' € S as prefix, with S = K; N K; for K; — K;
on the path from R to K in TR,

Hence, we generalize the function ¢ used in the Clique-Picking algorithm to count-
ing only linear orderings (i.e., permutations) consistent with a given partial order. For
example for K = R, it coincides with the problem of counting the extensions of a partial
order. As this is equivalent to the problem #TO (all relations can be encoded as directed
edges), which will be fundamental to our approach, we will denote by TO(K, <) the set
of linear orderings of K consistent with <.

Lemma 6.11. Let G be a connected chordal graph, K € T1(G), TR a rooted clique-tree and =< a
partial order over the elements of K. Then, function ¢! (K, =) can be computed by O(¢?) calls
to #T0.

Proof. Note that ¢”; (K, <) can be mapped to an appropriately defined function p’(X, <')
with modified <’ in analogy to Lemma 5.36. Thus, we base our approach on the recursive
formula derived in Theorem 5.37:

k

p(X)| =2l = ) (xe — xi)! - [p((xa, - xi) -

i=1

Instead of xi!, compute the number of permutations of {1, ..., x;} consistent with <. In
the sum, check whether the partition in {1,..., x;} (at the beginning of the permutation)
and {x; +1,...,x;} (at the end of the permutation) violates the partial order (let I(x;, =<')
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denote this and evaluate to 0 if < is violated, else to 1). Replace {x; +1,...,x;} by the
number of permutations of this subset of K which conforms to <. We obtain:

p"(X, =) =ITO({1, ..., x¢}, =)

B

—;I(xi,j’) ATO{xi + 1, ..., xe )| - 10 (x4, - .., xi), =)

Correctness follows as in Theorem 5.37 and as there are at most k recursive calls, we have
O(k?) calls to #TO. O

Theorem 6.12. Counting the number of AMOs can be solved in time O(n* - T(n)) for PDAGs
and MPDAGs, where T (n) is the time required to solve an instance of #TO.

Proof. We consider the following algorithm (input is a PDAG or an MPDAG G)

1. Compute the CPDAG C, which contains all the DAGs represented by G (see the
technique used in the proof of Theorem 3.30). Note that a PDAG or an MPDAG
represents a subset of a Markov equivalence class, C is the CPDAG of the full class.

2. Consider the connected components of C, compute the number of AMOs consistent
with the edges in G for each, and multiply them. This way the number of AMOs of
G can be obtained.

We do the computation for each connected component by calling a modified ver-
sion of count from Algorithm 5.2 with additional parameter < and ¢ replaced by
¢’. We pass this function a connected component of C and as < we choose =g,
i.e., the partial ordering over the vertices of the connected component given by the
directed edges of G (i.e., u g vif u—vin G or u = v).

The correctness follows immediately, as Algorithm 5.2 considers every AMO once
and this modification prunes exactly those AMOs not conforming to the background
knowledge. As count is called at most # times and there are at most # maximal cliques,
the function ¢’ will be called at most n? times. In the worst case, evaluating ¢’ needs
O(n?) calls to #TO, thus we obtain the overall bound of O(n*). O

In practice, the bound of O(n*) oracle calls should be rather pessimistic as the pa-
rameter k in the computation ¢’ is usually extremely small, at least for random chordal
graphs, as we observed during experiments.

Sharma [2023] independently investigated the generalization of Clique-Picking to
PDAGs, taking a parameterized perspective [Downey and Fellows, 2012] and deriving
an O(n* - k'k?) algorithm with k being the clique-knowledge (different from the k above),
defined as the maximum number of vertices in a clique in the input graph that are inci-
dent to a “background edge” lying fully in the clique.

6.5 Conclusions

We investigated the practical aspects and applications of a polynomial-time algorithm for
counting Markov equivalent DAGs. For the uniform sampling problem, we gave a novel
and simple linear-time algorithm after preprocessing with minimal overhead, which per-
forms very well in practice, in particular, when many DAGs are sampled from the same
MEC. Our implementation is the first for this task. We also considered two applications
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in the context of computing the size of subclasses of MECs, both given by an interven-
tional CPDAG, whose size can also be efficiently computed. This means that in these
applications the counting task does not have to be avoided, which enables researchers to
choose more reliable and robust algorithms. Finally, we investigated the complexity of
the general problem of counting the number of consistent extensions of PDAGs. One the
one hand, we showed the #P-hardness, while, on the other, we provide an algorithmic
approach based on Clique-Picking, connecting it to the problem of counting topological
orderings.



Markov Equivalence of MAGs

DAG:s lie at the center of the graphical formalization of causality. However, they bring
a number of implicit assumptions about the underlying system of interest. Clearly, it
is necessary to assume that there are no feedback loops, i.e. no directed cycles — an as-
sumption which is often violated in practice [Mooij and Heskes, 2013]. But even if there
exists an underlying DAG representation, in most cases not every variable is observed.
Particularly, if there are unobserved common causes, it is easy to see that it is not pos-
sible to represent the causal relationships by a DAG over only the observed variables. It
follows that in causal discovery without the assumption of unobserved common causes,
more expressive models need to be considered.

A fundamental model class in this context are maximal ancestral graphs, MAGs for
short [Richardson and Spirtes, 2002]. They are able to represent systems with unobserved
confounders as well as selection bias. A variable is latent or unobserved if it is not mea-
sured or recorded. For example, the DAG G in Figure 7.1 shows a causal structure over
four observed variables represented by vertices 4, b, ¢, d and a latent variable represented
by u. DAG G; implies the independence relations X, Il {X,, X;} and X, 1 {X,, X}
over the observed variables, i.e., after marginalizing variable X, out. However, there is
no DAG representing precisely these conditional independencies (CIs), which shows that
DAGs are not closed under marginalization. One can represent the conditional indepen-
dencies using MAGs as shown by graph G, in Figure 7.1. Additionally, DAGs are not
expressive enough to handle selection variables, which are unmeasured variables deter-
mining whether a measured unit is included in the data, and are hence also not closed
under conditioning. In contrast, the class of independence models associated with ances-
tral graphs is closed under marginalization and conditioning and the smallest such class
which contains the DAG independence models [Richardson and Spirtes, 2002].

Despite many advances, a number of fundamental problems concerning the proper-
ties and algorithmic aspects of this important model class remain to be explored. We
investigate the Markov equivalence of MAGs — one of the basic problems in this field.
As for DAGs, MAGs that encode the same conditional independencies are said to be

Figure 7.1: DAG G; encodes the CIs X, 1L

a—sp a—p {Xc, Xy} and X, I {X,, X;} among ob-

A served variables (u is a latent variable). G,

G u N G2 I is a MAG which encodes the same Cls. The
c—>d c—> g example is from [Richardson and Spirtes,

2002, Figure 10].
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Markov equivalent. In graphical language, we express conditional independencies via
m-separations, an extended form of d-separation in DAGs (formal definitions are provided
in Section 7.1).

An effective polynomial-time algorithm to test whether two MAGs are Markov equiv-
alent has been the subject of significant research. A naive implementation of the defini-
tion requires testing m-separation relations over all pairs of vertices and all subsets of
vertices, which takes exponential time. The first graphical criterion was given by Spirtes
and Richardson [1997]: The Spirtes and Richardson Criterion (SRC) extends the conditions
by Verma and Pearl [1990] and Frydenberg [1990] for DAGs and is based on the con-
cept of discriminating paths. The SRC is intuitive and forms the basis of subsequent work.
However, testing the SRC naively requires exponential time since there can be expo-
nentially many discriminating path, which all have to be inspected. Zhao et al. [2005]
proposed another, very elegant characterization using the concept of minimal collider
paths, which however did not lead to polynomial time either. The first criterion that can
be checked in polynomial time has been proposed by Ali et al. [2009]. The complexity of
their method is bounded by O(n - m*) for MAGs with n vertices and m edges.! Recently,
a criterion based on parametrizing sets was proposed by Hu and Evans [2020]. These
sets can be generated in time O(n - m?) (for dense graphs with m € Q)(n?) this equates to
O(n°)) leading to a faster algorithm.

The main contribution of this paper is a new criterion for the Markov equivalence of
MAGs. It is a simple and constructive variant of the SRC and allows us to develop an
algorithm for equivalence testing in cubic time. This breaks the previous O(n°) worst-case
time barrier. Our criterion, coined constructive-SRC, is based on discriminating paths, but
it avoids searching through exponentially many paths and boils down to a simple graph-
ical condition. The constructive-SRC is intuitive and checking it by hand is convenient.
For sparse graphs with maximal degree A, which are common in causal modeling, the
running time is bounded by O(n - A?). We compare our algorithm experimentally with
the algorithm by Hu and Evans [2020] and show that the theoretical improvements lead
to a better practical performance.

Obtaining the cubic run-time raises the question of whether further improvements
are possible, e.g., whether a run-time of O(nz) can be attained. We discuss this issue
by relating it to the Markov equivalence of DAGs, where such a run-time is achievable
using the CPDAG representation of Markov equivalence classes. We uncover obstacles
in translating this approach towards the MAG setting, while also highlighting related
open research questions in this area.

7.1 Background

In this chapter, we consider graphs G = (V, E, A, B) containing undirected a — b, directed
a— b and bidirected a <> b edges. In addition to the notion of ancestors and descendants
introduced in Chapter 2, Disg(v) denotes the set of vertices in the same district as v,
i.e., the ones connected to v via bidirected edges. When we speak of a v-structure in this
chapter, also called an unshielded collider, we mean an ordered triple of vertices (u,c,v)
that induces the subgraph u+>c<*v. The * indicates that any edge mark is possible.
As before, vertex c on a path 7t is called a collider if two arrowheads of 7w meet at ¢, e.g.
if 71 contains u <>c <—v. Two vertices are collider connected if there is a path (a collider
path) between them on which all internal vertices are colliders; hence, adjacent vertices

IConcurrently to our work, Claassen and Bucur [2022] showed that based on the results by Ali et al.
[2009] an O(n*) algorithm can be derived.
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Figure 7.2: A discriminating path from
x to y for b. For the last three ver-
tices, <> p <2 ~ p = and

> b > y 7 > b —_—> y 7
X#—> <> o <xpr>l < p 3y are possible configurations

(see Lemma 7.7). In the first one b is a col-
lider, in the other two a non-collider.

are collider connected. Vertices are m-connected by a set Z if there is a path 7t between
them on which every collider is in An(Z) and every vertex that is not a collider is not in
Z. Such a 7 is called an m-connecting path given Z. If vertices u,v are not m-connected
by Z, written as (u 1L v | Z)g, we say that Z m-separates them. Two sets X,Y are m-
separated by Z if all their vertices are pairwise m-separated by Z. In DAGs, m-separation
is equivalent to d-separation [Pearl, 2009].

A graph G = (V,E, A, B) is called ancestral (AG) if (i) it is acyclic, (ii) for every bidi-
rected edge a<>b vertex a is not an ancestor of b (and vice versa), and (iii) for every
undirected edge a — b vertex a (and vertex b) have no parents or siblings. Consequently,
ancestral graphs contain at most one edge type between two vertices. An AG is a maximal
ancestral graph (MAG) if set Z exists for every pair of nonadjacent vertices a and b such
that 2 and b are m-separated by Z. Every AG can be turned into an equivalent MAG by
adding bidirected edges between vertices that cannot be m-separated. Syntactically, all
DAGs are MAGs and all AGs that contain only directed edges are DAGs.

Two AGs G; and G; with the same vertex set V are said to be Markov equivalent if we
have for all pairwise disjoint sets A, B,Z C V with A # @ and B # @ that A and B are
m-separated given Z in Gy if, and only if, A and B are m-separated given Z in G,. The
following definition is central for the study of Markov equivalence of MAGs:

Definition 7.1 (Discriminating path [Richardson and Spirtes, 2002]). In a MAG G, a path
m=(xq1,---,9p,b,y), p > 1, is called discriminating for vertex b if

(i) x is not adjacent to y and
(ii) any q;, for 1 <i < p, isa collider on 7 and a parent of y.

A discriminating path is illustrated in Figure 7.2. For vertices b and y in G denote by
Discrg (b, y) the set of all discriminating paths 77 = (x,q1,...,4,,b,y) for b. Our focus lies
on the computational complexity of the following problem:?

Problem 7.2. MAG-EQUIVALENCE

Instance:  Two MAGs Gy and G,.
Question: Are Gy and Gy Markov equivalent?

7.2 Previous Work

A graphical criterion for Markov equivalence of DAGs was provided by Verma and Pearl
[1990] and Frydenberg [1990], which we stated in Theorem 2.4. It stated that two DAGs
are Markov equivalent iff they have the same adjacencies and unshielded colliders. The
tirst graphical criterion for two MAGs to be Markov equivalent was given by Spirtes and
Richardson [1997]:

2We first deal with the problem for MAGs without undirected edges. We later discuss in Section 7.6 how
these can be included with minor modifications (our main theorem holds as is).
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Theorem 7.3 (Spirtes and Richardson Criterion (SRC)). Two MAGs Gy and G, are Markov
equivalent if, and only if,

(i) G1 and Gy have the same adjacencies,
(ii) Gy and Gy have the same unshielded colliders, and

(iii) if 7 forms a discriminating path for b in Gy and Gy, then b is a collider on the path 1t in Gy
if, and only if, it is a collider on the path 7t in G.

Note that it is indeed possible that G; contains a discriminating path for b and y,
which is not present in G, even in the case of Markov equivalence (see examples 2
and 3 in Figure 7.3). Therefore, testing property (iii) naively requires exponential time
as one has to consider all discriminating paths for variable b (which may be exponen-
tially many).>?

Later, Zhao et al. [2005] proposed the following elegant characterization:

Theorem 7.4 (Zhao et al. [2005]). Two MAGs Gy and G, are Markov equivalent if, and only,
if Gy and Gy have the same minimal collider paths.*

However, this result also does not lead to a polynomial-time algorithm as there can
be exponentially many minimal collider paths. Subsequently, discernible effort has been
made to develop an algorithm that tests whether two MAGs are Markov equivalent and
that runs in polynomial time [Ali et al., 2009, Hu and Evans, 2020]. To achieve this, the
natural formulation in the style of Theorem 7.3 has been abandoned and more involved
criteria without an intuitive graphical interpretation were introduced.

Ali et al. [2009] used triples with order (if the triple forms a collider, it is called a collider
with order). The idea behind this approach is to consider only the discriminating paths
that are present in any Markov equivalent MAG. The result is a crucial contribution to-
wards characterizing Markov equivalence classes of MAGs [Ali et al., 2005], in particular
for the completeness of the FCI algorithm [Zhang, 2008b], however the recursive defi-
nition of such triples lacks the graphical intuitiveness of, e. g, the SRC. With significant
technical effort, the following criterion was developed:

Theorem 7.5 (Theorem 3.7 in [Ali et al., 2009]). Two MAGs Gy and G, are Markov equivalent
if, and only if, they have the same adjacencies and the same colliders with order.

This criterion led to the sought polynomial-time algorithm. However, the depen-
dency is stated as O(n - m*) for MAGs with n vertices and m edges. Later, and concur-
rently to our work, Claassen and Bucur [2022] gave an implementation of this approach
running in time O(n*).

Another criterion was proposed by Hu and Evans [2020] based on so-called
parametrizing sets. As we compare our algorithm with this approach, we give a brief
overview. For a vertex set W C V, the barren subset of W is defined as barren(W) = {w €
W | De(w) "W = {w}}. A set H is called a head if barren(H) = H and H is contained in
a single district in G[An(H)]. Let 7(G) be the set of heads and define the tail of a head
as:

tail(H) = (Disgan(m)) (H) \ H) U Pag(Disgianmy (H))-

3Spir’ces and Richardson [1997] claimed that the criterion is testable in polynomial time, which was later
withdrawn [Ali et al., 2009].

4 = (vq,. ..,Up) is minimal if there is no order preserving subsequence (v; = vj,...,v; = v;,) that
forms a collider path.
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The parametrizing set of MAG G is defined as the set S(G) = {HUA | H €
H(G) and A C tail(H)}. Hu and Evans [2020] showed that MAGs G; and G; are Markov
equivalent if, and only if, they have the same parametrizing sets. However, generating
these sets is costly as they may have exponential size. Hence, they consider S; C S,
which only includes sets S of cardinality 2 and 3, with the vertices in S having 1 or 2
adjacencies.

Theorem 7.6 (Corollary 3.2.1 in Hu and Evans [2020]). Two MAGs Gy and G are Markov
equivalent if, and only if, S3(G1) = S3(Gy).

The sets S3(G) can be generated in time O(n - m?), which is significantly faster than
the algorithm by Ali et al. [2009]. However, the criterion in this form is quite technical and
does not lend itself easily to graphical characterizations of Markov equivalent MAGs.

7.3 A New Constructive Criterion for Markov Equivalence of
MAGs

We propose a constructive variant of the Spirtes and Richardson Criterion (SRC) for the
Markov equivalence of MAGs. This allows us to develop an efficient equivalence test,
improving upon the previous O(7°) run-time by Hu and Evans [2020]. Additionally, our
criterion has a natural graphical interpretation, which is of independent value. We begin
with the following lemma observed before in Figure 7.2.

Lemma 7.7. Let m = (x,...,q,b,y) be a discriminating path in a MAG G. Then b and y are
connected either via b <>y or b— y and in the former case b is a collider on 7, in the latter a
non-collider.

Proof. Recall that g is collider and a parent of y and, thus, the edge g — vy is present and
the edge between g and b is either g < b or g <> b. To prove the claim, we first show that
b <y cannot occur and distinguish the two ways the edge between g and b is oriented.
If g <— b, then we have a directed cycle g — y— b— g; if §<>b we would have g as an
ancestor of b, which violates the ancestrality property.

For the second part, note that b is always a non-collider if b — y. In case of b<>y,
the edge g <— b cannot occur as b would be an ancestor of y, violating the ancestrality
property. Hence, b is a collider in this case. O

Theorem 1.5. Two MAGs Gy and G are Markov equivalent if, and only if,
(I) Gy and Gy have the same adjacencies,
(II) Gy and Gy have the same unshielded colliders, and
(I) for all edges b <>y € Gy with Discrg, (b,y) # @ it holds b— y & G, and vice versa.

Proof. We first show that if G; and G, fulfill the conditions listed above, then they are
Markov equivalent by arguing that in this case SRC is satisfied. The first two conditions
are identical. Assume the third one holds for the constructive-SRC. Then there is no
discriminating path for (x,b,y) with b <>y in G; (for the argument we only consider G;
w.lo.g.) such that b— y in G,. Hence, it cannot happen that we have a discriminating
path 7 in Gy and G, such that b is a collider in G; and a non-collider in G; (this is (iii) in
the SRC). This is because in that case G, would have b — y by Lemma 7.7.
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Example 1 N

x<—>Q<—>b<—>y x<—>CI<—>b4>y
x4>q<—>b<—>y x<7q4>b<—>y

Figure 7.3: Three examples to illustrate the constructive-SRC. Example 2 is from [Ali
et al., 2009] and Example 3 is a modification of another example therein.

For the second direction: Assume G; and G, violate one of the three conditions (I),
(II) or (III). We show that they are not Markov equivalent. By the SRC, this is obvious
for (I) and (1I). Now consider that (III) is violated but (I) and (II) are true. Then, w.l.o.g.,
assume that for some b <>y in G; there is a discriminating path 7 = (x,41,...,4,,b,y)
in G1 and the edge b —y € G,. It follows by the maximality of G; and the fact that x
and y are nonadjacent that there is a set Z such that (x 1L y | Z)¢,. One can easily verify
thatqy,...,q, € Zand b ¢ Z. Due to the former observation it holds that (x L. b | Z)g,.
On the other hand, one can see that (x 1Ly | Z)g, and (x JL b | Z)¢, cannot both hold
in G,. This is due to the fact that (x JL b | Z)¢, immediately implies (x L y | Z)¢, as b is
a non-collider not contained in Z. Hence, G; and G, are not Markov equivalent. O

To illustrate the constructive-SRC, we give three examples (see Figure 7.3) and discuss
why or why not Markov equivalence holds (as all considered pairs of graphs have the
same adjacencies and unshielded colliders, we focus on whether (iii) of the SRC and (III)
of the constructive-SRC are satisfied).

Example 7.8 (Figure 7.3). The graphs are not Markov equivalent as the left one contains a
discriminating path from x to y with b <>y and the right graph contains the edge b — y, which
violates condition (I1I) of the constructive-SRC. In the SRC, condition (iii) is not satisfied as the
discriminating path w = (x,q,b,vy) exists in both graphs with b being a collider in the left one
and a non-collider in the right one. o

Example 7.9 (Figure 7.3). The graphs are Markov equivalent. There is a discriminating path
(x,q,b,y) in the left graph and it includes the edge b <>y, but the right graph also contains the
edge b <>y and, hence, (II1) does not apply. Accordingly, condition (iii) of the SRC does not apply
as (x,q,b,vy) is not a discriminating path. An advantage of the constructive-SRC is that one does
not have to check for every discriminating path whether it exists in both graphs. It is sufficient to
check for the existence of such a path with collider b in one graph, in combination with the edge
b— y in the other graph. o

Example 7.10 (Figure 7.3). The graphs are Markov equivalent as well. There is no discriminat-
ing path in the left graph, but one in the right graph, namely (x,q,b,y). It contains b— y and,
hence, (11I) does not apply (here, the discriminating path needs to contain b <>y and the other
graph needs to contain b— vy). Also, (iii) does not apply because, as stated above, there is no
discriminating path in the left graph. o
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This third example is interesting, because it highlights that (III) indeed only refers to
discriminating paths with b <> y. If then b — y in the other graph, one can conclude that
Markov equivalence does not hold. If we have a discriminating path with b — y, even if
b <>y in the other graph, we cannot conclude the same. However, as we have seen above,
condition (III) is not only necessary for Markov equivalence, it is, together with (I) and
(1I), also sufficient. This is because (iii) in the SRC could only be violated if we have a
discriminating path with a collider in one graph (hence b <> v) and a non-collider in the
other (hence b — y) and, consequently, (III) would be violated as well. Hence, for the
constructive-SRC, it is not necessary to consider discriminating paths with non-colliders
b. This entails a simplification, which makes (III) easier to check by hand compared to
previous formulations (we discuss the algorithmic advantages of the constructive-SRC
in the subsequent section) as one only has to look for discriminating path with collider b.
Moreover, it also allows to simplify the notion of a discriminating path as a collider path
between non-adjacent x and y for which every vertex but the one before y is a parent of y.

We note that (II]) is a generalization of the unshielded collider condition (ii). To see
this, we reformulate the criterion for Markov equivalence of DAGs (Theorem 2.4)5

Corollary 7.11 (Verma and Pearl [1990], Frydenberg [1990]). Two DAGs Gy and G, are
Markov equivalent if, and only if,

1. Gy and Gy have the same adjacencies and

2. ifin Gy there is an unshielded collider x — b <y, then G, does not contain b — y and vice
versa.

Proof. We argue that (b) is true if, and only if, G; and G, have the same unshielded col-
liders (implying that Corollary 7.11 is equivalent to Theorem 2.4). The first direction
is immediate: if one graph contains the unshielded collider x — b <—y while the other
graph orients b — y, then clearly (x,b, y) is an unshielded collider in only one them.

For the other direction assume w.l.o.g. that G; contains an unshielded collider
(u,v,w), but G, does not. Then G, has either 1 <—v or v — w. In both cases (b) is vio-
lated (set b = v and either x = w,y = uor x = u,y = w). O

Corollary 7.12. Two MAGs Gy and G are Markov equivalent if, and only if,
(A) Gy and Gy have the same adjacencies,

(B) if there is a collider path (x,...,b,y) between non-adjacent x and y with every vertex but
x, band y being a parent of y in Gy, then G, does not contain the edge b — y and vice versa.

Proof. The collider path (x,...,b,y) may only consist of three vertices, i.e., it could be
an unshielded collider. If the other graph were to contain the edge b — y, then it would
not have that same collider, meaning the graphs are not Markov equivalent by (II). If the
collider path consists of more than three vertices, the formulation equals (III). O

We remark that this corollary applies only to MAGs without undirected edges (in
contrast to the constructive-SRC). However, only minor modifications are necessary to
handle undirected edges as well. We discuss these in Section 7.6.

SThere are even further formulations of (III), e.g., in terms of parametrizing sets, as pointed out by
an anonymous reviewer: If there is a discriminating path for {x,b,y} with non-collider b, then the set is
parametrizing in both graphs.
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7.4 Algorithm for Testing Markov Equivalence of MAGs

In the previous section, we derived a simple characterization of Markov equivalence for
MAGs. In this section, we deal with the computational side of the problem and discuss
how this new characterization can be tested. The algorithm we propose has a worst-case
run-time of O(n®), thus being significantly faster than previous approaches. Moreover,
for sparse graphs, which are very common in causal modeling, we even report linear
time in the number of vertices.

We check the conditions (I) and (II) naively. For checking the third condition (III), we
need to test for each b <>y in Gy with k € {1,2}, for which b — y is an edge in the other
graph Gy (with k' = 3 — k), whether there is a discriminating path for b and y. We do
this by considering every choice of y consecutively, computing for each the bidirected
connected components of its parents (we call these the parent districts) that support our
computations.

Definition 7.13 (Parent districts). Given a MAG G and a vertex y, the bidirected connected
components of G[Pa(y)] are termed the parent districts of y and denoted as D(y).

This notion is useful as the middle part of a discriminating path consists solely of
such vertices q1,...,q, in a single parent district of y. Once the parent districts have
been computed, one can check if, for a certain district D € D(y), there is a vertex x
non-adjacent to y and a parent or sibling of D, which can function as the start of the
discriminating path. If this is the case, it remains to consider all vertices b which are
siblings of D and y. For these, we can conclude that they are part of a discriminating
path x+>gq; <> ... <> gy <> b<>y. If b — y in the other graph, the graphs are not Markov
equivalent. Figure 7.4 illustrates this approach and Algorithm 7.1 gives an implementa-

tion.
G g G fn
x }2 x@ x }2 —\m\ y
— 7
\ . 5 \ W 2

Figure 7.4: Illustration of Algorithm 7.1 checking vertex |V |in G; (line 5) with D(y) = {

{q3} , {41,92} }. For D = {gq3}, the set Pag, (D) U Sig, (D) \ Neg, (y) is empty as x is a
child of D. Hence, Algorithm 7.1 does not consider D further (line 8). For D = {41,492},
the set Pag, (D) U Sig, (D) \ Neg, (y) contains x, which is a parent of D but not a neighbor
of y. Moreover, b; is a sibling of both D and y. Hence, we obtain the discriminating
path x — g <> 1 <> by <>y. As by — y in G, the algorithm reports that the graphs are
not Markov equivalent. Note that for SRC (iii) is violated due to the discriminating path
X, 42,41,y in both graphs with G; containing non-collider g, <> g1 — y and G, containing
collider g2 <> g1 <> y. The discriminating path for g; <>y in G, and the corresponding
edge g1 — y would also be detected by Algorithm 7.1. Note that here {g,} is a parent
district of y (41 is not part of this district as it is not a parent of y in G»).
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Algorithm 7.1: Checking the constructive-SRC.
input : Two MAGs G] = (Vl,Al, B]), G2 = (Vz, Az, Bz).
output: Whether G; and G; are Markov equivalent.

1 if (I) or (II) of the constructive-SRC is violated then
2 | return Not Markov equivalent.

3 end
4 foreach G, withk € {1,2} do

5 foreach y € Vi do
6 foreach D € D(y) do
7 Compute Pag, (D) and Sig, (D).
8 if Pac, (D) U Sig, (D) \ Neg, (y) # © then
9 foreach b € Sig, (D) N Sig, (y) do
10 Let Gy be the other graph, i.e., k' =3 — k.
11 if b —y in Gy then
12 ‘ return Not Markov equivalent.
13 end
14 end
15 end
16 end
17 end
18 end

19 return Markov equivalent.

Theorem 7.14. Algorithm 7.1 checks whether two MAGs are Markov equivalent in time O(n®)
for general graphs and expected time O(n - A?) for graphs with maximal degree A.

Proof. For the correctness of Algorithm 7.1, we need to show that (III) of the constructive-
SRC is correctly checked. If the algorithm returns “not Markov equivalent” in line 13,
then there exists a b and y such that b <>y in one graph and b — y in the other. More-
over, in the former graph there exists a parent district D € D(y) such that there is a
x € Pag, (D) U Sig, (D) \ Neg, (y) (this set is non-empty in line 8) and it is guaranteed
that b is not only a sibling of y, but also of D. Hence, there is a discriminating path
X¥>g1 <> ... <>qy<>b<>y, with gqq,...,9, € D and q; being the sibling/child of x and
gp being the sibling of b. The collider path from g1 to g, exists by the definition of D. For
the same reason, we have that g, ..., q, are parents of y. Note, in particular, that b # x
and both are not in D. Thus, (III) is violated and the output is correct.

For the other direction, if the graph contains a violation of (III), then there is
a discriminating path for b<>y (while the other graph contains b—y). The exis-
tence of such a path is detected as all discriminating paths for b <>y have the form
XH> (1 <> ... <= (gp<>b<ywithqy,...,q, being parents of y. Thus, there is a parent dis-
trict of y, which has x as parent/sibling and b as a sibling. Hence, the algorithm outputs
“not Markov equivalent” in line 13.

Regarding the run-time, note that checking (I) and (II) in line 1 is possible in time
O(n?), respectively O(n?). If the graph is sparse the run-times O(nA), resp. O(nA?),
follow. For the latter case consider for each vertex all pairs of its parents and test whether
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they are adjacent.®) For checking (III), there are n vertices y considered per graph at line 5.
Computing the parent districts for one y can be done in time O(n?) or O(A?) if A is the
maximal degree of the graph, as finding the connected components of a (sub)graph with
s vertices takes O(s?) time in the worst-case. Hence, this step can be performed in time
O(n®) or O(n - A?). Also the neighbors/parents/siblings of y and all its parent districts
may be precomputed in this phase as well.

Further, there are two nested for loops, one over the parent districts (there are at most
O(n) or O(A) many) and one over b (again there are O(n) or O(A) choices for b)”. Finally
line 11 can be performed in (expected) time O(1) (see footnote 6), yielding again O (n - A?)
proving the claim. O

We conclude that for graphs with maximal degree A the expected run-time can be
written as O(n - Az), which is linear in the number of vertices for a constant A. We
note that this is a significant improvement over Hu and Evans [2020], who reported time
O(m?) = O(n?) for sparse random graphs.

7.5 A Different Approach to Markov Equivalence Testing

The continual improvement of algorithms for testing the Markov equivalence of MAGs
from exponential time (SRC) over O(n’) (Ali et al. [2009]), O(n°) (Hu and Evans [2020])
and O(n*) (Claassen and Bucur [2022]) to O(n®) begs the question of what the best
achievable run-time is. Is it possible to test Markov equivalence of MAGs in O(n?)?
In particular, for DAGs this run-time can be achieved by building on the fact that their
corresponding CPDAG can be constructed efficiently.

More precisely, to test whether two DAGs are Markov equivalent, one may compute
the corresponding CPDAGs C; and C; and check whether C; = C;,. The complexity of
this approach hinges on the complexity of converting DAGs to CPDAGs, which can be
performed in linear-time through the algorithm given by Chickering [1995]. There is also
a less-clever strategy to do this by “imitating” the PC algorithm. That is initializing C as
the skeleton of D, next setting all v-structures of D in C and finally applying the Meek
rules. However, this approach yields a worse run-time.

Coming back to MAGs, we note that this second and slower approach can be used in
this setting as well. For a MAG G, one can imitate the FCI algorithm [Spirtes et al., 2000],
which is the counterpart of the PC algorithm under latent confounding/selection bias,
to obtain its corresponding partial ancestral graph (PAG) [Zhang, 2008a], which is, analo-
gously to the CPDAG for DAGs, a compact and unique representation of an equivalence
class. This is done by first initializing P as the skeleton of G, setting the unshielded collid-
ers according to G and, finally, applying the ten completion rules given by Zhang [2008b]
(see also Ali et al. [2005]). This approach yields a polynomial-time algorithm for testing
Markov equivalence of MAGs, but with a rather large polynomial:® One can compute
the PAGs Py, P, for the given MAGs G1, G, and check whether they are identical®.

The other strategy currently cannot be translated to MAGs as there is no counterpart
for the DAG-to-CPDAG algorithm to directly transform a MAG into a PAG. Hence, a

6 We can perform adjacency tests in O(1) by storing the graph as adjacency matrix. For sparse graphs
we may avoid O(n?) space by using hash tables, which yields expected time O(1).

7Forming Sig, (D) N Sig, (y) can be done in O(n). Expected time O(A) can be obtained using hash tables.

8The time is a polynomial of order roughly O(m? - n) as for every undirected edge we have to check
whether global conditions hold (Zhang [2008b] briefly discuss the run-time, mentioning O( - m) for check-
ing the fourth rule for a single edge.)

9This strategy has some parallels to Ali et al. [2009], due to the fact that colliders with order also play a
key role in the completeness of the FCI rules [Ali et al., 2005].
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better understanding of PAGs might be needed for further progress and we deem this as
an important topic for future research.

7.6 Related Problems

So far, our focus lied on the problem of testing Markov equivalence of MAGs without
undirected edges. In this section we discuss the connection to more general formulations
of the problem. First, we note that the constructive-SRC and Algorithm 7.1 also work
for MAGs with undirected edges. This is because the SRC also holds in this setting and
that there cannot be an undirected edge in a discriminating path (in particular, the edge
between b and y cannot be undirected). For Corollary 7.12 a modification is necessary:
condition (II) has to be changed to “If there is a collider path x,...,b,y between non-
adjacent x and y with every vertex but x, b and y being a parent of y in one graph, then
the other graph does neither contain the edge b — y nor the edge b — y.” This is necessary
as a collider u+> v <+w in one graph might correspond to a non-collider u — v — w in the
other graph — and these graphs are, of course, not Markov equivalent.

Further related problems are obtained by removing the maximality or the ancestrality
requirement (or both). In that case, we deal with general acyclic directed mixed graphs
(ADMGs). These are graphs that may contain directed and bidirected edges with the only
requirement that there is no directed cycle. The SRC and constructive-SRC do not apply
for ADMGs as they explicitly use the maximality and ancestrality properties. However,
one can transform ADMGs into equivalent MAGs and, thus, test the Markov equivalence
of ADMGs using the algorithms for MAGs. As it turns out, the currently fasted algorithm
for the ADMG-to-MAG transformation (Algorithm 2 in Hu and Evans [2020]) requires
time O(n*) and is, thus, the bottleneck in this approach (testing the equivalence of MAGs
is in O(n%) by Theorem 7.14).

It is unclear to us whether this transformation can be performed in O(n®). A central
part of it involves the computation of so-called inducing paths, where it has to be checked
for every pair of vertices (x,y) whether there is a collider path between x and y via
vertices in An(x,y). Since we have O(n?) such pairs and since, further, graph traversal
is in Q(n + m), this direct approach necessarily produces a workload of O(m - n%). We
believe that it will be central for the development of faster ADMGs equivalence tests to
better understand the complexity of ADMG-to-MAG and consider this as an interesting
question for further work.

7.7 Experimental Evaluation

To emphasize the practical effectiveness of the constructive-SRC and, in particular, Algo-
rithm 7.1, we compare it experimentally with the algorithm proposed by Hu and Evans
[2020] on synthetic data. Both algorithms were implemented in the Julia programming
language [Bezanson et al., 2017] and we ran the experiments on a desktop computer
with an Intel(R) Core(TM) i7-8565U CPU and 16GBs of RAM.!? Synthetic MAGs were
generated with the process described in [Hu and Evans, 2020]: Fix a topological ordering
T of the vertices, then add k edges uniformly at random, and finally direct each edge
with probability 1/2 according to 7, else leave it undirected. Finally, replacing remaining
undirected edges with bidirected edges yields an ADMG, which can in turn be trans-
formed into a MAG, as discussed in Section 7.6.

0The code is available under https://github. com/mwien/magequivalence.
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Table 7.1: Distribution of directed edges (—) and bidirected edges (<) in the randomly
generated ADMGs and in the corresponding MAGs. For every row we generated 250
random ADMGs with n vertices and 3n edges, and show the average of directed or bidi-
rected edges they contain.

ADMG MAG

n —> <> —»/4—» —> <> —»/(—»

250 373.844 376.156  0.9962 394.38 401.88 0.9840
500 752536 747464  1.0081  772.148 771456  1.0022
750 1125.812 1124.188 1.0023 1146.012 1147944 0.9991
1000 1500.308 1499.692 1.0010 1519.616 1523.628  0.9980
1250 1873.564 1876.436 0.9990  1892.58 1899.968  0.9966
1500 2251.344 2248.656 1.0016 2270.228 2272.872  0.9992
1750 2627.564 2622.436 1.0023 2647.156 2646.568  1.0005
2000 3002.328 2997.672 1.0018  3021.66  3021.5 1.0003

For a fair comparison with the experiments in [Hu and Evans, 2020], we run a modi-
fied version of Algorithm 7.1. It generates, for a single MAG, a set of all adjacencies A (for
checking I), a set of all v-structures V (for checking II), and the set C of all b <> y that are
part of a discriminating path, as well as the set N of all b — y (for checking III). Clearly,
if one were to generate these sets for two MAGs G; and G, testing Markov equivalence
would reduce to checking whether A1 = A, Vi =V, C; NN, =@, and C; NNy = @.

This approach provides a finer control over the experiments as it avoids the possibil-
ity of an “early stopping” at line 1 or line 13 of Algorithm 7.1 (which can happen if the
given MAGs are not equivalent and would give an unfair advantage to our algorithm). It
also enables us to consider single MAGs, which are simpler to generate randomly than,
e. g, two random Markov equivalent MAGs. The reported run-times can be viewed, for
our algorithm as well as for [Hu and Evans, 2020], as essentially half the time occur-
ring when two Markov equivalent DAGs are compared (because these steps have to be
performed for both graphs).

As in Hu and Evans [2020], we generate graphs with k = 3n edges. Note that this
is the number of edges in the generated ADMG and not in the MAGs on which the
algorithms run. The transformation of an ADMG into a MAG might generate new edges,
this is documented in Table 7.1. For our experiments, we ran both algorithms on the same
250 randomly generated graphs for each choice of n and report the average time they
used in Figure 7.5. It can be seen that Algorithm 7.1 is faster in all settings. We can also
observe that for larger graphs, the advantage increases — which implies that the algorithm
in fact has a better asymptotic behavior. Finally, the absolute run-time of Algorithm 7.1
is generally extremely low (for the considered inputs only fractions of a second!?).

7.8 Conclusions

The problem of characterizing and checking Markov equivalence of MAGs is one of the
most basic problems for this model class. Through the above results, we have at our dis-

11Genera’dng significantly harder instances is not a trivial task as the random generation process relies
on the ADMG-to-MAG task, which currently cannot be performed faster than in O(n#).
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Algorithm HE Algorithm C-SRC
n  Avg. Time Std.Dev. Avg.Time Std. Dev.

250 0.0487s 0.0101 0.0015s 0.0009
500 0.1058s 0.0388 0.0032s 0.0051
750 0.1605s 0.0279 0.0049s 0.0065
1000  0.2587s 0.0594 0.0062s 0.0058
1250  0.3579s 0.0684 0.0085s 0.0081
1500  0.4629s 0.0789 0.0091s 0.0058
1750  0.5373s 0.0626 0.0106s 0.0021
2000  0.6794s 0.0778 0.0119s 0.0024

Random graphs with n =
250 500 750 1000 1250 1500 1750 2000

1 | | ,

0.0472s 0.10258s 0.15556s 0.2525s 0.34938s 0.45377s 0.52664s 0.66751s

C-SRC

Advantage of

HE

Figure 7.5: Advantage plot that compares our implementation (C-SRC) with the algorithm
by Hu and Evans (HE). Each bar corresponds to an experiment on random graphs with
n vertices (denoted above the bars) and 3n edges. For each experiment we measured the
average time needed by both algorithms over 250 instances. If C-SRC uses t; seconds and
HE took t; seconds, then the advantage of C-SRC over HE is defined by ¢, — t; (i.e., the
advantage is positive iff C-SRC is faster). The advantage (in seconds) is shown below the
bars.

posal a simple criterion for Markov equivalence as well as an efficient algorithm. How-
ever, a large number of problems are still partially or fully unsolved.

This includes the problems of enumerating all MAGs in a Markov equivalence class
as well as counting them or sampling from them — problems we tackled for DAGs in this
thesis. Indeed, the only such problem which is solved is the extension problem for PAGs,
which can be solved in linear-time O(n + m), as shown by Zhang [2008b], in analogy
to the CPDAG extension task discussed in Section 2.3. However, already incorporating
background knowledge into the PAG model is a fundamental challenge. Hence, this
model class is an interesting avenue for further algorithmic research in the context of
Markov equivalence.






Conclusions

In this thesis, we have tackled fundamental algorithmic problems in the context of
Markov equivalence. The results effectively conclude the complexity-theoretical study of
the various aspects (FINDING, LISTING and COUNTING) of computational problems in the
context of consistent extensions introduced in Chapter 1: In case of FINDING, we precisely
capture its hardness by giving matching lower and upper bounds conditional on the
Strong-Triangle-Conjecture. For LISTING, we give an asymptotically optimal' O(n + m)
delay algorithm. Finally, the main achievement of this thesis — the Clique-Picking algo-
rithm - certifies that COUNTING is possible in polynomial-time for CPDAGs, while we
show #P-hardness in the case of general PDAGs.

Our algorithms are not only of theoretical nature, but implementable and practical.
The implementations of the algorithms presented in this work are publicly and freely
available (links to GitHub repositories are given in the individual chapters) and also be-
ing merged into the Julia package CausalInference.j1 [Schauer et al., 2023]. In Chap-
ter 6, we discussed applications of the Clique-Picking approach, in particular to sample
uniformly from an MEC and to handle interventional CPDAGs. The results are relevant
in the field of active learning, that is efficiently designing experiments to recover the true
underlying DAG, as well as causal effect identification over MECs.

While the algorithmic and graph-theoretical properties of Markov equivalence are
well-studied in the case of DAGs, many fundamental tasks remain open in the case of
more expressive causal models such as MAGs. In this thesis, we tackled the problem
of testing Markov equivalence of MAGs, giving a new criterion and a more efficient
algorithm improving the state-of-the-art to O(n3). However, many algorithmic tasks
going beyond this remain unexplored to a large degree. This concerns for example the
tasks of counting the number of Markov equivalent MAGs and listing them [Malinsky
and Spirtes, 2016].

One of the reasons that MAGs are less-well understood compared to DAGs is that the
theory behind them is significantly more intricate. Generally, the goal should not only
be to decrease the complexity gap between MAGs and DAGs, as this might not always
be possible, but to also characterize it, for example through conditional lower bounds
such as the ones shown in Chapter 3. The task of testing Markov equivalence could be
a fitting example for this kind of study. In case of two DAGs, it can be solved in linear-
time O(n + m), simply by transforming each into the corresponding CPDAG using the
algorithm by Chickering [1995] and afterwards testing equality of the resulting graphs,

IThe algorithm is optimal if each DAG is output separately. If one were to allow in-place modification,
better run-times might be possible.
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while the best upper bound is O(1?) for MAGs by the results in Chapter 7 as mentioned
above. Recently, the same problem has been studied for cyclic graphs (without allowing
for unobserved confounders) and an O(n°) algorithm has been proposed [Claassen and
Mooij, 2023]. It would be interesting to derive lower bounds that formalize this hierarchy
from a computational perspective.
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List of Symbols and Notation

Reference or Description

number of vertices

number of edges

set of vertices

set of undirected edges

set of directed edges (arcs)

set of bidirected edges

set of neighbors of vertex v

set of undirected neighbors of vertex v

set of parents of vertex v

set of children of vertex v

set of siblings of vertex v

set of ancestors of vertex v

set of descendants of vertex v

denotes that vertices x and y are adjacent

number of parents of vertex v

number of children of vertex v

number of undirected neighbors of vertex v

number of neighbors of v

maximum number of neighbors of a vertex in graph G
undirected subgraph of graph G

connected components of (undirected subgraph of) G
concatenation of sequences T and 7

x precedes y in a linear or partial ordering

induced subgraph of G over vertex set S

orientation of G according to linear ordering T

set of minimal separators of graph G

set of maximal cliques of graph G

set of maximal cliques of graph G, which contain vertex v

set of maximal cliques of graph G, which contain vertex set S
conditional independence of random variables X, and Xj, in IP
d-separation of vertices a4 and b in graph G

for a DAG D, it denotes the set of Markov equivalent DAGs to D
for a CPDAG G, it denotes the MEC of DAGs represented by G
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€1(D)
¢7x (S
Dis(

Discrg(b,y

)
v)

)
D(y)

Definition 2.6

set of consistent extensions of graph G

set of acyclic moral extensions of undirected graph G

the number of neighbors of v which are visited at step i of an MCS
the set of vertices with largest P;(v) at step i of an MCS

the set of vertices with largest P;(v) with no incoming arcs in A
from an unvisited vertex at step k of an MCS
H{x—y|x—v€EAv—yEEAX~cY}
{x—y|x—veEEAy—>vEANX~Y}

bucket graph of G (Definition 3.22)

Definition 5.5

Definition 5.10

polynomial in n

set of vertices, which were output before or at step k of Algorithm 5.1
step of Algorithm 5.1 at which v is output

Definition 5.19

Definition 5.30

Definition 5.35

Z-MEC of DAG D

interventional CPDAG of [D]z, that is pdag([D]z)

causal effect of X; on X;

Definition 6.10

set of vertices in the same district as vertex v

set of all discriminating paths 7 = (x,4q1,...,9p,b,y) for b
Definition 7.13
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