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ZUSAMMENFASSUNG

Auch wenn es utopisch klingen mag, ist kausale Inferenz aus Beobachtungsda-
ten innerhalb gewisser Grenzen moglich. In dieser Arbeit werden die Grenzen
und Moglichkeiten des Lernens von kausalen Relationen untersucht, und zwar
mithilfe eines klassischen Algorithmus, des pc Algorithmus.

Das Herzstiick kausaler Inferenz ist eine Struktur, die die kausalen Bezie-
hungen der betrachteten Variablen wiedergibt. Es wird oft angenommen, dass
kausale Struktur ein gerichteter azyklischer Graph (DAG) ist. Auf der Basis von
Beobachtungsdaten ist es jedoch typischerweise nicht moglich, den einen wah-
ren Graphen zu lernen. Stattdessen wird eine Menge von ununterscheidbaren
DAGS identifiziert und kompakt durch einen so-genannten CPDAG reprisen-
tiert.

Im Orakel-Setting, in dem die zu Grunde liegenden Informationen iiber
die bedingten Unabhingigkeiten zwischen den Variablen fehlerfrei sind, ent-
spricht die Ausgabe des pc Algorithmus dem korrekten cPDAG. In dieser Arbeit
wird jedoch gezeigt, dass der gelernte Graph im Sample Setting, das heif3t,
wenn die bedingten Unabhingigkeiten aus Daten abgeschitzt werden, selten
auch nur zu einem DAG erweiterbar ist. Das bedeutet, dass der Ausgabegraph
tiberhaupt keinen DAG reprisentiert, der die Daten erkliren kann.

Ein weiteres Problem, das im Sample-Setting auftritt, aber in der Literatur
meist vernachldssigt wird, ist, dass die gelernten Kantenrichtungen, die Kau-
salitit reprisentieren, oft zu Widerspriichen fithren. Es wurde vorgeschlagen,
solche Widerspriiche durch eine spezielle Art von Kanten zu reprisentieren,
die hier Konfliktkanten genannt werden. Die Frage, wie diese Konfliktkanten
im Weiteren zu behandeln sind, wurde jedoch bisher noch nicht untersucht.

Neben der Analyse der Hiufigkeit der oben genannten Probleme und wie
diese zu Stande kommen, werden hier Losungsansitze vorgeschlagen. Hier-
fir wird die Wahl des Kalibrierungsparameters a untersucht, des Signifikanz-
niveaus der einzelnen Tests auf bedingte Unabhingigkeit. Ein neues Modell
liefert unmittelbar eine Abschitzung fiir einen guten Wert von a basierend auf
der Anzahl von Variablen, der Stichprobengrofe und der gewiinschten Dichte
des Graphen. Auflerdem wird ein Algorithmus vorgestellt, mit dem ein Graph
mit Konfliktkanten in Polynomialzeit zu einem DAG erweitert werden kann.

Der praktische Nutzen dieser neuen Methoden wird in einer Anwendung
aus der Biologie gezeigt, die von grofer medizinischer Bedeutung ist. Der pc
Algorithmus wird genutzt, um Netzwerke allosterischer Kommunikation in
Proteinen zu lernen und es wird gezeigt, dass diese weitgehend konsistent
mit veroffentlichten Ergebnissen sind. Aufierdem erméglichen kausale Me-
thoden, tiber das hinauszugehen, was mit anderen modernen Methoden mog-
lich ist: Basierend auf einem kausalen Modell ist es moglich, , theoretische, Ex-
perimente durchzufiihren, indem die Effekte von Interventionen berechnet
werden. Es wird hier gezeigt, dass dies auch auf die Vorhersage der Effekte
von Mutationen anwendbar ist, was ein machtiges Werkzeug fiir die Untersu-
chung der Funktionsweise von Proteinen liefert.
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ABSTRACT

Although it might seem utopian, causal inference from observational data is
possible within a certain scope. In this thesis, the limitations and opportuni-
ties of the discovery of causal relationships are explored in terms of a classical
algorithm, the pc algorithm.

At the heart of causal reasoning is a structure that represents the causal
relationships between the variables under consideration. Often, this causal
structure is assumed to be a directed acyclic graph (DAG). However, on the ba-
sis of observational data only, it is typically not possible to learn the true DAG;
instead, a collection of indistinguishable DAGs is identified and succinctly rep-
resented by a so-called cppAG.

In the oracle setting, when the given conditional independence informa-
tion is perfect, the output of the pc algorithm is always the correct cpPDAG.
Nevertheless, it is shown in this thesis that the estimated graph is rarely even
extendable in the sample setting, that is, when the conditional independences
are assessed from data. This means that the output graph does not represent
any DAG that explains the data.

Another problem that arises in the sample setting but is usually disre-
garded in the literature is that the inferred edge directions, which symbolise
causality, often lead to contradictions. These contradictions have been pro-
posed to be represented by a special type of edges, which are called conflict
edges here. However, the question how these edges should subsequently be
treated has not been studied so far.

In addition to an analysis of the frequency of the above mentioned prob-
lems and the reasons for their occurrence, this thesis provides approaches for
their resolution. For this, the choice of the tuning parameter «, the level of
significance for the individual conditional independence tests, is studied. A
new model yields an immediate estimate of a good choice for « based on the
number of variables, sample size, and target density of the graph. On top of
that, an algorithm is introduced with which it is possible to extend a graph
with conflict edges in polynomial time.

The practical benefit of these new methods is shown in a biological appli-
cation of high medical relevance. The pc algorithm is used to learn networks
of allosteric communication in proteins, which are shown to be largely consis-
tent with published results. On top of that, causal methods permit to go be-
yond what is possible with other state-of-the-art methods: Based on a causal
model, it is possible to perform “theoretical experiments” by calculating the ef-
fects of interventions. This is shown here to be applicable to the prediction of
the effects of mutations in proteins, providing a powerful tool for the study of
protein function.
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1

INTRODUCTION — CAUSAL REASONING WITH
OBSERVATIONAL DATA

Exactly 100 years ago, Sewell Wright [312] first used a causal, not correlation-based method
to determine “path coefficients” — today we would say, causal effects. Wright's quest was
to determine the “relative importance of heredity and environment” in the development
of coat colors in guinea pigs [313]. For this, he used what we today would call a causal
structures.

This model-based approach was an innovation that made it possible to transcend
from correlations to causality, a notion that was deemed unscientific in those times. Wright
therefore had to face a general opposition and it would take about half a century until the
notion of causality received a larger audience in the philosophy and computer science
community. But still in 1990, when the predecessor of the pc algorithm, the sGs was first
published, there were still strong reservations against not model-based analysis. [261]

The insight that Wright’s work build upon was that it is possible to make some ba-
sic assumptions about the system studied. For example, it is obvious that a guinea pig’s
coat color does not have a causal influence on its parents’ coat colors. In this way, he de-
rived whatis probably the first published causal structure and is reproduced in Figure 1.1).
Wright found that when such a structure of assumptions on the causal relationships of
the variables at hand is available, it is possible to estimate the strengths of causal effects,
not mere correlations, from data. [206]

Today, we can go one step further. Not only can we determine causal effects from
data when we are given the causal structure; we can even learn the causal structure or a
class of equivalent causal structures from the data.

This makes us capable of answering causal questions like “was it the drug that cured
the patient” from merely observational data, that is, without performing a randomised
controlled trial (RcT), at least under certain assumptions and in certain situations.

This is particularly valuable if experiments like RCTs are unethical or infeasible. A
popular example is the question of the effects of smoking on people’s health [206]. To-
day, the question might sound obsolete, but from the first observations of the connec-
tion between smoking and lung cancer in the beginning of the 20th century [78], it took
decades until smoking was generally accepted as a cause of diseases like lung cancer and
— not least because of the opposition of eminent statisticians like Ronald Aylmer Fisher
(e.g. [92, 93]) and Joseph Berkson (e.g., [20], [19]), whose scientific merits we will en-
counter later in this thesis. Although the correlation between smoking and lung cancer
was mostly accepted, many doubted that smoking really was the cause in this relation-
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Figure 1.1: The graphical model used by Wright to express his assumptions about genetic
and environmental factors of the development of fur colours in guinea pigs

ship. After all, the correlation might as well have been produced by the inverse causal
relationship, or a common cause, for example genetic predispositions that lead to an in-
creased susceptibility to cancer, as well as to an inclination to smoking [93], maybe be-
cause of nicotine craving. Had randomised controlled experiments been conducted on
the matter, the statistical scientific society could surely have been convinced and, as Pearl
and Mackenzie [206] formulates it, “millions of lives [...] been saved and lifespans length-
ened”.

Unfortunately such an experiment cannot be conducted for ethical reasons, as this
would require to force a large enough, randomly composed group of people to smoke (or
not smoke) for a considerable time span — with all the effects on health that this would
have. There are also variables that cannot be “set” by an intervention or policy. For exam-
ple, we might want to investigate the connection between sleep disorder and depression,
which have been found to be correlated. [227] However, we can neither randomly assign
research participants to suffer from depression nor sleep problems, so we have to do this
study using observational data from patients that have these conditions for reasons we
do not know [244].

That is where causal discovery from observational data comes into play. Given a large
enough amount of data on all relevant variables and with some assumptions on the nature
of the graphical model, causal effects can today be identified or at least, bounds on their
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sizes can be estimated [172]. However, this branch of causality must still be considered in
their infancy, as many problems can arise in practice. This thesis can hopefully contribute
to the development of methods that yield good results in practice, by analysing the po-
tential and limitations of the pc algorithm [263], a canonical method that also forms the
basis of many other causal structure learning algorithms.

1.1
STRUCTURE OF THIS THESIS

Causal analysis based on observational data is usually subdivided in two steps: causal
structure learning and causal effect estimation.

This thesis provides an extensive introduction to causal modelling but is concerned
mainly with the first step, causal structure learning, for which the canonical pc algorithm
is applied. I evaluate the accuracy and many other properties of the learned graph and
cover the choice of the tuning parameter «. In a case study, I show the applicability of the
algorithm to the study of protein function.

Moreover, I identify some limitations of the algorithm that are usually disregarded
in the literature. Generally, the problem is that sampling errors and violations of the as-
sumptions can give rise to inconsistencies. These do not only impair the accuracy to the
estimated graph, they also cause it to be invalid as a causal representation in many cases.

The thesis begins with an introduction to the foundation of causality on the basis
of observational data in Chapter 2. In particular, Section 2.2.2 explains the rather sur-
prising emergence of directed edges in models that are learned on the basis of sym-
metric conditional independence tests. Another key concept that is introduced in this
chapter is Markov equivalence. On the one hand, the Markov property (defined in Sec-
tion 2.3.1) is the means to describe the compatibility of a graph and distribution that is
observed in terms of data. On the other hand, Markov equivalence of graphs (see Sec-
tion 2.4.1) characterises the indistinguishability of causal structures given data, which
defines the bounds of what we can hope to achieve by causal structure learning. Since
a Markov equivalence class can be described by a so called cPpAG (for the definition see
Section 2.4.2), this is the intended output of many causal structure learning algorithms.
Although we are often only concerned with the causal structure, that is the graph learned
by the pc algorithm, the causal model also describes the functional relations of the de-
pendence of variables. Such a model is called a structural causal model and defined in
Section 2.5. The generative character of SCMs permits to answer causal questions on their
basis, the second above-mentioned step of causal analysis. This includes interventional
and counterfactual reasoning, as briefly introduced in Section 2.5.1.

Chapter 3 details the problem of learning the model from data. Besides a character-
isation of the problem, the underlying assumptions and its complexity, the main part of
this chapter is an overview over existing causal structure learning methods (Section 3.5).
The two basic approaches to this are to learn the graph based on independences identified
in the data (like the pc algorithm), or based on a score that measures the fit of structure
and data. Beyond that, other methods exist that combine these two approaches or apply
a completely different method. Some algorithms are devised for a particular setting, for



example in the presence of missing data, or when a causal ordering of the variables or
interventional data are available.

Having learned the causal structure, one can derive the direct causes (or parents) of
the respective variables (up to indistinguishability). On the basis of a presupposed func-
tional form of the dependence of a variables on their parents, it then remains to deter-
mine the individual parameters of these relationships as described in Section 3.3, which
usually is straightforward compared to the identification of the structure. In the end of
the Chapter 3, some common measures for the evaluation of the learned causal structures
are given. Section 3.6 gives an introduction to the above mentioned scores that measure
the fitof a causal structure and given data. In Section 3.6.2 measures are presented which
can be used to compare different causal structures.

Chapter 4 gives a detailed introduction to the pc algorithm and its properties. Most
of the results in this chapter are new. The first one is a theoretical characterisation of the
order-dependence of the oracle version of the pc algorithm, that is the setting where all
conditional independence information that the algorithm obtains is correct. Although
the pc algorithm is consistent, that is, always returns the correct CPDAG in the oracle set-
ting, the intermediate results in fact depend on the ordering of the input variables, as
shown in Section 4.2.

The rest of the section consist of empirical evaluations of the pc algorithm in the sam-
ple setting, where the conditional independences are estimated from data by a condi-
tional independence test. The starting point of this analysis is a result on the accuracy of
the pc algorithm presented by [148]. I am able to show that this result is significantly ide-
alised by the ordering of the variables in the input. Furthermore I investigate the the va-
lidity of the estimated graph. It turns out, that in many settings only a vanishing fraction
of the estimated graphs are cPDAGs, and many of the resulting graphs are not even acyclic
or contain conflict edges. Section 4.3.4 confirms that these problems become more fre-
quent with increasing density of the estimated graph.

Chapter 5 is mainly concerned with the validity of the pc-estimated graphs includ-
ing “symptoms” on invalidity like cycles and conflict edges. A new characterisation of the
result of the pc algorithm as a general partially directed graph (GpPDG) is proposed in Sec-
tion 5.1, and the internal structure of this class of graphs is characterised. After analysing
the reasons for such symptoms in Section 5.2, I consider two main approaches to deal
with them. On the one hand, parameter tuning can not only improve the accuracy of the
result, but — reducing sampling errors — also improves the validity. In Section 5.3.2, I
propose a new model by which the value for & can be determined dependent on the num-
ber of variables, the sample size and the estimated density of the true graph. While for
this, the pc algorithm is considered as a “black box”, the individual p-values of the con-
ditional independence tests are considered in Section 5.3.3. In a supervised setting, the
properties of an optimal choice of « are determined. The resulting high values of « (often
far above & = 0.5) emphasise the importance of regarding also the type-II-error of erro-
neously removing edges. On the other hand, in Section 5.4 an algorithm is presented to
obtain a DAG that is as similar to a GPDG as possible. This algorithm is based on a gener-
alisation of an algorithm by Dor and Tarsi [79] and allows to extend graphs that contain
conflictedges. This algorithm is able to retain the polynomial running time of the original
algorithm.
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Finally, in Chapter 6 the pc algorithm and the new extensions are applied tolearn net-
works of allosteric communication in proteins. For this, NMR data are used in Section 6.1
and evolutionary data in Section 6.2. In the latter case the computation of the causal
structure is complemented with an estimation of effects in the resulting graph using a
method called 1pA [172]. In both cases it is possible to partly reproduce and complement
published results. The main results of this thesis are summarised in in Chapter 7.
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PRELIMINARIES AND CAUSALITY
BACKGROUNDS

What is causality? Although it is easy to explain the difference between a directed causal
relationship and an undirected correlation, it is not obvious where the methods of causality
theory differ from the ones used in ”ordinary” statistics: After all, causal methods rely
on observational data, use statistical tests to judge the significance of the coupling of
variables and partial correlations to assess its strength. Nevertheless, they are capable of
finding de novo causal relationships, to predict the effects of “interventions” — a utopian
notion for many scientists.

The main tool in the field of causality are graphical models, which can be seen as a
union of statistics and graph theory. They are a manifestation of the belief that statistical
data must be interpreted on the basis of a model because “data cannot speak for them-
selves” [130].

The aim of this section is to explain how causal discovery can be possible.

First of all, we have to deduce something from the given data that can give us infor-
mation about causality. What we can see in the data is that variables behave similarly.
Intuitively, one can think of one variable always increasing, or decreasing, when another
variable increases.

However, even if we assume that there is no correlation without some causality — the
common cause principle first postulated by Reichenbach [221] — we do not know which
variable is the cause or whether there is another variable that is the common cause of
both.

That's why we have to regard more than two variables and measure not only depen-
dences between pairs of them (so called marginal dependences), but also conditional de-
pendences — are the variables still correlated if we keep some other variables fixed? For
example, if we hold the common cause constant, this would render the two effected vari-
ables independent (assuming there are no other common causes). Using an example
from [203, p. 116], height and reading ability of children are certainly correlated: The
taller the children, the better they read. However, this is only due to the common cause
of height and reading education — age. If we only regard children with a fixed age (say,
eight years), we will probably not find the taller children to be the better readers. Luck-
ily, we can also estimate conditional independences from data — although this becomes
increasingly hard when the set of variables that are held constant becomes larger.

In the next two sections, conditional dependence and independence of variables will
be introduced: In Section 2.1, we will first take a look at how to assess them in data -
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the statistical component. In Section 2.2 we consider independences in graphs. In Sec-
tion 2.3 we will assemble the two components and be able to fully describe the aim that is
pursued from the next chapter throughout the rest of this thesis — learning causal struc-
tures from data. We will see, however, that graphs can be indistinguishable in the light
of data and investigate this issue and its implications in Section 2.4. Finally higher level
type of model will be presented in Section 2.5, which combines both data generation and
corresponding graphs and allows causal inference in the form of theoretical experiments
— just what we need to answer questions like “Does smoking cause lung cancer?” or “Why
are depression and sleep disorders” correlated?

2.1
INDEPENDENCES IN STATISTICS

In this section, I will define some probabilistic and statistical notions that are of impor-
tance in this thesis. For a general introduction see, for example, the textbook by Casella
and Berger [36].

In theoretical considerations, we usually regard discrete variables that have a joint
multinomial distribution. In practice, data are often continuous. Sometimes this is han-
dled by discretising the data, that is binning them into intervals and regarding these in-
tervals as a discrete domain, which, however, always entails some discretisation error.
Luckily, many of the results for multinomial data carry over, at least in some form, if con-
tinuous data is assumed to have a Gaussian distribution. This assumption also has some
statistical advantages as we will see later in this thesis. Since continuous data are used in
the empirical parts of this thesis, we focus on Gaussian distributions when considering
conditional independence tests in Section 2.1.4.

2.1.1
PROBABILISTIC INDEPENDENCES

Throughout this thesis, variables will be denoted by capital letters, often X, Y, Zor X,, X,, ...
and their assumed values with the corresponding small letters. Sets of variables are writ-
teninbold letters, e. g. X. In a slight abuse of notation, the braces around sets will some-
times be omitted writing, for example, P(X, Y).Also, a continuous probability distribu-
tion P is identified with its probability density function P(X = x) for variables X and
their assumed values x (for discrete variables P(X = x) refers to the probability mass
function instead). We use the notation P(x) as an abbreviation for P(X = x). Recall that
conditional probabilities are defined as follows:

P(X,Z)



The expected value of a variable measures its mean value, weighted by the corre-
sponding probabilities of the individual values. For a discrete variable X with a finite
domain {x;, x,, ... x,} it is computed as follows:

E(X) =) P(x)-x.

A key concept in this thesis is independence of variables. Two random variables X
and Y are independent of one another (written X 1L Y) if their joint probability equals
the product of the individual probabilities, that is, P(X,Y) = P(X) - P(Y). This notion
of independence can be extended to conditional probabilities: Two variables X and Y are
conditionally independent given another variable Z, when the product of the individual
conditional probabilities is equal to the joint conditional probability [108]. Formally we
define

(X1 Y|Z) ifandonlyif P(X,Y|Z)=P(X|Z) -P(Y|Z). 2.1)

Except for the edge case when P(Y | Z) = 0 and thus also P(X,Y | Z) = O, this can be
transformed into the following, by using the definition of conditional probabilities:

(XWUY|Z) ifandonlyif P(X|Y,Z)=P(X|Z),assuming P(Y |Z) # 0. (2.2)

If X and Y are not independent (given Z), they are dependent, which is writtenas X )L Y.
In these definitions, the variables X, Y and Z can also be replaced by sets of variables. The
set Zis then referred to as the conditioning set . The edge case P(X | @) is then defined to
be equal to the probability of X, that is P(X). Referring to the independences that hold in
a graph or a distribution, the dependences are usually also implied. Likewise, the ques-
tion whether a pair of nodes is dependent or independent given a set of other nodes Z is
referred to a conditional independence query or simply a conditional independence. The
order of a conditional independence is the cardinality of the set Z above. For uncondi-
tional independences, which are also called marginal independences, it is zero. Likewise
conditional independences in which the condition is the empty set, are interpreted as
marginal independences, thatis (X 1LY | @) < (X 1L Y). We will used this notion of the
order also for conditional independence tests: The order of a conditional independence
test is the order of the conditional independence that is tested.

Conditional independence relations have some properties which help to understand
the notion [69, 68, 207]:

Symmetry: IfX1Y|Z theny 1L X|Z.

Decomposition: IfW U X,Y|Z thenW 1. X | Z.

Weak Union: IfW1UX,Y|Z thenW 1 X|Y,Z. (2.3)
Contraction: fWIUY|ZandW 1L X|Y,Z, thenW 1L X,Y | Z.

And, in strictly positive probability distributions:

Intersection: IfWUX|Y,ZandW LY |X,Z,thenW 1L X,Y | Z.

Pearl [201] remarks that these properties also hold for the relation “all paths from X to Y
are intercepted by Z” in a graph, which provides a good intuition, but unfortunately ap-
plies in undirected models only (see the corresponding paragraph on page 27). For our
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purposes, the connection between conditional independence and graphs will be estab-
lished in terms of d-separation in Section 2.2.3.

A joint or multivariate distribution is a distribution that assigns a probability to all
combinations of values for several variables. Given a joint distribution P(X,, X, ..., X,),
there are two ways to eliminate of some variables X;: If the value x; of this variable is
known, or only one value x; is relevant, then one can condition on it and regard the prob-
ability P(X;,X,, ..., Xi_1, Xiy1, -, X, | X; = x;). If, on the other hand, a variable X; is
of no interest, one can sum over all values for this variable according to the law of total
probability, thus removing it from the distribution:

P(Xy, Xy oo X Xiga o, %) = Y P(X, Xpy o, X, Xy = 2, Koy, o0, X,
X

Conceptually, this process of marginalisation amounts to averaging over the variable,
which is then called marginalising it out.

2.1.2
ASSESSING INDEPENDENCES IN DATA

In the previous section, conditional independence was defined from the point of view of
probability theory. Can we use the formula given there in practice, after estimating the
relevant probabilities from the data?

There are several problems with this approach. Let us first consider discrete vari-
ables. Assume that we want to evaluate if P(X,Y | Z) = P(X | Z) - P(Y | Z). In this
case, for every value z that Z can assume, it must hold that P(X,Y | Z = z) = P(X | Z =
z)-P(Y | Z = z). But what if there is a value z that is not represented in the data? We can-
not simply remove z from the domain of Z, since it might well play a role for other configu-
rations of the remaining variables: Assume that there is some value z,, which the variable
Z, never assumes when Z, = z, but well when Z, = z,. Then, P(X | Z, = z,,Z, = z,) is
not defined, but removing z, from the domain of Z; would also prevent us from regarding
P(X|Z, =2,Z,=12).

On top of that, the case of undefined probabilities is not rare, as one can easily see
with a bit of combinatorics: Already for n variables with only two states, one needs at
least 2" samples to incorporate all combinations of variable values into the sample. As
this would not be very conclusive statistically, true samples would have to be much larger.

Another problem is pointed out in [214, p. 218]: Not only must all combinations of
values occur in the data, they must also all be considered, which becomes very costly in
high-order queries. For example, a variable X is independent of a variable Y given the
variables Z;, Z,, ..., Z; if the variables are independent for all combinations of the values
that the variables Z; can assume. Even if they all are binary, this results in 2! conditional
independences which must be evaluated.

For continuous data, which can be seen as categorical data with infinitely many cat-
egories, the situation theoretically becomes even worse. However, assumptions about
the variables’ distribution, most of the times Gaussianity, can be made if the variable do-
mains are ordered. This makes the conditional independence testing considerably more
efficient, but can also lead to problems when the assumptions are not justified. This issue
is further discussed in Section 5.2.1.



Another problem related to the above considerations is that for conditional indepen-
dence tests with discrete data, only a subset of the samples can be used for each test - the
ones for which the condition applies. This leads to decreasing power of statistical test,
especially for discrete, but also with continuous data [266].

In practice, however, the limited sample size is not only problematic because it can
entail undefined probabilities, but also causes problems regarding the accuracy of esti-
mates. When estimated probabilities are used, the joint probability will never be exactly
equal to the product of the individual probabilities; we thus need a statistical test that,
considering the sample size and other features of the data, decides for us whether the
observed semi-equality can justify the assumption of independence or not.

Statistical independence tests often do not evaluate this directly according to the def-
inition, but by means of measures of the variable association, like the correlation or co-
variance. These will be explained in the next section.

2.1.3
VARIABLE ASSOCIATION
As causal discovery eventually is based on symmetric measures of the connection between
variables, we will first define these. The two basic measures of association between vari-
ables are covariance and correlation.
The covariance between two variables X and Y quantifies to what extent they deviate

similarly from their respective expected values. It is defined as the expected value of the
product of these deviations:

Cov(X,Y) = E((X = E(X)) - (Y = E(Y))).

The expected value of a variable E(X) is usually not known, but can be estimated from
data in terms of the sample mean X and y. Given a sample x;, x,, ... x,, the sample mean

is simply x = : i x;. This yields the sample covariance Cov(X, Y):
i=1

N 1¢
Cov(x,Y) =< ) (& =D)0; = 7).
i=1

Since the deviation of a variable from its mean can be arbitrarily large, this measure is not
bounded from above. To achieve comparability of the association across variables and
data sets, the covariance is normalised to obtain the correlation between the variables:

Cov(X,V)) _ E(X-EX))- (¥ —-EX))
YVar(X)/Var(Y) YVar(X)/Var(Y)

Corr(X,Y) = p(X,Y) =

Accordingly, when estimated from a sample:

LS -B0-)) S Em-DG -
Corr(X,Y) = —= = =1

JTarx) - ¥arx) \/ > =B Y. — )
i=1

1=1
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This type of correlation ist called Pearson or Bravais-Pearson correlation [28, 312]. It mea-
sures the linear correlation between the variables. If the correlation is assumed or known
to be non-linear, it might be more compute the correlation of the ranks — not the variable
values — with the above formula for Pearson correlation. The result is referred to as the
Spearman correlation and more robust to outliers at the expense of discarding the actual
values of the variables. The Spearman correlation is maximal (—1 or +1) when the con-
nection between the variables is monotone (but not necessarily linear). Another example
for a correlation coefficient thatis based on a ranking of the variable values is Kendell’s 7.

The core of causal reasoning is to assess direct effects between variables with the ef-
fects of all other variables eliminated. Although not causal itself, the partial correlation
is an important tool for this purpose. It quantifies the association of two variables X and
Y, with the influence of all variables in a set Z disregarded. It can be computed in one of
three ways:

RECURSIVELY
On the basis of the Pearson correlation p(X, Y) = py vy, the partial correlation oy v, can
be computed by successively adding elements of Z using the following formula:

Pxyiz = Px,z1z " Pz vz
\/1 — (Px,712)" - \/1 - (PZ’,sz)Z.
In the special case of a singleton set Z = Z, this entails [186]
p(X,Y) —p(X,Z) - p(Z,Y)
= 0&, 27 1= (p(¥,2))"

Based on this, a partial correlation of order k can be computed in time O(k*) using
dynamic programming [300].

Ox yizuz =

POx vz =

FROM THE PRECISION MATRIX
It is also possible to compute the partial correlation POx, %1\ (x, %) of two variables given

all the others directly. For this purpose, one needs to invert the correlation matrix M =
(p(X;, X;,)) —thisis possible since the matrix is positive definite - to obtain the precision
matrix P = M~' = (p;). Then,

bj

Ox, x1V\(X,X) = — :
! k Dii * Pj

BY LINEAR REGRESSION

Another option for computing partial correlations is to regress both variables X and Y on
the variables in Z [311]. This gives us two vectors of residuals of length s, which contain
the deviations of the actual values of X and Y from the ones predicted by the regression.
Let w* and w” be the vectors that contain the regression weights, including the constant
offsets wX and w!. To obtain a vector of equal dimension, we augment the vector of values
for the variables Z, z; with i € {1,2, ..., s — 1}, with the entry z, = 1, corresponding to w,.

—-11 -



Then the residuals are € = x; — w* - z;and €] = y; — w" - z;, fori € {1,2,..., s}, where
wX -z, and w¥ - z; denote scalar products, respectively. The partial correlation is then equal
to the Pearson correlation between the residuals E* = (€¥) and EY = (¢€):

Px vz = P(EY E). 2.4)

It is important to note that, like Pearson correlation, which it is based on, the partial
correlation py vy measures the linear dependence of X and Y conditional on Z only if
the variables have a Gaussian distribution. It might yield inconsistent results for non-
Gaussian variables or non-linear associations.

2.1.4
CONDITIONAL INDEPENDENCE TESTING

After having measured variable association in the data, we can define tests that turn these
association measures into boolean statements — are the variables (likely) dependent or
not? The basic principle of tests for conditional independence are outlined here, followed
by the description of a test that is used in the empirical evaluations in this thesis.

In general, a conditional independence test (like any other statistical test) is imple-
mented by computing a p-value and comparingit to a threshold «, the level of significance
of the test. Then the null null hypothesis H, that the variables are independent is rejected
when p-value < a and kept otherwise.!

The p-value is computed in terms of a test statistic T, which projects the data D to a
scalar value. This statistic is then scaled to ensure that the probability of a type I error,
i.e. that the test rejects a true independence statement, actually equals the user-specified
level of significance . The other type of error, keeping a false independence statement,
is referred to as a type Il error and its probability, that depends on the choice of « and the
properties of the test statistic is denoted by . It is also referred to as the power of the
test.

FISHER’S Z-TEST
A test statistic that is often used for Gaussian data is based on Fisher’s Z-transform,

which is defined as

I+ px vz

). (2.5)
1= 0xyz

1
Z(X,Y | Z) = - log(

and tests vanishing partial correlation (see Equation (2.4)). In other words, it assesses if
the partial correlation py v, is zero [14, 148].

From this, the test statistic T = /s — |Z| — 3 - |Z(X,Y | Z)| is derived, where the s is
the sample size. Then, the p-value can be computed as

—2®(T) + 2,

'Usually, in statistical testing the null hypothesis is rejected when the p-value is smaller or equal to «
(i.d. p-value < a); however, following Kalisch and Bithlmann [148] and the implementation of the pc
algorithm in the R package pc algorithm, in this thesis independence is assumed when the p-value is
strictly smaller than « (i.d. p-value < a).

-12 -



2 PRELIMINARIES AND CAUSALITY BACKGROUNDS

where ® denotes the cumulative distribution function of A(0,1). This entails that the
null hypothesis is rejected if and only if

—2®(s—Z|-3-12(X, Y| Z)]) +2 < a. (2.6)

This test is applied to evaluate conditional independence throughout this thesis un-
less stated otherwise. It is the default test used in the R package pcalg, which contains
the implementation of the pc algorithm that is used for the empirical studies in Chap-
ter4and5. Inpcalg, Fisher’s Z-test is implemented in the functions gaussCItest and
condIndFisherZ.

A downside of tests for zero partial correlation is that it assumes the variables to have
a Gaussian distribution. Vanishing partial correlation is neither sufficient nor necessary
for conditional independence for non-Gaussian variables, as shown in [214, Example 7.9].
As the Gaussianity assumption is often farfetched or not justified at all, non-parametric
tests, that do not assume the data to have a certain distribution, are often a better choice,
at least theoretically. Unfortunately, such tests are difficult to perform when the sam-
ple size is finite, as has been illustrated with the aid of the examples in the beginning of
previous section (see page 7).

A general approach for dealing with data of an unknown distribution is to use ranks
of observations instead of the observations themselves. Particularly for the pc algorithm,
there is are extensions for Gaussian copulas [122] (rank-PC or RPC), and for mixed dis-
crete and continuous data [62] (copula-PC) (see Section 4.1.3).

KERNEL-BASED CONDITIONAL INDEPENDENCE TESTS

Recently, another kind of non-parametric conditional independence tests has gained a
lot of attention: kernel-based methods, in particular methods based on an injective map-
ping onto reproducing kernel Hilbert spaces [234]. Many such methods are based on the
Hilbert-Schmidt independence criterion (HsIC) [116], which can be efficiently evaluated
and seem to yield superior results. A generalisation and an R-implementation in the
package dHISC have been provided by [215]. There are also extensions of HsIC for con-
tinuous variables [104, 318]. For an introduction to such methods see [214] or [5].

2.2
INDEPENDENCES IN GRAPHS

2.2.1
GRAPH THEORY BAsICS

In this section, some basic or particularly important concepts of graph theory are pre-
sented. For a more profound introduction see, for example, Diestel [77].

Agraphisatuple (7, E) consisting of a set of nodes (or vertices) 9’ and a set of edges
E. In this thesis, we always denote the number of nodes in a graph by n. The edges form
connections between the nodes which can be undirected or directed, in which case they
sometimes are called arcs or arrows.

—-13 -



Because we often regard partially directed graphs (PDGs), that contain both directed
and undirected edges, we will model the latter not as sets, but as the union of two oppo-
site directed edges. This is done as follows: An edge is undirected (depicted as X — Y)
if (X,Y) € Eand (Y,X) € £, and directed (depicted as X — Y)if (X,Y) € £ and
(Y,X) & ‘E. Adirected or undirected graph comprises only edges of the respective type.
The skeleton of a partially directed graph is the undirected graph obtained by replacing
all directed edges with undirected edges.

Especiallyin computations, graphs are often represented as by their adjacency matrix.
Thisisann x n-matrix A = (@;)i_; 5 o1, 0 Which an entry is set, a; = 1, if there is
anedge X; — X; in the graph. According to our definition, an undirected edge X; — X; is
then represented by a; = a; = 1. We will later also regard a special type of edges called
conflict edges, which are modelled in the adjacency matrix by a; = a; = 2.

In weighted graphs, every edge X; — X; is assigned a weight w; € R. We assume
these weights to be different from zero, so that we can set w; = 0 for non-existing edges
X, - X, and obtain a weighted adjacency matrix W = (Wif)i—y,_yjory - Then itis
required for consistency, that for undirected edges X; — X;, a; = a;;. Conflict edges must
then be recorded separately or the unweighted adjacency matrix A is kept in addition.

An edge is incident to the nodes which it connects (and vice versa), and two nodes
connected by a common edge are adjacent. Such nodes are also called neighbours. Con-
sequently, the neighbourhood A (X) of anode X is the set of all of its neighbours. Ifedges
are directed, neighbours can be divided into parents and children, with P — C pointing
from a parent P to a child C. The set of parents of a node X; in a graph G is referred to Paf,
or Pa; when the graph is unambiguous. Spouses are defined to be parents of common
children.

The density of a graph is a general notion that describes how many edges the graph
has in comparison with its nodes. A sparse graph has few edges and a dense graph has
many. To measure the density of a graph, we use its degree. The degree d . (X) or simpl
d(X) of anode X in a graph G is number of neighbours that this node has. In directed
graphs this can be further subtilised. The in-degree of a nodes is the number of parents
that it has, the out-degree the number of children.

The degree of a graph, which measures its density, is the mean degree of its nodes,
which can be computed asd(G) = 21%/jv|. (Note that every edge contributes to the degree
of its two incident nodes). The degree of a graph is also referred to by the variable d ; or
simply d , if the graph is unambiguous.

In the graph sampling methods that we use here, edges are sampled independently
between all pairs of nodes with a probability p,. The expected degree d of the resulting
graphisthend = p, - (17| —1). The maximal degree d,,,, of a graph is the maximal
degree of one of its nodes.

A walk is a sequence of nodes such that consecutive nodes are adjacent in the graph
(regardless of the edge directions). Awalk (X, ..., X,) is said to be a walk from X, to X, or
between X; and X, or to start in X; and end in X,,. In a directed walk, consecutive nodes
X;, X;,, are connected by a directed edge X; — X;,,. A (directed) path is a (directed) walk
in which every node appears at most once. A (directed) path that starts and ends in the
same node is called a (directed) cycle. A semi-directed cycle arises from a directed cycle
by replacing some edges by undirected edges.

max
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A directed graph is said to be acyclic if it does not contain a directed cycle, an undi-
rected graphis acyclicifit does not contain a cycle. For partially directed graphs acyclicity
is linked to extendability, which is defined later (see Definition 10).

In this thesis, acyclic graphs play in important role, especially directed acyclic graphs
(DAGS). These are graphs with only directed edges which are required not to contain a
directed cycle. In a DAG, one or more nodes do not have any parents. These are referred
to as sources. There are also always one or more sinks, nodes without any children. A
topological ordering X,, X,, ..., X, of the nodes of a directed graph G is an ordering so
that for every edge X; — X;in G it holds thati < j. A directed graph has a topological
ordering if and only if it is acyclic, that is if and only if it is a DAG. Other relevant graph
models are given in the Section 2.4.

Aninduced subgraph ofagraph G = (v, E) with respecttoasetofnodes 7" C Vis
the graph that results when all other nodes 4/ \ 7" are removed along with their incident
edges. What remains then is the graph between the nodes 7, including all the edges
between those nodes. An important graph pattern that we will be concerned with in this
thesis, X —» Y « Z,iscalled av-structure. A graph is said to contain a v-structure if it has
an induced subgraph that is a v-structure. Note that this means that the edge X — Z does
not exist, since the induced subgraph of {X,Y,Z} contains all the edges between these
nodes.

Historically, v-structures have also been termed immoralities, interpreting them asa
pair of non-adjacent, that is, unmarried, parents with a common child, We will avoid this
term in this thesis, except in the case of moral graph extensions (see Definition 10). The
middle node of a v-structure (in this case Y) is called a collider. A triple of nodes that form
achainX — Y — Z - especially when directed as X — Y « Z —is said to be shielded when
an edge between X and Z (either directed or undirected) exists, such that no v-structure
is formed.

The pattern of a partially directed or undirected graph is a graph with the same skele-
ton that is undirected apart from all directed edges that belong to one or several v-struc-
tures.

As has been mentioned before, the graphical models that we are concerned with in
this thesis are DAGs. They have a straightforward causal interpretation. If there is a di-
rected edge X — Y, this signifies that X is one of the direct causes for Y. As we will see
later, such DAGs are in general only partially identifiable from observational data, which
is why we will regard classes of observationally indistinguishable graphs. These can be
represented by so-called cPDAGs (see the definition in Section 2.4.2). We will also regard
unrestricted partially directed graphs (PDGs), which will be relevant to model the learning
algorithms’ practical results.

CPDAGS, as well as DAGs, are chain graphs [103, 11]: Partially directed graphs which
do not contain semi-directed cycles. A chain component of a chain graph is a connected
component of the graph that is obtained when all the directed edges are removed. In
this thesis we will not restrict the use of this term to chain graphs. An undirected graph,
and in particular a chain component, is chordal if every cycle of length at least four has
a chord, that is two nonconsecutive adjacent nodes. Another type of graph that is often

regarded in the literature are partially directed acyclic graphs (PDAGS), that do not con-

tain directed cycles but may contain undirected and semi-directed cycles. We will not
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regard them here, but characterise PDAGs as PDGs instead (dropping the acyclicity claim
altogether).

2.2.2
THE EMERGENCE OF DIRECTION

In Section 2.1.3, we have seen how the association between variables can be measured.
It is not surprising that this information can be used to define tests for independence
of variables and that these can be generalised to assess conditional independences (see
Section 2.1.4). Itis maybe also intuitive to build undirected causal models in which edges
represent not marginal correlations, but correlations conditional on all other variables or
all subsets of them, as in Gaussian Markov random fields (see Section 2.4.3).%

What seems to be astonishing for most people, however, is how it can be possible to
infer edge directions from data — and this is in fact the crucial part of causal discovery in
my opinion. The basic principle presented here was pointed out by Verma and Pearl [297]
and Spirtes et al. [261, Principle II]. It might have been common knowledge before, as
the generalisation of this notion, d-separation (introduced in the next section), predates
these sources.

Consider the graphs in Figure 2.1. The first three graphs yield the same (in)depen-
dences: A and C are dependent unconditionally, but independent when conditioning on
B, so one could say that B mediates the correlation between A and C. The last graph be-
haves completely contrary: Unconditionally, A and C are independent. Knowing B how-
ever, renders A and C dependent, because both are (potential) causes.

For example, we assume that B is a very rare event, say wet sand in the Sahara, and
C is a very rare cause of this event, say someone running a grass sprinkler in this desert.
Let A be another cause of B, e. g. rain. Then, knowing that the sand is wet (B), makes A
and C dependent, for then the fact that it has not rained (A) suddenly makes it much more
probable that C has occurred.

A subgraph like the last graph in Figure 2.1 is called a v-structure. By analysing the
conditional (in)dependences of the nodes in the graph, the v-structures can be identified
asinduced subgraphs and the edges can be directed accordingly. Some of the other edges
can subsequently be directed to avoid cycles and v-structures that are not justified by the
data. A complete set of rules for this has been provided by Meek [181] (see Figure 2.2).

A—B—C A«—B+«—C A<—B—C A— B<—C
Al C Al C Al C Al C
AL C|B AN C|B AL CI|B AUl CI|B

Figure 2.1: Origin of Direction

2Yet more surprisingly, it is also possible to regard and even learn causal models with only two variables,
as discussed, for example, in [214, Chapters 3-4]

- 16 —



2 PRELIMINARIES AND CAUSALITY BACKGROUNDS

2.2.3
ASSESSING INDEPENDENCES IN GRAPHS: D-SEPARATION

We have seen in the previous section that v-structures play an important role in determin-
ing whether two nodes that are indirectly connected via a third variable are dependent or
independent. This observation can be generalised to two arbitrary nodes in an arbitrary
graph, leading to the notion of d-separation, which was first described in [199] and later
formalised in [203]. It is introduced as a “direction-dependent criterion of connectivity”
that extends the notion for undirected models, namely that Z intercepts all paths between
the nodes of X and Y [203, p. 92].

Definition 1 (d-separation).
In a DAG G, a walk is blocked by a set Z if it contains a collider C that is not in Z or a
non-collider X thatis in Z. Otherwise it is open with respect to Z.

Two nodes X and Y are d-separated given a (possibly empty) set of nodes Z, written
X WY | Z,if every walk between X and Y is blocked by Z (see below). Otherwise they
are not d-separated, writtenas X )L ; Y | Z. (If the graph is unambiguous, and no dis-
tinction from an independence in a probability distribution is necessary, d-separation is
also written using “ ). ” or “ 1L ” without an index.)

In an alternative definition with paths instead of walks, colliders can not only be un-
blocked by being in Z themselves, but also if one of their descendants is in Z. In our defi-
nition this case is elegantly covered, because the walk can then be extended to the depen-
dent and back to the original collider — which on this walk then appears twice but never
as acollider. Instead, the descendent then is a collider on the walk — but, asitisin Z, does
not block it.

Both criteria are formulated in [273, Section 1.8.1], where one can also find the equiv-
alent d-separation criteria by Lauritzen et al. [163, 58], called the moralisation criterion,
and a criterion independently suggested by Massey [180] and Darwiche [65].

The d-separation criterion captures exactly the dependance and independence infor-
mation in the graph [110], [203], [296], [109] and Meek [185].

Extending the graph theoretical interpretation of the independence axioms by Pearl
and Paz [207] (see Equation (2.3)) d-separation can be seen as a special version of separa-
tion in a graphs (see, for example, [77]).

If X 1l;Y | Z(in a distribution or by d-separation in a graph), we will say that Z
separates X and Y and call it a separating set , avoiding the graph theoretic term separa-
tor, which is used in the original sense (not with regard to d-separation), for example in
[309]. Whenever we denote a set in the form Sy, we refer to a set that separates X and Y.
Whenever two variables X and Y are not d-separated given some set Z, there is an open
walk between them. This walk can be simplified to a path (matching the path definition
of d-separation). We will call such a path a d-path (between X and Y with respect to Z).

There is an elegant and efficient algorithm for deciding d-separation, which was given
by Shachter [243]. It can be thought of as a modified breadth-first search, and has the
same linear asymptotic running time (in the number of edges).
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2.3

THE CONSISTENCY OF INDEPENDENCES IN DISTRIBUTIONS AND
GRAPHS

Having defined conditional independence in probability distributions (in Section 2.1) and
graphs (in Section 2.2), our aim is now to find a graph that represents the independences
in the data; more precisely, the independences which are inferred to hold in the distri-
bution from which the data have been generated. The correspondence between the inde-
pendences (and dependences) in distribution and graph is made up of two components:

1. All the dependences that hold in the distribution hold in the graph.
2. All the independences that hold in the distribution hold in the graph.

As the negation of dependence is an independence and vice versa, the contrapositions of
these statements, which are logically equivalent, read as follows:

1. All the independences that hold in the graph hold in the distribution.
2. All the dependences that hold in the graph hold in the distribution.

Statement 1 is referred to as the Markov property (see also Definition 3) in the litera-
ture and constitutes the basic assumption about causal models. It is presented in all its
canonical formulations in the next section.

Statement 2, known as faithfulness (see Definition 5), is not as self-evident, which
will be shown in Section 2.3.2. Anyway, it is a common assumption of causal structure
learning algorithms, which may be the cause of some problems we encounter. This is
discussed in Section 5.2.1.

In accordance with the second, contrapositional formulation above, Pearl [203, S. 92]
uses the term dependence map for models that fulfil the Markov property and indepen-
dency map for faithful models. A graph model that has both properties is then said to be
a perfect map of the probability distribution.

2.3.1
THE MARKOV PROPERTY

In its general meaning, the Markov property describes “memorylessness”: The future de-
velopment of a process does not depend on the past, but only on the present. Applied to
directed causal models, this property is usually formulated as “every node is independent
ofits non-descendants given its parents”. That s to say, every causal influence into anode
is mediated by the parents. Since every walk from a node X to its non-descendants must
pass through one of its parents Pa;, which never constitute a colliders on such a path due
to the direction of the edge from a parent to X, this property can easily be shown to hold
in a DAG via d-separation.

The Markov property becomes more meaningful in this context when it is interpreted
as a measure of the compatibility of a graph and a probability distribution:

Definition 2 (Local Markov property).
A probability distribution P has the local Markov property with respect to a bAG G (and
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2 PRELIMINARIES AND CAUSALITY BACKGROUNDS

vice versa) if each variable is independent (in P) of its non-descendents given its parents
(in G).

As we have seen, the non-descendants of a node X; are d-separated from X; by its
parents Pa;. It can be shown [259] that the non-descendants can be replaced by all nodes
that X; is d-separated from, without changing the criterion (see Theorem 2.1). That means
that the local Markov property is equivalent to the global Markov property in DAGs: Each
variable is independent (in P) of all the variables it is d-separated from (in G) given some
set Z. More precisely, this can be formulated as follows.

Definition 3 (Global Markov property).

A probability distribution P has the global Markov property with respect to a DAG G (and
vice versa) if every d-separation X 1L ; Y | Z in G implies the conditional independence
XUY|ZinP.

FACTORISATION
If we recursively apply the definition of a conditional probability, or its equivalent form
known as the chain rule, we find that for any permutation of the variables X, X,, ... X,

P(X,X, ...X,) = P(X, | X, X,...X,) - P(X,, X, ... X))
=P(X, | X, X, ... X)) - P(X, | X, X, ...X,) - P(X, X, ...X,) (2.7
=P(X | X, X, .. X)) - P(X, , | X, 1, X,)  P(X,_, | X,).

The right-hand side of the formula is called a factorisation of the joint probability distri-
bution. Because it is valid for every permutation of the variables, every joint probability
distribution has many different factorisations. If we choose a reverse topological order-
ing of the variables (as is possible in DAGSs), every variable X; appears in the factorisation
conditional on a set of variables that does not contain a descendant of X;. Thus, the lo-
cal Markov property yields independence of all these variables — except for the parents —
given the parents:

Xi W AXii1, Xiygr oo s Xign} \ pa; | pa;.

According to the definition of conditional independence we can therefore drop all these
variables {X;,,, Xi,,, ---, Xy} \ pa; from the conditions (assuming that all the conditional
independences are non-zero) and are left with the factors P(X; | pa;), which yields the
factorisation formulation of the Markov property.

Definition 4 (Markov factorisation property).

A probability distribution with the density P has the Markov factorisation property with
respect to a DAG G if it factorises according to G, that is:

n
P(X, X, ..X,) = ]—IP(Xi | pa;).
i=1
This Markov factorisation property is equivalent to the above Markov properties in
DAGS [164, Section 4]. Hence it is true in general that a probability distribution P has
the global Markov property with respect to a DAG G if and only if it has the local Markov
property with respect to G, which it has if and only if its density factories according to G.
This is summarised in the following theorem, which is proven for example in [163]:
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THEOREM 2.1.
Given a probability distribution P and a DAG G, the following are equivalent:

1. P has the local Markov property with respect to G.
2. P hasthe global Markov property with respect to G.

3. P factorises according to G.

Since we do not need to distinguish between the different incarnations of the Markov
condition, we will simply say, that P and G are Markovian to each other if they fulfil any
of the properties in the theorem.

2.3.2
FAITHFULNESS

In the previous section, we have seen a basic property that describes the compatibility
of a probability distribution and a pAG, the Markov property, in several formulations.
However this property constitutes only half of what we would demand for a graph to be
a perfect map of a probability distribution.

We also require the converse of the global Markov property to hold:

Definition 5 (Faithfulness).
A probability distribution P is faithful to a DAG G, if every dependence X .Y | Zin G
implies the conditional dependence X 1 Y | Zin P.

While this claim seems as basic as the Markov property, it is not as self-evident. For
example, it is problematic in cases where paths in the graph cancel out like in the follow-
ing example. Consider this graph:

X, —5— X,

If v = —J, meaning that the direct effect of X; on X; is reverse but equal to the indirect
effect mediated by X,, then the effects along the two paths from X, to X;, X; — X; and
X; —» X, — X; would neutralise each other so that the total effect would be zero (in the
Gaussian case that we consider here, direct effects correspond to edge weights; the total
effect is computed over all directed, causal paths and is mathematically defined in Equa-
tion 2.10). This would entail an independence in the probability distribution, although in
the graph X; and X, are marginally dependent (measured by d-separation).

Faithfulness is a very debated assumption that is the basis of many constraint-based
causal structure learning algorithms, including the pc algorithm. This issue and the re-
sulting problems will be further discussed in Section 3.2.1and 5.2.1
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2.4
THE CONSISTENCY OF INDEPENDENCES IN GRAPHS

Although it had been known for a long time that probabilistic models can be statistically
indistinguishable, such that their parameters [91] or structures [297] cannot be uniquely
determined from data, it was only around the year 2000 that research focused on the ad-
vantages of succinct representations for these sets of indistinguishable models or Markov
equivalence classes [11, 43]. The use of these representations has in turn been a major im-
provement for the computational efficiency and generality of many methods, not only in
causal structure learning [43] but also in causal effect estimation [294, 210].

2.4.1
MARKOV EQUIVALENCE OF GRAPHS

We have seen in Section 2.3.1 that every DAG trivially fulfils the (local) Markov property
with respect to itself via d-separation, in the sense that each variable is independent, also
with respect to d-separation in G, of its non-descendents given its parents. In fact, it is
possible that two different DAGs behave completely equally with respect to d-separation
and thus are Markovian to each other. Such paGs, which represent exactly the same set
of conditional independences and thus are Markovian to exactly the same set of distribu-
tions, are then said to be Markov equivalent to each other. For example, the three graphs
on the left in Figure 2.1 are Markov equivalent.

Definition 6.

Two DAGs are Markov equivalent if they are Markov to exactly the same set of probability
distributions.

As this relation is an equivalence not only by name, it is reflexive, transitive and symmet-
ric [43] and thus partitions the space of DAGs into equivalence classes. Andersson, Madi-
gan, and Perlman [11] summarise it as follows: “The collection of all possible [DAGSs] for
a given set of variates naturally coalesces into one or more classes of Markov-equivalent
[DAGSs], where all [DAGs] within a Markov equivalence class determine the same statistical
model.”

Definition 7.

The set of DAGs that are Markov equivalent to a DAG G is called the (Markov) equivalence
class, sometimes abbreviated as MEC, of G.

Markov equivalence is a very important notion, especially in causal structure learn-
ing, as it entails indistinguishability: If two DAGs are in the same equivalence class, they
are Markovian to the same distributions and thus explain these distributions equally well.
We cannot distinguish between them only by the information given in the distribution.?
That is why many causal structure learning algorithms, including the pc algorithm, ac-
tually do not learn a graph, but a set — in particular an equivalence class — of graphs. The
characterisation of the indistinguishability of models by data was a major advancement
especially in score-based learning (see Section 3.5.2), for which the introduction of a suc-
cinct representations for Markov equivalence classes was crucial.

3Spirtes et al. [263, Chapter 4] distinguish varies types of indistinguishability and term the type that we
regard here Strong Statistical Indistinguishability.
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In order to obtain such a representation we will first characterise the equivalence. In
the following theorem, a directed edge X; — X; is said to be covered (also referred to as
legally reversible, e. g., in [273, Section 1.8.5]) if, apart from this edge, the parent sets of X;
and X; are equal, that is to say, Pa; = Pa; U X;.

THEOREM 2.2.
Given two DAGs G and G', the following statements are equivalent.

1. Gand G’ are Markov equivalent

2. Gand G" have the same skeleton and v-structures

3. Thereis a sequence of reversals of covered edges by which G can be transformed into G" and vice
versa.

The characterisation of Markov equivalence 2. was found by Pearl and his coauthors (e. g.
Verma and Pearl [297, Theorem 1]); for the broader class of chain graphs it was indepen-
dently discovered by Frydenberg [103, Theorem 5.6]. A detailed proof of the equivalence
of 1. and 2. can be found in [195, Theorem 2.4]. The characterisation 3. and its equiv-
alence to 1. is due to Chickering [40]. Kocka, Bouckaert, and Studeny [155] provide an
alternative, constructive proof of the equivalence of all three statements.

2.4.2
REPRESENTATIONS FOR MARKOV EQUIVALENT GRAPHS

Along with the above characterisation 2 of Markov equivalence, Verma and Pearl [297]
define the notions of rudimentary and completed patterns. Rudimentary patterns are what
we call patterns in this thesis (following, e. g., [181]): partially directed graphs made up of
the a graph’s skeleton in which only v-structures are directed.

We first need to introduce some terminology regarding patterns. Like [195], we will
call the edges that are oriented in the same direction in all DAGs in the equivalence class
compelled edges. (This includes the edges that are part of v-structures.) The other edges
are said to be reversible here. Note, however, that these edges are not identical to covered
edges (that are called legally reversible in [273]) since Chickering’s transformational char-
acterisation (3 in Theorem 2.2) does not state that all covered edges can be flipped straight
away. It might be necessary to flip some other edges first before a reversible edge becomes
covered and can be flipped. Reversibility thus describes a global property with respect to
the class of DAGs, namely that there is a DAG in the class where the respective edge has
the reverse direction. In contrast, it is a local property for an edge to be covered since this
means that the edge can be flipped in the current graph without “leaving the equivalence
class”.

Now, each edge of a patternis either compelled or reversible. Verma and Pearl remark
that since the construction of a (rudimentary) pattern matches the characterisation [195]
of Markov equivalent DAGs (in Theorem 2.2), such a pattern uniquely represents a Markov
equivalence class. However, there is not a one-to-one correspondence between directed or
undirected and compelled or reversible: There might be undirected edges in the pattern that
still are uniformly directed in all members of the equivalence class.

The fact that a (rudimentary) pattern uniquely identifies a Markov equivalence class
implies that the direction of the compelled edges that are not part of v-structures must
be completely determined by the structure of the pattern, along with the characteristics /
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2 PRELIMINARIES AND CAUSALITY BACKGROUNDS

traits of the procedure by which a DAG is extracted from the representation. This is done
by directing undirected edges subject to the following requirements:

1. No new v-structures may form and
2. no directed cycles may emerge.

Accordingly, Verma and Pearl call the structure in which all compelled edges are directed
a completed pattern. This structure is referred to as an essential graph in, for example, [11]
and as a DAG pattern in [195] . Following [43] and most of the modern literature, we will
callit a cPDAG (completed partially directed acyclic graph) in this thesis.

Verma and Pearl reduce the above requirements (for directing the compelled non-v-
structure edges) to two conditions: An edge X — Y is directedto X — Y

1. if there is a node Z that is not adjacent to Y but is a parent of X (because otherwise a
v-structure would form), or
2. ifthereisadirected path from X to Y (because otherwise a directed cycle would form).

It is obvious from the justifications in brackets, that these rules are sound, but it can be
shown by a counterexample that they are not complete. Consider the following pattern:

X
7N
X, X
N
Xy

Here, none of Verma and Pear!’s rules applies: No v-structures can form from one of the
undirected edge and one of the existing directed edges (because the triples X, — X, — X,
and X; — X, — X, are shielded), and there are no directed paths of more than one edge, so
rule 2 does not apply either. However, there is only one way to direct the edge X, — X, and
thatis X, — X,. Otherwise, both edges X, — X, and X, — X; would have to be directed
towards X; to avoid cycles, which in turn, would produce a v-structure in X, — X; « X;.

MEEK’S RULES

A set of complete rules for gradually turning a pattern into a CPDAG, including the above
example as the third rule, was provided by the same authors some time later [295]. How-
ever, the completeness of these rules was only proven by Meek [182, 181]*, a few years
later. He also showed that the fourth rule given by Verma and Pearl is necessary only if
the initial graph is not a pattern, but contains some directed edges that are not part of
v-structures. This can occur, for example, when some edge directions are known from be-
forehand (so called background knowledge), in addition to the v-structures determined
from the data. All three remaining rules, which are now known as “Meek’s rules”, are
shown in Figure 2.2. Whenever one of the configurations on the left appears as an in-
duced subgraph in the regarded graph, an edge can be directed to create the right sub-
graph. When they are recursively applied, beginning with a pattern, the resultis a cPDAG.

*This is the topic of [182], but is stated again in [181]. I will only cite the conference version [181] in the
following, in case of redundancies.
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X -X,—X = Xi-X, - X

X, — X, X, — X,
\ / = N/
X, X,

X, X,
VRN VRN
X, X, = X X,
NS NS
X, X,

Figure 2.2: The complete and sound set of rules given by Meek [181] to transform a pattern
into a cPDAG. When the induced substructures on the left are exhaustively replaced by
the corresponding structures on the right (thereby directing one edge), any pattern is
transformed into a CPDAG.

Another downside of Verma and Pearl’s original rules that is remedied by Meek’s rules is
that the former are not local. This is important algorithmically because these rules have
to be applied repeatedly to the graph, thatis, to each undirected edge in it. Searching the
whole DAG for a directed path every time can become very inefficient compared to only
having to regard the two nodes incident to the respective edge and their neighbours, as
sufficient for Meek’s rules.

So far, we have approached the concept of a cPDAG, without giving a compact def-
inition. To this end, Andersson, Madigan, and Perlman [11] give a complete local char-
acterisation, which seems to be based on the characterisation of Markov equivalence by
Chickering [40] (3 in Theorem 2.2), but regards the converse of covered edges, which they
term protected: An edge X; — X; is protected if Pa; # Pa; \ {X;}.

Since every edge that is covered can be reversed immediately (by Chickering’s char-
acterisation), the compelled edges must be among the protected edges. Andersson et
al. first study the possible induced subgraphs containing a protected edge for paGs and
CPDAGS. In the next step, they analyse in which of these subgraphs v-structures or cycles
might be induced by flipping the edge. While v-structures can easily be taken account
of, since they are inherently local, it is rather surprising that Andersson et al. find a way
to characterise cycles locally as well. Their approach can be explained as follows. We as-
sume that there is an edge that is irreversible only because it blocks some directed cy-
cle (which thus would have to be identified), and show that it would then be detected as
non-reversible by local criteria, without having to consider directed paths p of arbitrary
length.

Consider an edge X — Y that is irreversible only because it blocks some directed
cycle. Because of the previous analysis (and because the edge is protected), Y must have a
parent Z that is not a parent of X. Andersson et al. regard the case that Z is the last node
on the path p from X to Y which would be closed to a cycle if the edge X — Y was flipped.
Since we assume that no v-structures prevent the reversibility of the edge, there has to
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be an edge Z — X because otherwise there would be a v-structure X — Y « Z which
would be destroyed by flipping X — Y. Now if the edge Z — X was directed towards X,
it would form a directed cycle with p, which is precluded in a DAG. It would thus have to
be directed as X — Z. This leaves us with a local cycle that is intercepted by X — Y.
Therefore, it is sufficient to regard induced subgraphs of this form, and not necessary to
search for cycles of arbitrary length blocked by X — Y.

The result of the analysis is the definition of induced subgraphs that render an edge
strongly protected:
Definition 8.
Anedge X — Yisstrongly protectedinagraph Gifitoccursinatleast one of the following
induced subgraphs of G (where W and Z are different nodes):

Y X Y X Y X/W\
N/ NS N/

Z

X

Y

In summary, we obtain the following cPDAG characterisation [11, Theorem 4.1]:

THEOREM 2.3 ([11], THEOREM 4.1.).
A graph is a CPDAG for some class of DAGs, if all of the following hold:

. Itisa chain graph.

. Every chain component is chordal.

. The configuration X — Y — Z does not occur as an induced subgraph.
. Everyedge X — Y is strongly protected.

A W N ~

Recall that a chain graph is a mixed graph without semi-directed cycle. Furthermore, as
defined above, the chain components are the connected components of the undirected
graph obtained by removing all the directed edges. It is necessary that these components
are chordal because it is not possible to direct a non-chordal cycle of length at least four
without producing either a directed cycle or a v-structure.

By construction, a CPDAG represents a class of Markov equivalent DAGs. Given a CPDAG
G, we will denote this class by MEC(G).

FROM DAGS TO CPDAGS
Theorem 2.3 also entails a polynomial time algorithm for constructing cpDAGs, which
however has an asymptotic running time of O(n°®) for graphs with n nodes. Given a DAG
one can construct the cPDAG that represents the DAG’s Markov equivalence class as fol-
lows: As long as there is a change in the graph, check all directed edges in the graph and
convert every edge that is not strongly protected into a undirected one. [11, Section 5]
Another possibility with the same asymptotic running time to construct this CPDAG
is to convert all edges that are not part of v-structures into undirected edges and then
apply Meek’s rules as long as possible.
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FROM CPDAGS TO DAGS

The reverse process is described by the consistent extension of a CPDAG, or, in general,
any partially directed graph. This is defined in two steps as follows:

Definition 9.

An orientation G is obtained from a partially directed graph G by substituting all the undi-
rected edges with directed ones. Then G is said to extend G.

Definition 10.

A (consistent) extension of a partially directed acyclic graph P is a DAG D that extends P
and and contains exactly the same v-structures as P. The latter claim is also referred to
as morality. That is, a consistent extension is a moral extension, and the resulting DAG D
is moral.(Of course, being a DAG, it must also be acyclic.) If such an extension exists, we
call P extendable, otherwise non-extendable. We will denote the set of DAGs that extend
a partially directed graph G by EXT(G).

THEOREM 2.4.
The set of consistent extensions of a CPDAG G is exactly the Markov equivalence class represented by
G, thatis EXT(G) = MEC(G).

An algorithm for deciding if a DAG has a consistent extension has been given by Dor and
Tarsi [79]. The authors claim that it runs in time O(»*) but do not explain how this can
be achieved. Chickering [43, Page 454f] analyses the computational complexity obtains a
“a very loose upper bound” of O(|V|d2,,,. + |Eld,,..k*), for a partially directed graph G =
(V, E) with amaximal node degree d, ., so an implementation in time O(n*) is possible
[308]. The function is implemented in cextend in the R package bnlearn. A version
for exhaustive enumeration of these DAGs is given in the function pdag2allDags in the
pcalg. Wiendbst, Bannach, and Liskiewicz [308] propose a faster extension algorithm

that runs in time O(n?).

COMBINATORIAL PROPERTIES OF EQUIVALENCE CLASSES

Chickering [43] emphasises the gain in computational efficiency when searching over the
space of equivalence classes instead of the space of DAGs in score-based causal structure
learning algorithms (see Section 3.5.2). A natural question is: By which factor? This can be
answered by counting the (average) number of DAGs in an equivalence class. This is also
relevantin causal inference methods that aggregate over Markov equivalence classes, e. g.
IDA [172], where the feasibility depends directly on the size of the classes. On top of that,
there are methods that rely on the sizes of Markov equivalence classes in their decisions,
for example metrics that determine the best target for a systematic intervention, in order
to learn causal structures more precisely than would be possible with observational data
only [124, 123, 111].

In 2002, Gillispie and Perlman [112] computed the average size of Markov equivalence
classes for DAGs with up to n = 10 nodes, obtaining a value of about 3.7. (The number of
nodes considered might sound a bit meagre, but note that for n = 10 there are already
1118902054495975141 classes over which to average.) Wienobst, Bannach, and Liskiewicz
[309] gave the first polynomial time algorithm to count the number of elements of Markov
equivalence classes. To be precise, they provide algorithms to count [EXT(G)|and sample
from ExT(G) for graph G. If G is a cPDAG.This yields the size of the equivalence class that
G represents.
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Similar counting problems concern for example the size of Markov equivalence classes
[125] or, given a skeleton, the number of Markov equivalence classes by size or number of
immoralities are [217].

2.4.3
CLASSIFICATION AND TYPES OF GRAPHICAL MODELS.

Although we generally model causal relationships as DAGs in this thesis, we have also seen
some other graphical models so far: cppaG, which represent sets of Markov equivalent
DAGSs and chain graphs, which generalise cPDAGs and can, for instance, represent subsets
of Markov equivalence classes. All these graphs are partially directed graphs.

MIXED GRAPH MODELS

When considering latent confounders, i. e. variables that are not observable and thus not
included in the data, usually mixed graphs are used to model the relationships between
the variables. These do not only comprise directed and undirected edges but also bidi-
rected edges, which represent the influence of a latent confounder that influences the
two incident nodes (see the paragraph on causal sufficiency in Section ??).

Ancestral graphs are mixed graphs that fulfil certain criteria, regarding, for exam-
ple, acyclicity, designed to represent causality with confounding, that come with a gener-
alised type of d-separation, called m-separation. A common subtype of ancestral graphs
are maximally ancestral graphs (MAGs) [222]. Equivalence classes of MAGs can be repre-
sented by partially ancestral graps (PAGS) [316].

A good short overview and introduction to related graphical models, in particular
ancestral graphs, can be found in [293].

Allthe causal structures described so far are a subtypes of Bayesian Networks. In a Bayesian
Network which consists of a graph G and an probability distribution P, G describes how
the distribution factorises (as in Equation (3.4)) and represents the independences in P
(which we also saw in Section 2.3) [158]. The only difference in causal models is that we
attribute a causal, meaning to the directed edges — they do not only describe a probabilis-
tic connection. The undirected edges represent uncertainty, ambiguity or indifference
about the edge direction.

Bayesian Networks can also be used for non-causal graphical models, but in this case,
there are also undirected approaches, which will be briefly described in the next para-
graph.

UNDIRECTED GRAPHICAL MODELS

The most prevalent group of undirected models are Markov random fields, including their
various subtypes, such as the Gibbs random field and the Ising model [145, 121]. These
models can be regarded as the predecessors of directed models [304]. As the name in-
dicates, also in Markov random fields special versions of the Markov property hold: The
pairwise Markov property — non-adjacent variables are conditionally independent —, the
local Markov property — a variable is conditionally independent of all other variables given
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its neighbours —, and the global Markov property — any two subsets of variables are con-
ditionally independent given a separating subset. Depending on the subtype of model
that is regarded, these properties might or might not be equal.

In Gaussian models, the covariance matrix measures the marginal dependence of the
variables, i. e., the dependence without conditioning on any of the other variables. The
inverse of the covariance matrix then describes the dependences conditioned on the set
of all other variables. An undirected graphical model can be obtained by connecting each
pair of nodes by an edge that have a non-zero entry in the inverse covariance matrix (and
setting the edge weight to the value of this entry.)

Detailed introductions can be found for example in the books by Lauritzen [163], Ed-
wards [85], Koller and Friedman [158] and Cox and Wermuth [59].

2.5
STRUCTURAL CAUSAL MODELS

The graphical models that we have considered so far have been structural models only,
which represented the relationship of the variables in the observed distribution, but dis-
regarded the processes that give rise to it. Structural causal models (scMs) are more
involved in that they also describe these generative processes. They are not types of graphs
in essence, but closely related to graphical representations as we will see. As they also
entail a defined distribution, they constitute an elegant, straightforward and intuitive
way to establish the connection between graph structure and statistics. In this section,
I will introduce scMs and their main properties, roughly following Peters, Janzing, and
Scholkopf [214].

The foundations of Structural Causal Models were laid by Sewell Wright in studies
on the heredity of fur colours in guinea pigs (see the Introduction.) Although they have
been used in particular fields, for example in economics [118] and the social sciences [81]
since then, it was first in the 1980’s that computer scientists and philosophers made these
models popular in their quest to establish causality as a field of science.

An scMm describes the functional relationships between a set of variables, which con-
stitute the nodes in the corresponding graph. However, in accordance with the causal in-
terpretation, the relationships are not symmetrical. Hence, one should rather talk about
assignments than equations. This is emphasised by the symbol < instead of = as in the
following definition.

Definition 11.

A structural causal model for a set of variables 4/ consists of assignments for all nodes in
X; € V which are dependent on some other nodes, namely the parents Pa; of node X; and
noise:

X; < fi(Pa &) (2.8)
Here, the noise terms ¢; reflect exogenous influence on the variables, which, due to the
assumption of causal sufficiency, are mutually independent. We also assume the assign-
ments to be acyclic. Therefore, there is a variable ordering X;, X,, ..., X,,, called the topo-

logical ordering of the variables, such that X; only depends on (a subset of) X, ..., X;_;,
foralli € {1,...n};thatis, Pa; C {X,,X,, ..., X;_;}.
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Important subtypes of sScMs are obtained when the assignments are restricted to a
certain form. In additive noise models (ANMs), the assignments are of the form

Xi «— f;(P(ll) + gl"
in causal additive models (cams) of the form

X« Y fi(¥) +eg;

YEPlli

in linear Gaussian models, that we mainly regard in this thesis, they have the form:

X, — > Bi-Yi+e, 2.9)
YiePa;={Y,,Y,, ..., i}

with Gaussian noise terms ¢;.

Pearl [200] remarks that this way of modelling processes of nature corresponds to the
Laplacian concept of probability, in which randomness amounts to the effects of pro-
cesses that are not understood, modelled or resolved (as opposed to, for example, modern
quantum mechanics).

ScMs can be visualised as graphs with the nodes of nodes ¥ = {X,,X,, ..., X,,} and,
for each node X;, a directed edge from each parent in Pg; to X;. An example is given in
Figure 2.3. Since we assume the assignments to be acyclic, this graph will always be a
DAG, with the topological ordering given in the definition of an scm. However, Bongers
et al. [22] recently regarded more general scms, which involve some inconvenient prop-
erties: For instance, they do not always have a solution and do not always entail unique
distributions.

ScMs describe the generating processes of a distribution over these variables, a dis-
tribution that we would observe in experiments. In fact, an scM uniquely defines such a
distribution, which we will call the entailed distribution. This is the distribution of sam-
ples generated from the scM in the following way, called ancestral sampling: First, the
noise terms are sampled from their (predefined) distribution. Because of the acyclicity
of the model, we can now proceed through the variables in their topological ordering and
compute their values according to the assignments, as all noise terms and all their pre-
decessors will have been evaluated beforehand.

X <& X,
X, = pX;+ ¢ / \
X, « X+ 06X, + & X, — X

Figure 2.3: A simple linear SCM.

Now, the crucial finding is that the graph and the distribution entailed by an scm are
compatible: They are Markovian to each other.

THEOREM 2.5 ([201, 296]).
Let P be the probability distribution entailed by an scMm with the graph G. Then P is Markovian to G.
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Finally, scms not only unite graphs and distributions, they also express causation
in a very intuitive way. In fact, the parents of a variable in an scMm are its direct causes. In
linear scMs, the coefficients of the parents describe the strength of the direct causal effect
from the parent on the child. Based on this, we can carry on to don causal inference, and
estimate total causal effects. This will be outlined in the next Section.

2.5.1
OUTLOOK: CAUSAL INFERENCE IN STRUCTURAL CAUSAL MODELS

While the consolidation of graphs and distributions in scMs is convenient, their real
merit is to represent causality, not only properties of observed distributions.’ In fact,
scMs are one of the two main approaches to causality, besides the potential-outcome frame-
work [229, 134, 226].

Because of this, they allow us to do inference on all levels of Pearl’s metaphoric ladder
of causation [206]. Itis obvious that we can describe associations in a system asitis based
on the assignments (rung 1). But we can also make predictions about the how the system
would react to interventions (rung 2). I will briefly describe how even counterfactuals,
which are located on rung 3, can be modelled with scMs.

INTERVENTIONS

In science, we are not only interested in describing systems, but we want to understand
them. This often means to know how the system would react to a certain intervention.
For example in medicine, we are not content when we now that a certain disease is asso-
ciated with, say, an increased cholesterol level. We want to find out that if we lower the
cholesterol level, the disease abates. (One could also say, we are interested in causality not
association.) The same holds for chemistry, physics, economy, and other disciplines — we
want to learn how we can interact with systems in order to employ them to our benefit.
Apart from science, causal queries are typical in marketing, legal liability cases, policy
making, as well as probabilistic expert systems. [158, 263].

Interventions to the mechanism that govern a regarded system can easily be mod-
elled when just these mechanism constitute the model: In an scM, interventions to single
variables are modelled by replacing the original assignment for this variable with a new
assignment that describes the mechanism by which the variable should be generated in
the new system. This might even involve the set of parents of the variable, i. e. the graph,
to change (otherwise, the intervention is said to be imperfect). To guarantee that the re-
sult of an intervention in an scM is itself a proper scMm, the new graph needs to be acyclic.
In addition, the error terms of all the assignments, changed or not, must be mutually
independent. A very common way of intervening in a system is to set some variable to
a fixed value - this is called an atomic or ideal intervention, as opposed to a stochastic inter-
vention. For example, in a randomised controlled trial the different groups might receive
different amounts of a drug, that is to say the variable dose would be set to different val-
ues. When considering proteins, one can model a mutation as setting some position to
a certain amino acid. In the popular grass sprinkler example, where the season effects
whether the grass sprinkler is turned on, which in turn effects whether the grass is wet,

>This fact is sometimes disregarded in the literature; see the Discussion in [200, Chapter 5].
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an intervention could be to turn the sprinkler on. Such an intervention would supersede
all the mechanism that would otherwise control the state of the grass sprinkler. In terms
of the graph, all ingoing edges would be removed [262], or, more generally, replaced by a
new set of parents.

In particular atomic interventions can be expressed mathematically with the so-called
do-operator [200]. For example, turning the grass sprinkler on (an intervention) can be
written as do(S = 1), where S is the variable that describes the state of the sprinkler.
This is fundamentally different from seeing that the grass sprinkler is on S = 1because
the latter admits conclusions about the variables that are causes for S. For example if we
also consider the variable W which describes whether it is winter, P(W = 1| S = 1) is
certainly very small, while P(W =1 | do(S = 1)) is equal to P(W = 1) because turning
the grass sprinkler on does not have an effect on the season.

After the intervention, the new scm thus generally has a different graph. It also en-
tails a new distribution, the so-called interventional distribution, which represents the re-
sults of a theoretical experiment. Since the resulting model still is a valid scm, we can
easily determine its graph and distribution as described above.

In particular, causal effects are defined using interventions. There is a total causal
effect of a variable X on a variable Y if and only if X and Y are not independent in the in-
terventional distribution that arises when an atomic intervention is made on variable X.
This in turn is equivalent to the existence of two values x" and x” which, when X is set to
either of them via intervention, yield different distributions for Y. While in general the
size of the total causal effect depends on the intervention that is performed, it does not
in the Gaussian case. Instead, in this case it is defined as the expected change in Y when
X isincreased by 1, that is,

E(Y|do(X =x+1)) — E(Y|do(X = x)). (2.10)

The classical method to calculate probabilities that include interventions like do(X = x)
is the do-calculus or intervention calculus by Pearl [200]. The crucial observation for this is
that, as we have seen, an intervention at a variable X eliminates all the previous causes
of X.

COUNTERFACTUALS
While interventional distributions answer questions of the type “What if I ...?”, counter-
factual questions ask about what would have been. ..”. The difference is that the question

concerns a particular instantiation of the general system described by the scm, which has
already been observed. Peters, Janzing, and Scholkopf [214] give the example of a game of
poker. The rules of the game define the links of the scm, but the cards dealt to the players
and the flop — the community pool in the middle of the table — define the instantiation of
the game or, in statistical terms, the noise distribution. In poker, a player can, instead of
raising his bet, drop out (“fold”) at various stages with different amounts of knowledge
about their cards and thus, chances. Now, they might wonder after having gained more
information, for example after having seen the flop: “What would my chances be now if I
had not folded?”

Formally, this amounts to retrieving information about the noise distributions (by
conditioning), and then performing an intervention to change ones previous behaviour.
This can also be seen as an intervention in a new, counterfactual scM; it results in yet a
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different, counterfactual distribution, which can be used to answer the counterfactual
question. A good introductory example with discrete variables is given in [214, Example
6.18].

Although not a topic of this thesis, being able to model interventions and evaluate coun-
terfactual questions is the main motivation for research with causal methods. It is dis-
cussed extensively, for example, in [201]. Since a possibility to evaluate basic interven-
tional distributions is given by Pearl’s intervention calculus, recent research has focused
on more involved cases, for instance in the presence of unobserved and thus unalterable
variables. Methods that can be used in such cases include covariate adjustment [210] in
DAGS, CPDAGS, MAGSs and PAGs, and instrumental variables in scMs [70, 71]. If the true
DAG is not known, a method called “intervention-calculus when the DAG is absent” (IDA)
can be used. This method will be described and applied in Section 6.2.2.
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3

CAUSAL STRUCTURE LEARNING

In the previous chapter, it was discussed how probability distributions, and in particular
their entailed conditional independences, can be modelled by graphs. We have also seen
structural causal models (scMs) which describe the structural relationships of a set of
variables and thus entail a graph between them. (In the following, the more general term
graph is used interchangeably for causal structure.) Furthermore, scMs explicitly repre-
sent the pertaining generative processes, so that they can naturally express all types of
causality, including interventions and counterfactual statements.

This chapter, like the rest of the thesis, is concerned with the first phase of empirical
causal research — learning the model, the scMm, from given data. This is not only neces-
sary for subsequent causal inference, but especially the causal structure, which expresses
the causal relationships in a very intuitive way, can be useful per se in many applications.
Causal structure learning is also the crucial step in the determination of the model; esti-
mating the parameters to recover the full functional form of the model is generally com-
paratively easy.

Unfortunately, it is in general not possible to learn the true graph. Instead, there
are classes of graphs that are indistinguishable given data, so-called Markov equivalence
classes. In the case of DAGs, such a Markov equivalence class can be represented by a so-
called cpDAG. Our aim is thus to learn a CPDAG, or more generally a partially directed
graph, a PDG.

All steps of the causal structure learning process are described in this chapter. First,
I will formally define the setting in Section 3.1. This is complemented by an overview
of the assumptions that we make about the setting in Section 3.2 — assumptions that
are frequently made, but seldom discussed or questioned. Before we start to learn the
structure of the model, in Section 3.3 we first consider how we can learn its parameters
when we already know the structure. Then we tackle the more difficult problem of learning
the structure. The complexity of this problem is examined in Section 3.4, followed by a
description of different algorithms that can solve it, in part heuristically, in Section 3.5.
Finally, Section 3.6 describes how the learned graphs can be compared and evaluated,
which will be one of the main topics of the next chapter.
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3.1
PROBLEM DEFINITION

In this thesis we assume that we are given a data set in the form of a matrix with s obser-
vations for n variables. Contrary to some specific studies described in Section 3.5.4), we
assume that there are no missing values in the data.

We often consider high-dimensional settings, in which the number of variables » is
(much) larger than the number of observations in the data. For example, Kalisch and
Bithlmann [148] assume that the number of variables can increase exponentially with a
linear increase in the number of observations.

To avoid confusion, note that our notation for the sample size and the number of
variables — that is, nodes in the structural model - is inspired by graph theory, where n
typically stands for the number of nodes. Authors that are more affiliated with statistics,
where n usually refers to the sample size, rather denote the number of variables by p and
use n for the sample size. In statistics, high-dimensional settings are sometimes referred
to in terms of the “large p, small n” paradigm [306, 242].

The data values can be of arbitrary type, discrete (ordered or categorical) or contin-
uous. In this thesis, we are usually concerned with continuous data, although it might
be more convenient to regard discrete, sometimes binary variables in examples. Many
causal structure learning algorithms are general with respect to the type of input data,
but sometimes, including in the pc algorithm, all variables are required to have the same
distribution. In constraint-based methods, the interface between the data and the algo-
rithm is constituted by the conditional independence test, which must be chosen appro-
priate to the data. In score-based methods, a scoring function evaluates the fit of graph
and data; the type of data must thus be taken into account in the design of this function.

The result of a causal structure learning algorithm is a representation of the inferred
causal relationships between the variables given in terms of a graph. Because not all
causal graphs can be distinguished on the basis of observational data, such a graph usu-
ally represents a class of causal structures, in this thesis, a class of DAGs. A class of in-
distinguishable DAGs can be represented by a so-called cPDAG. Since in practice, it is
necessary to take errors into account, we will relax the claim of learning a cPDAG, and
do not assume the output to be acyclic. On top of that, we will allow an additional type
of edges in the output graph, referred to as conflict edges (see Algorithm 1 below). These
convey information about errors that were detected during the computation. As detailed
in Section 5.2.1, conflict edges do not only make these errors explicit, but also allow han-
dling them in a rational way.

Sometimes the true underlying graph is known, for example when the data were ex-
plicitly generated from a DAG by ancestral sampling (see Section 2.5). We then refer to it
as the true graph or true DAG . The graph output by the learning algorithm is then termed
the estimated or learned graph or DAG .

Conceptually, conflict edges represent edges whose direction could not be established,
similar to undirected edges. However, unlike the latter, conflict edges have been found
to necessarily (not potentially) be directed in both the one and the other direction — a con-
tradiction. In this thesis, we will graphically represent conflict edges like this: <.

Formally, the problem of causal structure learning is a “model learning” problem [158].
[tis customary to view learning as an optimisation problem: The hypothesis space is in this
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case constituted by the candidate models, and can be equipped with an objective function
to measure a model’s quality.

As discussed in [158, Section 16.2], it is not self-evident how such an objective func-
tion should be chosen. The best model might for example be the one that entails a proba-
bility distribution closest to the observed distribution in the data. One could also define
a specific probability that is of certain interest in the application, and try to reproduce
this probability as well as possible. With due regard to indistinguishability (confer Sec-
tion 2.4), it also makes sense to learn a class of models instead of a single best model.
If interventional data are available or can be obtained, it is possible to obtain a more
fine-tuned partition into Markov equivalence classes and thus more precise identifiabil-
ity. This is not pursued further here, but is investigated in the literature, e. g., [123, 314,
154, 252].

Another approach would be to learn a density function over all models rather than
only its optimum. Although this seems infeasible when considering the size of the space
of models (see Section 3.4), there are so called Bayesian model averaging methods that
pursue this approach. [158, Section 18.5].

However, when learning from limited data we face well-known problems in learning
theory, such as overfitting. If we do not restrict the model class, we might learn a model
that fits the training data perfectly, but does not capture its characteristic features. Inthe
structure learning case, this corresponds to learning a complete graph, which through its
high number of parameters is able to express more distributions than any other model.

The above considerations are closely connected to so-called score-based causal struc-
ture learning methods (see Section 3.5.2), in which a regulation or penalty term prevents
overfitting. In constraint-based methods, like the pc algorithm, overfitting is not an is-
sue. Instead, the sparsity of the model can and must be regulated by means of a hyper-
parameter. This is a parameter not of the model itself, but of the algorithm that learns it,
and it must be prespecified by the user. It is usually denoted by &, because it constitutes
the level of significance for the individual conditional independence tests.

3.2
ASSUMPTIONS

The main objective of this thesis is to evaluate and analyse the performance of the pc al-
gorithm in practice. To interpret the results and understand how errors come about, it
is important to keep in mind which assumptions are implicitly presumed in the pc algo-
rithm and other causal structure learning algorithms. The most important assumptions
are listed and briefly discussed in this section. Violations of some of the assumptions
listed here will be an issue for the analysis of errors occurring in the pc algorithm in Sec-
tion 5.2.

When considering all the assumptions, many of which are often only poorly justifi-
able in applications, one might think that methods with weaker assumptions are gener-
ally preferable. However, one should rather see the assumptions as a means to remedy
the underdetermination of the problem. Therefore, the weaker the assumptions, the less
fine-grained the model that can be identified and the more vage the predictions that can
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be made with it. This trade-off between assumptions and underdetermination is dis-
cussed for example by Eberhardt [82].

The assumption that is the very basis of our approach to causality is that the global
Markov property defined in Definition 3 holds. This assumption is referred to as the
causal Markov assumption. It follows immediately from our definition of scms, provided
the error terms are independent [223]. Whether it should be considered an assumption
or a principle inherent to causality is a philosophical question treated for example in [170,
263].

3.2.1
FAITHFULNESS

The global Markov property, the basic principle of correspondence between graphs and
probability distributions (see Definition 3), can be phrased as follows: What is indepen-
dent in the graph must also be independent in the data. In the context of causal structure
learning, we can think of this as “we cannot remove edges in the graph unless the data
suggest it”. Note that this is more important for being able to reproduce the data than
the inverse: If links are removed, there are dependences which we cannot express with
the graph; however if there are too many links, we can still set their strength to zero to
obtain an independence.

According to this argumentation, we could always just learn complete graphs because
they are Markovian to every distribution. But this would not give us any information
about the relationships of the variables. This is why we would like to claim the converse
of the Markov assumption as well, which is usually referred to as faithfulness (see Defini-
tion 5).

Faithfulness is a stronger assumption than the causal Markov assumption and one
can easily construct examples where it fails because two causal paths exactly cancel each
other (an analytical example is given in Section 2.3.2 on page 20).

A practical example about the (in)dependence of the contraceptive pill and the risk
for thrombosis [132] is often given in the literature to illustrate how two causal paths can
cancel each other (see Figure 3.1).

\7
B p
/s

T

Figure 3.1: Example for how causal paths might cancel, leading to unfaithfulness.

On the one hand, the pill increases the risk for thrombosis directly. On the other hand
it decreases the chance of becoming pregnant, which also would increase the risk for
thromboses. It thus also decreases the risk. If the direct effects B,y and § have precisely
the right strength, namely = 7y - J, this situation could lead to the variables contraceptive
pill and thrombosis being marginally independent although there exist two disjoint causal
paths between them.
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However, for each graph, there exist faithful distributions [185]. Moreover, the prob-
ability for cases of unfaithfulness to randomly occur is zero, or more formally, unfaithful
distributions are of measure zero, with respect to the Lebesgue measure [263, 185]. How-
ever, Meek remarks that this does not necessarily mean that unfaithfulness is not an issue
in causal structure learning. This issue is further discussed in the paragraph on errors du
to unfaithfulness in Section 5.2.

3.2.2
CAUSAL SUFFICIENCY

In this thesis, we assume that the available data cover all the relevant variables, that is
to say that there are no unobservable variables or latent confounders. This means that
every common cause of several of the variables that is not constant or irrelevant in the
population from which the sample is drawn is included in the data.

Formally, this is defined as follows: We require for causal sufficiency of a set of vari-
ables V for a population that if a variable Z is not in 7 and is a common cause of two or
more variables in 9 that the joint probability of all variables in ¥ be the same for each
value of Z that occurs in the population [263].

This assumption entails that the data can be seen as independent samples from the
distribution. Itis usually stated that the data are independent and identically distributed,
abbreviated asi.i.d.). Thisis a standard assumption in statistics, but it is nevertheless not
self-evident in practice.

Frot, Nandy, and Maathuis [102] remark that “causal sufficiency is unrealistic in most
applications”, meaning that often latent confounders, also termed unobserved or hidden
variables, do exist. Since they are not regarded, they are effectively marginalised out in
the observed distribution — exceptif theyact as a selection variable. Such variables deter-
mine whether an instance is included in the sample and thus are not marginalised out,
but conditioned on in the data [53].

The most typical example for an inference fallacy caused by selection bias is described
by Berkson’s paradox [18]. Berkson noticed that two diseases (for example, diabetes and
cholecystitis — an inflammation of the gallbladder) that are uncorrelated in the general
population can appear correlated if only hospital patients are considered. This can be
easily explained by what we know from Figure 2.1. Both diseases cause hospitalisation
(although not necessarily), so that the three variables form a v-structure. Albeit inde-
pendent unconditionally, the diseases thus become dependent when conditioning on the
collider, hospitalisation. Intuitively, the situation can be explained as follows: People do
not need to be taken to the hospital for either disease, but the few that suffer from both
are likely to need inpatient treatment.

To model hidden variables, the underlying structure must be generalised from a DAG
to a maximal ancestral graph (MAG) and the graphical criterion for independence from
d- to m-separation [222]. Furthermore, the class of Markov equivalent MAGs can in this
case be represented by a partial ancestral graph (pPAG) (replacing a CPDAG in the causally
sufficient case) [316]. Methods for learning such structures are briefly discussed in the
paragraph on more general settings in the end of Section 3.5.1.
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3.2.3
ACYCLICITY

Another assumption about the structure that we make here is acyclicity, meaning that we
assume the graph of the underlying scm to be a DAG. This as well is a debated assumption,
as discussed in Section 5.1.

Although it might seem unintuitive to allow cyclic causal dependences at first glance,
it is easy to find real-world-examples in which this is the case, with a typical economical
example being price level and demand [22]. Feedback loops are also common in biology,
as discussed further in Section 5.1. On top of that, even systems with an acyclic behaviour
at each point in time can exhibit cycles when approximated over time or regarded in their
equilibrium state [22].

For this reason, the properties of cyclic models, that are also known as non-recursive,
have been studied [205], in particular for scMs [202, 260, 96, 23, 22]. However, this is a
highly non-trivial endeavour. Solutions of such scMs then describe the equilibrium state
of the system, which does not necessarily exist. Therefore, such models no longer entail
aunique distribution. (Note that the process for sampling from the entailed distribution
considered in Section 2.5 took advantage of the topological ordering of the nodes, which
in the cyclic case does not exist.) Instead, there may be no or several consistent probability
distributions [120]. Also, marginalisation is not possible in general but tied to further
assumptions in cyclic models [22].

Although d-separation in principle is still useful in non-recursive models — as first
shown by [260] in the linear case, and then in general in [259, 159] — the different Markov
principles do not hold in general when cycles are allowed, even in linear models [260,
259]. In particular, the graph and distribution entailed by a scm are not always Markov
to one another.

Inthe meantime, Sprites’ results have been generalised and the notion of o-separation
has been put forward [96].

Basic terminology of scms with cycles can be found in [22, Appendix A.1 and A.2],
where also their properties are studied extensively.

3.2.4
GAUSSIANITY

It is a very frequent assumption in machine learning and data science that data have a
Gaussian (or normal) distribution. This assumption is often motivated by the central limit
theorem, which states that the sum of a set of independent and identical distributed vari-
ables has a Gaussian distribution. But despite the universality of this assumption, it is
often made for practical reasons rather than because of an analysis of the data.
Asindicated above, continuous data, which can be seen as discrete data with an arbi-
trarily many categories, are not tractable as such. One possibility to solve this problem is
to discretise the data, for example by binning it, but this always involves some amount of
discretisation error. Another option is to assume that the distribution has a certain pa-
rameterised functional form, for which Gaussianity is a natural choice. But there are also
learning-theoretical reasons to restrict distributions to certain classes: If the properties
of the distribution that is to be learned from data were unrestricted, the best fit would
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for the observed distribution would always be this distribution itself. In other words ex-
treme overfitting would be the result. By restricting the class of distributions that the
target distribution shall belong to, overfitting is avoided and instead a good fit is likely to
be due to successful learning. For a more thorough discussion of this bias-variance trade-
off, see [158, Chapter 16]. In scms, randomness is introduced via the noise terms such
that Gaussianity of the data is a result of Gaussian noise terms.

The assumption that the data are Gaussian is seldom discussed or justified in the
literature. It is often taken for granted that continuous variables have a Gaussian distri-
bution (see, e. g. [195]).

Inits predominant version, the pc algorithm is implemented with a test for vanishing
partial correlation and is thus based on the assumption that the data have a Gaussian
distribution. However, it has been adapted for the broader class of Gaussian copulas [122,
62, 63]. This is further discussed in the corresponding paragraph in Section ??.

There is an approach to structure learning that takes advantage of non-Gaussianity,
using linear non-Gaussian acyclic models (LiNGAMs, for short) [151, 245, 136]. Pearl [201, p.
64] gives an eidetic description of the principle of such methods as follows: “The idea is
thatinalinear model X — Y with non-Gaussian noise, variable Y is a linear combination
of two independent noise terms. As a consequence, P(Y) is a convolution of two non-
Gaussian distributions and would be, figuratively speaking, ‘more Gaussian’ than P(X).
The relation of ‘more Gaussian than’ can be given precise numerical measure and used to
infer directionality of certain arrows.”

More formally, if X, is generated as X, = BX; + ¢,, where the noise ¢, is independent
of X;, then a so-called backward model X; = 9X, + ¢, with independent noise (X, 1L &)
exists if and only if €, and X, are Gaussian. Otherwise the noise in the backward model
will not be independent of X, and thus it can be distinguished from the original model.
This renders also the structures X; — X, (correspondingto X, « BX; +¢,)and X, — X;
(corresponding to X; = X, + ¢;) distinguishable (see Peters, Janzing, and Scholkopf
[214], who also give a simple graphical example).

The LiNGAM method for to causal structure learning is very popular and has also been
generalised in different ways, including the case where latent confounders might exist
[137] and the non-linear setting [135].

3.2.5
LINEARITY

While the Gaussianity assumption is avoided in the concept of LiNnGaMs (however sub-
stituted by the inverse assumption of non-Gaussiantiy), linearity is fundamental basis.
This is also true for scMs, which are often regarded in their linear form, that is with linear
functions relating a variable to its parents. This yields and scm of the form (2.9) (usually
with Gaussian error terms).

Although this assumption might often be justified, there are plenty of examples for
exponential relationships between variables in nature. Furthermore, thresholding might
play a role when processes initiate other processes.

In the causal structure learning literature, relaxations of the linearity assumptions
are often combined with other generalisations, for example in [259, 188, 187, 95].
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3.2.6
SPARSITY

Contrary to all the above assumptions, the assumption that the true graph is sparse is a bit
vague and not used as a constraint in this thesis. It is, however, necessary to show that
the pc algorithm is asymptotically correct. Kalisch and Bithlmann [148] prove uniform
consistency of the pc algorithm assuming that the neighbourhoods in the true DAG are of
lower order than the sample size. However, in their empirical evaluation they use very low
values for the average neighbourhood size, namely 2 and 5, and refer to the latter as the
dense case. They find what we will see in many of the empirical analyses of this theses: The
results of the Pc algorithm are considerably better when the true graph has an expected
neighbourhood size of 2. No general assumptions about the sparsity of causal structures
are made in this thesis, but rather sparse models are considered in the empirical study.
Furthermore we should keep in mind that the Kalisch and Bithlmann’s characterisation
of the consistency of the Pc algorithm depends on the sparseness of the model. The same
holds for the algorithm’s computational tractability, as explained in the description of the
pc algorithm in Section 3.5.1.

Steck [267] remarks that in domains which require dense graphs, Bayesian networks
might not be the adequate model for two reasons. Firstly, a very dense network is usu-
ally not very informative. On top of that, the learning procedure is problematic and also
causal inference can be very inefficient or intractable in dense networks.

3.2.7
CORRECTNESS OF CONDITIONAL INDEPENDENCE TESTS

A common approach for causal discovery is to base the process solely on conditional inde-
pendence information retrieved from the data (see Section 3.5.1). To prove the soundness,
that is to say the correctness of such methods, it is often assumed that the conditional in-
dependence information in the data is perfect: No sampling errors occur and one can
completely trust results of the conditional independence test. The test can then be seen
as an oracle that provides conditional independence information. The setting is thus re-
ferred to as the oracle model. If it is further assumed that the distribution is Marko-
vian and faithful to some known true DAG, the independence oracle can be implemented
through d-separation in the this DAG.

Being given a conditional independence oracle is the only assumption that we usually
do not make in this thesis; however, when we consider the soundness of an algorithm, the
oracle model is usually implied.

METHODS WITH VERY WEAK ASSUMPTIONS

If one presupposes neither causal sufficiency nor acyclicity, many useful properties of

scMs are lost. Bongers et al. [22] have considered the properties of such general SCMs.

They generalise notions like d-separation and the Markov and faithfulness condition.
There are also some relatively recent algorithms for learning cyclic structures in the

presence of latent confounders, including other relaxations of the above assumptions,

e. g.,[95,269]. See also the paragraph on more general settings in the end of Section 3.5.1.
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SETTING IN THIS THESIS

We make all the above assumptions — except the oracle model — in this thesis. The valid-
ity of the assumptions will be discussed in Section 5.2. Especially faithfulness is a very
strong assumption, but it is necessary to ensure that the algorithm cannot be mislead by
spurious independences that are not reflected in the graph structure. It thus renders the
Markov equivalence class of the true graph identifiable.

However, as mentioned before, we cannot learn a single true graph from observa-
tional data alone since it is indistinguishable from all other pDAGs in its Markov equiva-
lence class. This is summarised in the following theorem, which can also be found in [214,
Lemma 7.2].

THEOREM 3.1.

Let P be a distribution that is Markovian and faithful to a DAG G*. Then for every graph G thatisin
the Markov equivalence class of G* there exists an SCM that entails P. Moreover, there is no graph
G' that is not Markov equivalent to G* such that P is Markovian and faithful to G'.

3.3
LEARNING THE PARAMETERS

Having defined the problem and assumptions, we are now ready to actually learn the
model. Essentially, we want to learn an scM as defined in Definition 11. In practice, it
makes sense to first learn the graph that describes the parent-relations in the scm (like in
Figure 2.3).Then, what is missing are the actual functions f; in Equation (2.8). However,
a certain functional form of the scm that is to be learned is usually assumed, and thus
only the parameters of this function remain to be determined. In linear (Gaussian) mod-
els, for example, values for the parameters B;; (see Equation (2.9)) need to be estimated.
These are usually seen as the edge weights of the graph structure and referred to as such
throughout this thesis.

Although we will be mostly concerned with learning the structure of the causal model
in this thesis, it is also necessary to learn its parameters for the estimation of effects, but
also for the interpretation of the model itself.

Learning of the parameters is a model fitting problem, where the model class is given
by the structure. Usually, the fitting is done using maximum likelihood estimation. Inthe
following, I will give a very basic introduction to model fitting and maximum likelihood
estimation that the experienced reader might wish to skip. On the other hand, a detailed
introduction is given in [158, Section 17.1-17.2].

3.3.1
AN INTRODUCTION TO MAXIMUM LIKELIHOOD ESTIMATION AND BAYESIAN
REASONING

Many models are general and have a number of parameters with which they can be cal-
ibrated for a particular set of data. This process is referred to as fitting the model to the
data.
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For example, let us assume we have a data set of lengths and durations of some-
body’s jogging tours. Intuitively, one would assume that the duration increases with tour
length, and this relationship can be assumed to be linear, if we disregard the eftects of,
for example, fatigue, terrain and traffic. This assumption — that the relationship is linear
— constitutes a simple model.

We can interpret this as an scM with two variables X; and X,, where X; is the length of
the tour and X, is the duration of the run. Then we can use the assignment X, « v-X, +¢,
for some noise function ¢, .

This model has one parameter v (apart from the noise): the slope of the linear function
that describes the duration in terms of tour length, i. e. the mean running speed. (As
opposed to other linear models, there is no offset as a second parameter in our model
since a route of length zero will correspond to a duration of zero.)

If we are given data for different athletes, the model would likely hold equally well
for all of them. But because of people’s different athleticism, the slope would probably
be different for each person: We would need information about this particular person’s
running speed in order to obtain a complete, parameterised, model. It suggests itself to
gather this information in terms of a data set of this person’s latest running tours along
with their durations. We could then estimate the missing value in the model, the param-
eter v, from these data. That is what we do when we fit a model.

An important concept in model fitting is the maximum likelihood. It is a way to
approximate the so-called posterior, the probability that a chosen (parameterised sub-)
model is true given the data. Intuitively, it makes sense to maximise the posterior proba-
bility. We would like to choose values of the parameters (a parameterisation) such that the
probability that this is the parameterisation that produced the data is maximised given
the data that we obtained. If we could compute this probability for all parameterisations
of the model, we could simply choose the most probable parameters for the model.

Unfortunately, the posterior probability is not generally computable. What we can
compute, however, is the probability that the given data are generated from a model with
a particular parameterisation. For example, let us fix a certain route in our running ex-
ample and record the time that an athlete needs for this route. Now we could assume that
this time is normally distributed: The athlete usually runs at a certain speed and might
be slightly faster or slower, depending on daily form and other circumstances, but large
deviations are increasingly improbable. This would correspond to a Gaussian model in
which the time is described by a normal distribution whose mean depends on the athlete’s
personal speed and that has a standard deviation describing how severe the variations in
speed are for this particular person. Both parameters, the mean and the standard devi-
ation, would then need to be determined (fitted) for each athlete that we have data for to
complete a model for that person. As described above, we would now like to compute the
probability that the true model has a certain mean y, say thirty minutes, and standard de-
viation o, say two minutes, if we are given some specific data. It is unclear how we could
compute this probability. If we, on the other hand, choose a ; and a o, we can use the
distribution’s probability density function to calculate the probability to obtain the given
sample, the above mentioned likelihood, which we want to use as an approximation.
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3 CAUSAL STRUCTURE LEARNING

To explain why this works, we need the equation known as Bayes’ theorem, which
stats that, for two random variables M and D

P(D|M)-P(M)
P(D) ’

P(M|D) =

This amounts to swapping the event whose probability is to be computed with the condi-
tion, with an appropriate correction based on the marginal probabilities of the event and
the condition.

Now we can think of the event D as obtaining the given data and the event M as the
model (with certain fixed parameters) being true. Then we see that the posterior, that we
want to compute, is the term on the left, and what we can compute, the likelihood, is one
of the terms on the right. To be precise, the probability of obtaining the data given the
model is equal to the probability of the model being true given the data, multiplied by the
so-called prior probability of the model and divided by the (prior) probability of the data.
Since the latter term is constant for all parameterisations that we might consider, it just
constitutes a scaling factor and can be disregarded when the aim is to find the maximum
of the term. Now, if also the prior probability of the model is uniform, that is to say equal
for all models, then the model that maximises P(D | M) will also maximise P(M | D).

Under the assumption of a uniform prior, it is sensible to choose the model with the
highest likelihood P(D | M). This procedure is called maximum likelihood fitting, and is
a special case of Bayesian statistics.

In summary, our task is now to compute the likelihood of a parameterised model and,
moreover, to find the maximum of this likelihood over all possible values of the param-
eters. These possible values are given in terms of the parameter space, which is typically
infinite. This maximisation is called maximum likelihood estimation, and is highly de-
pendent on the type of model, that is to say the model family.

Given a model family, one needs to obtain the pertaining likelihood function. The like-
lihood function can be derived from the probability density function by interchanging
parameters and argument: The probability density function describes the probability of
an event given certain parameter values. The likelihood function £, on the other hand,
describes the “likelihood” of certain parameter values given the events (or data). Both are
computed in the same way: The likelihood of a set of parameter values © can be derived
from a set of data D as the probability for these data under the parameter values [158,
Page 721]:

L(®]|D) =P(O|D).

In a maximum likelihood estimation, we want to find the value for which the like-
lihood function is maximal. Since the logarithm function is monotonically increasing,
taking the (natural) logarithm does not affect the maximum (but simplifies the compu-
tation).

Thus the values for the parameters that we want to estimate, ©, are chosen as:

~

O =arg maxg L(O) = arg maxg log(L(©)) = arg maxg LL(O),

where LL denotes the log-likelihood function.
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3.3.2
MAXIMUM LIKELIHOOD ESTIMATION OF THE PARAMETERS OF AN SCM

As mentioned above, given the causal structure it remains to determine the parameters
of the functional relations of the variables dependent on their parents. For linear models,
these parameters can be thought of as the edge weights of the structure.

For Bayesian networks and under the assumption of causal sufficiency, the likelihood
(and thus the log likelihood) conveniently decomposes [256]. This means that it can be ex-
pressed as a product of separate terms for the individual variables and further, since the
samples are assumed to independently drawn, into an individual term for each sample:

n N
L(O) = 1_[ n Pg(x] | Pa; = pal),
i=1 j=1
where Pg denotes the probability (density) function instantiated with the parameters ©,
x] is the value of the variable X; in the j-th sample, and pa’ are the values of the parents of X;
in this sample. Note that, as we saw above, the likelihood of the parameters is computed
as the probability of the observed data that the model yields when it is parameterised
with these parameters.

Owing to the decomposability the problem reduces to the computation of the param-
eters — in our case, weights — of the ingoing edges for each variable X;, for which we only
need to regard X; and its parents Pa;.

The form of the function P obviously depends on the assumptions made in the model.
For discrete data, multinomial models are usually used, but the decomposition holds also
for discrete density functions as, for example in the Gaussian case. The analytical deriva-
tion of the maximum of the likelihood function varies depending on the type of model,
but closed forms exist for the mentioned model types and others [31].

Often, maximum likelihood estimation is a sufficient tool for the estimation of the
parameters. Itis, however, an inherent property of maximum likelihood estimation that
the a priori probabilities of all parameter values are assumed to be equal. On top of that,
varying confidences in the estimated values, depending on the size of the sample, cannot
be represented. Small sample sizes can also cause problems when probabilities are unde-
fined (compare Section 2.1.2) or imprecise, which can lead to overfitting. There are more
sophisticated, often Bayesian, methods for parameter estimation that overcome these
and other limitations [32, 255]. In particular, the well-known expectation maximisation
algorithm for settings with incomplete data should be mentioned [76]. A good general
introduction to the topic is given by [31] and [126].

3.4
COMPLEXITY OF THE PROBLEM

Let us now turn to the core of the problem of learning a causal model, namely learning
its structure. As indicated above, this problems is more difficult than the parameters
learning problem. The nature of this complexity is regarded in this section.

One can get an impression of the difficulty of the problem of learning a DAG by analysing
the size of the search space [267,195]. Some bounds on the number of DAGs with n nodes,
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foncs (1)), can be easily obtained. Given n nodes, 2(2) different DAGs can be constructed by
considering all possible combinations of edges and directing them according to an arbi-
trary topological ordering of the nodes afterwards to obtain a DAG. This gives us a lower
bound for f, ... This bound is not tight as there may be several ways of directing the edges
without creating directed cycles. On the other hand, the number of proper DAGs cannot

exceed the number of directed graphs 3() because each pair of nodes can be connected
by an edge in one or the other direction, or not at all. Since not all directed graphs are
acyclic, also this bound is not tight. The exact number of DAGs with n nodes can be recur-
sively computed as follows [225, 224]:

G AV
fDAGs(n) = ;(_1) +1(i>2( ) ‘fDAGS(Vl —1) forn>2

fDAGS(O) = ]'
fDAGS(l) = 1'

This function increases super-exponentially. There are 4175098976430598143 different DAGs
for n = 10. Furthermore, f,, . (40) is of the order 10%7¢ [251], far more than the estimated
108 atoms in the universe [84].

This, in addition to the “involved” constraints and objectives that causal structure
learning involves, renders it a “difficult” problem. To properly characterise the compu-
tational complexity of the problem, I will first briefly introduce some complexity theory
basics (see also the “classical” book by Garey and Johnson [106]).

In complexity theory, problems are classified according to their tractability. An im-
portant class is P, which contains all problems that can be solved in polynomial time (on
a deterministic machine), i. e., for which there exists an algorithm with a running time
that is asymptotically bounded by a polynomial. The time complexity is then said to be in
O(n*) for a constant k. An important question — in fact, one of the millennium problems
endowed with one million dollars by the Clay Mathematics Institute — is the question
whether the amendment “on a deterministic machine” really makes a difference. Other-
wise, the class P would coincide with the more generally defined class NP, which allows
non-determinism. One can think of non-determinism as guessing the right answer. For
a problem to be in NP, however, this answer must be verifiable in polynomial time.

Typical graph problems in p are: finding a shortest path between two nodes® or find-
ing a minimal spanning tree, that is, a connected undirected acyclic subgraph’ with min-
imal edge weight which covers all the nodes. Such problems are usually thought of as
feasible.

A relation between problems is given by reduction [290, 216]. If a problem A can be
reduced to a problem B, this means that A can be solved with a subroutine that solves B.
Then A is not “harder” to solve than B. Certain types of reductions are used to define the
hierarchy of complexity classes. In this sense, NP hard problems are those that are at least
as hard to solve then all other problems in Np. The so-called Np-complete problems are
the problems that are NP-hard and also contained in Np, and thus solvable by a hypotheti-
cal nondeterministic machine in polynomial time. Np-complete problems are in practice

¢ Actually, complexity classes contain decision problems like “is there a shortest path of length I”. We will
ignore this technical detail here and refer to the corresponding search problems instead.

" Naturally, in this case the subgraph does not need to be induced, but consist of an arbitrary subset of the
edges.
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hard to solve (also characterised as infeasible), but it is often possible to solve small in-
stances or find approximate or heuristic solutions. One can also regard sub-problems
that are easier to solve or instances with certain properties. A prototypical NP-complete
problem is sAT, determining a satisfying assignment for a Boolean formula. There are
also many famous Np-complete graph problems, including the travelling salesman prob-
lem that is about finding a cycle in a graph which passes all nodes and has minimum
weight; or the feedback arc set problem, in which the aim is to determine the minimal
number of edges (a so-called feedback arc set) that must be removed from a directed
graph so that it becomes acyclic [153].

Ithad been known that certain sub-problems for learning Bayesian Networks in spe-
cific settings or by certain strategies are NP-hard [133, 26, 41, 66, 183] even before Chick-
ering, Heckerman, and Meek [46] proved this for a more general setting by a reduction
from (a degree bounded version) of the feedback arc set problem. The reduction can be
summarised as follows: For an input to the feedback arc set problem, a Bayesian network
is constructed by replacing each directed edge in the graph with a small discrete Bayesian
network. We will refer to these as the subnetworks in the following. This is done in such
a way that an algorithm that learns a minimal Bayesian network would at the same time
determine a minimal feedback arc set, thus solving this problem as well.

The proof also covers the case that the degree is bounded by a constant larger than
2 and in the oracle setting. (Apart from an independence oracle, the authors consider
constrained inference and information oracles, see [46, Section 3.3].) But this proof is
not completely general. First of all, it crucially depends on the minimality of the learned
Bayesian network. This means that the network has a minimal number of parameters
necessary to describe its distribution. For discrete networks, this number is given by

> .S [,

X; XjePa;
where S; refers to the number of states that a variable X; has. The reduction uses a hidden
variable so that the structure learning algorithm cannot learn the correct network. In-
stead there are two possible structures for each subnetwork: (a) one that, containing the
subgraph — < blocks any directed cycle and (b) one that forms a directed path in the same
direction as the edge that it replaces, but is smaller with respect to the number of param-
eters. An algorithm that learns a minimal Bayesian network would prefer structure (a)
whenever it is not necessary to choose structure (b) to avoid a directed cycle. The edges
corresponding to the substructures that have been learned as structure (b) then form a
feedback arc set in the original graph.

Minimality usually plays a role in score-based causal structure learning algorithms
where the number of parameters is used as a regulariser, that is to say a penalty term to
prevent overfitting, but not in constraint-based algorithms like the pc algorithm.

Moreover, Claassen, Mooij, and Heskes [51] have pointed out that the result does not
apply to algorithms that are able to learn hidden variables. Such algorithms can learn the
correct substructure, which has even fewer parameters, so that the reduction would fail.

However, the hardness result in [46] excluded algorithms that assume faithfulness,
which Claassen, Mooij, and Heskes [51] do, too. After all, in the construction described
above, there is no faithful graph with only the observed variables. In this context, Chick-
ering, Heckerman, and Meek [46] mention the Pc algorithm, that in the faithful setting
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solves the problem in polynomial time if the degree of the graph is bounded by a constant
a priori. This will be further discussed in Section 4.1.2.

For now, we can summarise that the problem of structure learning by score-based
methods from data is NP-complete for inconsistent distributions [158], that is when the
distribution is not Markov and faithful to a bAG without hidden variables. For constraint-
based methods, there are polynomial algorithms for the consistent case when the de-
gree of the true and learned graphs are bounded. Next, we will describe the different
approaches to causal structure learning in more detail.

3.5
CAUSAL STRUCTURE LEARNING ALGORITHMS

In Section 3.2.4, we have already considered the LiNGAM method for causal structure
learning or causal discovery. This “SEM-based approach” [265] is special as it does not
belong to one of the two main groups of causal structures learning algorithms, which are
introduced here and then described in more detail in separate sections.

The first general approach is to view causal structure learning as a constraint satis-
faction problem, where the goal is to find a graph that fulfils a number of conditional
independence relations imposed by a probability distribution (given through the data).
This approach is therefore sometimes called the independence-based approach. Canon-
ical algorithms in this group include the inductive causation or 1c algorithm [297, 208],
the sGs algorithm [261] and the Pc algorithm [263].

The other strategy is to measure the accordance of the graph and the data by a scor-
ing function and search the space of graphs (or classes of graphs) for the one that opti-
mises the function. For this, the Bic score, Bayesian scoring functions and information-
theoretic scores have been used, among others (see Section 3.6.1).

As discussed in the previous section, causal structure learning is a hard problem.
In the case of the pc algorithm this is remedies by applying a certain procedure by which
the “combinatorial explosion” can be avoided in all cases where the maximal degree of the
output graph is limited (see 4.1.2). The idea of limited node degree has also been applied
in score-based methods to limit the search space [100, 99]. In addition to the restriction
of the search space, efficient score-based algorithms search greedily, ruling out provable
general consistency, but usually yielding good results in practice.

Many of the methods described here are implemented in the R packages pcalg [149]
and bnlearn[239,240,192]. An extensive introduction to the topic is given by Neapolitan
[195]. On top of that there are several recent surveys [61] [129] and evaluation studies [241,
54].

3.5.1

CONSTRAINT-BASED CAUSAL STRUCTURE LEARNING ALGORITHMS
Instead of using the distribution itself, constraint-based algorithms only work with the
independences that are estimated to hold in it and try incorporate them all into the graph

structure as introduced in Section 2.1.2. Because of this approach, they are sometimes
also called independence-based methods (for example in [214]).
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In 1983, Wermuth and Lauritzen [303, 305] proposed an algorithm in which a topo-
logical ordering X;, X,, ... of the variables in the true graph is already known, for example
through their temporal ordering. Clearly, this renders the problem significantly easier.
Consequently this case was excluded by Chickering, Heckerman, and Meek [46] in their
hardness result (see Section 3.4). In this case, two variables X; and X; are independent if
and only if they are independent given all other nodes with a smaller index than j. Thus,
to recover the causal DAG, it remains to iterate over the pairs of variables that may have
an edge X; — X; between them (that is, with j > 1) and check the independence given all
of the nodes with a smaller index than .

The strong assumption of a known variable ordering was overcome by the 1c (induc-
tive causation) algorithm [297] and sGs algorithm [261, 263]. Both algorithms first learn
a skeleton, then turn it into a pattern, and then try to direct the remaining edges in order
to obtain a cPDAG. This basic design is identical to that of the pc algorithm. However,
the algorithms differ in the implementation of the individual phases as we will see in the
following.

The first phase of the 1c algorithm is based on a finding that was independently ob-
tained by [261, Principle 1], [258] and [297, Lemma 1]:

THEOREM 3.2 ([258, 297]).
There is an edge between X and Y in G if and only if foreach set S C V \ {X, Y}, X and Y are not
d-separated given S.

Recall from Section 2.2.3 that we refer to a separating set for the nodes X and Y as Sy y.
Theorem 3.2 implies a brute-force algorithm for the computation of the skeleton, which
is used in the 1c algorithm:

1 Start with an empty graph G = (V,E), E = 0

2 for every pair (X,Y) € V*do

3 if X 1l Y | SforeverysubsetS C V \ {X,Y} then
4 | addtheedge X — Y

5 end

s end

The corresponding procedure in the sGs algorithm is in some sense inverse, starting with

a complete graph and removing edges X — Y when a separating set Sy is found.
Furthermore, the implementation of the second phase differs a bit, although in both

algorithms it is based on the same principle [297, Lemma 2], [263, Theorem 3.4 (ii)]:

THEOREM 3.3 ([297], [263]).
The chain X — Y — Z, where X and Z are non-adjacent, has to be directed as a v-structure if and only
if X and Z are not d-separated by any set containing Y.

In the sGs algorithm, it is checked that all subsets that contain Y do not separate X and
Z. This is solved a bit more elegantly and efficiently in the 1c algorithm. Since X and Z
are not adjacent, in phase 1 a separating set Sy, must have been found. If the regarded
structure was a v-structures, the d-path X — Y — Z would be opened by conditioningon Y.
Soaseparating set for X and Z, in particular Sy,, would never contain Y, regardless of the
rest of the separating set that might be needed to block other d-paths. Itis thus sufficient
to check whether Y € Sy,, and direct X — Y — Zto X — Y « Z otherwise. (Of course,
all this only applies in the consistent case, that is, when the distribution is Markovian
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and faithful to a DAG and all independences are estimated correctly. The so-called sample
case, where this is not assumed, is discussed in Section 4.1.1.)

The last phase of the sGs algorithm and 1c algorithm is meant to convert the pattern
resulting from phase 2 into a cPDAG. But not only was the terminology different when
the algorithms were proposed (and the term pattern used to refer to a CPDAG), CPDAGS
were also not that well characterised. In particular, the rules used in both algorithms to
direct the pattern are neither optimal with respect to computation effort needed to apply
them, nor complete, meaning that they do not necessarily identify all the edges that can
be directed (and should, in order for the result to be a proper cPDAG). This issue was later
handled by Andersson, Madigan, and Perlman [11] and Meek [181]. The former obtain a
complete characterisation that entails an algorithm to direct a pattern into a CPDAG, the
latter provides a provably complete set of rules for this last phase of the above algorithms
based on a superset of rules proposed by [295], as described in detail in Section 2.4.2.

The first phase of these algorithms is very costly. They generally have exponential
running time because for each of the (}) pairs of nodes 2"~* potential separating sets
have to be considered. To reduce the computational complexity in practice, Spirtes et al.
[261] propose to try and limit the search space, for example by including prior knowledge.

Verma and Pearl [297] propose an algorithmic modification which relies on the fact
that separating sets Sy, need only be searched for among the parents of X or Y. However,
Verma and Pear!'s proposal involved finding cliques (an NP-hard problem) in a probably
quite dense graph and considering all subsets of nodes in this clique, and is probably not
very suitable in practice. Yet, the idea that only the parents need to be considered [297,
Lemma 1] turns out to be worthwhile and leads to the pc algorithm [263].

THEOREM 3.4 ([297]).
There is no edge between X and Y in G iff there exists a set

Sxy C pa(X) orSyy C pa(Y)
such that X and Y are d-separated given Sy

Like the sGs algorithm, the pc algorithm starts with a complete graph. Thus considering
only the neighbours when searching for a separating set does not improve the perfor-
mance in the beginning. However, as soon as some edges have been removed, the sets
of nodes that have to be considered to find separating sets decreases, for sparse graphs
significantly. However, this procedure would be useless if finding the first edge that can
be removed from the initial graph is infeasible. Here, another trick is used in the pc al-
gorithm. To reduce the combinatorial effort in the beginning, marginal independence is
considered first, and the size of the conditioning set is increased step by step. In the stage
where the cardinality k is considered and the largest neighbourhood of a node is of the
size N, (IZ ) separating sets have to be considered. By starting with k = 0, the maximal
combinatorial complexity attained for large N and k is avoided: N has high values in the
beginning and decreases gradually, while k increases. In practice, this means (for sufhi-
ciently sparse graphs) that large k are often not considered at all, because when k reaches
high values, the neighbourhoods have already become too small to actually consider sep-
arating sets of size k. This is also a statistical advantage because conditional indepen-
dence tests with a large conditioning set usually have low power, as briefly motivated in
Section 2.1.2.

— 49 —



For the pc algorithm, the more efficient phase 2 from the 1c algorithm is adopted and
Meek’s complete set of rules used. It can thus be seen as the improvement of the 1c and
the sGs algorithm. We will extensively analyse it in the following chapters, and discuss
published and new extension.

The successive incrementation of the order of the tested conditional independences
also has the advantage that it is easy to stop at a certain value of k. This is useful, for
example, when the size of the neighbourhoods is known in advance. It is very beneficial
for the performance, but also helps to avoid statistical errors if the power of high-order
tests becomes too small. Some adaptations of the pc algorithm have been proposed that
use only very low order conditional independence queries [33, 254, 310].

A related idea is to first determine for each node the set of potential parents by find-
ing its so-called Markow blanket [204]. For some node X, the Markov blanket is defined as
the set of nodes Y conditional on which X is independent of all other nodes. Due to the
special purport of v-structures in the definition of d-separation, this includes not only
the parents and children but also the spouses of X. From the Markov blanket, the parents
and children can be selected by fewer and lower-order conditional independence tests
than from the set of all other variables. As the first phase of the pc algorithm, this phase
would then be followed by procedures to establish edge directions. The use of Markov
blankets for causal structure learning was first proposed by Margaritis and Thrun [179]
in terms of the so-called grow-shrink (Gs) algorithm (see also [178]), which is theoreti-
cally sound and polynomial when the size of the Markov blankets is bounded. A similar
approach with a more dynamic heuristic was suggested in [284]. [7] propose a general
framework, called generalised local learning (GLL) for building causal structure learning al-
gorithms based on Markov blankets and provide an extensive evaluation (albeit focused
on variable selection, not causal structure learning) as well as analysis and extensions in
a second paper [8]. The GLL framework includes a variety of algorithms that are sound
under the faithfulness and causal consistency assumptions in the oracle model. Among
them are three established algorithms: The Max-Min Parents and Children Algorithm
MMPC [283], HITON-PC, where “Hiton” is greek for cloak [9], and Min-Max-Hill-climbing
MMHC [287], a hybrid algorithm that uses MMPC as a subroutine, and will be introduced
in Section 3.5.3.

ALGORITHMS FOR MORE GENERAL SETTINGS
The 1c algorithm was originally proposed for the case where hidden variables may exist,
but it was not completely correct. This was remedied in [298]. In the meantime, Spirtes,
Glymour and Scheines had published the first edition of their book [263] and, for setting
with latent confounders, proposed the rcI (fast causal inference) algorithm- an adapta-
tion of the pc algorithm. Some time later, the rc1 algorithm was in turn modified [264]
in order to incorporate selection bias (see Section 3.2.2). After the characterisation of an-
cestral graph models by Richardson and Spirtes [222], Zhang [316] showed that the output
of the rcr algorithm can be interpreted as a PAG and provided complete orientation rules
[317]. The name fast causal inference is very euphemistic; the EcI algorithm and its adap-
tations are significantly slower than algorithms like the pc algorithm [266]. However,
recent work aimed at improving the performance and worst case running time [53, 51].
In addition to these time considerations, the extension to hidden variables comes at
a cost, as is to be expected with regard to the trade-off between assumptions and under-
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determination discussed in Section 3.2. Methods that allow arbitrary hidden structures
often produce far too many bidirected edges [266]. That is, they are not as powerful in de-
tecting causal effects, as Frot, Nandy, and Maathuis [102] remark. Therefore, the authors
propose a method for a more restricted case in which only some latent confounders may
exist.

Another extension of our setting is to learn cyclic models. Richardson [223] first stud-
ies this matter and gives an asymptotically correct algorithm called ccp that is polyno-
mial for graphs with bounded degree. Mooij and Heskes [187] propose a method that does
not assume linearity and can make use of a mixture of observational and interventional
data.

Recently, some very general methods have been proposed that can learn models with
cycles and latent confounders, for example a pc-style algorithm by Strobl [269] called cc1,
which can also handle selection bias. More methods for general settings are discussed in
the end of Section 3.5.3.

3.5.2
SCORE-BASED CAUSAL STRUCTURE LEANING ALGORITHMS

The contrary approach to what was discussed in the previous section is usually referred
to as score-based. The underlying idea is to describe the compatibility of a graph and the
given distribution by a scoring function and then search the space of graphs for one that
maximises this function. Formally given the data D over the variables 4 and a scoring
function S, we want to find the paG G*:

g* = arg maXDAGGover v S( g’ D)'

Aswas discussed in Section 3.4, this problem is NP-complete and thus no polynomial time
algorithms can exist, unless p = NP.

Different possibilities have been pursued to make the process feasible anyway; an
overview is given in [7]:

> Restrict the types of distributions that are considered.

> Include domain knowledge to restrict the search space.

> Learn only a part of the network (specifically or unspecifically).
> Learn only the skeleton of the model.

> Include known causal relationships to restrict the search space.

However, in addition to considering only distributions that are faithful to a DAG over
the observed variables, two other approaches are more predominant in the literature, as
we will see in the following:

> Use heuristic approaches.
> Restrict the analysis to relatively small settings.

In the context of score-based learning, the characteristics of the scoring function
play a role. In particular decomposability of the score is crucial for the feasibility of the
search. (This property is similar to the decomposability of the likelihood function consid-
eredin3.3.2.) Ascoring function S, is decomposable if the score of the complete structure
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G = (V, E) can be computed as the sum over the nodes, where the individual terms de-
pend only on a node and its respective parents:

S(G) = Z Sieet (X; | Paty). 3.1)
X;eV

This can be seen as a Markov property for scores, analogous to the factorisation of distri-
butions detailed in Section 3.4. It entails that the score can be computed locally, individ-
ually for each node. The main advantage is that it is not necessary to compute the whole
score anew every time something in the structure is changed during the search. In most
useful search algorithms, the search often proceeds in relatively small steps like adding,
deleting or flipping an edge. Such an operation only changes the parents of one, in the
latter case of two variables. This means that only two terms of the sum change. Since
usually the relative score is of interest to determine whether the algorithm shall proceed
in the considered direction, the score of the rest of the graph is irrelevant anyway. Having
to compare only the scores on the nodes that are involved in the operation of the current
step significantly reduces the cost of the evaluation of the scoring function - the most
expensive part of the search.

As a consequence, most of the scores used in score-based methods today are decom-
posable, including the ones briefly described below.

Another important property of a scoring function is the so-called score equivalence.
This amounts to Markov equivalent graphs, in our case DAGs, being scored equally: Given
an equivalent score S and a DAG G, for every DAG G’ € MEC(G) it holds that:

8(G) = 8(G").

This condition is reasonable when we want to learn a graph that might have generated
a set of data. From Theorem 3.1, we know that we cannot discern such graphs on the
basis of observational data. It thus makes sense not express preferences among these
models that are fundamentally indistinguishable. This assumption also has a practical
implication that is described below.

In this section, we first focus on the algorithmic aspects of the methods and name
scoring functions only if an algorithm uses a specific one. Important scoring functions
are described in more detail later, in Section 3.6.1.

Cooper and Herskovits [55] were the first to use a Bayesian score to learn Bayesian
networks, resulting in an algorithm called k2. Itis named after a previous, entropy-based
method called Kutat6 (Hungarian for “explorer” or “investigator”) [131]. Both algorithms
use a greedy search strategy that assumes a given ordering of the variables. The possible
parents of a node X; are then the nodes X, X,, ... X;_; (as in the Wermuth-Lauritzen al-
gorithm described in the Section 3.5.1). Then, the algorithms start with an empty graph
and iterate over the nodes. For each node, they determine which of the possible par-
ents maximises the score and add an edge from this parent. This procedure is pursued
until no single parent addition increases the score anymore. In K2, the score measures
the posterior under a uniform prior. On top of that, the inclusion of hidden variables is
discussed which is particularly difficult in score-based methods as it renders the search
space infinite — at least when an arbitrary number of latent variables is allowed for.

Given the scoring function, the search problem is a very general one. The only crucial
feature of the search is that it needs to be ensured that every graph that is considered is
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acyclic. Therefore, many general optimisation techniques are applicable and have been
applied to the problem.

Larranaga et al. [162] apply a genetic algorithm. They use the scoring function from
the k2 algorithm but limit the space to DAGs with maximum in-degree four. This entails
the necessity to check the offspring generated in each cycle and remove some of the in-
going edges of nodes with too many parents. This is either done at random or via a local
optimiser that choses the remaining parents so that the score is maximised. Otherwise,
the parent set can be randomly selected. On top of that, two different selection mech-
anisms are evaluated: Either the offspring completely replaces the parent generation in
each round, or they are merged and the fittest half of the elements, a so-called elite, is
carried over to the new generation. The authors find experimentally, on the basis of real-
world data, that the use of both the local optimiser and the elite selection are beneficial.
Another biology-inspired approach, to apply ant colony optimisation, is described in [74]
and evaluated using the same scoring function.

Heckerman, Geiger, and Chickering [128] focus on a new scoring method, which they
evaluate using different search techniques. This includes the one used by the k2 algo-
rithm, both with the correct variable ordering and the reverse, worst possible, ordering
to evaluate robustness. They compare with local search (that is, hill climbing) and iter-
ated local search. In the latter case, at each restart the current structure is modified by
100 random edge modifications. Finally, they try an algorithm that is called simulated
annealing, which models a physical cooling process in which particles gradually anneal
and their motion becomes less stochastic: In the beginning, relatively large steps in the
search space are allowed, potentially even decreasing the score. Afterwards the algorithm
— hopefully - has escaped local maxima and is close to the global maximum. This is then
approached via relatively small steps with high probability of increasing the score. The
evaluation shows that the k2 algorithm, indeed, is strongly dependent upon the variable
ordering. Given the correct ordering, it is perceptibly better than the other algorithms,
while with the wrong ordering, it is far worse. On top of that, the authors conclude that
the results produced by local search are not significantly worse than those of the other
algorithms, despite a significantly shorter running time.

Avery promising method was proposed by Bouckaert in his PhD thesis [24]: using the
TABU search algorithm [113] to search the space of DAGs. The idea of this search method
is to actively avoid local maxima that have already been found. Initially, the scoring func-
tion is optimised via hill climbing; when a local optimum is reached, a certain amount
of steps are done regardless of the scoring function, but avoiding regions of the search
space that have already been visited — thus the name TABU search. The purpose of the
TABU search is to escape a local maximum and reach the vicinity of another, hopefully
the global optimum. To increase the chances of finding the global maximum, modern
implementations repeat the procedure several times and randomly perturb the resulting
graph in each iteration to obtain the initial graph for the next iteration. This method has
proved to yield very good results in recent studies, e.g. [54].

While the usual operations to move through the search space are the addition, re-
moval or reversal of a directed edge [128], Moore and Wong [190] propose a different op-
eration that facilitates larger steps in the search space, called optimal reinsertion (OR). It
consists in choosing a so-called target node and removing it from the graph, along with
all its adjacent edges. Then, the globally optimal in- and outgoing edges for the reinser-
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tion of the target node are computed, subject to certain constraints. This technique im-
proves the running time by one or two orders of magnitude as compared to conventional
multi-restart hill climbing.

In addition to greedy search, new theoretical results like increasingly tight bounds on
optimal scores and techniques for pruning of the search space [72, 232, 275] have made
exact methods feasible for small or medium sized inputs, with up to a few dozen nodes.
These methods are often based on linear programming (see Section 3.5.3), dynamic pro-
gramming[157, 249, 156] and similar techniques[248].

SCORE-BASED SEARCH OVER OTHER STRUCTURES THAN DAGS

Instead of searching through the space of DAGs, other search spaces are imaginable. It
has been discussed before that under the assumptions made in this thesis, the causal
structure is identifiable only up to Markov equivalence. Based on this it might seem un-
reasonable to search in a space where two neighbouring DAGs often are from the same
equivalence class and thus not distinguishable anyway. On top of that, if we assume score
equivalence, i. e. that the score yields the same result for these two DAGs, it is sensible to
search in the space of equivalence classes instead. We also know from Section 2.4.2 that
the average size of an equivalence class (at least for graphs with up to n = 10 nodes) is
about 3.7 (see page 26), so this space would be smaller by a factor of about 4.

Theidea hasbeen putinto practice by Acid and de Campos [1] and Chickering [42,43].
Chickering’s approach is to represent the states of the search by cPpAGs and define oper-
ations on these CPDAGs, which are special forms of the following: Insertion of a directed
or undirected edge, removal of a directed or undirected edge, formation of a v-structure,
reversal of an edge; all of them under the assumption that no directed cycle is formed. It
is not hard to see that these operations — even without edge reversal — are complete: Any
CPDAG can be transformed to every other cPDAG by first removing all the existing edges
and then inserting the new ones. All regions of the search space are thus in principle
reachable from every initial element. (This also holds for the specific versions of the rules
that GES uses.) However, it is not that obvious how it can be ensured that each operation
results in a valid cPDAG- in general, the result is a PDAG.

Chickering solves the problem by transforming the PDAG back to the space of cPDAGS
as follows: A consistent extension of the PDAG is computed using the algorithm by Dor
and Tarsi (see Section 5.4.1); then the resulting DAG is turned into a CPDAG on the basis
of the characterisation 3 in Theorem 2.2. Since this procedure makes the steps of the
search more complex, the search in the space of equivalence classes is considerably less
efficient, despite its smaller size. In the journal version of his paper, Chickering thus
proposed a local way to score the neighbouring graphs that involves recomputing only up
to four of the terms in Equation (3.1). This avoids the transformation of the PDAG to an
arbitrary extension as well computing all terms of the score for this DaG. (All extensions
of the PDAG are Markov equivalent and thus, under the assumption of score equivalence,
yield the same score.) However, note that the above transformation is still necessary for
obtaining the new best scoring CPDAG in each step.

In his PhD thesis, Meek [184] proposed a very simple search algorithm in the space of
equivalence classes that he conjectured to be correct. However, the proof was only given
a few years later by Chickering [43], based on his transformational characterisation of
Markov equivalence for DAGs (3 in Theorem 2.2). The algorithm is called greedy equivalence
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search (GES). It searches the same space (of equivalence classes) as Chickering’s earlier
method, but consists of two phases with different notions of connectivity. In the first
phase, the forward phase, a state £’ in the search space can be reached from a state £ if
there is a DAG in £’ that is obtained from a DAG in ‘£ by a single edge addition. Conversely,
in the second phase, the backward phase, a state £’ in the search space can be reached
from a state Z if there is a DAG in ‘£’ that is obtained from a DAG in ‘£ by a single edge
deletion. Because of the construction of the operations, this algorithm is statistically con-
sistent. In the first phase an equivalence class of DAGs is found that are Markovian to the
distribution. (Since we have seen in Section 3.2.1 that the complete graph is Markovian
to every distribution, it would be possible, but impractical, to start the second phase with
a complete graph instead.) In the second phase, the algorithm moves to a class of DAGs
that are faithful to the underlying distribution, while preserving the Markov property.
The algorithm, albeit greedy, is therefore consistent in the large sample limit as long as
the distribution is Markovian and faithful to a DAG over the observed variables, and for
scoring functions that are score equivalent, consistent and decomposable (which many of
the scoring functions used in practice are). This is a somewhat surprising result, but does
not contradict the NP-completeness of the search problem. On the one hand, despite the
simple search strategy, the time complexity of GEs is not polynomially bounded because
a state in the search space can have an exponential number of neighbours® [48]. On the
other hand, the hardness result does not apply for methods that assume faithfulness.

Several improvements of the GEs algorithm have been proposed. While, in the large
sample limit, the GEs algorithm finds the globally minimal model that is able to explain
the data - the global maximum of the score — it does not (necessarily) in practice, even
with large data sets. Chickering and Meek [47] therefore propose an extension called
UGES, which allows forward and backward steps in both phases. They can show a local
form of optimality for this algorithm under relaxed assumptions — for example, the dis-
tribution does not need to be faithful to a DAG anymore and hidden variables and selec-
tion bias can be taken into account. Nielsen, Kocka, and Pefia [196] propose a version
where the choice of a neighbouring state is not completely greedy. Instead of moving to
the best scoring neighbouring state in each step, they also consider randomly moving to
one of the neighbours that increase the score. Without loosing asymptotic optimality, the
greedyness versus randomness trade-off can be controlled via a hyperparameter k, which
is reflected in the algorithm’s name. Several restarts of an instantiation with randomness
can help finding a global optimum. Hauser and Bithlmann [123] adapt the algorithm to
make use of data from different, possibly interventional data settings. Chickering [45]
shows that the accuracy can be improved by an adaptation called SE-GES, which uses sta-
tistically efficient operators.

Other extensions aim at increasing the efficiency: Chickering and Meek [48] provide
an algorithm named selective greedy equivalence search (s-GEs), that is polynomial in the
number of nodes (but exponential in other measures, such a the maximum in-degree).
Nandy, Hauser, and Maathuis [193] restrict the set of edge additions in the forward phase
without loosing the consistency, while Ramsey et al. [218] propose the fast greedy equiva-

8This is because the operators are not defined for pairs of nodes X and Y only, but additionally depend on
aset of nodes of arbitrary size. For the INSERT operator, for example, this set is an arbitrary subset of the
neighbours of Y that are not adjacent to X
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lence search (fGES) and show its applicability to a million variables. Nine other modifica-
tions, which in part retain optimality, are given in [10].

Yet other search spaces have been considered, for example the space of variable or-
derings, that is to say permutations. This leads to many useful algorithms because it
amounts to a search in a smaller space with a lower branching factor and elegantly en-
sures acylicity. In addition, for a given node ordering, the best scoring DAG can be ef-
ficiently constructed when the in-degree is bounded [55]. This is used, for example, in
ordering-based search (0Bs), [276]. The latter algorithm has been improved on by [232],
leading to acyclic selection ordering-based search (aAsoBs). A related approach using in-
terventional data to determine the causal ordering is proposed by Shojaie et al. [246]. Re-
cently, Solus, Wang, and Uhler [253] proposed a consistent algorithm applicable to hun-
dreds of variables, based on the sparsest permutation (sp) algorithm by [220]. A related,
albeit not permutation based approach is pressured by Aragam and Zhou [13]. The result-
ing algorithm does not assume faithfulness and is very efficient in the high-dimensional
setting.

3.5.3
OTHER CAUSAL STRUCTURE LEANING ALGORITHMS

In the previous sections, we have already encountered a few algorithms that blend the two
design principles for causal structure learning algorithms — based on independences or
based on a whole distribution. In this section, more algorithms are presented that are
neither constraint-based in the style of the pc algorithm, nor search a space of graphs
or variable orderings. Some of them are hybrid and combine the two strategies, oth-
ers use a completely different approach, some could even be assigned to one of the two
above-mentioned categories, but are very different from related methods or make very
distinctive assumptions.

Avery early approach to graphical model learning that predates the first causal graph-
ical models was limited to structures that have the from of a tree, that is to say a DAG with
an acyclic skeleton [49]. This approach has been generalised, for example to graphs that
are similar to trees [152, 38, 88]. The similarity is usually measured in terms of the graph
theoretic notion of treewidth — the lower the tree width of a graph, the more similar to a
tree the graph is.

From a complexity theoretic perspective, an interesting approach to solving Np-com-
plete problems is fixed parameter tractability [80]. The idea is to construct exponential
time algorithms that, however, are exponential only in some parameters of the input,
not the size of the input as a whole. This makes sense for parameters that are small in
practice, for example the maximum degree of a graph or its treewidth. Both parameters
are regarded in [197] to characterise the problem’s parameterised complexity. Alongside
a number of negative results, the authors find that the problem is solvable in linear time
when the so-called super-structure has both bounded degree and treewidth.

Typical hybrid methods can be characterised as follows [48]: First, the search space
is pruned, eliminating a subspace of elements that can be ruled out on the basis of inde-
pendence constraints. Then, the search is conducted in the remaining subspace, which
hopefully has become much smaller. One way to restrict the search space significantly is
to fix the skeleton by learning it in a constrained-based fashion before the edge directions
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are determined in a score-based fashion, as for example in [267]. In the first hybrid algo-
rithm, the cB algorithm [250], the first two phases of the sGs algorithm are interweaved
with the k2 algorithm and executed iteratively for increasing order of the conditional in-
dependence tests.

Another possibility to indirectly learn the skeleton in a constraint-based fashion is
considering parents sets or Markov blankets for allnodes. Friedman, Nachman, and Pe’er
[100] suggest the sparse candidate algorithm. The idea is to first restrict the parents of each
node to a candidate set of fixed size and then determine the best scoring subset of parents
for each node, such that the resulting DAG is valid.

The well-known min-max hill climbing (MMHC) algorithm [287] can be seen as an in-
stantiation of the sparse candidate algorithm, but employs a sound method to generate
the restricted sets of possible parents and children. It further does not limit the size of
these sets globally. This first phase is implemented via an improved version of the max-
min parents and children algorithm [283], and works as follows.

It is based on a measure of the association of variables, for example the negative p-
value of a conditional independence test. This measure is used in the so-called max-min
heuristic which, for a node X, determines the node Y which maximises the minimum
association given a subset of a set Cy, that is

max-min-heuristic(X, Cy) = max  min(association(X,Y | Z)).
YeV\({X}UCy) ZCCx
The Markov blanket of each node X is computed by iteratively augmenting the set of can-
didate neighbours Cy by max-min-heuristic(X, Cy). Subsequently, the spouses are re-
moved from the Cy. To identify whether a node Y € Cy is a spouse, one can check it
there is a node Z that separates X and Y, because as we know from Theorem 3.4, only
neighbours cannot be separated by a subset of the neighbours of X;.

The second phase of MMHC is the score-based search, for which a hill climbing ap-
proach is used. The available operations are adding, deleting and reversing edges. How-
ever, the insertion of edges is restricted to the skeleton implicitly determined in phase
one: The edge X — Y can only be inserted if Y is in the set Cy of candidate parents and
children of X. The authors include an extensive evaluation of structure learning algo-
rithms, showing the practical applicability of MMHC.

A very different hybrid approach is taken for the essential graph search (EGS) algo-
rithm proposed by Dash and Druzdzel [67]. The idea is to search the space of parameters
of the pc algorithm. For each parameter setting, the result of the pc algorithm is extended
to a DAG, and the best scoring DAG is searched for randomly. Since the original pc algo-
rithm is order-dependent (as described below), the parameters consist of the ordering of
the variables as well as the level of significance for the conditional independence tests.

ALGORITHMS FOR MORE GENERAL SETTINGS
There are also approaches that are constraint-based in that they describe the problem
by constraints of some kind, but differ from the methods in Section 3.5.1 because they
are not (solely) based on the constraints imposed by conditional independence and are
sometimes combined with some form of optimisation.

For example, the constraints can be expressed in a more general form, like proposi-
tional logic [83, 281, 142, 280] or (integer) linear programs, (1)Lps for short, [146, 64, 16]. This
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is possible because the 1LP and sAT problems have a high expressiveness. Moreover, these
problems are very general, and decades of optimisation have yielded very efficient algo-
rithms and solvers for these more general constraint satisfaction problems, including the
CPLEX LP-solver and the MINISAT solver [86]. Work on linear programming based solu-
tions has been conducted by Cussens [64] and Bartlett and Cussens [16] (using CPLEX).
Triantafillou, Tsamardinos, and Tollis [281] and Hyttinen et al. [142] propose methods di-
rectly based on saT-solving (using MINISAT).

Hyttinen, Eberhardt, and Jarvisalo [140] suggest a new SAT-based using answer set
programming (Asp) that allows to handle conflicting information due to sampling errors
and thus improves the accuracy in the presence of such errors. The idea is to weight the
constraints and compute the solution that minimises the total weight of the constraints
that are not satisfied. The weighting can be done with the aim of obtaining a model that
is as simple as possible, in a Bayesian fashion [140], or according to p-values of statistical
tests [280, 174].

Because such methods do not rest upon constraints like “there is a directed edge be-
tween X and Y”, but instead on more abstract statements like “X is independent on Y
conditional on Z”, it is easier to express complex requirements and fewer assumptions
are needed: It is easy to extend sAT-based methods to learn cyclic models and allow for
latent confounders [139]. It has also been shown that AsP is robust and can resolve con-
flicts in the input. [140] By extending this approach, Forré and Mooij [95] provide a way
to also deal with non-linear relationships between the variables and make use of inter-
ventional data, possibly from different data sets (see also the corresponding paragraph
in the next Section).

The flexibility of the approach also concerns the output. If only certain features of
the model are of interest, it is not necessary to compute the whole causal structure. This
fact is exploited for example in [141] and [174]. All in all, the saT-based methods is ver-
satile and accurate. The problem is that it does not scale well. Hyttinen, Eberhardt, and
Jarvisalo [140] show the applicability to models over six variables, although in specific,
very restricted domains about 70 variables can be handled [143].

There are other strategies for learning causal models with relative mild assumptions
(see also the constraint-based methods in the last paragraph of Section 3.5.1). Using in-
dependent components analysis (1cA), Lacerda et al. [160] generalize the LiNGAMS to the
cyclic case. Based on this, Mooij et al. [188] consider cyclic scMs with possibly non-linear
assignments with additive noise, but only in the bivariate case. Mooij and Heskes [187]
propose a method to learn cyclic models from a mixture of observational and interven-
tional data without assuming linearity, and show its practical usefulness on an “classical”
immunological data set by Sachs et al. [231].

3.5.4

SPECIAL SETTINGS
The following settings concern more practical issues regarding causal structure learning.
These include cases where additional information is available, for example in terms of

the variable ordering or interventional data. The following methods are concerned with
using additional information for the largest benefit, or coping with missing data.
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Another type of additional information is usually referred to as background knowl-
edge. This means that some edges of the model are known in advance, or are known to
be absent. This is treated specifically in [181, 128], but many of the above-mentioned al-
gorithms, in particular the pc algorithm, can incorporate such information.

TIME SERIES DATA

We have seen that the problem of causal discovery is very difficult, not least because of
the huge size of the search space. However, we have also seen that the problem becomes
much easier when the ordering of the variables is known [276, 247], [214, Section 7.2.4].
If there are no hidden variables, it is even possible to relax the assumption of faithfulness
and still retain identifiability [214]. In fact, many early causal discovery algorithms like
the Wermuth-Lauritzen [303, 305] (see Section 3.5.1). and the K2 algorithm [55, see Sec-
tion 3.5.1] assumed a given topological ordering of the variables. Although this assump-
tion is often invalid in practice, it can be justified if the variables have a clear temporal or-
dering. For time-series (or longitudinal) data, such an ordering is given, making the prob-
lem in general more tractable. However, the causal ordering might not be a strict total
order: There might be variables whose time order cannot be distinguished, for example
because the measurement was carried out (nearly) simultaneously. Moreover, measure-
ments can sometimes have time scales that are not in accordance with the time scale of
the underlying causal processes [143]. On top of that, we cannot always assume causal
sufficiency. Another problem stems from the fact that often only one sample of the time
series is available.

Causal modelling with time series data is a very early branch of causality [307, 115].
Many causal structure learning methods have been devised particularly for time series
data [143]. On the other hand, some practical approaches are based on the pc algorithm
(for example [21]). When latent confounding is involved, Fci-based methods are common
[50, 89, 176]. A method by Brodersen et al. [29] is efficient enough to be used on data with
500 time points and 10 variables. So called dynamic Bayesian networks are a hybridisation
of Bayesian networks and Markov processes specifically devised for time series data [191].

Eichler [87] gives a good introduction to causal concepts in the context of time series
data. The topic is also discussed in detail in [130, Chapter19-22].

HETEROGENEOUS DATA

If multiple data sets are available, they can often not simply be merged. Nonetheless,
since a large sample size is often a very important prerequisite for accurate causal infer-
ence, it is very desirable to incorporate all the data into the structure learning process
simultaneously. The main issues that have been considered in the literature are combin-
ing data sets with different interventional settings (possibly combined with observational
data) or data sets over different (but overlapping) sets of variables. This can be particularly
useful when only small samples of interventional data can be obtained, but observational
data are relatively easy to acquire [246].

Like causal orderings, interventions can provide worthy additional information about
the causal structure. As mentioned above, they can help to obtain a more fine-grained
structure of Markov equivalence classes and thus to learn the underlying model more ac-
curately.
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Generally speaking, there are two main approaches to working with data from mul-
tiple data sets [189]: The first option is to derive constraints from the individual data sets
separately and then try to find a model that is compatible with all or as many as possible
of the constraints. This approach is taken in [278, 139, 140, 280, 95] Many such methods
use a sAT-based approach.

The second approach is to merge the data sets and construct a causal model from the
pooled data, as in [56, 231, 123, 187, 213, 189].

Some other methods [83] solve the problem in a specific way. For example, Shojaie
et al. [246] use interventional data to infer a causal ordering of the variables and then
compute a consensus network on the basis of observational data.

Concerning the second problem, namely learning from multiple overlapping data
sets, Triantafillou, Tsamardinos, and Tollis [281] argue that the lack of methods for this
problem is due to the “prevalence of association (correlation) as the conceptual corner-
stone of data analysis”, while causal methods using graphical models offer an elegant op-
tion for such analyses. The first asymptotically correct method for learning causal struc-
ture from a collection of data sets with overlapping variable sets called 10N was presented
by Tillman, Danks, and Glymour [277]. An improvement that accounts for conflicting in-
formation was given by Tillman and Spirtes [278]. Triantafillou, Tsamardinos, and Tollis
[281] proposed a faster but less general method based on sAT solving that is able to com-
pute a network also when the set difference between individual variable sets is larger than
three. They extend their algorithm to predict correlations between variables that never
occur in the same data set [288], and to handle conflicts, resulting in a method called
COmbINE [280]. Note that saT-based methods do not only offer a way to combine con-
straints expressed through multiple data sets, this approach also allows to combine data
sets with overlapping variables; see also [142].

Often, data is also heterogenous with respect to the types of the variables, that is a
data set might comprise continuous and discrete variables, An ad-hoc solution to work
with such data is to discretise the continuous data, as done, for example, in [282, Sec-
tion 5.2], but sophisticated methods also exist, including [62].

MISSING DATA
We have already considered causally insufficient settings, where not all the variables are
measured. One specific case where a hidden variable can distort causal reasoning is if
this variable determines whether a sample is included in the data — it is then called a
selection variable. A similar situation arises when a hidden variable determines whether
individual data entries are missing. If there is such a hidden cause of missing values, just
deleting the concerned cases — a practice usually referred to as listwise deletion — would
bias the conclusions, just like conditioning on a selection variable.

Rubin and Little [230, 167] propose a systematics of missing data according to the
processes that caused their “missingness”:

> MCAR stands for missing completely at random. If the missing values occur completely
at random, the (unobserved) processes which determine whether a value is missing
or not are independent of one another.

> MAR stands for missing at random. This describes a setting where the missingness of
variables is determined by observable variables.
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> MNAR stands for missing not at random (also abbreviated as NMAR). In this case, the
causes for missing values are unobserved but not independent.

For a graphical depiction of the settings see [238, Figure 2]. If in the first two cases
there are any non-random patterns of missingness, these can be found using the given
data, which makes them more tractable ([63]). In these cases it is thus valid to discard
missing data. This is not possible if the data are not missing at random. On top of that,
deleting complete observations only because one value is missing, is very sample ineffi-
cient. Itis just desirable to keep such samples and work with incomplete data.

There are two general strategies for coping with missing data. The first one is to guess
and then gradually improve the values of the missing data. The most famous algorithm
of this kind is the structural Em algorithm [98], see also [195, p. 9.1.3], which is based on
the canonic expectation-maximisation algorithm [76] and works is the MAR setting. It
consists of an expectation step, where completed data are estimated, and a maximisation
step, where the optimal network is computed for the current completed data. In the next
round, the missing data are estimated more precisely given this network and so on. Note
that complete data are given in the maximisation step, which is why any general structure
learning algorithm can be used for this.

A recent method of this type is given in [2]. In this method, the circumstances that
cause the missingness are modelled explicitly as additional (auxiliary) nodes in the causal
network, yielding the same complexity of the algorithm as for complete data. On top
of that, the method is shown to work well, even when data are not missing at random.
Foraita et al. [94] propose a new possibility to reconstruct missing values and compare it
to the EM-based approach.

The second strategy is to devise algorithms or scores that work directly with incom-
plete data. For example, Beal and Ghahramani [17] use an adapted version of a likelihood,
which they prove to be alower bound to the true likelihood. Another approach of this kind
is given in [90].

Cui, Groot, and Heskes [63] consider the accuracy of an extension of the pc algo-
rithm, when data are missing completely at random (MCAR), and propose an extension
for the MAR setting. Recently, Tu et al. [289] extended a method by Strobl, Visweswaran,
and Spirtes [272], that is devised particularly for constraint-based algorithms. Instead of
discarding complete samples with missing data, it involves deleting samples with miss-
ing data in the individual conditional independence tests — but only for variables that are
regarded in the current test. In this way, known as test-wise deletion, the effective sample
size can be significantly improved.

An evaluation of general causal structure learning algorithms on data with missing
values (5% or 10%) and other types of noise has been conducted by Constantinou et al.
[54]. A profound introduction to the topic can be found in [158, Chapter 19].
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3.6
EVALUATION OF CAUSAL STRUCTURE LEARNING ALGORITHMS

3.6.1
MEASURES FOR COMPARING MODELS AND DATA

Score-based causal structure learning algorithms rely on a measure of the fit between a
candidate causal structure and given data, the scoring function, score metric, or simply score.
Although score-based learning is not a main topic in this thesis, in this section some of
the most common scoring functions are briefly introduced. These can be useful also for
other purposes than score-based learning, for instance parameter tuning. This will be
further discussed in Section 5.3.

We have already encountered two characteristics of most of the scoring functions
used today: decomposability, which allows efficient dynamic computation, and score equiv-
alence, which ensures that indistinguishable DAGs are assigned the same score (see, for
example, [128]).

Otherwise, the score

1. should describe how well the graph can describe the data, as well as
2. reward simplicity, in order to prevent overfitting.

The latter claim follows Occam’s Razor principle, which suggests that the simplest model
that can explain the data is generally the most appropriate.

If this was not required, the score could easily be maximised by choosing the com-
plete graph, which can best reproduce arbitrary distributions. These two objectives are
subsumed under asymptotic consistency: A scoring function is consistent if the true un-
derlying structure has the maximal score, while all structures that do not encode the
same independences as the given distribution have a lower score. Chickering [44, Def-
inition 6] defines the notion of local consistency, which more directly reflects the two
requirements: The score should increase when an edge is added which remedies an in-
dependence that does not hold in the data but was previously expressed in the graph. If
an edge is added that does not remedy such an independence, the score should decrease.
A scoring function with these properties is then said to be locally consistent.

The scoring functions presented in the end of this section are consistent, decompos-
able and score equivalent. For a more comprehensive introduction to scoring functions
for Bayesian networks see, for example, [267, 158, 35, 168]. Empirical studies of different
scoring functions can be found in [60, 73, 35].

Most of the scores used in the literature belong to one of three groups. The first group
consists of measures that regard a Bayesian network from a statistical perspective, as
a parameterised class of probability measures. The class is mainly represented by two
scores, the Bayesian information criterium (BIC), which is introduced in detail below, and
Akaike’s information criterion (a1c), which traces back to Akaike [4] and is first considered
in the context of Bayesian networks in Bozdogan [27]. It differs from the Bic only in that
it has a smaller penalty term and thus favours denser structures (see below).

The second group, information-theoretic scores, are based on measures like entropy
or mutual information [49, 131, 25, 161, 73]. This group is generally underrepresented in
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3 CAUSAL STRUCTURE LEARNING

the recent literature, except for the MDL score, which, in the case of Bayesian networks is
an information-theoretic equivalent of the very common BIC score.

The third groupis constituted by Bayesian scores. These maximise the posterior prob-
ability of the causal structure given the data. As explained in detail below, this amounts
to maximising the product of a prior and a likelihood, or the sum of a logarithmic prior
and logarithmic likelihood. Bayesian methods differ above all in the choice of the prior.

Before we consider this group in detail let us first think about why the maximum
likelihood approach that we took for the parameters does not work directly for struc-
ture learning. First of all, the maximum likelihood approach seems reasonable: Why
not search for a model that is likely to produce the given data? On top of that, this ap-
proach has two information-theoretic properties that are very much in accordance with
our goals [158, Section 18.3.1.2]: On the one hand, it is larger for variables with a higher
dependence on its parents. In this case, the dependence is measured by the information-
theoretic notion of mutual information. Another interpretation is that the maximum like-
lihood measures the extent to which the structure satisfies the local Markov property (see
Definition 2), since it decreases with increasing mutual information of each variable and
its non-descendents, given the variable’s parents.

However, the crucial drawback of the maximum likelihood score is that it never de-
creases when an edge is added to the network, and thus lacks the second if the properties
defined in the beginning of this section. In terms of the mutual information of a variable
this can be explained as follows: Adding an edge, and thus another parent to a variable
can only increase the mutual information of this variable and its parents. We never lose
information by adding a parent. The result is overfitting. A structure selected by maxi-
mum likelihood would always be fully connected (unless in the rare case that two variables
are completely uncorrelated in the data). Maximum likelihood can thus only be applied
fruitfully when there are additional constraints that limit the complexity of the model,
for example when the node degree is fixed.

BAYESIAN SCORES

The obvious Bayesian approach to remedy this insufficiency of the maximum likelihood
is to maximise a posterior instead. As we have seen above, the posterior can be computed
from the likelihood by multiplying with a prior.

This has two advantages. First of all, by choosing a lower prior for more complex
networks, we can counteract overfitting. Nevertheless, the prior has only a small eftect
in practice, so this is not the whole secret.

There is also a difference in the role of the likelihood. In maximum likelihood esti-
mation, the graph with the highest likelihood given its optimal parameters is preferred.
Bayesian scores, on the other hand, depend on the marginal likelihood, which can be seen
as the expected likelihood over all choices of the parameters. [267, 158]

Bayesian scores have two convenient properties that the maximum likelihood score
lacks: They prefer simpler structures, but take the sample size into consideration and can
learn more complex networks when indicated by a large sample. They thus provide a good
trade-off between complexity and fit to the data. This behaviour is approximated by the
BIC score (see the next Section).

Buntine [32] first proposed a Bayesian score for discrete Bayesian networks, using a
Dirichlet prior. This is a natural choice because the Dirichlet distribution is a conjugate
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prior for the multinomial distribution, implying that the resulting posterior is multino-
mially distributed if the likelihood is. Buntine's results were generalised by Spiegelhalter
et al. [255]. [128] showed that under certain reasonable assumptions like score equiva-
lence, a certain form of Dirichlet prior is actually the only possible choice for multino-
mial distributions, and dub the resulting score the BDe score. Similarly, [107] establish
the BGe score for Gaussian distributions using a Normal-Wishart prior. More recently,
[236] revisited the assumptions made to obtain the BDe score. Under slightly different
assumptions, he derived the BDs score-based on a marginal uniform (MU) prior. How-
ever, the BDe score is still most common in score-based algorithms when the data are
discrete. [282]

THE BIC-SCORE
In 1976, Schwarz [235] defined the Bayesian information criterion for estimating the di-
mension if a model, that is, how many parameters a model should have to avoid overfit-
ting the data. The idea was to approximate the value that a maximum a priori approach
would yield, and indeed, for large samples, the BIC score converges to the logarithm of
the BDe score [282].

The BIC score constitutes a penalised log-likelihood and is defined as follows:

BIC(G,D) = LL(G,D) —/2-log(s) - | ],

where G = (v, E) is the DAG, D denotes the data, which consists of s samples and L£
refers to the log-likelihood function. For the computation of the log-likelihood, the opti-
mal parameters of the model are used.

As indicated above, the BIC score is an adaptation of Akaike’s information criterion.
a1c penalises the likelihood of a model only with the number of its parameters, in our
case |E|. In contrast, the penalty term % -log(s) - |E|islarger fors 2 7.4, thatis to say for
practically all realistic sample sizes, and therefore more strictly prevents overfitting.

As all common scores for continuous data, the properties of the Bic score depend
on the multivariate normality of the data. However, they often yield good although this
assumption is rather unrealistic in practice [282].

The BIC score is usually the first choice in causal structure learning with continuous
dataandyields good results [168, 241]. It also has the advantage of being efficiently evalu-
able. Modifications of the BicC score have been used to learn Bayesian networks, including
the risk inflation criterion [117] and extended Bayesian information criteria with a hyperparam-
eter 7y, where oy = Oyields the ordinary Bic [39, 97].

3.6.2
MEASURES FOR COMPARING CAUSAL STRUCTURES

Especially for the evaluation of learned causal structures, it is often necessary to mea-
sure the degree of conformance, or the closeness, of two structures. For synthetic data
that have been generated according to a predefined or randomly generated DAG, one can
measure the accuracy of the learning algorithm in terms of the similarity of the output
and the true causal structure.

The most common measure for this similarity is the structural Hamming distance (SHD).
This measure is first formally defined by [287], but is based on an idea by Acid and de
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3 CAUSAL STRUCTURE LEARNING

Campos [1]. The sHD is defined as the number of operations required to convert one graph
into the other, where available operations are edge insertions, deletions and reversals.
Perrier, Imoto, and Miyano [211] propose to penalise the latter only half, because they
constitute less grave errors.

In this thesis, the sHD is defined also with respect to conflict edges, which will be
formally defined in Section 5.2.1.
Definition 12 (SHD).
The structural Hamming distance (sHD) for the partially directed graphs G and G’ over
the same set of nodes 4V is a measure for the number of the edges that are not common
in both graphs. It is defined as follows as a sum over all pairs of nodes:

SHD(G,G) = ) sHDy(G,G), (3.2)

(X, X)eV?
where

if X;and X; are adjacent in G but notin G’ or vice versa,
if X; —X;in Gbut X; — X;or X; « X;in G’ or vice versa,
if X; » X;in G but X; « X;in G or vice versa,
if X, «»X; in Gorin G’ (or in both),
if X; > X;inGand X; —» X;in G’ or

X; < X;in Gand X; < X;in G’

1

SHDl](g, g,) = 3

O = = = -

De Jongh and Druzdzel [75] remark that the SHD can either be applied to DAGs or CPDAGS
and point out that the latter is to be preferred. Given two DAGs, the corresponding CPDAGS
can be uniquely identified, as we have seen in Section 2.4.2. Comparing the correspond-
ing cPDAGs has the advantage that edges whose direction is indistinguishable given the
data will not be penalised by the sHD. (This is in accordance with the measure by Acid
and de Campos [1]). Along these lines, we will also compare to the pattern of the true paG
when the result of an algorithm is a pattern in Section 4.3.3. Constantinou et al. [54] ob-
ject that comparing CPDAGS instead of DAGs overestimates the accuracy of the learning
algorithm. They define an adaptation of the sHD that can be applied to compare DAGs and
MAGS (Table 5).

De Jongh and Druzdzel [75] recommend not to rely on only one measure that aggre-
gates information. Accordingly, we will regard other structural measures than the sHD
as well.

Kalisch and BithImann [148] complement the sHD with measures that completely dis-
regard the edge directions and treat the discovery of the edges as a classification problem
(see also [..., 13,105]). For this, it is a assumed that one of the graphs is the true graph and
the other one is considered to be the estimated graph. Then a very general approach is
taken that can be found in the machine learning literature, e. g. [279, 144]. A confusion
matrix is computed, which contains the following quantities:

TP — the number of true positives, that is, edges that are in both graphs;

Fp - the number of false positives, that is, edges that are in the estimated but not in the
true graph;

FN -thenumber of false negatives, thatis, edges that are missing in the estimated graph
but exist in the true graph; and
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TN - the number of true negatives, that is, pairs of nodes that are not adjacent in either
graph.

These values can be combined to obtain the number of edges in the true graph
EDGES = TP + FN

and the number of “gaps” in the true graph
GAPS = TN + FP.

To denote the number of gaps and edges in the estimated graph, we use the terms positives

and negatives:
POS = TP + FP

and
NEG = TN + FN.

Note that all these quantities depend on which of the graphs is the true graph and thus,
also the following derived measures are not symmetric. All such measures assume values
between 0 and 1. Although many other measures are regarded in other applications, we
will only use the ones used in [148]. The false positive rate FPR, sometimes called fall-out
or false alarm ratio, is the quotient of misplaced edges and true gaps:

FP FP
FPR = = . (3.3)
GAPS TN+ FP

The true positive rate TPR, also known as sensitivity or recall, is defined as the ratio of the
number of correctly identified edges to the number of edges in the true graph:

TP TP

TPR = = .
EDGES TP + FN

(3.4)

The inverse measure, 1 — TPR, is commonly referred to as the false negative rate. We
will also regard the true detection rate, positive predictive value or precision, the number of
correctly identified edges relative to the number of edges in the estimated graph:

TP TP

TDR = = . (3.5)
POS TP + FP

Constantinou et al. [54] consider two other measures based on the confusion matrix:

TPR - TDR
Fl=2 —— (3.6)
TPR + TDR

and the balanced scoring function

1 TP TN FP EN
BSF = — - ( + - - ).
2 EDGES GAPS GAPS EDGES

They find that these two quantities often are largely in agreement. This is why we only
consider F1in the following. There are other, related measures used in the literature (but
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3 CAUSAL STRUCTURE LEARNING

not in the remainder of this thesis). For example, Gu and Zhou [117] report the Jaccard

index, which is defined as .

1= ’
EDGES + POS —R

where R is the number of edges that the cPDAGSs corresponding to the two DAGs have in
common (considering edge direction).

Peters and Bithlmann [212] propose a measure called structural intervention distance
SID. As the name suggests, it compares the graphs on the basis of their ability to predict
interventions.

In early papers, it was common to use different measures. Instead of the graphs
themselves, their induced distributions were often compared, for example via so-called
cross entropy [127, 128] or Kullback-Leibler divergence [1]. Other measures stem from
decision theory, above all expected utility [127]. An introduction to utilities and decisions
can be found in [158, Chapter 22].

3.6.3
GOLD STANDARD STRUCTURES AND RANDOM DAGS

For the evaluation of causal structure learning algorithms it is useful to know the true
DAG. By and large, there are two possibilities for this: either one uses data for which the
underlying causal structure is known, at least in terms of a consensus network, or one
generates an arbitrary true graph and then samples data from it.

The first approach has the advantage that it is closer to the practical conditions, a
bit like an in vivo study. The main concern with artificially generated graphs is that they
mightlack characteristics typical for real world networks. Some interesting properties of
this kind have been identified over the last decades [302, 15, 147, 6, 3], but there might be
more that we have not been able to capture yet. However, only few consensus networks
are available and they might have other peculiar properties, for example regarding the
type of data. What is more, it is not generally possible to adjust the parameters of the
network and data to perform a more thorough evaluation.

The second approach to evaluating learned causal structures against a true graph is
to start with the graph instead of the data. In principle, it is possible to use an arbitrary
DAG as the gold standard, but to avoid bias, a collection of graphs with equal parameters
is often randomly generated and later averaged over. This procedure is also applied in this
thesis, with varying numbers of replications for different paGs. This number denoted by
REP.

To generate random DAGs, we proceed like Kalisch and Bithlmann [148] and Colombo
and Maathuis [52]: For a DAG we can order the nodes topologically, such that we have
I < jinevery edge X, — X.. This in turn entails that the adjacency matrix A has only
zeros on the main diagonal and below it. An elegant way to generate a random DAG is
thus to fill only the upper triangle of A. To obtain a DAG with expected degree d, we can
draw each entry of this triangle independently from a Bernoulli distribution with the pa-
rameter 4/»-1. That is, an edge X; — X; is established between two nodes X; and X; with
i < j with probability ¢/n-1.

Note that in this way, isolated nodes might occur. Although in practical applications
such situations could be ruled out by removing nodes that are not correlated to any of the
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other nodes, there are methods that expect not only sparseness du to a low overall degree,
but also due to (nearly) isolated nodes or components [117]. Aragam and Zhou [13] state
that “many realistic DAG models tend to be sparse in one of these two senses”.

To parameterise the linear model, the edges are now weighted, yielding the weighted
adjacency matrix W. The entries w;; that correspond to non-existing edges are set to zero.
The other edge weights w;; are then drawn uniformly from the interval [b, 1]. Theoreti-
cally, the lower bound b = 0 could be chosen, but for the dependences and independences
to be distinguishable statistically and to avoid cases of near-unfaithfulness we always use
b = 0.1in this thesis. The whole process is implemented in the function randomDAG in
the R package pcalg.

Given a DAG, the data are generated via ancestral sampling, as described in Section 2.5.
For this, we use a linear Gaussian scM with assignments X, = ¢; for all sources X, and for
the other nodes

i-1
X; « Zwij~Xj + &,
=1

The Gaussian error terms ¢; are drawn independently from a normal distribution A (0, 1)
in the sampling process. This sampling procedure is repeated independently s times to
generate the data on with which the causal structure learning algorithm learns the esti-
mated graph. This graph can then be compared with the true graph using measures in-
troduced in the previous section.

The advantage of this approach is that it facilitates comprehensive parameter studies:
The number of nodes in the graph, the type of graph, its density, the type of noise, the
functions of the scM and more can be varied to see how this affects the outcome. Such
analyses using the pc algorithm are presented in the next chapter.
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4

THEORETICAL AND EMPIRICAL ANALYSIS OF
THE PC ALGORITHM

After an introduction to the foundations of causal modelling and an overview of methods
and circumstances for causal structure learning, we will now focus on the pc algorithm.
In this chapter, the pc algorithm is presented in detail and its properties are analyses —
both theoretically and empirically.

4.1
DESCRIPTION OF THE PC ALGORITHM

The pc algorithm is a “prototypical” constraint based structure learning algorithm [287].
For a discussion of its historical and theoretical background see Section 3.5.1, in particu-
lar Theorems 3.2 and 3.4.

A description of the pc algorithm in pseudocode is given in Algorithm 1. It consists
of three principal phases: It first estimates the so-called skeleton, the undirected graph
that describes direct correlations in the data (lines 1 - 13). The skeleton is computed by
starting with a complete graph — a graph where every pair of nodes is connected by an
edge. Then, whenever an dependence between a pair of nodes (X, Y) can be explained by a
setSyy of other nodes that mediate the effect, the direct edge between X and Y is removed.
By proceeding in this way for increasing cardinalities of the set Syy, this procedure is
empirically fast, although it theoretically has an exponential running time.

To estimate whether an effect is mediated by other variables, the pc algorithm makes
use of conditional independence tests. Conditional independence is assumed (and an
edge removed) when the test does not reject the hypothesis that the two variables are
conditionally independent given some subset S of the other variables at a significance
level of w. That means that the edge is kept when the hypothesis is rejected. The parameter
« must be predefined and controls the sparsity of the output graph. The tuning of this
parameter is crucial to the method and described in Section 5.3.

Phases 2 and 3 of the pc algorithm consist in directing as many as possible of the
edges in the skeleton. The emergence of any directed edges in the graph relies on the
observation that so-called v-structures can be distinguished from other subgraphs on
the basis of the pattern of conditional independences that they produce, as described in
Section 2.2.2. The identification of the v-structures constitutes the second phase of the
algorithm (lines 15 - 19).
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Data: The Algorithm depends on the results of the independence queries
XU Y|Sinlineé6

1 Start with a complete undirected graph G = (v, E)

2k =0

3 while there existsanode X € V withk < |N.(X)|do

4 | for every adjacent pair of nodes (X,Y) € V*do

5 for every subset S C AL(X) \ {Y}orS C AL(Y) \ {X} with |S| = kdo
6 if X 1l Y | Sthen

7 remove the edge X — Y from E

8 Sxy =S

9 end

10 end

n | end
2 | k=k+1

13 end
G =G > G' is the estimated skeleton

1

wvi

for every induced subgraph X — Y — Z in G' do
> no edge between X and Z!
16 | ifY ¢ Sy, then

7 orient the edge between X and Y and the edge between Y and Z towards
Y in G, potentially creating a bidirected edge

18 | end

19 end

20 Mark every bidirected edge as a conflict edge

21 while possible do

22 | Apply the following rules in G (if the orientation of an edge is ambiguous,

mark it as a conflict edge

1. If X and Z are not adjacentin X — Y — Z then orientas Y — Z

2. f X > Y > Zand X — Zthenorientas X — Z

3. If X and Z are not adjacent,but X — W — Zand X - Y « Zand W — Y
then orientas W — Y

o

23 end

24 return G

Algorithm 1: The pc algorithm. The input of the algorithm are results of conditional
independence queries (see line 6). In the oracle version of the algorithm they corre-
spond to the (in)dependences in the true graph (determined by d-separation), in the
sample version they are assessed from data by a conditional independence test.

After all edges that are part of v-structures have been directed, it is usually possible to
direct other edges based on the established directed edges (lines 21 - 23). This is accom-
plished using a set of rules that have become known as Meek’s rules [182], and are de-
scribed in Section 2.4.2 (see in particular Figure 2.2).

Since a unique DAG is generally not identifiable from data, the result of the pc al-
gorithm represents a set of Markov equivalent DAGs. If the provided conditional inde-
pendence information is perfect, this set is a Markov equivalence class (see Definition 7)
that can be represented by a cPDAG. This succinct graphical representation of the set of
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4 THEORETICAL AND EMPIRICAL ANALYSIS OF THE PC ALGORITHM

DAGS that are consistent with the given independences can be used to make the following
analysis more efficient than it would be to analyse all the alternative DAGs separately.

TERMINOLOGY
Asis formally defined in Section 2.2.3, a separating set Syy is a set that renders two nodes
X and Y independent when conditioned on, that is to say it separates them.

In the first phase of the pc algorithm, the skeleton phase (lines 1 - 13), sets of increasing
cardinality k are considered for all pairs of adjacent nodes X and Y in order to find a sep-
arating set Syy,. We will refer such a stage as round k of the algorithm in the following.
The first round, in which marginal independences are assessed, is thus round 0.

The output of the pc algorithm is denoted by G and referred to as the (Pc)-estimated
graph. Ifthe true graph from which the data were sampled is known, it is denoted by G*.

4.1.1
THE SAMPLE VERSION

In practical applications, conditional independences (line 6 of Algorithm 1) have to be as-
sessed from data using conditional independence tests (see Section 2.1.4). Since the data
represent a sample of an abstract population, the resulting algorithm is called the sample
version of the pc algorithm. Conversely, the oracle version, in which all conditional inde-
pendence test yield the correct result, is sometimes referred to as the population version
(e.g.,in [148]).

We consider independence to be the null hypothesis of the conditional independence
test. If we can reject this hypothesis for nodes X and Y and a set Syy at a certain level of
significance «, that is to say when we have found significant evidence that X and Y are
dependent given Sy, only then do we keep the edge between them.

The level of significance « corresponds to the probability of committing a type I error,
the probability of mistakenly rejecting the null hypothesis and keeping incorrect edge. It
is a parameter of the pc algorithm that is chosen by the user. However, it is not neces-
sarily beneficial to choose a as small as possible; it should thus rather be seen as a tuning
parameter than an overall level of significance.

This is because, in this context, the inherently asymmetric statistical test is applied
to judge a symmetric query: Is there an edge or not? In a typical application where a
deviation or anomaly is to be found, the assignment of null and alternative hypothesis
is obvious — the anomaly constitutes the alternative to the ordinary. In such a case, the
result — that is, the detection of the divergence from the null hypothesis - is stronger if it
is found at a lower level of significance «. On the other hand, the lower &, the higher are
the chances to overlook a deviation. Such an error is referred to as the type Il error and its
probability is usually denoted by B. In the anomaly-detection example 3 is less important
than «. If we can show that we find a very significant anomaly, it does not matter that we
might have missed it had it been a bit less significant.

The situation changes completely in the case of the pc algorithm. The lower « is cho-
sen, the lower the chance tojudge independent nodes dependent and thus keep superflu-
ous edges. However, at the same time we increase f3, the chance of erroneously removing
edges that should have been kept. The aim is thus to find a value for the level of signifi-
cance thatyields a balance between a and . This issue is treated in detail in Section 5.3.3.
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Theoretically, it would be possible to choose dependence as the null hypothesis. This
would also be more in accordance with the initial condition of the algorithm, where all
edges are present and are then gradually removed. But more importantly, choosing inde-
pen-dence as the null hypothesis is in accordance with our objective to learn faithful
graphs (see Definition 5). We want to keep edges only if necessary, that is if we have found
significant evidence for it — and this is what a statistical test assesses for the alternative
hypothesis. Conversely, if a statistical test results in assuming the null hypothesis, this is
not necessarily a result of strong evidence for the null hypothesis. Due to the asymmetry
of the test, it should rather be seen as a failure to reject the hypothesis than as accept-
ing it. The power of the test is the probability of rejecting the null hypothesis if it is false,
which amounts to 1 — B and is dependent upon the choice of a. The power of the test
is also determined by the nature of the statistical question, in particular by the sample
size and assumptions about the data. In the case of conditional independence testing it
further decreases with the size of the conditioning set.

To summarise, an edge is removed from the graph if and only if a set S is found for
which the null hypothesis that X and Y are conditionally independent given S is not re-
jected at a significance level of .

Because of how the subsets S are chosen in line 5 of Algorithm 1, this means that an
edge X — Y will persist in round k of the pc algorithm if and only if the null hypothesis
X 1LY | Sisrejected at a significance level of a for all subsets S of size at most k of the
neighbours of X and Y, respectively. The quantification (“for all”) thus intensifies the bias
towards sparser graphs.

Since we only regard continuous data that we assume to have a Gaussian distribution,
we can measure conditional correlation in terms of partial correlation and thus assess
conditional independence employing Fisher’s Z-test, as defined in Equation (2.6).

The pc algorithm is correct in the oracle model, that is when all independence queries
in line 6 of Algorithm 1 are correctly answered. [263, 148]. Kalisch and Bithlmann [148,
Theorem 1 and 2] show that the pc algorithm is consistent also in the sample model pro-
vided that the graph is sparse. Strictly speaking, they require the degrees of all nodes to
be bounded by the sample size and allow the number of nodes to grow polynomially in s.

4.1.2
TiME COMPLEXITY

While the complexity for phases two and three is polynomial in the number of variables,
the running time of the pc algorithm is dominated by the cost of the first phase, the com-
putation of the skeleton. In this, the Pc algorithm is significantly more efficient than the
sGs and 1c algorithms in practice. However, albeit not directly exponential in », its run-
ning time is still exponential in the degree of the output graph d = d(§), which in the
worst case can be as large asn — 1.

The theoretical running time of the pc algorithm (in the oracle model) is given by

Spirtes et al. [263]:
(M\y (P - »
2 k)= @d=1! ° .1

>
k=0
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Figure 4.1: Theoretical upper bound and empirical number of iterations of the for-loop in
line 5 of Algorithm 1 dependent on order k. Left column: Theoretical maximum of condi-
tional independence tests of each order that would be executed by the pc algorithm when
no edges would be removed. Right column: Comparison of the upper bound with the num-
ber of iterations actually executed, which are averages over 20 repetitions each, using
s = 10° samples. Note that in the right column the scales of both axes is (pseudo)log-
arithmic. Filled dots mark theoretical upper bounds, triangles the empirical results for
d = 5 (expected degree of the true DAG) and empty circles for d = 2. Although the data

is of course discrete, the dots are connected by lines in the lower panels to improve the
distinguishability of the three “curves”.

Here, the term 2(}) corresponds to the for-loop beginning in line 4 of Algorithm 1 and

> (") accounts for the different sets S considered in line 5 for all values of k in the outer
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while-loop (line 3). The binomial coefficient (") arises because strictly, the neighbour-

hood of X (or Y) could comprise all the n — 1 other nodes. But since one never needs to
consider any of the nodes X and Y to find a separating set Sy, we only need to consider
(".?) possible sets S. Note that in the oracle model, the evaluation of a conditional in-
dependence has a constant cost. In practice, the complexity of the skeleton phase would
need to be multiplied with the cost of the evaluation of a conditional independence test.
That is where the sample size would typically enter into the evaluation.

From Equation (4.1) we can see that the running time is in O(n**'). That means that
it is polynomial if d is fixed to a constant value. Note, however, that d is the degree of
the estimated graph. In the sample case, where the pc algorithm does not necessarily out-
put the true graph, it thus does not suffice for efficiency when the true graph is sparse.
Also the significance level must be chosen sufficiently low in order for the pc algorithm
to have a polynomial running time. Since it usually is unclear how low “sufficiently low”
is, it is usually a better idea to algorithmically ensure the polynomial running time by
bounding the maximal value of k that is considered. Such an algorithmic modification
also has the advantage that high order tests that have relatively low power, especially for
multinomial distributions, and thus a high risk of producing wrong results are avoided.
Algorithms based on this idea are presented in [33, 254, 310]. In the implementation of
the pc algorithm provided by the R package pcalg, which was used for all empirical anal-
yses presented in this thesis, an upper bound for k can be passed to in the function pc as
the argument m. max.

Spirtes et al. [263] remark that even the left-hand side of Equation (4.1) is only a loose
upper bound. In particular, it is rare for the neighbourhoods of one of the nodes X and
Y to have size n — 1. Instead, let us look at the maximum degree locally and at indi-
vidual stages of the execution of the algorithm. We are able to better grasp the actual
number of iterations of the for-loop in line 5 of Algorithm 1 by considering the maxi-
mum degree of X or Y, excluding the edge X — Y, which we denote by dy,. Formally,
dyy = maxyyy, dg (W)where d g (W) denotes the degree of the node W in the graph
G' in which the edge X — Y has been removed. It holds thatdy, < n — 2. Now inline 5,
there are (d’k”) e O( (dXY)k) possible separating sets S to consider for the pair of nodes X
and Y chosen in line 4.

The binomial coefficient (d’iy) increases with dy,. For a fixed dyy, it is minimal for
k = O0ork = dyy, and maximal for k close to dyy /2. This can be seen in the left panels of
Figure 4.1, where the upper bound (",?) is plotted for n € {7,40,100}.

The fact that (d’,j") is minimal for small values of k and reaches is maximum only as
k approaches 4w/ means that in the beginning, when dy, is still big, the small value of
k ensures that there are only relatively few separating sets to check. When k increases,
a significant amount of edges has typically already been removed, and thus d decreases.
Thus, the trade-off between large dyy and k close to 4xr/2 is elegantly optimised in the Pc
algorithm. Particularly, the theoretical bound (d’f ) is avoided save for k = 0. This is
shown in the right panels of Figure 4.1, where the upper bound (filled dots), the empirical
number of iterations for a true graph with expected degree d = 5 (empty triangles) and
with expected degree d = 2 (empty circles) are plotted for every value of k.

On top of the algorithmic aspects, there are more reasons why it is efficient to grad-
ually increase k: On the one hand, if two variables are not dependent, they are separated
by a rather small set of other nodes in practice. On the other hand, low-order conditional
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independence tests not only have more statistical power, they are also more efficiently
evaluable in practice.

4.1.3
EXTENSIONS AND APPLICATIONS

A particular feature of independence-based methods is that they usually presuppose the
use of a generic conditional independence test, which makes them adaptive to differ-
ent kinds of data, but also to new conditional independence tests [266]. For example,
the fairly recently developed kernel-based conditional independence tests (see the corre-
sponding paragraph on page 13) can easily be applied.

There are also modifications of the conditional independence testing procedure that
were designed specifically for the pc algorithm. In particular, a series of papers has been
concerned with conditional independence testing for the broader class of Gaussian cop-
ulas. The idea of using rank-based correlation instead of Pearson correlation was first
proposed by Harris and Drton [122], resulting in a method called rRPc. This was further
generalised for mixed (continuous and discrete) data [62], possibly with missing values
[63].

Other authors have made it possible to parallelise the pc algorithm. Madsen et al.
[173] consider a parallelisation over s, which makes sense for large data sets. Yet, as we
have seen in the previous section, the number of nodes is usually more critical. A paral-
lelisation over the nodes is available in the R package pcalg [150], which is used here, but
also in the package bnlearn [237]. This has further been discussed in [165, 315].

Since especially the skeleton estimation is relatively efficient and accurate in the pc
algorithm (as was already emphasised by Kalisch and Bithlmann [148]), there are several
hybrid algorithms based on the pc algorithm. Tsagris [282] proposed to combine the pc
skeleton with the hill-climbing approach of MMHC (see also Section 3.5.3). This is much
faster than the original method using the max-min parents and children algorithm.

Guand Zhou [117] suggest a hybrid approach that applies a divide-and-conquer strat-
egy: Instead of computing the complete causal structure at once, the nodes are clustered
and only the subgraphs for the individual clusters are established initially. Then, these
subgraphs are merged using a modified BIc score. [138] apply this approach specifically
to the pc algorithm, enhancing the efficiency of the skeleton-phase. They first cluster
the nodes based on their mutual information. They then estimate the skeleton for each
cluster separately. This is advantageous not only for the total computational complexity,
but also permits parallelisation. “Inter-cluster” edges are estimated only afterwards and
filtered in the last phase.

In practice, the pc algorithm is often applied within the framework of a method called
IDA [171], which uses the pc-estimated graph to compute bounds on causal effects be-
tween the variables [172]. Recently, this approach has been adapted in a Bayesian fashion
[209, 37].

Recent applications of the Pc algorithm include environmental and energy topics
[299, 198] — the former based on RPC— as well as biology and medicine [233, 105, 94].
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4.2

ORDER-DEPENDENCE OF THE PC ALGORITHM IN THE ORACLE
SETTING

It has been known for a long time [262, 67] that the sample version of the pc algorithm
is order-dependent. This means that, assuming the conditional independence tests can
produce false information about the independences in the true underlying graph, the pc
algorithm can produce different results with different orderings of the input. In other
words, the order in which the variables are considered has an influence on the output
graph.

Some adaptations have been proposed that order the variables according to certain
criteria and thus render the pc algorithm order-independent. [282] suggest to use the
heuristics proposed by [114] to determine in each iteration of the skeleton phase which
node or set of nodes should be considered next. A similar approach is realised by Cano,
GOémez-Olmedo, and Moral [34].

The most widely used order-independent implementation of the pc algorithm is due
to Colombo and Maathuis [52]. The authors give examples showing that in fact each phase
of the pc algorithm is order-dependent and propose a modification for every phase: a sta-
ble version of the computation of the skeleton, the use of a voting system for v-structures
(available via the options maj_rule and conservative in the R package pcalg as de-
scribed below) and the recording of conflicting edge directions (as in Algorithm 1). The
resulting version of the pc algorithm, known as the stable version, is order independent.
The basic and stable version of the pc algorithm are evaluated and compared later in this
section (see, for example, Figures 4.18 and 4.19). First, however, let us take a more theoret-
ical perspective and consider the order-dependence or independence of the pc algorithm
in the oracle model.

In the oracle model, it is assumed that a faithful true paG G* exists, and that all con-
ditional independences are estimated correctly according to G*. The conditional inde-
pendence tests can thus be implemented using a d-separation oracle that, to assess the
conditional independence X 1l Y | Z, returns 1if X 1l ;. Y | Z and O otherwise.

Since the pc algorithm is consistent in the oracle setting, it always returns the correct
CPDAG, independent of the ordering in which the variables are given in the input. It thus
might seem unreasonable to consider its order-dependence.

Nonetheless, we will see that order-dependence is an issue in the skeleton phase of
the pc algorithm even in the oracle model in the following sense: Although the skeleton
established in the end is always the correct one, the intermediate results may vary with
the variable ordering. To be precise, the preliminary skeleton after round k for k > 2 can
be different depending on the variable ordering.

Formally, let G = (v, E) be a pAG and let 77;,(V),i € {1,...,|V|!} be the possible
permutations of its nodes. Let G, be the skeleton generated by the non-stable pc algo-
rithm after regarding separating sets of size k — that is, after the k-th round — when the
variables are regarded in the ordering ;.

For k = 0 and k = 1, the pc algorithm is order-independent in the oracle setting.
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LEMMA 4.1.
In the oracle model, the graphs G’ and G, are independent of the permutation 7t;.

Proof. Inround O of the pc algorithm, unconditional independence tests are conducted,
which means that the independence of each pair of variables is tested independent of any
othervariables. Since the results of unconditional independence tests only depend on the
data and do not change in the course of the algorithm, the result Gg' is independent of
the ordering 7t; of the variables.

It remains to show that G;" is independent of 77;. We proof this by contradiction and
assume that there is an edge, say I — J, with the following properties:

1. I — J cannot be removed in round O of the pc algorithm
2. I —J can be removed in round 1
3. I — ] cannot be removed in round 1 if one or more other edges are removed first

The latter must hold due to the fact that if one or more other edges are removed, all sep-
aration sets S, ; = {L} of cardinality k = 1are nolonger a subset of the neighbourhood of
either I or].

Now, there might be several separating sets S; ;, but since we assume that all connec-
tions of such nodes L to I and ] must be removable before removing the edge I — ], we
can assume that all but one node that separates I and J have already been disconnected
from both I and J. The only remaining separating set that is in the neighbourhood of I or
J is {K}. We thus have:

4. Thereisno L # K forwhichI 1L J | {L}.
For the construction above, the following conditional independences must hold:

5. I L ]| @: The edge is not removed in round 0.
6. I 1l J|{K}, thatis, {K} separates [ and].

It follows from 5. that there is at least one d-path
connecting I and ] in the true graph (see Fig-
ure 4.2). Since {K} separates I and ] (as stated
in 6), K must lie on all d-paths between I and J Figure 4.2: Part 1.
(and not be a collider on any of them), see Fig-
ure 4.3. Consequently, there must also be a d-
path between I and K and J and K. Since they are
thus not marginally independent, the edges I—K
and K — J are not removed in round 0. There-
fore, in the beginning of round 1, K € A_(I) and
K € AL(J). This can be expressed in the following
conditional independences:

Figure 4.3: Part 2.

7.1 K|@Pand] Y K| Q.

Analogously to the edge I — ], the edges I — K and ] — K must survive round O but be
removable in round 1, so two nodes M and N must exist such that

8. I 1L K|{M}and] 1L K | {N}
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In other words, M blocks all d-paths between I [~ MansKana Nans]

and K and N blocks all d-paths between J and K
(confer Figure 4.4).

But this contradicts the fact that K € A((I) and K € A[(J) as well as assumption 4
because M and N also separate the nodes I and J. Consequently, such a situation cannot
arise. [

Figure 4.4: Part 3.

Figure 4.5: Example graph for the proof of Lemma 4.2. The skeleton GJ for the true graph
shown at the top depends on the variable ordering 7r. Below, the skeletons G7, GJ* and
the two possibilities for GJ¥ are shown.

LEMMA 4.2.
There exist instances where the every skeleton G[T for k > 2 depends on the permutation 7.

Proof. For k = 2 consider the true DAG at the top of Figure 4.5. After round O, the pPc algo-
rithm will have constructed the skeleton to the left in the second row. Note in particular
that X, 1L X, | @, because all paths between X; and X, contain I or ] as a collider. After
round 1 only the edges in the graph in the middle will be left.
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Now, in any ordering in which X; and X, come before I or ], the conditional indepen-
dences

XA I{Y,Y;},
X U J11{Z, 2},
Y AL I|{Y?, Y2} and
Y AL J1{Zt, Z3}

are tested before I 1L J | {X,, X,},sotheedges [—X,, ]—X;, [ —X, and ] —X, are removed
first. Then, I 1L J | {X;,X,} is not considered at all, because {X;, X, } is not a subset of the
neighbourhood of I or ] any more. That is, the edge I —J would not be removed in round 2
of the pc algorithm and the upper right skeleton in the second row would result.

Onthe other hand, if I 1l J | {X, Y} is considered first, the edge I — ] is removed. The
edges I — X, ] — X, I —Yand ] — Y would then be removed later, leading to the lower
right skeleton in Figure 4.5.

Remark: Of course, also in the former case, the edge I — J would be removed later
during the run of the pc algorithm, namely in round 4 whenI 1l J | {A,B,G,H}orI 1L
J | {C,D,E, F}is tested. After all, the pc algorithm is correct in the oracle version, due
to Theorem 3.4 (see page 49). But this theorem does not yield minimum separation sets
Syy and the size of the sets found obviously determines the round in which an edge is
removed.

However, for larger k, analogous subgraphs G, can be constructed by replicating the
nodes X;, in and Z]? fori € {1,2...,k} andj € {1,2...,k}. As in the above example, the
following edges exist for every i and j:

X, > Y

X%- - Z]i

v

Z; =]
Now graphs with arbitrary maximum density d can be constructed that consist of the
subgraphs G, fori € {1,2...,k}. For such graphs it holds that every skeleton G for k > 2

depends on the permutation 7.
0

With regard to algorithms that are based on the pc algorithm but only use low-order con-
ditional independence queries like [33, 254, 310], we can summarise as follows:

THEOREM 4.3.
When the pc algorithm is terminated before the condition in line 3 of Algorithm 1 is met, the result is
dependent on the ovdering of the variables in the input even in the oracle setting.

Proof. This is a direct consequence from Lemma 4.2. O
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4.3
EXPERIMENTAL EVALUATION OF THE PC ALGORITHM

After the examination of the oracle version of the pc algorithm, we will now abandon the
oracle setting that is mainly of theoretical importance and turn to the sample version of
the pc algorithm for the rest of this thesis. However, for the evaluation of various aspects
of the algorithm we consider the pc algorithm in a supervised setting, that is, the true
graphis known, but not used as an independence oracle. Instead, itis used as a source for
the generation of data, on the basis of which a conditional independence test, in our case
Fisher’s Z-test, assesses the (in)dependences. The resulting graph can than be compared
to the true graph to evaluate the estimation performance of the pc algorithm.

4.3.1
METHODOLOGY

The evaluation is done using a supervised version of the pc algorithm which creates a
random DAG G* with a given expected degree, generates s samples of data from this DAG
and performs the pc algorithm to obtain G. This subroutine is called supervised pc. Its ba-
sic structure follows the documentation of the package pcalg [150] and is given in List-
ing 4.6.

Listing 4.6: R code of the general procedure supervised pc for the evaluation of the pc
algorithm. Code adapted from the documentation of the function ida, e. g., variable
names have been changed to match the notation in the thesis.

## Simulate the true DAG
n <— 10

d<-2

p_e <—d / (n-1)

alpha <- 0.01

s <— 10000

G_star <- randomDAG(n, prob = p_e) ## true DAG
covTrue <— trueCov(G_star) ## true covariance matrix

## Simulate Gaussian data from the true DAG
dat <- mvDAG(n, G_star)

## Estimate CPDAG and PDAG
suffStat <— list(C = cor(dat), n
pc.fit <— pc(suffStat, indepTest
G_hat <- pc.fit@graph

s)
gaussCltest, p = n, alpha = alpha)

1l

A random graph with n nodes and an expected degree of d is generated in the Erdgs-
Rényi model (see Section 3.6.3). This graph constitutes the true graph G*, from which s
data instantiations are sampled using ancestral sampling. Given these data, the pc algo-
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rithm is used to learn an estimated graph G, which then can be compared with the true
graph (or analysed separately).

In this procedure randomness is involved in both the generation of the true graph
and the data. The results in this thesis are averaged over r replications for each setting,
where a new true DAG is used in each repetition.

For comparability, I did not only adopt the same methods as Kalisch and Bithlmann
[148] but also the same basic parameters: graph sizes n € {7,40,100}, expected densities
of the true graph d € {2, 5}, the value of the tuning parameter « = 0.01 and a similar log-
arithmic scale for the sample sizes s € {10',10'%, ... }. However, I extended the maximum
regarded sample size from 10*° to 10°. Moreover I replicated each setting r = 40 times.

Besides the density d and sample size s, I considered the effects of several other fac-
tors:

> How much does the use of Meek’s rules for directing non-v-structure-edges influ-
ence the correctness of the estimated graph?

> How dependent upon the ordering of the nodes is the result?

> Which effect do the parameters maj.rule and conservative, that are necessary
for the order-independence of the pc algorithm, have?

> Which effect does the detection of conflict edges have, which is also necessary for
rendering the pc algorithm order-independent?

Conflict edges are detected as defined in Algorithm 1. To analyse the performance of the
pc algorithm with conflict detection, I first defined how they are to be treated in measures
like the structural Hamming distance (see Definition 12 in Section 3.6.2). When the cor-
rectness of the skeleton is measured, I always consider conflict edges as existing edges,
although they can be seen as edges that should be removed (as described in Section 5.2.1).

All results have been produced using the R package pcalg, with the modifications in-
dicated (e.g. to the function shd). The details of the methods are described below, before
the results are presented in Sections 4.3.2 and 4.3.3.

DETAILS OF THE IMPLEMENTATION USING THE R-PACKAGE PCALG

All empirical results presented in this chapter are based on the supervised pc procedure
(confer Listing 4.6). Random graphs are generated using randomDAG, data sampled ac-
cording to a graph using rmvDAG and the pc algorithm is implemented in the function
pc. The comparison of graph skeletons in terms of TPR, FPR and TDR is implemented
in compareGraphs; the information whether a graph is extendable is retrieved via the
function pdag2dag, whether it is a maximally oriented PDAG is determined using the
function isValidGraph with the parameter type = "pdag". The extendability is as-
sessed using the function from the package bnlearn called cextend with the parameter
strict = TRUE, because there should not bee any undirected edges left in the resulting
graph. The function pc returns the estimated, incorrect (non-cpPDAG) graph only with
the option u2pd = relaxed. Otherwise, if the option u2pd = "retry" is used, up to
n.max (default: n.max = 100) permutations of the v-structures are simulated in order
to find a valid graph. If this is unsuccessful, tHe behaviour is equal to the one specified by
u2pd = "rand": All information about edge directions is discarded and a random DAG
is generated on the obtained skeleton.
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Figure 4.7: Reproduction of Figure 2 from [148]: Measures of the accuracy of the skeleton
(false positive rate FPR and the true positive rate TPR of the edges) and structural Ham-
ming distance (SHD) to the true cPDAG, dependent on the sample size s for graphs with
n € {7,40,100} nodes. Data points marked with circles correspond to an expected degree
of the true graph of d = 2, triangles tod = 5. Lines are added to improve the distin-
guishability of these two settings. Data points are computed as the mean over r = 40
replications and the error bars represent 95% confidence intervals. The pc algorithm
was conducted with Meek rules, without the optionsmaj.rule and conservative, and
without conflict detection. For comparison, faint background lines in the right plots
show the mean total number of edges of the corresponding pc-estimated graphs.

Since causality is fundamentally about edge directions, it is obvious that the randomly di-
rected edges are unsatisfactory. Therefore, the optionu2pd = relaxedisused through-
out this thesis.

Moreover, inconsistencies that occurred during the computation should not be re-
solved randomly. Instead, the option solve.confl = TRUE can be used. In this case,

82—



4 THEORETICAL AND EMPIRICAL ANALYSIS OF THE PC ALGORITHM

conflicting information is represented explicitly in the graph in terms of a new type of
edges that are called conflict edges in this thesis. Note that this option only makes the
conflicts explicit by marking the edges accordingly, but does not solve the conflicts as the
name suggests. The formation and processing of conflict edges is discussed in detail in
the next chapter, in particular in Section 5.2.1and Section 2?. However, conflict edges are
already included in the empirical analysis in this chapter to estimate, for example, how
often they occur.

In order to reproduce the results obtained by Kalisch and Bithlmann [148] the option
solve.confl = FALSE is used. After that, that is first in Figure 4.18, the option was
switched to solve.confl = TRUE for the stable version of the pc algorithm. For this,
also the optionsmaj.rule = TRUE or conservative = TRUE are used as indicated.

REPRODUCTION OF THE RESULTS BY KALISCH AND BUHLMANN

In Figure 2 of [148], the convergence of the accuracy of the pc algorithm for increasing
sample size s is shown in terms of true and false positive rate of the edges (TPR and FPR)
and structural Hamming distance (SHD) which are defined in Section 3.6.2. The empirical
analysis in this and the next section is based on this figure.

To first reproduce it, I assume that Kalisch and Bithlmann used Meek’s rules, but nei-
ther the conservative or majority-rule-based identification of v-structures nor the stable
version of the skeleton function since all these options were first published seven years
later [52]. I further assume that also the option to explicitly handle conflict edges is a later
invention.

The results can be found in Figure 4.7 and are in accordance with Kalisch and Biihl-
mann’s in magnitude and asymptotic behaviour. Also the curve shapes are comparable.
Deviations are visible only for the false positive rate and for n = 7. This is behause the
FPR is very small in general and some fringe effects seem to occur forn = 7.

4.3.2
EMPIRICAL ANALYSIS OF THE PC ALGORITHM

In addition to the measures taken into account by Kalisch and Bithlmann [148], I deter-
mined other measures including

1. the density of the estimated graph;

2. the number of conditional independence tests evaluated in the course of the pc algo-
rithm and in each round;

3. thetrue detection rate (also known as the positive predictive value), see Section 3.6.2;

4. the fraction of graphs that were extendable, maximally oriented PDAGS, or proper
CPDAGS.

In particular the latter analysis is novel. So far no systematic experimental analysis has
been done, which shows the performance of the pc algorithm in terms of the extendabil-
ity and related properties of the resulting graphs. The results are presented in Figure 4.8
(density end edge types), Figure 4.10 and Figure 4.11 (TDR and conditional independence
tests overall) and 4.12 (type of the estimated graph) and are discussed in the next para-
graphs.
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Figure 4.8: Density and number of directed and undirected edges in the graphs generated
by the pc algorithm, dependent on the sample size s for graphs with n e {7,40,100}
nodes. Data points marked with circles correspond to an expected degree of the true
graph of d = 2, triangles tod = 5. Lines are added to improve the distinguishability
of these two settings. Data points are computed as the mean over r = 40 replications
and the error bars represent 95% confidence intervals. For comparison, faint background
lines in the left plots show the expected density d of the true graph.
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Figure 4.9: The causal diagram showing the dependence of the results of the pc algorithm
upon the density d of the estimated graph and the parameters s and a. The variable x

stands for a parameter that is influenced by the choice of s, d and «, such as the sHD,
number of conditional independence tests performed or the extendability.
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DENSITY AND EDGE TYPES

The degrees of the randomly created true graphs deviate only marginally from the desired
values: The mean degree over all replicates is 2.00 for n = 7, 2.02 for n = 40 and 1.99 for
n = 100 whend = 2was aimed at,and 4.94 forn = 7,5.08 forn = 40 and 5.01 forn = 100
when d = 5 was desired.

However, the density of the estimated graphs slowly evolves towards the desired value.
That means that for small values of s, the resulting graphs are significantly more sparse
than expected, as shown in Figure 4.8. This issue is examined in more detail in Sec-
tion 4.3.4, but it is worth noticing that the expected degree increases with s so that the
graph density often might be the true cause of effects that arise from varying s. This is
illustrated in the causal diagram given in Figure 4.9.

To cancel the effect of the graph density, it would be helpful to hold the degree of
the graphs constant. This can be done by using « as a tuning parameter and adapting
it in order to always obtain graphs with the same density, as is further investigated in
Section 4.3.5.

It can further be seen in the Figure 4.8 that while the number of undirected edges is
more or less constant, it is the number of directed edges that increases with s. This can
be explained by the fact that in very sparse graphs nearly no v-structures occur, such that
no directed edges can be identified.

The number of v-structures decreases again for very dense graphs, that is when the
density approaches the upper limit n — 1. Then, most triples of nodes are shielded and
thus cannot form a v-structure. A slight tendency for the number of directed edges to
decrease for the largest values of s and thus the highest densities is evident for n = 7.
However, even an average degree of 5 is not enough for this effect to be visible for n = 40
and n = 100.

TRUE DETECTION RATE AND CONDITIONAL INDEPENDENCE TESTS

Complementing the measures shown in [148], the TDR is given in the left column of Fig-
ure 4.10. Recall from Section 3.6.2 that the TDR is defined as the number of correctly
identified edges relative to the number of edges in the estimated graph. It can be seen
that while the pc algorithm converges in terms of the TPR (left column in Figure 4.7) when
s increases, this is not the case for the TDR. A preliminary explanation for this — that will
be verified in Figure 4.22 - is that the number of edges in the estimated graph increases
with s so that finally all true edges are recovered at the cost of identifying also some erro-
neous edges.

The number of conditional independence tests executed is shown in Figure 4.10. It
is notable that most of them are of very low order, although the number of high-order
tests increases with n and s. One might think that in the first round, i. e. for order zero,
the number of conditional independence tests should always be equal, namely exactly
the number of node pairs n'(nz_l) (for instance, 21 for n = 7. That this is not the case is
due to the details of the implementation. In the package pcalg, every node pair (line 4 in
Algorithm 1) is actually regarded twice (once in each ordering), and each time the putative
separating sets are chosen among the neighbours of the first node only. This way, the
empty set is regarded twice in the first round for each edge that is not removed. The other
edges need to be considered only once so that the theoretical upper bound of 42 forn = 7
— 1560 for n = 40 and 9900 for n = 100, is not reached for sparse graphs, in which some
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edges can be removed in round 0. As can be seen in the figure, most graphs are so dense
that the number of nodes removed in round O is not noticeable.
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Figure 4.10: True detection rate (TDR) and number and maximal order k,,,, of conditional
independence tests conducted by the pc algorithm, dependent on the sample size s for
graphs with n € {7,40,100} nodes. Data points marked with circles correspond to an
expected degree of the true graph of d = 2, trianglestod = 5. Lines are added to improve
the distinguishability of these two settings. Data points are computed as the mean over
r = 40 replications and the error bars represent 95% confidence intervals.
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Figure 4.11: Number of conditional independence tests of certain order k executed by the pc algorithm, dependent on the sample size
s for graphs with n € {7,40,100} nodes. Data points marked with circles correspond to an expected degree of the true graph of d = 2,
triangles to d = 5. Lines are added to improve the distinguishability of these two settings. Data points are computed as the mean over
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(confer Figure 4.1).
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The number of conditional independence tests that the pc algorithm has to evalu-
ate is in general exponential, but depends strongly on the degree of the graph in each
round, as described in the analysis of the theoretical complexity of the pc algorithm in
Section 4.1.2. A comparison of the maximal and actual numbers of conditional indepen-
dence tests executed can be found there as well (see Figure 4.1).

Since the degree of the graph increases with s, it is not surprising also the number
of tests does, in particular for a large degree of the true graph. Figure 4.22 shows that
this increase is actually due to the density. On the other hand, it is interesting to note
that the maximum order of a conditional independence test executed, albeit increasing
with s, seems to converge towards a value below 10 although it could theoretically be as
large as n—2. This explains the feasibility of the pc algorithm in sparse high-dimensional
settings.

In Figure 4.11, one can see for which orders the most conditional independence tests
are conducted. Interestingly, when d = 5 this is always the case for k = 2. For greater
k that, whilst the theoretical upper bounds still increase, the combinatorial growth has
been brought under control by the decreasing number of remaining edges and, with and
beyond that, the decrease of the number of nodes with that high a degree.

TYPE OF THE ESTIMATED GRAPH

In Figure 4.12, one can see the fractions of graphs estimated by the pc algorithm that
are PDAGS, extendable PDAGS, or proper CPDAGs. As visualised in the Euler diagrams in
Figure 5.1, the class of cPDAGs is a strict subset of the set of extendable graphs, which in
turn is a strict subset of the class of PDAGs. In the setting regarded here, the only reason
for a graph not to be a PDAG is that it contains a directed cycle. The details of the different
graph classes are discussed in Section 5.1.

In the literature, the pc algorithm is usually said to output a PDAG [270] or a CPDAG
([148, 122, 52, 129]), the latter sometimes denoted by a different term [75, 123]. The first
fact that we can conclude from Figure 4.12 is that due to sampling errors the pc algorithm
nearly never outputs a proper CPDAG, and sometimes not even a PDAG. We therefore drop
even the assumption of acyclicity. Allowing also conflict edges to be present, we refer to
the estimated graph as a general partially directed graph (GPDG), as defined in Defini-
tion 13.

At least cyclic outputs are not very common: Cases with less than 50% proper PDAGs
only occur for very small graphs (n = 7). However, the rates of PDAGs bound the rates of
extendible graphs and cppaGs. While the rates of PDAGs and extendable graphs are iden-
tical in this case, indicating that acyclicity is the only relevant cause of non-extendability,
the fraction of cPDAGs in the output graphs rapidly drops to zero with increasing sam-
ple size, probably due to the higher density that large sample sizes entail (see also Sec-
tion 4.3.4).
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Figure 4.12: Fractions of graphs estimated by the pc algorithm that were proper pDAGs,
extendable, and proper cPDAGs, dependent on the sample size s for graphs with n €
{7,40,100} nodes. Data points marked with circles correspond to an expected degree of
the true graph of d = 2, triangles to d = 5. Lines are added to improve the distinguisha-
bility of these two settings. Data points are computed as the mean over r = 40 repli-
cations and the error bars represent 95% confidence intervals. Note that the regarded
properties are gradually more restrictive as illustrated in Figure 5.1.
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Figure 4.13: Structural Hamming distance (SHD) of the graphs generated by the pc algo-
rithm without applying Meek’s rules to the true DAG, its pattern and its CPDAG, dependent
on the sample size s for graphs with n € {7,40,100} nodes. Data points marked with cir-
cles correspond to an expected degree of the true graph of d = 2, trianglestod = 5. Lines
are added to improve the distinguishability of these two settings. Data points are com-
puted as the mean over r = 40 replications and the error bars represent 95% confidence
intervals. Note that, because Meek’s rules are not applied, the estimated graph would be
the pattern of the true graph if no errors occurred. For comparison, faint background
lines represent the corresponding results with Meek’s rules.

There is a weak but perceptible tendency of the acyclicity rate to first decrease and
thenincrease again (with s), which also can be explained by the graph density. Forverylow
values of s, the resulting graphs are so sparse that edges hardly ever interfere, so each edge
can be directed independently and every graph is extendable. As s and thus the graph
density increase, extendability by chance becomes more and more infrequent and the
fraction of non-extendable graphs reaches its maximum. Then, as s increases further, the



4 THEORETICAL AND EMPIRICAL ANALYSIS OF THE PC ALGORITHM

computed graph more and more resembles the cPDAG of the true DAG, which of course is
extendable. However, the estimated graph hardly ever seems to be exactly the true cPDAG
because nearly none of the graphs for very high values of s is a CPDAG, as can be seen in
the rightmost column of Figure 4.12. Note, however, that one small error can turn even
the true graph into a non-cPDAG, so that the fraction of proper cPDAGs might be an overly
pessimistic measure of the accuracy of the pc algorithm, at least for large graphs.

4.3.3
EMPIRICAL ANALYSIS OF VARIATIONS OF THE PC ALGORITHM

Having reproduced and expanded upon Kalisch and Bithmann's results, we will now in-
vestigate how they depend on the version of the pc algorithm by which they were ob-
tained. Before looking into new extensions of the pc algorithm, let us first consider its
last phase, where non-v-structure edges are directed based on v-structures. The basis for
this is a set of rules referred to as Meek’s rules (see Figure 2.2).

MEEK’S RULES

Meek’s rules were devised to turn a pattern, which in the oracle model is the output of
phase two of the algorithm, into a CPDAG. Because of this, the Pc algorithm is commonly
said to output a CPDAG. In fact, this is true only in the oracle model, that is when all
conditional independences are correct. We have seen in the previous section that in the
sample setting, the result of the pc algorithm is hardly ever a cppAG, which indicates
that Meek’s rules do not have the desired effect when the initial graph does not have the
expected properties. To get to the bottom of problems like the non-extandability of esti-
mated graphs, we will thus abandon Meek’s rules for the time being.

Since Meek’s rules are not applied before the skeleton is established, discarding them
does not have any effect on the measures that assess the correctness of the adjacencies,
like TPR, FPR and TDR. However, it is interesting to investigate what happens to the struc-
tural Hamming distance (SHD) to the true DAG, its pattern and its CPDAG when Meek’s
rules are not applied; see Figure 4.13 for a comparison to the case with Meek’s rules.

The results are consistent with what is to be expected. Remember that the patternofa
graphisagraph that retains skeleton and v-structures, butis otherwise undirected. Since
Meek’s rules are used to direct edges that are not part of v-structure, applying them will
generally increase the SHD to the pattern of the true DAG. This can be seen in all regarded
settings, although the effect is small for larger graphs (n = 40, n = 100).
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Figure 4.14: Fractions of graphs estimated by the pc algorithm without applying Meek’s rules
that were proper PDAGs, extendable, and proper cpDAGs, dependent on the sample size s
for graphs with n € {7,40,100} nodes. Data points marked with circles correspond to an
expected degree of the true graph of d = 2, trianglestod = 5. Lines are added to improve
the distinguishability of these two settings. Data points are computed as the mean over
r = 40 replications and the error bars represent 95% confidence intervals. Note that,
because Meek’s rules are not applied, the estimated graph should be a pattern if no errors
occurred. For comparison, faint background lines represent the corresponding results
with Meek’s rules.

On the other hand, Meek’s rules decrease the sHD to the true graph and its cPDAG by di-
recting also non-v-structure edges. Nonetheless, at least for n = 7 the effect of Meek’s
rules is smaller when comparing to the true cpDAG. This might indicate that in the sam-
ple setting not only edges that are directed in the cPDAG are directed by Meek’s rules.
Instead, more edges may be directed, some of them in the way they are directed in the
true DAG. Some might also be directed in the opposite way as this would not influence
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the sHD to the true DAG. If an undirected edge X — Y is directed as X — Y by Meek’s
rules, although it is directed as X « Y in the true DAG, the SHD to the true DAG does not
change since the edge constitutes a mismatch either way.

Figure 4.14 shows the fractions of graphs estimated by the pc algorithm the are PDAGS,
extendible graphs or cPDAGs when Meek’s rules are not applied (compared to the setting
with Meek’s rules that is shown in Figure 4.12). Again, we can see that the rates first de-
cline and then improve with s, which can be explained by the graph density in the same
way as the acyclicity in the case with Meek’s rules.

Itis not surprising that applying Meek’s rules increases the probability of generating
directed cycles, simply because more edges are directed. On the other hand, the extend-
ability improves when Meek’s rules are applied (or worsens if not). Since the true CPDAG
is extendable by definition, the obvious explanation for the latter would be that Meek’s
rules simply render the result more “correct”, that is to say lead to a higher agreement
with the true cPDAG. After all, they are designed to generate the (true) cPDAG from the
(true) pattern. However, the SHD to the true CPDAG improves only insignificantly and the
fraction of output graphs that are proper cPDAGs is only slightly increased (if at all). This
shows that another effect is of higher importance: Meek’s rules lead undirected edges
being forcedly directed. If an edge that can not be directed by the rules of graph exten-
sion is directed by Meek’s rules, the graph might become extendable just by bringing the
error forward. A small example for this is given in Figure 4.15. Note that the situation
also occurs in each graph that contains the example graph as an induced subgraph.

W—o>X—Y—7Z W—->X—>DY «—7Z

Figure 4.15: Meek’s rules can render a non-extendable graph extendable. The graph on
the left is non-extendable because however the middle edge is directed, a v-structure is
created. Meek’s first rule, locally avoids v-structures by tuning an induced subgraph X —
Y — ZintoX — Y — Z. In this case, however, applying this rule would still produce a
v-structure with the third edge. For example, if A — B — C is regarded first, the graph to
therightis created. Since this graphis a DAG, itis extendable, although the original graph

was not. The application of Meek’s rule thus lead to an invalid extension of the graph on
the left.

Allin all, we can conclude that in the sample setting Meek’s rules do not — as they are
designed to - reliably direct non-v-structure edges in order to create a CPDAG. In fact,
they might spoil the result by inducing directed cycles, although this is precluded in the
oracle model. Furthermore, their application might disguise the accuracy of the previous
phases by implicitly and without any notice solving conflicts in a random way. I therefore
exclude them for the rest of the section and instead regard the pattern that the pc algo-
rithm outputs when only its first two phases are performed: Learning the skeleton and
directing edges that are part of v-structures, which can be identified from the conditional
independence relationships determined during construction of the skeleton.
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Figure 4.16: Structural Hamming distance to the pattern of the true DAG as well as frac-
tions of graphs that were proper PDAGs or extendable for the graphs estimated by the
order-dependent version of the pc algorithm, when variables are permuted after data gen-
eration. The measures are shown dependent on the sample size s for graphs with n €
{7,40,100} nodes. Data points marked with circles correspond to an expected degree
of the true graph of d = 2, triangles tod = 5. Lines are added to improve the distin-
guishability of these two settings. Data points are computed as the mean over r = 40
replications and the error bars represent 95% confidence intervals. For comparison, faint
background lines represent the corresponding results without permutation, that is when
the variables are given to the (order-dependent version of the) pc algorithm in a causal
ordering. Meek’s rules were not applied in both cases.
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Figure 4.17: Number of edges of different types that are present in the output graph of
the pc algorithm for different settings: original, non-stable pc with permuted variables
(and conflict detection) (0); stable Pc with majority rule (m); stable conservative pc (c).
The measures are shown dependent on the sample size s; each stack consists of the num-
ber of conflict edges (bottom), directed edges (middle), and undirected edges (top). The
rows correspond to numbers of variables n € {7,40,100} (from top to bottom), the two
columns tod = 2 (left) and d = 5 (right). Meek’s rules were not applied in all cases.
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ORDER-DEPENDENCE

It remains to shed light on one more issue of the order-dependent version of the R func-
tion pc. When the basic procedure proposed in the documentation of the R package
pcalgisused (similartowhatis shownin Listing 4.6 and further described in Section 3.6.3),
all edges in the true DAG are generated to be directed from a node with a lower index to
anode with a higher index. If the variable ordering is not changed after the data gener-
ation, the pc algorithm receives the data with a variable numbering corresponding to a
topological ordering of the nodes in the true graph. However, when the pc algorithm is
applied in practice, such an ordering is usually unknown. Yet, in principle this ordering
provides a lot of information about the true causal graph (confer the last paragraph of
Section 3.5.2).

This information is of course not used explicitly in the pc algorithm, e. g., by delet-
ing all edges from nodes with a higher index to nodes with a lower index. Nonetheless
the pc algorithm would always regard the nodes in topological order. This influences the
edge directions in the resulting graph in a profitable way, as can be seen when compar-
ing with the results obtained when the columns of the data are randomly permuted after
generating the data’.

In Figure 4.16, this comparison is shown. After permuting the data, the measures of
the skeleton, TPR and FPR, do not change considerably (not shown). However, the SHD of
the produced graph to the true DAG, pattern and CPDAG increase significantly, as shown
exemplarily for the SHD to the pattern in the figure. (It makes sense to consider the sHD
to the pattern here, as we still consider the version of the pc algorithm where the last
phase, the application of Meek’s rules, is dropped.) If the skeleton remains the same, an
improvement of the SHD must be due to edge directions. When the last phase of the al-
gorithm is skipped, the only edges that are directed are putative v-structures. We can
conclude that considering the nodes in their topological ordering facilitates the identifi-
cation of v-structures. This might be because it is more probable to find “correct” sepa-
rating sets in the skeleton phase when iterating over the nodes in a topological manner,
which is important for the identification of v-structures. This hypothesis is in accordance
with the finding that the number of conditional independence tests in the skeleton phase
increases when the variables are permuted.

In Figure 4.16, one can see that the extendability is significantly enhanced owing to
the gain in edge direction accuracy which results from using the topological ordering of
thevariables. One can see that nearly all estimated denser graphs (d = 5and larger values
of s) contain at least one cycle and thus are not valid ppAGs. The fraction of extendable
PDAGS drops towards zero for even smaller sample sizes (thatis, densities). The fraction of
CcPDAGS that is close to zero already when the topological ordering is used (see Figure 4.15)
does not change noticeably (not shown).

®The fact that the column names still correspond to a topological ordering of the nodes is not important,
since the pc algorithm never explicitly uses them. Instead, it always regards the nodes in the order of
their appearance in the adjacency matrix, that is in the data.
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Figure 4.18: Number of conditional independence tests conducted, number of conflict
edges in the estimated graph and fraction of extendable output graphs for the stable ver-
sion of the pc algorithm using the majority rule. The measures are shown dependent on the
sample size s for graphs with n € {7,40,100} nodes. Data points marked with circles
correspond to an expected degree of the true graph of d = 2, trianglestod = 5. Lines are
added to improve the distinguishability of these two settings. Data points are computed
as the mean over r = 40 replications and the error bars represent 95% confidence inter-
vals. For comparison, faint background lines represent the results of the original, order-
dependent method without conflict detection with randomly permuted variables. Meek’s rules
were not applied in both cases.
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Figure 4.19: Reproduction of Figure 2 from [148] (see Figure 4.7) using the stable version
of the pc algorithm with the majority rule: Measures of the accuracy of the skeleton (false
positive rate FPR and the true positive rate TPR of the edges) and structural Hamming
distance (SHD) to the true cPDAG, dependent on the sample size s for graphs with n €
{7,40,100} nodes. The measures are shown dependent on the sample size s for graphs
with n € {7,40,100} nodes. Data points marked with circles correspond to an expected
degree of the true graph of d = 2, triangles tod = 5. Lines are added to improve the
distinguishability of these two settings. Data points are computed as the mean over r =
40 replications and the error bars represent 95% confidence intervals. For comparison,
faint background lines represent the results of the original, order-dependent method without
conflict detection with randomly permuted variables. Meek’s rules were not applied in both
cases.
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THE STABLE VERSION OF THE PC ALGORITHM

We have seen that, in practice, the pc algorithm profits significantly from a topologically
sorted input. The general fact that the output of the pc algorithm depends on the ordering
of the variables has been known before and exploited for example by Dash and Druzdzel
[67]. On top of that, a stable version of the pc algorithm by Colombo and Maathuis [52]
resolves the order-dependence of the pc algorithm.

It consists of three modules that remedy the order-dependence of the three phases of
the pc algorithm. Note that onlyif all three of them are performed in an order-independent
way, the pc algorithm will be completely independent of the variable ordering.

To render the computation of the skeleton order-independent, edges are not deleted
from the graph in the course of one round of the computation; instead, edges that are to
be removed due to the results of the conditional independence tests are labelled as such
and removed in the end of the round.

To resolve the order-dependence of the identification of v-structures, a voting pro-
cedure is introduced. Remember that in the original version of the pc algorithm, a chain
A — B — Cisdirected as a v-structure A —» B « Cif B ¢ S,., with S, being the sepa-
rating set that caused the removal of the edge A — C in the skeleton phase. In the oracle
version, B will either be in all sets that separate A and C or in none. However, sampling
errors can lead to a set without B being deemed separating although the structureisnot a
v-structure, or the other way around. It is therefore not only a possibility to attain order-
independence, but makes the computation generally more robust to regard multiple sep-
arating sets instead of only the first one found.

In the majority rule version of this phase (available in the pcalg available via the pa-
rametermaj.rule),A—B—Cisdirected as a v-structure if the majority of the separating
sets made up by the neighbours of A and C does not contain B. Otherwise, the chain is
not directed. If the conservative version of this phase is used (parameter conservative
in the pcalg implementation), a v-structure is created only if B is in none of the sep-
arating sets. These two adaptations are gradually more strict with respect to creating
v-structures, so they generally result in a higher number of undirected edges, as can be
seen in Figure 4.17.

Finally, it matters to which subsets of variables Meek’s rules are applied first, as we
have seen in the example in Figure 4.15. There, the edge B — C can be directed as B —
Cor B « C, depending on whether A - B — Cor D — C — B is considered first.
It turns out that the case shown in this figure, where there is conflicting information
about the direction of one edge, is all that needs to be considered in order to certain the
order-independence of the last phase. It suffices to mark such edges with unresolved
orientation as ambiguous, instead of directing them in one or the other direction. As
Colombo and Maathuis [52] remark, such edges have no causal interpretation, but rather
indicate conflicts in the conclusions of the pc algorithm and are therefore called conflict
edges here. There is no obvious solution for this issue which is discussed in more detail
in Section 5.2.1.

It can be seen in Figure 4.18 that the number of conflict edges is non-negligible. On
the other hand, their number does not seem to increase unbounded with the graph den-
sity, i. e. increasing s. Rather, even for the denser true graphs (d = 5) it does not exceed
half the number of nodes. Furthermore, when considering small graphs (n = 7) it can
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be seen that the number of conflict edges decreases again for very large samples, which
might indicate that the true graph is more accurately learned.

When comparing the stable majority rule version of the pc algorithm with the un-
stable version as shown in Figure 4.19, we can see that both the FPRr and the TPR decrease
slightly but consistently. Also Figure 4.17 confirms that in general, marginally fewer edges
are found. This is not surprising because in the stable version of the computation of the
skeleton, edges are removed at a later stage (namely at the end of the round). This im-
plies that the neighbourhoods of the nodes remain larger for a longer time, so that the
probability that a separating set is found within such a neighbourhood — and may it be
by chance - is increased. It seems that most of additional separating sets that are found
in this way are correct since the TPR decreases only slightly, while the effect is more clearly
visible for the FPR.

However, this comes at a cost. In the stable version, more conditional independence
tests are performed. The number of performed conditional independence tests is about
twice as high for medium and large sized graphs (i. e. with n > 40), as can be seen in
Figure 4.18.

Although the sHD does not revert to the values attained with the unstable version of
the pc algorithm and causally ordered variables, the sHD decreases significantly when
using the stable pc algorithm with majority rule compared to the unstable version with
permuted variables. It thus seems that the more restrictive way to introduce v-structures
truely reduces mistakes.

Theoretically, the conservative version of the pc algorithm differs from majority rule ver-
sion in that a strictly more stringent criterion has to hold in order for a chain to be di-
rected as a v-structure. The direct consequence of this is that fewer edges are directed.
However, the most prominent difference between the results of the two versions is that
restricting the formation of v-structures results in a significant reduction of conflict edges
for sufficiently high values of s (see Figure 4.17). This effect seems to outweigh the imme-
diate effect that fewer directed edges are created: For s = 1000 and greater, the con-
servative version created more directed edges, presumably because many of the directed
edges created according to the majority rule turn into conflict edges. We can see that for
around s = 1000, the number of conflict edges produced by the majority rule version in-
creases strongly. In the same range, the SHD changes from being lower for the majority
rule version to being lower for the conservative version (see Figure 4.20), most likely for
the same reason.

By more systematically avoiding conflict edges, the conservative version is also able
to keep the rate of PDAGs and extendable graphs in the output higher, for larger s. Nev-
ertheless, for very large sample sizes, also with the conservative version both fractions
drop to zero if the true graph is dense (d = 5). For very sparse graphs (d = 2), however,
both fractions are comparatively high for both the conservative and majority rule version,
hardly ever dropping below 50%.
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Figure 4.20: Structural Hamming distance to the pattern of the true DAG as well as frac-
tions of graphs that were proper PDAGs or extendable for the graphs estimated by the
stable conservative version of the pc algorithm. The measures are shown dependent on the
sample size s for graphs with n € {7,40,100} nodes. Data points marked with circles
correspond to an expected degree of the true graph of d = 2, triangles tod = 5. Lines
are added to improve the distinguishability of these two settings. Data points are com-
puted as the mean over r = 40 replications and the error bars represent 95% confidence
intervals. For comparison, faint background lines represent the results for the stable pc
algorithm with majority rule. Meek’s rules were not applied in both cases.

4.3.4
A MODEL FOR THE DENSITY OF THE ESTIMATED GRAPH

It has been noticed before [148] that the tuning parameter « should be chosen depending
on the number of samples in the data. However, in contrast to this finding, they choose
avalue of w and use it over a vast range of settings. To be precise, they determine a value
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of a by optimising the average structural Hamming distance (SHD) to the true CPDAG for
s between 30 and 30000. They find that overall, « = 0.005 or &« = 0.01 yields the lowest
average SHD to the respective true CPDAG.

The reason for the dependence of « on s is that both parameters influence the density
of the output of the pc algorithm, that is how many edges it finds: The higher «, the more
probable it is that the null hypothesis that two variables are conditionally independent is
rejected. Thus, the higher &, the more edges are kept.

On the other hand, an increase of s affects the test statistic that we use. As described
in the paragraph on Fisher’s Z-test in Section 2.1.4 and 4.1.1, for some nodes X and Y and
a set of node indices Z, we consider the p-value computed as

—2(P(Vs—1Z| =3-1Z2(X,Y | Z)]) + 2.

If this value is smaller than «, the null hypothesis is rejected and the corresponding edge
is kept. Thus if s increases, also the p-value becomes smaller so that the null hypothesis
is more likely to be rejected and more edges are kept, likewise leading to denser graphs.

This is consistent with basic principles of learning. If we have little data available, we
should prefer a simple model that is able to explain the data because otherwise, we would
probably overfit. If there is a large amount of data available, which suggests that the
model has some specific features, we should be more inclined to believe in those features.
According to the law of large numbers, a certain feature in the data is more probable to be
significant when observed in a large than in a small sample. In the latter case, it is more
probable to be an artefact or characteristic of the sample rather than the population. This
issue is also discussed in [158, e. g. Section 17.3.1]

To understand how the density d of the estimated graph depends one the other param-
eters, let us consider the relationship between d , graph sizes n, the density d of the esti-
mated graph, the sample size s, and the tuning parameter a.

For arange of values of w and s, I executed r repetitions of supervised_pc (see List-
ing 4.6) (using the original, unstable version of the pc algorithm with permuted variables)
and recorded the average degree of the graphs obtained by the pc algorithm. As an ex-
ample, the result for graphs with n = 40 nodes and an expected degree d = 2.5 of the
randomly generated true graphs can be seen in Figure 4.21. Heatmaps similar to the one
shown in Figure 4.21 can be obtained for varying n and d. A change in these parameters
only shifts the values in the matrix but does not affect the overall pattern. It turns out that
these heatmaps of values of d have an approximately linear colour shading when alpha
grows doubly exponentially, that is when log(— log(a)) increases linearly, and the scale
of sis logarithmic, i. e. log(s) grows linearly.

On top of that, the matrix in Figure 4.21 grants us some interesting insights. If we as-
sume that the estimated graph resembles the true graph more if their densities are more
similar, then we could reason based on Figure 4.21 that « should be chosen smaller the
higher s is. However, the measures described in described in Section 3.6.2, for exam-
ple the structural Hamming distance more suitable to assess the estimation accuracy. A
corresponding tuning procedure is described in Section 5.3.2.

To quantify the influence of the aforementioned parameters on the density of the
output graph, I conducted a multiple linear regression of the density d of the estimated
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graph on n, d, s and «. For the regression, I considered all combinations of the follow-

ing parameter values for the supervised pc, and determined the average degree d of the
estimated graph over r = 100 repetitions:

n e {10, 20, ..., 70}
de{2,25,3,35,4,5)

s € 10%, fore, € {1.5,1.75, ..., 4.5}

a €107 fore, € {2.5,2.4,...,—0.5}

(4.2)

Because of the finding that comparable values of d appear on a line when the values for a
grow doubly exponentially and the values for s exponentially, I transform « and s accord-
ingly and then use linear regression to fit the parameters in

~

d =a,-n+a;-d+a;-log s+a,-log (—log (a)) +b.
This yields the following best-fitting coefficients:

a, = 0.0045,
a; = 0.1],
a, = 0.85,
(4.3)
a, = — 122,
and the intercept
b= 0.1

The R*-value of the fit is 0.82. Note that log (—log , («)) decreases with increasing a,
so despite the negative sign of a,,, d increases with all the regarded parameters.

To compare the strength of the regression coefficients, let us consider the overall in-
crease in d that a change from the lowest to the highest value of this parameters would
induce according to the regression. For example, if n is increased by 60, from n = 10 to
n = 70 (keeping the values for all the other parameters constant), this would increase
d by about 0.0045 - 60 = 0.27. Analogously, changingd = 2tod = 5 yields an in-
crease of d of about 0.11 - 3 = 0.33; increasing the sample size froms = 32tos =
31623 adds about 0.85 - (log, (31623) — log, (32)) ~ 2.55to d, and when « is increased
from its minimum, 6 - 1073 to its maximum, 0.48, d would likewise increase by —1.22 -
(log, (—log,(0.48))) —log (—log (6 -10°")) ~ 3.66.

In this sense, under the assumption that the ranges that were considered for all pa-
rameters to the same extent cover a range that is realistic in practice, s and a have the
strongest effect on the density of the pc-estimated graph.
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Figure 4.21: Density d of the graph computed by the pc algorithm depending on the tun-
ing parameter « and the sample size s. The graphs from which the data were sampled
have n = 40 nodes and an expected degree of d = 2. Accordingly, the value 2 corre-
sponds to red, smaller values to lighter, higher values to darker colours. In each column
the cell whose value is closest to the expected degree of the true graph (d = 2) is marked
with a black diamond.
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4.3.5
EXPERIMENTS WITH CONSTANT DENSITY

Based on the data presented in Figure 4.21 it is possible to vary the sample size while
holding the density d of the estimated graph approximately constant, and thus to verify
that some effects for increasing s that we encountered earlier most probably are caused
by the increasing density of the resulting graph.

To this end, the “optimal” value for «, referred to as &, is chosen for each combina-
tion of values of the other parameters as the one for which the target density d of the
true graph is most accurately reproduced as the density d of the estimated graph. (These
values & are marked as black dots in Figure 4.21.)

The figure shows that for every s there is a range of « for which the desired value of d
is well reproduced are many cells that reproduce the desired value of d very well — namely
the red regions that fill most cells, especially for large values of s. Thus, to robustify the
computation of the values &, they were chosen as the median of all « for which the re-
sulting d deviates at most by some tolerance threshold T from d. Here, this tolerance is
chosentobe T = 0.2.

For the following analyses, I generated specific models forn = 7andn = 40, usalin-
ear regression of the “optimal” «. Since for larger densities d of the true graph the largest
value of « that was regarded in the previous section is often optimal for a wide range of
low values of s, I also extended the range of  and considered values a € 107% fore, e
{2.5,2.3,...,—2.3,—2.5}, thatis,a € {6 -107%Y,3.1072%°, ..., 0.98,0.99}.

Due to the high maximum values for a this analysis would take very long for n = 40
and is not feasible for n = 100, so it is only shown for n = 7 here. The regression yields
the following “optimal” values of a:

a, = 0.37,b = —1 forn=7,d=2,

=042,b=—-26 forn=7,d=5.

~ __1%slogigs+b .
A =1071°""°" with {
a

S

RESULTS

Itcan be seenin the top left panel Figure 4.22 that the expected density of the true graph s
quite accurately reproduced with the above model. While we have seen the accuracy of the
pc algorithm decrease with s according to some measures in the previous section, this is
not the case when the density is held constant. Firstly, the number of conflict edges in the
estimated graph (top row, fourth panel) now decreases with s, while the number of graphs
that do not contain any conflict edges increases (fifth panel). Except for a slight increase
entailed by the decrease of conflict edges, the numbers of directed and undirected edges
(second and third panel) are more or less constant with s.

Also the false positive rate (EPR, top row, first panel) and true detection rate (TDR,
second panel) now clearly converge to the optimal values. Nevertheless, no significant
change can be seen in the structural Hamming distance (third panel).

As hypothesised above, the increase of the number of conditional independence tests
that we encountered in Figures 4.11 and 4.10 is actually due to the increasing density,
because it does not occur here (fourth panel). Also the maximum order of a conditional
test that is reached (k,,,,, fifth panel) is now constant with s.

max?’
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Figure 4.22: Selected measures for the accuracy of the pc algorithm depend on the sample size s when the density of the estimated graph
is keep constant through the choice of #, so that the density of the estimated graph quite accurately corresponds to the expected degree
of the true graph, d = 2 for data points marked with circles and d = 5 for data points marked with triangles (see the top left plot). Solid
lines and larger data points correspond to the stub version of the pc algorithm using the majority rule, faint lines and smaller data points
represent the results for the original version of the pc algorithm with conflict detection. Meek’s rules were not applied in both cases. For
all plots, the number of variables is n» = 7. Data points are computed as the mean over » = 40 replications and the error bars represent
95% confidence intervals.
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Furthermore, measures that describe the validity of the output graph as a causal struc-
ture now converge or remain constant. To be precise, independent of s about 60% of the
denser graphs (d = 5) and nearly all of the sparser graphs (d = 2) are acyclic (bottom
row, first panel), and, at least for the stable version of the pc algorithm, nearly all esti-
mated graphs are chordal (second panel). The fractions of PDAGs, extendible PDAGSs and
cPDAGs all grow towards 1 with increasing sample size, although it can be seen that the
graph classes are gradually more restricted. This will be analysed in more detail in the
next chapter.

4.4
CONCLUSION

In Figure 2 in [148], the authors compare the pc-estimated graph with the true graph and
report the result in terms of the true and false positive rate (TPR and FPR) of the edges
as well as the structural Hamming distance (SHD) for the cPDAG. They find that all these
measures converge, especially for sparse graphs.

Despite the positive conclusions that can be drawn from this, one can also see some
limitations in their simulation results. For one thing, the sHD is still quite high. We can
see in Figure 4.7 that it is not uncommon that the sHD is a third or quarter of the number
of edges in the graph. In particular, this means that if an algorithm would always return
the empty graph, it would still just be about three or four times as far from the truth as
the pc algorithm is. Furthermore, the FPR is certainly small, but the denominator of this
quantity, the number of non-existent edges in a graph, is usually huge. Therefore, this
measure might not be very informative, especially for dense graphs.

In addition to the results by Kalisch and Bithlmann, a number of other measures of
the estimated graph have been studied in this section, also in variations of the pc algo-
rithm. We have seen that the fraction of the graphs estimated by the pc algorithm that
are actually PDAGs is small, even when conflicts are not detected but randomly resolved.
This finding challenges the justification of phase three of the pc algorithm, the applica-
tion of Meek’s rules, which are designed to turn a valid PDAG into a cCPDAG. Furthermore,
the ordering in which the variables are passed to the pc algorithm has a strong influence
on the estimated graph and ought to have positively influenced the data shown by Kalisch
and Bithlmann [148].

The stable version of the pc algorithm is able to remedy its order-independence. How-
ever, some problems remain, for example the poor extendability of the resulting graphs
and the small fraction of cPDAGs associated with this. On top of that, a new issue arises
with the introduction of conflict edges. Their introduction makes problems explicit, but
also necessitates their solution, which is one of the main topics of the next chapter.
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5

IMPROVEMENTS TO THE PC ALGORITHM

In a perfect world, the causal structure learning process would consist in running the pc
algorithm on the given data once and obtaining the correct cPDAG. Unfortunately several
sticking points exist in practice.

First of all, there are many configurations and parameters in the computation that
determine the outcome: How the data are computed, cleaned up, and pre-processed?
Which version of the pc algorithm is used - e.g. the stable version? Which conditional
independence test is used? How are conflicts being handled internally? - and so on.
Above all, the main tuning parameter of the pc algorithm, the level of significance a of the
individual conditional independence tests that are conducted to determine the skeleton,
must be set to an appropriate value.

While some of the decisions can be made by an experienced researcher based on the
type and properties of the data used, for example the choice of an appropriate conditional
independence test, the value of « is hard to estimate. Since in the decision that is to be
made by the statistical test — edge or no edge — false positives and false negatives are
more or less equally inadequate, the parameter « should not be as small as possible, as
is typical in clinical studies where significant effects, deviations from the usual, are to be
found (see the discussion in Section 4.1.1). In our use case, it is instead advisable to find
a good balance between the error probabilities « and . How this can be done is further
discussed in Section 5.3.3.

Parameter tuning is usually done with the objective to improve the accuracy of the
estimated graph. However, even more problematic than incorrect edges are cases where
the overall graph is not valid, that is not a cPDAG.

According to our findings from the previous chapter, in the sample case the estimated
graph is scarcely ever a CPDAG, and, what is more, often not even a PDAG (see Figure 4.12).
In this chapter, we will investigate this issue further.

Section 5.11s about the different “symptoms” of invalid DAGs, that is, in which regard
a pc-estimated graph can be invalid. Section 5.2 gives examples how this can happen and
how this happens. In Section 5.3, methods for tuning « are revised and new approaches
are introduced. After the parameter tuning procedure, one will have found a graph that
represents the causal relationships in the data as good as possible, but still might not
be extendible and contain some conflict edges. In Section 5.4, a method to heuristically
extend such a graph is presented, based on a new and efficient algorithm for determining
a consistent extension of a graph that contains conflict edges.
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chordal

chain components

Figure 5.1: Different classes and properties of graphs that are relevant for the character-
isation of the output of the pc algorithm.

5.1
SYMPTOMATOLOGY

In the previous chapter, we have identified graph classes that in general do not charac-
terise the output of the pc algorithm in the sample setting: the class of cPDAGs, the class
of extendable graphs and the set of PDAGSs. Also in this chapter, we will consider the pc al-
gorithm in the sample setting and have a closer look at why the pc-estimated graph may
belong to none of these classes.

Therefore, let us introduce a new class that properly characterises the output of the
stable version of the pc algorithm- the class of general partially directed graphs:

Definition 13 (General partially divected graphs (GPDGS)).
A general partially directed graph is a graph that contains directed, undirected and con-
flict edges.

In this section, will study this class and its subclasses, including the above mentioned
classes off PDAGs and cPDAGs. Their relationship is summarised in the Euler diagram in
Figure 5.1. The symptoms that are relevant for the classification are considered in more
detail in the next section. In particular, conflict edges are characterised in Section 5.2.1.

In Section 2.2.1, PDAGs were defined to be partially directed graphs without directed cy-
cles. Furthermore, a partially directed graph is a graph that may contain directed and
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undirected edges but no other edge types. Allinall, in order to be a PDAG, the Pc-estimated
graph needs to be acyclic (referring to directed cycles) and free of conflict edges and thus
lie in the grey area in Figure 5.1.

In Definition 10, the property of extendability is defined for PDAGs, such that the set
of extendible PDAGs is a proper subset of the class of PpDAGs. (After all, it is obvious that
every graph that contains a directed cycle is not extendable to a DAG in the sense of Defini-
tion 10. Every non-PDAG is thus non-extendable.) Note that not every PDAG is extendible,
because it might be impossible to direct the undirected edges without creating new di-
rected cycles or v-structures.

A well-known characterisation of extendible PDAGs is that their undirected compo-
nents are chordal [79]. The undirected components of a graph G are the connected com-
ponents of the graph G’ that results when all directed edges are removed from G.

As can be seen in the Figure 5.1, the set of extendable PDAGs thus lies in the cut of

1. the set of graphs with no conflict edges
2. the set of graphs with no directed cycles
3. the set of graphs with chordal undirected components.

Representing a Markov equivalence class, each cpPDAG is extendable to each DAG it
represents. On the other hand, not every extendible PDAG is a CPDAG. For example, the
PDAG X — Y — Zisextendibleto X — Y — Z, butitis nota CPDAG since Y — Z is the
only possible way to direct Y — Z. The set of CPDAGs thus is a proper subset of the set of
extendible PDAGs.

To conclude, the pc-estimated graph G might not be extendable, and thus not repre-
sent a DAG and a corresponding SEM for the following reasons. Firstly, it might not be a
PDAG because it

1. contains conflict edges.
2. contains directed cycles.

Even if G is a PDAG, it might not be extendible, in particular because

3. its undirected components are not chordal, but also because
4. its undirected components are chordal, but it is not extendible anyway.

These individual “symptoms” of non-extendability are further discussed below.

In this thesis, we are mainly concerned with the problem of non-extendability of the
pc-estimated graph. However, the usual aim when applying the pc algorithm is to learn
a CPDAG [148, 122, 52, 129]. Nevertheless, obtaining an extendable graph is an important
first step in this endeavour. Certainly, a CPDAG is best suited to represent the set of all (in-
distinguishable) paGs which describe the processes that have generated the data. How-
ever, to obtain a consistent estimation for one such DAG, it suffices to learn an extendable
PDAG. If desired, such a PDAG can in principle be turned into a CPDAG via a consistent
extension as described in [43].

Allinall, regardless of whether the graph returned by the pc algorithm is the true pAG
or not, it might not even be a valid solution to the causal question that is to be answered.
In this case, it is not suitable for typical causal inference methods, like for example, 1DA
[172] or Pear!’s intervention calculus [200] on which 1DA is based.
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We are therefore in need of a well-founded procedure to tune the parameters of the pc
algorithm in order to achieve meaningful results, and transform these results into proper
graphs of certain kinds, e.g. cPDAGs, without loosing too much information. Since such
issues have not been profoundly described in the literature, this thesis aims at shedding
some light on this part of the process of causal structure learning with the pc algorithm.

5.2
REASONS FOR ERRORS

We have seen in the previous section that the main problems concerning pc estimated
graphs are conflict edges, cyclicity and non-extendability.

As a first step towards remedying them, in this section we will look into how these
symptoms come about and why. We will consider which violations of the assumptions or
specific errors in the computation can provoke individual symptoms.

However, it is important to not interpret symptoms like conflict edges or acyclicity as
direct causes of latent confounders or cyclic relationships in the data. They are rather the
result of complex combinations of statistical errors that in part can be due to violations
of the assumptions, including acyclicity, causal sufficiency and unfaithfulness, but also
non-Gaussianity. On top of that, the true DAG might be to dense to be consistently learned
or the sample size might be too small.

5.2.1
CONFLICT EDGES

As described above, conflict edges emerge when v-structures overlap in an inconsistent
way. A simple example for this is depicted in Figure 5.2; if in the skeleton to the left, both
V> W < Xand W - X « Y are identified as v-structures, the edge connecting W
and X will have to be directed as X — Y and W « X, and thus be identified as a conflict
edge. In this section, we will investigate under which circumstances such a contradiction
of two v-structures occurs. Later, in Section 5.4, a method to resolve them is proposed.

V—W—X—Y VoW W— X —Y

Figure 5.2: An typical example for how a v-structure can arise in the pc algorithm with
conflice detection.

How CONFLICT EDGES EMERGE IN THE PC ALGORITHM

In the original description of the pc algorithm by Spirtes et al. [263], it is not specified
explicitly how conflicts in step two and three of the pc algorithm should be solved. In
fact, it seems that the insertion of directed edges should be done iteratively. Hence for
example in Figure 5.2 the v-structure that would be identified first would prevail, and the
other one would no be identified at all because only undirected edges are turned into v-
structures. The resulting graph would thus be eitherV - W « X—YorV-W —» X « Y.
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In the standard implementation in the R package pcalg, that is when using the
option solve.confl = FALSE, the behaviour is contrastive: only the adjacency infor-
mation is used to determine v-structures, without requiring the edges to be undirected.
Therefore “later” v-structures overwrite previously inserted ones, which results in either
VoWeXe<YorV > W — X « Yinthe example from Figure 5.2.

Onlyif solve.confl = TRUE,all v-structures are determined beforehand and con-
flicts are identified. All edges that are part of several v-structures which suggest contra-
dictory directions for it are then marked as bi-directed edges. This is done by inserting
the value 2 in both corresponding positions of the adjacency matrix in the internal rep-
resentation. These edges are the ones that are referred to as conflict edges here. When
using the option solve.confl = TRUE, also in step three of the pc algorithm all mod-
ifications are collected first. Then conflicts are identified and marked with bi-directed
edges.

Also the (mutually exclusive) options conservative andmaj.rule (see the descrip-
tion on page 99) influence the occurrence of conflict edges. The conservative version of
the pc algorithm [219] identifies v-structure in a more restricted manner, and thus also
leads to fewer conflicts between them. In Figure 4.17, it can be seen that also the majority
rule option reduces the number of conflict edges produced significantly. This is probably
because the voting procedure in fact helps to identify the true v-structures while avoiding
false positives.

A possible explanation for this in turn is the finding in Section 5.3.3 that usual choices
of a strongly underestimate the optimal values and that thus many dependences are clas-
sified as independent. This seems to be especially frequent when there exists a separat-
ing set similar to the one considered. Because of the algorithmic structure of the skele-
ton phase in the pc algorithm, such a similar set would often be a superset. In other
words, choosing a too low might cause the found separating sets to generally be too small.
Thus it is likely that when the condition for v-structure identification is tested for a chain
X — Y — Z, the variable Y is not in the separating set Sy, that was found in the skeleton
phase although it should be. Considering all subsets of the neighbours of X and Z and
deciding based on all of them resolves this bias.

For a complete example, consider again the path X — Y —Z. If X and Z are considered
marginally independent, this would actually be false. Yet, it does not entail an error in
the skeleton, since in the next round, when considering the separating set {Y}, the edge
would have been removed anyway.

However, the subgraph X — Y — Z is falsely classified as a v-structure when the naive
method for v-structure identification is used that considers only the separating set that
lead to the edge removal.

Onthe other hand, using the majority voting procedure, all subsets of the neighbours
of X and Z would be evaluated as potential separating sets (see the paragraph on the stable
version of the pc algorithm on page 99). Thus, if the applied conditional independence
test has a general bias towards independence, for example due to a low value of «, this
would apply to separating sets with and without Y alike. If all of them would turn out to
separate X and Z, there would be equally many with and without Y, so that the v-structure
would be classified as ambiguous and not be directed as a v-structure.

The same holds with respect to the application of Meek’s rules in the third phase:
Meek [182] defines that, for example, the edge directed by rule 1 must be an undirected
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edge. However, in the pcalg implementation the last direction of an edge overrides ear-
lier orientations when u2pd = "rand" oru2pd = "retry" is used. Using the option
solve.confl = TRUE, the information about ambiguous edges is carried over to the
third step of the pc algorithm. In this case, edges that are undirected but part of an am-
biguous v-structure are not directed as other undirected edges. For instance, Meek’s first
rule is not applied to an ambiguous chain X — Y — Z, and thus the edge Y — Z is not
directed as usual. On top of that, new conflict edges are created in case of contradicting
orientations obtained by the application of Meek’s rules. For example, in the instance
shown in Figure 4.15, the edge connecting X and Y would be identified as a conflict edge
if solve.confl = TRUE was used.

All in all, conflict edges are always due to conflicting information about edge direc-
tions, which in turn is attributable to incompatible v-structures, at least indirectly. The
options conservative and maj.rule, which help to limit the number of v-structures
that are identified, thus also help to reduce the number of conflict edges that are found.

CoNFLICT EDGES DUE TO LATENT CONFOUNDERS

Similar to bi-directed edges in MAGs, conflict edges may reflect latent confounders, as
shown in the example in Figure 5.3: Consider the true graph on the left, in which H is
unobservable. Because W and X can not be separated conditioned on observable nodes
only, the pc algorithm would estimate the skeleton shown in the middle of the figure.
Now, because W and X are colliders in the true graph, the paths V.— W — H — X and
W — H — X —Y are blocked unconditionally, so that in particular W & Sy, and X & Sy 4.
Asaresult,bothV - W « Xand W — X « Y are directed as v-structures, such that
the edge between W and X becomes a conflict edge.

H
7N\
V—oWw X —Y V—W-—X—Y V—WeW—X—Y

Figure 5.3: An example where a conflict edge is due to a latent confounder.

This interpretation of conflict edges has lead to the rc1 algorithm, an extension of the pc
algorithm for causally insufficient settings [262]. This more general approach, however,
has two main disadvantages: On the one hand, it requires more complex computations
and thus has a much larger running time, making it infeasible when the number of vari-
ables n is large. On the other hand, the relaxation of the causal sufficiency assumption
renders the problem even more underdetermined so that the identifiability worsens. In
particular, there are often excessively many bidirected edges in the output graph, reduc-
ing its causal expressiveness.

CoNFLICT EDGES THAT ARE FALSE POSITIVE EDGES

The example in Figure 5.3 can be generalised to the case where the unobservable variable
H is replaced by an observable variable Z, but an edge between W and X is erroneously
included in the skeleton, as shown in Figure 5.4. This is a simplified version of an example
from Wienobst and Liskiewicz [310, Figure 2], where the edge W — X is classified as
incompatible which implies that it should not be part of the skeleton.
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Due to the fact that W and X are colliders on every path on which they lie, W and Y
as well as V and X are marginally independent. Thus, bothV — W — Xand W - X — Y
are identified as v-structures, such that the edge W — X becomes a conflict edge.
Z Z Z
X W-——X—Y V—WMW—X—Y

V—oWw —Y V—

Figure5.4: An example due to [310], where a false positive edge in the skeleton is identified
as a conflict edge.

CONFLICT EDGES DUE TO UNFAITHFULNESS

As discussed in Section 3.2.1, the faithfulness assumption has been justified [287] with
reference to the finding of Meek [185] that unfaithfulness is rare, in the sense that un-
faithful distributions are of measure zero with respect to the Lebesque measure. How-
ever, this does not imply that unfaithfulness is not an issue in causal structure learning.
In fact, Uhler et al. [291] show that because of the geometry of non-faithful distributions,
“close-to-unfaithful” distributions can have very high measure. In the presence of sam-
pling errors this is a very relevant finding.

An example for how unfaithfulness can give rise to conflict edges can be constructed
from the thrombosis risk case described in Section 3.2.1: The contraceptive pill on the one
hand increases the risk for thrombosis. On the other hand, it also decreases the chance of
pregnancy, which in turn would increase the risk for thrombosis. If we introduce a vari-
able X that mediates the former effect, we obtain the causal diagram shown in Figure 5.5,
where C can be thought of as the contraceptive pill, P as pregnancy and T as thrombosis
(although the diagram probably does not accurately reflect the medical aspects of the ex-
ample).

We now assume that the paths C > X —» Tand C — P — T cancel exactly, so that
C 1L T (unconditionally) in the distribution. Not that this contrasts the independences
expressed via d-separation by the causal model because there are two non-blocked causal
paths between Cand T: C - X — Tand C —» P — T. Due to the marginal independence
in the distribution, the edge C — T is removed already in round O of the pc algorithm,
yielding S.; = @. Provided that the right skeleton is estimated, this in turn implies that
C - X « Tand C — P « T are identified as v-structures (using the original method).
Since additionally thereis av-structure X — T « P,theedgesbetween X and T and Pand
T would become conflict edges. (If, on the other hand, the majority rule or conservative
version of the v-structure identification would be used, C — X — Tand C — P — T would
not be classified as v-structures (although as ambiguous with the majority rule), and the
true CPDAG would result.)

To conclude, conflict edges express inconsistencies that occurred during the computa-
tion, which result in edges that according to the rules of causality must be directed in
both one and the other direction. They can reflect violations of the assumptions about
the data, like faithfulness and causal sufficiency. In most cases, however, they are caused
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Figure 5.5: Example where conflict edges emerge due to non-faithfulness.

by statistical errors, and thus should not be interpreted causally (like, for example, bi-
directed edges in MAGs that represent an unobserved confounder).

Allin all, the number of conflict edges produced by the pc algorithm depends on dif-
ferent factors:

1. The data. If the data have not been generated according to a true DAG to which they
are faithful, such a faithful paG might not exist at all. Thus, the assumption that it
can be learned from the data may lead to inconsistencies.

2. The test for conditional independence used. If the test does not fit to the data, it will
give poor results which might entail conflicts.

3. The level of significance used. Generally, the higher the parameter «; the denser the
graph and the denser the graph, the higher the probability of conflict edges. Further-
more, a badly tuned alpha might cause the conditional independence test to draw
conflicting conclusions from the data.

4. The criterion for the constitution of v-structures: majority rule or conservative. We
have seen theoretically, that these adaptations can improve the accuracy of the v-
structure identification. This is significant also in practice: Figure 4.17 shows that
in particular the conservative option is able to reduce the number of conflict edges
significantly for dense graphs.

5.2.2
CYCLES

Cycles in the estimated graph may reflect cyclic dependencies in the data generating pro-
cesses as discussed in Section 3.2.3. However, cycles in the estimated graph can also form
due to sampling errors.

An example where three erroneous conditional independence tests can cause a cycle
to emerge can be constructed based on the true graph given on the left in Figure 5.6. For
this, assume that in the round 0 of the skeleton phase of the pc algorithm all conditional
independence tests yield the correct result except for two: Firstly, Z and X are deemed
to be marginally independent, although for this the path X — Y — Z would need to be
blocked by conditioning on Y. Later on, this leads to the identification of a v-structure
X —» Y « Zbecause Y ¢ Sy,. The second error in our example is that W and Y are
not considered independent unconditionally, although they are, because the only path
between them, W — X « Y, is blocked because X is a collider. If in the next round, W
and Y are estimated to be independent conditioned on X and the v-structure W — X « Y
not identified (since X € Sy,y). Thus the graph on the right in Figure 5.6 would result,
without any inconsistencies (like conflict edges) detected.
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Note that the same result can be obtained with fewer errors with the naive version of the
pc algorithm (without the option solve.confl = TRUEinthe pcalgimplementation).
Then only one error, namely considering Z and X to be marginally independent, can result
in the cyclic result depending on the variable ordering. To be precise, the erroneous result
is obtained if the v-structures W — X « Yand X — Y « Z are considered in this order,
with the second one overriding the direction of the edge X « Yinto X — Y.

| |
VAYVAN
SN, SN

Figure 5.6: An example for how cycles can arise during the pc algorithm. For the graph
on the left, three falsely assessed conditional independence queries, namely Z 1. X | @,
W ULY|@Band W 1L y | {X}, can cause the Pc algorithm to learn the cyclic graph on the
right.

5.2.3
EXTENDABILITY

When the output of the pc algorithm does not represent a DAG that might have generated
the data, this formally is because the estimated graph is not extendable to a DAG.

In the oracle model, the pc algorithm outputs a cPDAG that represents the Markov
equivalence class of the DAG according to which the data were generated. This cPDAG
should in turn be extendable to all DAGs in the equivalence class. This means that if the
estimated graph in the sample setting is not extendable, it does not represent a DAG that
might have generated the data. It is therefore crucial that the result of the causal struc-
ture learning is extendable.

The question whether a graph is extendable is closely related to chordality.

Definition 14.

A graph with chordal chain components is a graph in which no set of at least four vertices
induces an undirected cycle. This means that every such subgraph that contains a cycle of
length four or more also contains a chord, i. e. an edge connecting two non-subsequent
nodes in the cycle.

Figure 5.7 illustrates that the extension of a chordless cycle of length four or longer must
contain a v-structure, while a chord can serve as a shield to prevent the formation of a
v-structure, thus permitting the formation of a (shielded) collider that breaks up the cycle.
This entails that the so-called chain components of a cPDAG, that is the components that
are obtained by removing all the directed edges, are chordal graphs [11, 309]. However,
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Figure 5.7: A cycle, which is not consistently extendable to a DAG, and a four cycle with a
chord, along with two out of ten possible consistent extensions.

the connection is not biconditional: A ppAG with chordal chain components can be non-
extendable, as the one in Figure 5.8.

A— B—C <D

Figure 5.8: A graph with chordal chain components which is non-extendable.

5.2.4
ACCURACY OF THE IDENTIFICATION OF V-STRUCTURES

Basically all the symptoms of errors that we identified in this section during the compu-
tation of the pc algorithm are due to conflicting edge directions. These may contradict di-
rectly — forming conflict edges— or indirectly — leading to non-extendability. Since edge
directions are fundamentally based on v-structures, it suggests itself to evaluate the per-
formance of the pc algorithm in identifying v-structures. For this, in turn, errors in the
skeleton phase of the algorithm play a role.

Analogously to the evaluation of the estimated edges in the previous chapter, the true
positive and true detection rate of this process are shown in Figure 5.9.

Here, the true positive rate is computed as the quotient of the numbers of correctly
identified v-structures and v-structures in the true graph and, accordingly, the true de-
tection rate is the fraction of true positive v-structures of the v-structures in the esti-
mated pattern.

Regarding the false positive rate turned out problematic for edges due to the large
number of non-existing edges in typical graphs. For v-structures, it makes even less sense
to regard the “negative” ones, since the number of triples of three nodes that do not form
av-structure in the true graph is often even more disproportional.
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For comparability, the same parameters as in the previous chapter were used: n € {7,40,100}
nodes, an average degree of d € {2,5} and s € {10"°,10?,...,10*°} samples (without the
extensiontos = 10° as convergence is reached already for smaller values of s). The results
in Figure 5.9 were produced for &« = 0.01, but do not differ significantly from those for
other choices of & € {0.00001, 0.05,0.1}. In addition, they were obtained using the stable
version of the pc algorithm with the majority rule, but are similar when the conservative
version or the original v-structure identification is used.

As in previous analyses, there is a fringe effect for small graphs in terms of nodes
(n = 7), especially with few samples.

In accordance with the findings of Kalisch and Bithlmann [148], we can observe that
the pc algorithm is much more successful in finding v-structures if the graph is very
sparse (e. g. d = 2). In this case, however, even for very small values of « the algorithm
still tends to find too many v-structures since the true positive rate is still close to one
while the TDR is around 0.7.

For denser graphs (d = 5), the TDR is generally higher than the true positive rate, in-
dicating that too few v-structures are found. (This effect does not show forn = 7, though,
probably due to fringe effects.) In general, the high degree affects the number of poten-
tial v-structures in a super-linear way, since | directed edges with the same target node
can form Z(ZT_D v-structures. Accordingly, when the average degree and thus also the aver-
age in-degree of a graph is high, missing edges will on average cause even more missing
v-structures. This may explain the comparatively steep decline of the true positive rate
with increasing d. In particular, for a node with four ingoing edges (whose origins are
not adjacent), there are six v-structures, but only 3 when one of the edges is missing. This
illustrates how the true positive rate can easily drop to 50% with only small errors with
respect to existence of edges.

Allin all, the accuracy of the pc algorithm in identifying v-structures is much lower
than the accuracy of the estimated skeleton, especially when the true graph is not very
sparse. On the one hand, this might in part be due to error propagation, but it seems
probable that the identification of v-structures is more error-prone in general. After all,
in the synthetic data that were used, no assumptions like causal sufficiency are violated.
The comparatively low true positive and detection rate that we encountered for denser
settings (d = 5) can thus not be due to specific properties of the data, like latent con-
founders. This indicates that also the “symptoms” identified in the previous section, in-
cluding conflict edges, might actually be due to sampling errors in most cases. How these
can be reduced will be discussed in the following sections.
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5 IMPROVEMENTS TO THE PC ALGORITHM

5.3
OPTIMISATION OF THE RESULTS OF THE PC ALGORITHM

Different strategies have been applied to improve the accuracy of the pc algorithm. On
the one hand, it has been proposed to only or mainly consider the skeleton of the pc-
estimated graph [148]. However, since most of the causal information is lost when the
edge directions are discarded, for many applications this approach is as unsatisfactory
as methods that randomly solve conflicts, like the implementation in the package pcalg
when the options u2pd = "rand" oru2pd = "retry" are used.

Modifications that reduce the number of conflict edges in the output graph are more
promising. Here, the stable version of the pc algorithm [52] is an important improve-
ment.

If the assumption of Gaussian data is violated, non-parametric tests might solve
many of the resulting problems. In particular, Rpc [122] and copula-pc [63] have been
devised for such settings. A different solution is applied by Aragam and Zhou [13], who
apply a logarithm transform to their data which renders them “closer to Gaussian”.

The sample size also plays an important role when it comes to the accuracy of the pc
algorithm, as has been shown by Kalisch and Bithlmann [148] and further studied in Sec-
tions 4.3.2 and 4.3.3 of this thesis. For estimating the number of samples needed to learn
with high probability a model that is “approximately” correct, Valiant [292] proposed the
PAC framework, which has been applied to the problem of causal structure learning [133,
101, 194, 319]. To work with small- or medium-sized samples, it has been proposed to
improve the results by incorporating prior knowledge [31] or using permutation-based
p-values [285].

Another option for the optimisation of the result produced by the pc algorithm is
given in terms of the tuning parameter a. Furthermore, we have seen that the order-
dependent version of the pc algorithm profits from being provided the data in the cor-
rect causal ordering of the variables. The idea to search the space of graphs obtained for
different values of « and different variable ordering is realised in [67].

It is also possible to use the validity of the graph in the tuning procedure of the pa-
rameter «. For example, one could choose the highest value of « (from a set of candidate
values) that yields a graph without conflict edges, an extendable graph or even a cPDAG,
although this might yield very sparse graphs. On the other hand, a well chosen value of «
might reduce errors to such an extent that a comparatively dense graph with few conflict
edges results, one that is (close to) extendible. For this reason, we will have a closer look
at methods to tune « in this section.

Kalisch and Bithlmann [148], who popularised the pc algorithm for practical appli-
cations, derive a general estimate between « = 0.005 and & = 0.01 for the significance
level w that should be used in the sample version of the pc algorithm in high-dimensional
settings. They obtain this range by considering the structural Hamming distance (SHD)
averaged over different settings with n € {7,15,40, 70,100} variables and a wide range of
sample sizes s € {30,100, 300, 1000, 3000,10000, 30000} .

However, as Malinsky and Danks [175] remark, “fixed-a conventions are not straight-
forwardly justified nor usually advisable in the model search context”.

It is particularly surprising that Kalisch and Bithlmann determine & independent of
the sample size. This is because, for proving the consistency of the pc algorithm, they
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analytically derive an optimal value for the tuning parameter which is dependent on s,
namely

X

2(1— D5 - %». 5.1

However, this value for & also depends on the unknown lower bound c; of the partial
correlations between variables this value is therefore not constructive. It does, however
provide some interesting insights. On the one hand, « should decrease with s. For exam-
ple, if would set ¢, = 0.1 like the lower bound of the edge weights in the supervised pc,
Equation (5.1) yields & = 0.78 for s = 32. This value decreases fast for larger sample sizes
yielding values that decrease super-exponentially, yielding values that roughly follow the
a scale that is used in Section 5.3.2 (see 5.2).

In this Section, I propose a refined procedure to choose a based on the optimum
structural Hamming distance. It allows to predict a good value for a adaptively, based
on the parameters of the setting, in particular the sample size.

On top of that, I studied the issue of finding adequate values for « from a more the-
oretical perspective by analysing the p-values that are considered during the course of
the pc algorithm in a supervised setting. The results are presented in Section 5.3.3 and
show that the optimal values for « in the individual conditional independence tests lie
much higher than typical values chosen in the literature, e. g. & = 0.01 [148, 171, 247,
54] or & = 0.05 [233, 94] However, this is consistent with the finding of [122], that the
largest value of « that they considered, & = 0.5 yielded the best results. On top of that,
the analysis presented here shows how hard it is to find the optimal value for «, even in
the individual tests. This emphasises the difficulty of finding a well tuned « for the overall
algorithm.

5.3.1
PREVIOUS WORK ON PARAMETER TUNING FOR THE PC ALGORITHM

Koller and Friedman [158, Section 18.1.1] remark that it depends on the application whe-
ther it is better to choose a rather low value for «, thus obtaining more false negative
edges (spurious independences), or a rather high value, such that more false positive
edges (spurious dependences) arise. However, they also establish that — given a limited
amount of data — it is in general better to learn a sparser graph, even if it is sparser than
the true graph.

Malinsky and Danks [175] distinguish between two basic approaches to working with
an unknown parameter.

1. Run the algorithm several times with different values of the parameter or different
subsets of the data and extract the information that is stable over all iterations.

2. Systematically search the space of possible parameter values and choose the one that
yields the best result according to some metric.

Analogously to the first approach, it is also possible to subsample the data (if the sam-
ple size permits it) and determine the parts of the causal structure that are consistently
identified for all subsamples using a relatively high value for a [268].

The latter approach is pursued in Maathuis, Kalisch, and Bithlmann [172], applying
the BIC score as a measure for the accuracy of the estimated graph. Using the BIC score is
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quite common (e. g. [122]), although other measures for the suitability of the estimated
graphs are possible.

Recently, Strobl [270] proposed different stability-based approach to parameter tun-
ing. For each value « in some predefined set, he first computes the graph G, that the
standard pc algorithm yields. Then the procedure is repeated but the search for the sep-
arating set needed to remove an edge X — Y is restricted to the neighbours of X or Y that
are also parents of X or Y, respectively, in G,. The optimal « is then chosen to be the one for
which the resulting graph most resembles G, according to some metric, for example the
structural Hamming distance or the structural intervention distance introduced in [212].
A Bayesian method for tuning « was proposed by [57]. Some analytical methods based on
the p-values of the individual tests are mentioned in Section 5.3.3.

5.3.2
PARAMETER TUNING THROUGH A FITTED MODEL

In Section 4.3.4, a multiple regression model was derived that establishes a relation be-
tween the density d of the estimated graph an the other parameters of the supervised pc
procedure shown in Listing 4.6: the number of variables n, the expected density d of the
true graph and the sample size s.

A similar procedure can be conducted using the sHD of the estimated graph to the
CPDAG of the true graph. Instead of learning how the sHD depends on the above men-
tioned parameters, it is even more interesting to regard the value of « that yields the low-
est SHD in each case. More precisely, for each set of values for n, s and d, we want to find
the value @ that among all regarded values of « minimises the SHD of the resulting graph
to the cPDAG of the true graph.

Analogously to the case regarded in Section 4.3.4, for fixed values of n and d, the data
can be represented in a heatmap like the one shown in Figure 5.10. The value & then cor-
responds to the “brightest” cell in each column, and is marked by a dot in the figure.
Similar to the values of the “best” density depicted as dots in Figure 4.21, also the values of
& roughly lie on a straight line (although not as perfectly). It thus suggests itself to deter-
mine a linear function that - given s and knowing n and d — computes the optimal value
of « that should be used in the computation of the pc algorithm. After having collected
data for heat maps as the one in Figure 4.21 for several values of n and d, these parameters
can be included in a multiple linear regression.

We thus formulate a function to determine the best value of & depending on the num-
ber of variables n, s and the degree d of the true graph. Based on our finding that the de-
gree of the estimated graph is about linear in log s and log, | —log,, &, we assume this
function to be of the form

~

A = 1079 where
e, =a,-n+a;-d+a;-log (s)+ b

(5.2)

and estimate the parameters a;,, 4}, a; and b’ by regression.
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Figure 5.10: Structural Hamming Distances of the graph computed by the pc algorithm
to the CPDAG of the true DAG depending on the parameters & and s. The graphs from
which the data were sampled have n = 60 nodes and an expected degree of d = 3. In
each column, the middle cell of the ones whose values are not more than 7 = 1 larger
than the smallest value in the column is marked with a dot.

The data used for this were produced by considering all combinations of the following
parameter values over r = 100 replications for n e {10,20,30,40} and only r = 20
replications for the larger graph sizes:

n € {10, 20, ...,60}

de{2,3,4,5}

s € 10%, for e, € {1.5,1.75, ..., 4.5}

a €107 fore, € {2.5,2.4,...,—0.5}

(5.3)

Again, we robustify our results by choosing the points, that the function is fitted to, as
the median of a set of points fulfilling a certain criterion. In this case, the optimal point
would be the one that corresponds to the minimal sHD. In the robust version the median
of all points corresponding to an SHD that is no more than 7 = 1larger than the optimal
SHD is chosen.

-124 -



5 IMPROVEMENTS TO THE PC ALGORITHM

Choosing T = 1, the resulting parameters are

a, = 0.0034,
a; = —0.081,
, (5.4
a; = 0.10and
b’ = 0.08,

which lead to a fit with an R? 0f 0.73.

In practice, Equation (5.2) can now be used with the parameters from Equation (5.4)
to estimate a good value for the parameter « of the pc algorithm. This means that the
chosen value of the exponent e, of « should decrease with n and s and increase with d, so
that & behaves inversely: It increases with d and decreases with n and s. If we compare
the influence of the parameters as in Section 4.3.4 by multiplying the coefficient with the
size of the range of the corresponding parameter, we find that changing d fromd = 2 to
d = 5would decrease the exponent e, by about 0.24, that is & would increase two steps in
the discrete scale that was used for it. (Note that due to the non-linear relation of @ and
the exponente,, the additive increase in & depends on the initial value of w.) Analogously,
& would decrease by one and a half steps when n = 10 is changed to n = 60 and by more
than three steps when s is increased from s = 10" to s = 10*°.

To confirm that the values are suitable,  ran a comparison study as follows. I repeated
the identification of the optimal & by repeated experiments with different graphs, and in
each setting determined the optimal a by linear search. For this I considered the follow-
ing range of candidate values between about 8 - 107 and 0.1:

a €107 fore, € {1.8,1.7,...,0}

Then for each setting with different values of the parametersn € {7,40,75},d € {2,2.5, ..., 5}
and s € 10%, fore, € {1.5,1.75, ..., 6}, a metric for each value of « was evaluated as the
mean over all » = 10 repetitions. For this, I considered both the sHD to the true cpDAgG,
which was also used to determine the model, and the F1 measure which is composed of
the true positive and true detection rate (see Section 3.6.2).

The respective “optimal” values for & determined in this way are compared to the val-
ues given by the model in Figure 5.11 for a representative subset of true densities d.

Note that for this analysis it it not as crucial to cover also the limits of the scales for the
parameters, in particular a, because fringe effects will not spoil the overall result (as in the
regression). Instead it will possible to identify them and take them into consideration.
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Figure 5.11: Comparison of the “optimal” values of & determined by the regression model (Equations 5.2 and 5.4, solid line) and a linear
search for the optima of the SHD to the true cPpAG (dashed) and the F1 measure (dotted), dependent on the sample size s. Rows of
the plot correspond to different graph sizes (n € {7,40, 75}, from top to bottom), columns to expected densities of sampled true graph
(d € {2,3,4,5}, from left to right).
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5.3.3
ANALYTICAL IDENTIFICATION OF THE OPTIMAL LEVEL OF SIGNIFICANCE

As discussed in Section 4.1.1, the parameter a is the level of significance for the individual
conditional independence tests, but can not be seen as an overall level of significance.
On top of that, the dichotomy “edge or no edge” is symmetric and thus does not comply
with the concept of a level of significance. Rather, in the case of the pc algorithm, the
parameter a should be chosen in such a way that a favourable balance between the two
possible errors is attained: Erroneously keeping an edge (the type I error) or erroneously
removing an edge (the type II error).

The first problem is called a multiple testing problem in statistics. There are general
methods to solve this problem, for example Bonferroni adjustment and the Benjamini-
Hochberg Method [301]. However, their applicability in the context of causal structure
learning is limited. On the one hand, this is because the number of the conditional inde-
pendence tests that the pc algorithm evaluates is hard to predict. On the other hand, the
methods are based on the asymmetry of the statistical testing setting, which is not given
in our case. Howev, Spirtes [257] remarks that if no further actions are taken, multiple
testing might lead to overfitting.

To control the number of statistical errors, authors have considered bounding the
false discovery rate by determining a suitable value for a [286, 166, 271]. A related method
is the so-called p-value adjacency thresholding PATH [138, Section 3.2]. It estimates an
optimal value for the tuning parameter « after one iteration of the pc algorithm, on the
basis of the separating sets and maximal p-values found for each pair of variables.

Spirtes and Zhang [266, Section 18.5.1.2] discuss various methods for dealing with
statistical errors, including methods for dealing with conflicting information. Such meth-
ods include the conservative version of the pc algorithm, as is theoretically motivated in
[219]. Bromberg and Margaritis [30] propose a logical, so-called “argumentation” frame-
work for working with conflicting conditional independence information that is based
on the conditional independence axioms given in Equation (2.3).

In this section, we will further examine the second issue mentioned above, namely
balancing the probabilities for type I and type II errors, « and .

ANALYSIS OF OPTIMAL VALUES FOR &
In the supervised case, that is if the true DAG is known, it is possible to determine analyt-
ically which value for « is optimal to prevent mistakes. For this, we will have a look at the
p-values produced by the conditional independence test that we want to use. Remember
from Section 2.1.4 that the null hypothesis of conditional independence is rejected when
p-value < «. This means that p-values for true conditional dependences should be as
small as possible (so that the null hypothesis is always rejected), while p-values for true
independences should be large. In the supervised setting, we know the true state of the
conditional (in)dependence from the d-separation relations in the true DAG, and we can
model the d-separation oracle as a test that always returns a p-value of 1 for indepen-
dences and O for dependences.

Concerning a statistical test that we want to use in the sample version of the p-values,
the objective is as follows: Find a value of a such that all p-values of true conditional in-
dependences returned by the test are above or equal to &, while all the other ones are
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below a. Of course, this is only possible if such a threshold exists, which requires the
p-values classified by the d-separation oracle to be linearly separable.

Figure 5.12 shows an example each for a separable and a non-separable set of labelled
p-values. The data for this figure and the analyses in the remainder of this section were
produced as follows. According to a randomly created graph, s samples of data were gen-
erated using the function randomDAG from the package pcalg (see Section 3.6.3). The
data were used to assess the unconditional independence relations in the graph via a
conditional independence test, in this case the gaussCItest from the package pcalg,
which is a test for vanishing correlation based on Fisher’s z-transform (see Section 2.1.4).
The resulting p-values are sorted in ascending order yielding the sequence (p,, p,, dots)
(see the circles in the bottom panels of Figure 5.12). As the gold standard we consider the
p-values computed by a d-separation oracle (implemented in the R function dsepTest,
also from pcalg).

If avalue for & is chosen, we interpret the relations with p-values above this threshold
as independences and the ones below it as dependences; this classification can then be
evaluated using the results of the d-separation oracle (shown as crosses in the bottom
panels of the figure). The number of errors that result from choosing a value of « between
two subsequent ones of the ordered p-values are shown in the top panels of the figure. The
dependence of the number of errors on the p-value is referred to as the error function.

If the crosses in the bottom plot are linearly separable, the separation line corre-

sponds to an interval for a in which the classification is perfect. In the example on the
leftin Figure 5.12 such aline could lie anywhere between the p-value for the independence
query for nodes 4 and 5 and 3 and 6, yielding the interval between p,,;,» and p,,,,,0 (marked
by black lines) for optimal values of . Otherwise, it is interesting to find an interval with
a low number of errors. In the setting on the right, there are two such intervals, marked
by the minima of the error function. One of them corresponds to misclassifying the four
rightmost true dependences, and the other one to misclassifying the two most “extreme”
conditional independences and dependences, respectively.
We use the following measures to compare sets of p-values and draw conclusions about
good choice for a. These are then computed p-values obtained for different parameters
of the input graph (namely its number of nodes n and expected degree d), different sam-
ple sizes s and orders k of the conditional independence relations assessed by the test.
All measures receive as an input a vector of p-values that are sorted in ascending order
and are labelled with the true status of the (in)dependence relation as assessed by the d-
separation oracle. The according values of this measures for the examples in Figure 5.12
are given in Table 5.13.

>SIZE OF P-VALUES  The first quantity one can look at is the mean size of the p-values
that the test produces. In particular, it is interesting to compare the mean size of true
dependences and true independences. This gives an impression of whether it is possible
to find a value for « to separate them.

>SEPARABILITY  This measure is a Boolean value answering the following question: Is
there an interval (or a union of intervals) I such that for any « € I, the conditional in-
dependence test would not make errors in assessing the given conditional independence
relations?
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Figure 5.12: Example of the separability of p-values. On top, the randomly generated
graph is given (with n = 7, d = 2); for simplicity of the notations the nodes are referred
to by their indices in this example. For data with s = 1000 samples (left) and s = 100
samples (right), the resulting sorted p-values for conditional independences of order k =
Oare shown as circles in the lower panels, along with the desired p-values (returned by ad-
separation oracle) as crosses. Above these, the respective number of errors that arise for
avalue of w between the p-values of subsequent indices in the ordering are shown. Note
that the conditional (in)dependences (of the order k = 0) are denoted by X-Y instead of
X 1L Y. Additionally, the measures p,,;,: (dotted black lines), p,,,;»_; (dotted grey lines),
Pmaxo (dashed black lines) and p,,,.0,; (dashed grey lines) are visualised. These and other
measures are explained in the text. Their values for the examples shown can be found
in Table 5.13.
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measure leftinstance in Figure 5.12, right instance in Figure 5.12,

s = 1000 s =100
separable true false
Prmaxo 0.83 0.97
it 0.88 0.81
P41 0.88 0.99
Pronin 1 0.83 0.57
Legir 0.042 0.42
Lopr 0.042 0.25
min,,, 0 4
mint, 0 0.19
N; 1 2
Fprmice 0.85 0.73

Table 5.13: Values of the measures defined in the text for the examples shown in Fig-
ure 5.12.

> Pmaxo — VALUE OF &, SUCH THAT NO EDGES ARE FALSELY REMOVED  Since in the Pc algo-
rithm removing edges is final, it is crucial not to erroneously remove an edge by choosing
a too low. Therefore, it is interesting to regard the smallest value such that all true depen-
dences have p-values below it. This value lies arbitrarily closely above the smallest p-value
of a true conditional independence. We denote this p-value by p,,,,.-

> Pyimt — VALUE OF &, SUCH THAT NO EDGES ARE FALSELY KEPT ~ On the other hand, there
are two reasons for tending to remove to many edges in case of doubt rather than too
few, apart from the fact that making the graph sparse as soon as possible will improve
the computational performance (confer Section 4.1.2). Firstly, conditional independence
relations that are truly dependent given the conditional variables at hand but yield a high
p-value often correspond to edges that should be removed given another separation set,
possibly in a later round. That s, it is wrong to remove such edges in the current step, but
right to remove them in general.

Secondly, the p-values of true independences are usually fairly high, so that the lower
margin of reasonable values for « is usually quite distinct. This margin is given by the
highest value of  such that all independences are classified correctly, which amounts to
the smallest p-value of a true independence relation. This value is denoted by p,;,: here.

Note that, for separable instances, it holds that p,,,.0 < Py, While otherwise, p,,.0 =

Pmint- For an illustration of the two measures, see the black ledger lines in Figure 5.12.

> Legirs Point—1> Pmaxo+1 — LENGTH AND BOUNDS OF THE CRITICAL RANGE FOR«  For sepa-
rable instances, p,,..0 and p,,;» Will correspond to two consecutive indices of conditional
independence relations, and every alpha larger than p,,, o and smaller or equal to p,,,;,» will
result in a correct estimation of all (in)dependence relations. That means that the opti-
mal value for & is in (p,u00, Pyt - 11 this case, p,,..0 and p,,;,: are consecutive values in the
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ordered list, i. €. P,y = Pmaxos1 A0 Prpaxo = Pmim—;- Therefore the optimal value of « is
usually not greatly above p,, .0, nor below p,,,;...

Forinstances thatare notseparable, p,, .. is smaller thanp,, ... and the optimal interval
for alpha, in which the fewest relations are misclassified, lies somewhere between these
values.

In general, it holds for the optimal value for alpha that

1. itislarger thanp,,;, ; and
2. itis smaller or equal to p,, 0. 1-

Therefore, itis interesting to compare these values over various settings (see the grey lines
in Figure 5.12). We refer to the interval [p,i1_1, Paxo11) @8 the critical range for alpha and
denote its size by L ;.

>min,,,, min, N, - NUMBER AND FRACTION OF ERRORS, NUMBER OF MINIMA OF THE

ERROR FUNCTION  Inthe top panels of Figure 5.12, the number of falsely classified rela-
tions is shown for each choice of . With the relations on the abscissa, sorted by p-value
of the conditional independence test, this results in a step function which increases or
decreases whenever « is increased to a higher value than that of the next p-value. The
minimum number of errors that cannot be avoided when classifying the given set of la-
belled p-values using a threshold a is denoted by min,,,. Dividing this number by the total
number of relations, () - (";?) in the k-th round of the pc algorithm, yields min’,,. We
also regard the number N, of minima of the error function.

> Loprs Xlimics — MEAN OF OPTIMAL & LIMITS  The interval from which « needs to be cho-
sen in order to obtain the minimum number of errors is denoted by L,,,. However, L,
might not be continuous, but consist of several continuous subintervals. Moreover, the
continuous parts of L, might differ significantly in their position, which makes it diffi-
cult to compare the magnitude of a good choices of a over various settings. We therefore
regard the average of the highest upper bound of an optimal interval for « and the small-
est lower bound of a (possibly different) such interval and call it &;;,,;,.. Note that, if these
two bounds are not part of the same subinterval, &}, ... might not be optimal itself (as in
the right example in Figure 5.12).

However, as established below, N;; is generally very small and in practice the optimal
intervals lie close together, so &}, is in fact useful as an estimation of a good value for a.

imits
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RESULTS

The most interesting finding of the analysis of the measures defined above is that, in gen-
eral, it may make sense to regard values of & that are much larger than typical values used
in the literature — for example, in [52] the interval [6.25 - 107*,0.04] is regarded and in
[148] [5-107°,0.1], Constantinou et al. [54] use « = 0.01 and Ramsey, Zhang, and Spirtes
[219] regard @ = 0.05. This is in accordance with the finding of Harris and Drton [122]
that & = 0.5, the largest value that they considered, yielded the best results.

Different analyses indicate that values of a larger than 0.5 might be adequate in some
cases. The problem is that such high values for a can be infeasible in practice due to the
“combinatorial explosion” for high values of k in dense graphs.

For the same reason, the analysis presented here was feasible for rather high orders,
up to k = 8, only for pretty small graphs. Keeping the running time at a few days while
at the same time largely avoiding fringe effects when k approaches n, graphs with n = 12
nodes are regarded in the following. To investigate the asymptotic behaviour for graphs
with more nodes (up to n = 50, see Figure A.4 in the appendix), conditional indepen-
dences were limited to the maximum order k., = 2, which according to our findings in
Section 4.3 (see Figure 4.11) is the order for which the mosts tests are performed in the pc
algorithm. Every setting was repeated with 10 different graphs, and all the results shown
here are averages over these r = 10 replications.

Figure 5.14 gives a first impression of how large a might have to be chosen: In the
top row of this figure, the mean overall p-values, including both true dependences and
true independences, are shown (for n=12). For reasonable choices of s, these lie above 0.5
most of the time. While at this point, one might hypothesise that this is due to the fact
that there are many more true independences with very high p-values than true depen-
dences with low ones, the lower part of the figure shows that this is not the case. Here,
one can also see how large (or narrow) the corridor is in which a threshold separating
dependences and independences would have to lie on average.

Note also that the obtained p-values converge against 1 with k so that, largely inde-
pendent of the choice of &, many edges considered in a late round of the pc algorithm
are removed, which explains the moderate values for k., that we encountered for the pc
algorithm (see Figure 4.10).

In Figure 5.15, it can be seen that also the values &j;,,,;,; (circles), which can be inter-
preted as the empirically estimated optimal values for &, are very high, except when s and
d are very small. (Furthermore, &y, ... tends towards the lower of the theoretical bounds
Pmazo+1 30d P ford = 2, but is nearly always indistinguishable from the upped bound
when d = 5.) The size of the critical range decreases with s and is fairly constant over d
and k.

Asabackground for the interpretation of this figure I studied the other measures that
are defined above. The results are summarised here, figures are given in the appendix.
Albeit with a fraction of 100% in one case, only for k = 0 there are separable instances.
However, the region of “overlap” between true dependences and true independences is
not too large (in terms of p-values), which can be seen as “almost separability”. This over-
lap is described by the critical range between p,;,:_; and p,,,,0.1, the upper and lower line
in the plots in Figure 5.15, and the size of this region is measured by L,,. The only excep-
tion, where the critical interval is large, is when s is very small (below s = 100).

max
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Figure 5.15: Measures that describe the interval in which the optimal value for « lies (see
the text) for different sample sizes s (rows) and expected densities d of the true graph

& Pmin-1

v  Pmax.+

(columns). In all panels, the number of nodes is n = 12.

If the critical interval is small, the optimal interval, from which a needs to be chosen
in order to make as few errors as possible, is even smaller. This range is nearly always of
a length close to zero and generally becomes smaller for larger values of k. This indicates
how difficult it might be in practise to find an optimal value of w. At the same time, it does
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5 IMPROVEMENTS TO THE PC ALGORITHM

not permit any conclusion on how steeply the error function increases with increasing
deviation from the optimal value.

It is interesting that the relative minimal number of errors is roughly constant for
fixed d, and smaller (about 0.02 for most orders and sample sizes) for denser true graphs
(d = 5). For sparse true graphs (d = 2), both min,,, and min can clearly be seen to
decrease with increasing sample size.

Determining the number of continuous intervals in which « is optimal can give an

indication as to whether it is reasonable to regard &;; ;.. as the magnitude of a good choice
of w. If there are several optimal intervals, and in particular if there are large non-optimal
intervals between them, the mean of the upper bound of the highest and the lower bound
of the lowest such interval might be far from optimal itself. Howeverm this is not an
important issue here, as indicated by different facts. Firstly, the number N; of global
minima of the error function is moderate throughout the settings considered for n = 12
and also for n € {10,20,...50} (not shown; ford = 2, s = 10000 and k < 3 the mean
number never exceeds two). Secondly, the bounds of the largest and smallest optimal
« interval are so similar that they cannot be distinguished in plots like the ones shown
here. After all, the total length of the optimal intervals is vanishingly small in most of the
settings.
Thirdly, looking at the error function for specific examples shows that when the sample
size is large enough, the region in which the minimum lies is demarcated and rather
narrow (see Figure 5.16). This figure also explains why the error rate min’ . is smaller for
denser graphs, although we know from the previous chapter and the results by Kalisch
and Bithlmann [148] that the pc algorithm is more accurate on sparse graphs. The reason
is that for dense graphs, the number of true independences is very limited, so that the
entropy of the decision that has to be made by the test is smaller. Put another way, for
dense graphs even a test that always outputs zero would have a lower error rate than for
sparser graphs in which the number of true dependences and true independences is more
balanced.

The error functions in Figure 5.16 are representative for different replications (with
different true graphs), but also for other orders than k = 7 (although they naturally vary
in the number of data points). When the sample size is decreased, however, the curve for
d = 2 flattens more and more, until it is nearly constant for s = 10 (see Figure A.3). For
d = 5 on the other hand, the p-values of true independences are gradually “spread out”
over the spectrum until for s = 10 they cover the hole range. This means that the lower
bound of p-values for true independences, denoted by p,,;,:, gradually decreases. This is
reflected in the previous p-value p,,;,_;, which constitutes the lower bound of the critical
range and is shown in Figure 2? (upwards pointing triangles). One can also see in the lower
panels of Figure 5.14 that for s = 10 both true dependences and true independences yield
p-values with a mean of about 0.5.

Since in practice, the number of variables is often much larger than n = 12, I also
analysed how the measures develop with n, at least up to n = 50. For this, I only consid-
eredd = 2 and s = 10000 for orders up to k.., = 2. The results for some interesting
measures are given in the appendix.

The minimal error fraction min . increases only marginally with n, but the size of
the critical interval increases gradually and indicating that in a large graph it is more
likely that a true independence with a very low p-value or true dependence with a very
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Figure 5.16: Example of p-values obtained from two graphs with n = 12 nodes and an
expected density of d = 2 (left) and d = 5 (right), with s = 10000 samples and for con-
ditional independence queries of order k = 7 (lower panels). Above, the error function is
shown, which describes for each conditional independence query the number of errors
that would result from the classification of the complete set of p-values if  is chosen from
the interval between the p-value of this conditional independence query and the one next
in order.

high p-value occurs. At the same time, the size L,, of the optimal interval decrease so
that randomly choosing the optimal « becomes increasingly unlikely. The size of a good
choice of a that is described by &}, decreases with n, which is consistent with the model
from the previous Section.

CONCLUSION

In this Section we have seen the difficulties associated with the problem of choosing a
good value for a. It turns out that, in particular for small sample sizes it is important to
find a suitable value, because the variations in estimation accuracy are particularly large
in this case (see Figure 5.10).

Moreover and in particular for small sample sizes, optimal values for « lie much higher
that usually assumed. A fist indication is that the analytical derivation of a good choice
of w given bei Kalisch and Bithlmann [148] (see Equation (5.1)) yields a value of 0.78 for
s = 32 if the unknown lower bound of the partial correlations is set to ¢, = 0.1. As
this value probably overestimates the true value in many cases rather than the other way
around, the true values might actually be even larger.
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The analyses in the Section 5.3.3 showed that the values of « that are optimal for the
individual conditional independence tests are very high, usually larger than 0.8. How-
ever, in this context, it is important to take into account the algorithmic structure of the
pC algorithm. In particular, since an edge is tested multiple times with different sepa-
rating sets, a type I error, that is erroneously keeping an edge, might not be problematic
because repetitions of the tests for other separating sets can correct the error. This fact
indicates that it might indeed be good to choose rather high values of &, in order to more
strictly bound the probability of the type II error instead. Nevertheless, this will most
probably lead to a prohibitively large the running time for medium sized or large num-
bers of nodes. On top of that, a contrary effect suggests favouring a, which might lead to
erroneous edge deletions. Consider the right example (s = 100) in Figure 5.12. Three out
of four of the largest p-values of true dependences correspond to a dependence X |1 Y,
for which there exists a single node Z such that X 1l Y. In other words, the edges should
not be removed in this round, but in the next. In this sense, removing the edge X — Y is
an error locally, but not globally.

The model derived in Section 5.3.2 optimises the structural Hamming distance (SHD)
to the true CPDAG over a wide range of settings. The result is that & should decrease with
the sample size and the number of variables, but increase with the degree of the true
graph. In practical applications the latter must be estimated from the context and still
leaves some room for the choice of a. The evaluation presented in Figure 5.11 shows that
that the values of @ obtained by the model do not only lie close to the one that optimises
the sHD, but also to the optimal values according to the F1 measure, which combines the
true positive and true detection rate of the edges (see Equation (3.6))

5.4

TURNING THE OUTPUT OF THE PC ALGORITHM INTO AN
EXTENDIBLE GRAPH

While a cPDAG represents a class of DAGs which all may have produced data with the de-
pendences and independences that are described by the cPDAG, non-extendable graphs
or graphs containing conflict edges do not represent any such DAG that might have gen-
erated the data.

However, as we have seen in the previous section, it is not immediately clear what
kind of graph we would like to find, with respect to the “approximation” computed by the
pc algorithm.

We have seen that many obstacles prevent the pc algorithm from actually outputting
a CPDAG in the sample version. Let us therefore relax the objective and try to learn an
extendible graph instead, which also yields the extension itself, a DAG. (As noted before,
this DAG could then be turned into its CPDAG if necessary.)

Two main problems have to be solved to achieve this goal. Firstly, we have to modify
unextendable graphs so they become extendable. Secondly, we must define how conflict
edges are treated in this procedure.

Aconflictedge X «w Y inthe pc-estimated GPDG expresses three facts about the true
DAG G* that have been established in the course of the pc algorithm:
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1. X and Y are adjacent in G* and
2. the edge between X and Y has to be directed as X — Y in G* and
3. the edge between X and Y has to be directed as X « Y in G*.

Since the latter two statements contradict each other, for each conflict edge, we must
accept at least one error and discard one of the above assumptions.

For some GPDG @, let us consider the set X (G) of all pPpGs that can be obtained
from G by omitting one of the above assumptions for each conflict edge in G, that is,
each conflict edge is removed, or directed in one of the two possible ways. Since all com-
binations of directions and removal for all of the x conflict edges are considered, K (G)
has the cardinality 3*.

Since the skeleton is often more reliable than the edge directions, it also makes sense
to regard the case where discarding assumption 1 is not allowed, that is conflict edges
might only be directed in one or the other direction. The corresponding set of conflict
graphs is of size 2* for  conflict edges and denoted by K ( G), where the overline connotes
the edge that is kept in the skeleton.

Let the set F (G) of feasible conflict graphs be the subset of extendable graphs in X (G)
with respect to a graph G:

F(G) ={G" € K(G) | G'is extendable}

and let #,(G) be the set of GPDGs that can be obtained from G by removing h edges.
Let 7,(G) be the set of extendable graphs among the conflict graphs for a GpDG in H, (G),
thatis
G = ) Fon.

To avoid a potentially exponential growth (in h) of the size of #,(G) and %,(G), we only
consider the removal of the “weakest” h edges according to some metric.

This weakness metric could measure the strength of the direct effect expressed by the
respective edge, with the rationale that edges that represent marginal effects are less
meaningful than other edges. Thus weakness would be measured inverse to edge weights.

Another statistically motivated measure is the maximal p-value that was determined
for this edge using any separating set that was regarded during the computation of the
skeleton. In the implementation of the pc algorithm in the R package pcalg, this value
is returned for all edges in the slot p.max. Similarly, we denote it by p,,,, here; it is not
to be confused with p,, 0, the maximal p-value of a true dependence from the supervised
setting regarded in the previous section.

For each edge in the output graph, the value p,,, will be below the level of significance
that was used in the tests because otherwise the edge would have been removed. Thus,
Pmax Measures how close the edge was to being considered false during the computation,
with highervalues of p,,, indicating a higher uncertainty about the existence of the edge.
In this sense, a high value of p, . for some edge thus indicates that it is a weak edge. To
summarise, we consider this specific problem:

Problem 1 (BEST-FEASIBLE-GRAPH(G,D,S)).
Given a general partially directed graph G, a data set D and a scoring function S, find a
value h so that %, (G) is non-empty, while for all i’ < h, the set 7, (G) is empty. Output

agraph G, € F,(G).
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Such a graph always exists, since for example when all undirected edges and an edge
from every directed cycle are removed, the resulting graph is always a DAG (possibly with
several connected components). When deletion of conflict edges is not considered, this
graph can be found naively by Algorithm 2. This algorithm is based on computing and
evaluating the sets 7, (G) that can be obtained from G by removing h edges (according
to the weakness measure).

Data: a GPDG G
Result: a DAG from %,(G), for the smallest possible value of h

1 Hy(G) =1{G}
2 forhe{1,2,..}do

3 | foreachgraph G'in H,_,(G) do
4 for each graph G" in K (G') do
5 if G" is extendible then
6 | return a consistent extension of G
7 end
8 end
s | end
0 | H(G) =0
un | foreachgraph G'in H,_,(G) do
12 | remove the weakest edge from G’ and add the resulting graph to #,(G)
3 | end
1 end

Algorithm 2: Computing the “best feasible graph” (see Definition 1).

Note that when the weakest edge is always unique, the sets #,(G) and thus also the sets
F,_1(G) are always singletons, that is they contain only one element. Nevertheless, it
is useful to regard sets of graphs rather than single graphs, not only to provide for the
case that there are several weakest edges. Also in the exhaustive case, when not only the
weakest edge is removed, but all edge removals are considered, #,(G) is non-singleton.
Although the size of the sets increases so fast with h that it is infeasible to consider all
graphs in #,(G) even for h = 2 when the G has, for example, 100 edges, it might be
possible for small or very sparse graphs or under certain constraints. For example, one
might consider the removal of all edges with a certain minimal weakness.

Since for a graph G’ with k conflict edges there are 2* graphs in K(G') (and 3* in
K (G")), the for-loop in lines 4 to 8 has exponential complexity in the number of con-
flict edges in G'. This can easily become very costly even though the number of conflict
edges usually is significantly lower than the total number of edges (see, for example, Fig-
ure 4.17). In the next section, a new polynomial method is proposed to determine whether
a GPDG, that possibly contains conflict edge, is extendible. This algorithm can replace the
for-loop and determine in polynomial time whether any graph in K (G') is extendible.
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5.4.1
EXTENSION OF GPDGS

We have defined above the set F(G) of feasible conflict graphs as a subset of the set of
conflict graphs X (G) foragraph G, demanding thaton top of being an elementin X (G),
a graph in F(G) needs to be extendible. Based on this, will now define the notion of
extendability for GPDGs as follows, so that the set 7 (G) of feasible conflict graphs is equal
to the set of consistent extensions of a GPDG G.

Definition 15 (v-structures in a GPDG).
A GPDG @ contains as v-structures all its induced subgraphs of the nodes X, Y and Z that
consist of

1. two directed edges: X — Y « Zor
2. adirected edge and a conflict edge: X — Y ¢w Z or
3. two conflict edges: X & Y o Z.

Definition 16 (Consistent extension of a GPDG).
The consistent extension of a GPDG G is a DAG G, so that all of the following hold:

1. Every directed edge that exists in G also exists in G'.

2. Foreveryedge X — Y that exists in G, there exists either X - Yor X « Yin G'.

3. Foreveryedge X «»Y thatexistsin G, there exists either X - Yor X « Yin G'.
4. The set of v-structures contained in G’ is a subset of the v-structures contained in G.

Note that any v-structure in G that consists of two directed edges must also exist in G'.

In particular, in the extension of a GPDG no v-structures may form by directing an
undirected edge and a conflict edge towards their common node. It is, however, admis-
sible to direct a conflict edge towards a directed edge that already existed in G (even if
the triple is not shielded).

An example for the extension of a GPDG is given in Figure 5.17. Consider the GPDG
on the left. To extend it, the edge between W and Z must be directed as W — Z because
otherwise, a new v-structure V. — W « Z would form. Then, to avoid a v-structure
W — Z < Y, we must direct the edge between Z and Y towards Y. Now, the only way to
prevent a directed cycle is to direct the conflict edge towards W, obtaining the paG shown
on the right. Note that in the last step a v-structure is formed, but since a conflict edge
should form v-structures with all incident directed edges, this is legal.

X X
XN /N
W Y V— W Y
\Z/ \Z/

V —

Figure 5.17: Example for the extension of a graph with conflict edges.

In the following, an algorithm is presented to compute such a consistent extension if it
exists. It is based on an algorithm by Dor and Tarsi [79], which computes the consistent
extension of a PDAG. The algorithm successively chooses a node V without (directed) out-
going edges whose undirected neighbourhood is a clique and forms a complete bipartite
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graph with its directed neighbours. If such a node is found, all the edges incident to it
are directed towards V. Then, for the rest of the computation, V is removed.

The node V that is repeatedly searched for in Dor and Tarsi’s algorithm is referred to
as a sink node and has to fulfil two conditions.

Definition 17 (Valid sink node in Dor and Tarsi’s algorithm).
A node V is valid as to be chosen as the sink node in Dor and Tarsi’s algorithm if

1. no directed edges originate from V and
2. every node that is connected to V by an undirected edge is connected to all other neigh-
bours of V.

Intuitively, the two rules guarantee the following: Due to rule 18, the graph is recursively
assembled from the sink. Rule 18 assures that the directing of edges that is done when
forming a sink does not lead to new v-structures because all the colliders that form are
shielded.

When we want to generalise the algorithm to graphs that contain conflict edges, we
need to adapt the above criteria accordingly. In the adaptation of the algorithm, that we
will refer to as the cecE algorithm (for consistent extension with conflict edges), we are
going to direct not only the undirected, but also the conflict edges towards the chosen
sink node V. The setting is depicted in Figure 5.18.

Therefore, conflict edges are — like undirected edges — not regarded in rule 18: Only
directed edges originating from V must be forbidden because these cannot be redirected
towards V.

Rule 18 prevents that new v-structures form when edges are directed towards the
chosen sink node V. Since v-structures are allowed to form from conflict edges (actually,
they should and will), we do not need to be careful about them here as we need to be about
the undirected edges. However, since conflict edges are never deleted, only directed, they
are valid as shields that prevent the formation of v-structures when undirected edges are
directed. Therefore, also conflict edges are relevant when checking that the endpoints U
of undirected edges that originate from the sink node V are connected to its other neigh-
bours. (That is, the edges g and h in Figure 5.18 may be conflict edges.)

In addition, these nodes U need to be connected also to nodes that are connected to

V by conflict edges (edge h in the figure). Namely, if such a conflict edge f is directed
towards V, it may itself form v-structures with other directed or conflict edges, but not
with edges that were undirected in the original graph (like ). Such colliders must there-
fore also be shielded by an edge h.
Allin all, rule 18 must be adapted to require that the endpoints U of all undirected edges
that originate from V must be connected to the other neighbours of V, be they connected
by directed, conflict or other undirected edges. We thus maintain the above algorithm,
or expressed more explicitly:

Definition 18 (Valid sink node in the CECE algorithm:).

Anode V is valid as to be chosen as the sink node in the ceck algorithm if

No directed edges originate from V and

Every node that is connected to V by an undirected edge is connected to all other neighbours
of V (adjacent to V by directed, undirected or conflict edges).

This yields Algorithm 3.
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Figure 5.18: Illustration of the cEcE algorithm. For the choice of V as the “sink” node it is
required that there are no outgoing directed edges (rule 18). Furthermore any node U that
is connected to V by an undirected edge e needs to be connected to each other neighbour
of V, here X and U. The edges g and h that establish this connection can be directed,
undirected or conflict edges.

Data: a GPDG G
Result: a DAG from 7 (G), if 7 (G) is nonempty
G =G
while there are nodes left in G' do
if there is a valid sink node vin G' then
direct all edges that are incident to v towards vin G remove v along with
all its incident edges from G'.
end
else
| return L > the input graph was not extendible
end
end
10 return G’
Algorithm 3: Main structure of Dor and Tarsi’s algorithm [79], which with the defini-
tion of a sink node given in Definition 18 yields the cEcE algorithm for the extension
of a GPDG.

H W DN =

O g & W

THEOREM 5.1.
The CECE algorithm establishes a consistent extension of a conflict graph if and only if it exists.

Proof. First, we will prove that the algorithm outputs a consistent extension. The correct-
ness of the general procedure was proven in [79]. Only the impact of conflict edges needs
to be investigated. It is obvious that all the conflict edges are directed if the algorithm
terminates, so condition 3 of Definition 16 is fulfilled. Furthermore, the conflict edges do
not restrict the choice of sink nodes since they are not regarded for this. This is also in
accordance with the fact that conflict edges may be directed in either way. When eval-
uating rule 18, it is correct to treat conflict edges like directed edges: It is not necessary
to avoid the forming of v-structures from conflict edges (if no undirected edges are in-
volved). However, undirected edges should not form v-structures with conflict edges, just
as they should not with directed edges. The DAG that is produced by the cecE algorithm
thus fulfils the requirements given in Definition 16.

It remains to show that if a consistent extension exists, it will be found by the al-
gorithm. This can be done by the same argument as in [79]: Assume that there was a
consistent extension with an edge that is directed away from a node V that we chose as a
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sink. These edges must have been undirected or conflict edges in the input graph since
directed edges can never be flipped in a consistent extension.

Then, we could just redirect this edge towards V since no directed cycles can form by
directing all incident edges towards V. (On top of that, this is ensured by our choice of
the node V according to the above rules that no v-structures form.)

That s, if there is a consistent extension, the algorithm does not necessarily produce
it (which is only natural since there can be more than one consistent extension for a graph,
and the algorithm only outputs one), but it is not possible that the algorithm makes a
decision that prevents it from finding a consistent extension.

This completes the proof. O

Figure 5.19: Illustration of why the “greedy” strategy of the CECE algorithm does not work
when conflict edges can be removed.

Note that the proof does not cover the case where conflict edges are also considered to be
removed, instead of directed in either way. (This corresponds to regarding X (G) instead
of K(G).) If conflict edges might be removed, it would not be possible to decide how to
treat conflict edges in rule 18: Assume there is a node W that has two incident undirected
edges whose endpoints are connected by a conflict edge e (see Figure 5.19). If e is kept,
then W would be eligible as node V in the algorithm (assuming that it has no other in-
cident nodes). But considering the possibility that e might be removed in the future, it
would become ambiguous whether W may be chosen as a sink.

Aheuristic approach for this case would be to mark such edges e as conflict edges that
are not allowed to be removed anymore. However, a (in general exponential) backtracking
procedure would be necessary for an exact algorithm if there is more than one possibility
to chose the sink node V. It is an open question whether also the problem to determine
for a graph G an extension in X (G) is solvable in polynomial time.
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6

CAUSALITY IN PROTEINS

In this chapter the pc algorithm is applied to learn networks of energetic paths in proteins
with the goal of understanding allosteric communication. As proteins play an important
role in a wide range of biological processes as enzymes, structural or signalling proteins,
this problem is of high relevance in the life sciences. Itis thus an important open problem
in biology to understand the function of proteins.

Protein-protein interaction is omnipresent and often, proteins have multiple sepa-
rate active sites or domains with different functions. One can think of the interaction of
two proteins as an energetic perturbation that originates from the binding surface and
disseminates through the molecules [169]. Such a perturbation can have long range, al-
losteric effects to different domains of a protein, that trigger a response there.

Signalling of hormones is commonly mediated by allosteric effects, as binding to the
specific receptor can affect its properties at another site. Impairment of these signalling
pathways can lead to severe diseases as seen, for instance, in type 2 diabetes. Allosteric
effects also enable ion channels to transport ions into and out of cells, as well as viruses
to enter host cells. Understanding communication in proteins therefore has various ap-
plications in drug design.

Questions that one might be able to answer with the help of the methods described
in this thesis include the following:

> Why does a receptor fail to transfer a signal?

> How is a virus internalised by a host cell upon binding?

> Which mutations can cause an ion channel to loose its function, for example in cystic
fibrosis patients?

A new approach to the study of allosteric regulation in proteins is proposed here, for
which the protein is modelled as a causal network of its amino acids. This network con-
ceptually does not correspond to the chemical bonds in the protein but rather represents
functional dependences. These can be measured by different types of data, for example
in terms of energies or evolutionary conservation, as described below.

Whatever the kind of data, modelling the amino acids as variables we expect the data
in form of a set of observations for each of the n positions.

In principle, the variables of the positions can be categorical or ordinal, so for exam-
ple, a multiple sequences alignment (Msa) could be used. In this case, a suitable condi-
tional independence test would have to be chosen. However, also for evolutionary data,
we only consider numerical variables here. Furthermore, we assume Gaussianity and
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use Fisher’s Z test (see Equation (2.6)) for conditional independence testing. For this and
other assumptions made by the Pc algorithm see Section 3.2.

In this chapter, two case studies are presented, each with a different type of numer-
ical data: In Section 6.1, nuclear magnetic resonance (NMR) data are used to study the
mitogen activated protein kinase p38+y. In Section 6.2 we consider the pDz domain fam-
ily on the basis of evolutionary data.

6.1
NMR DATA

Aoto, Martin, and Wright [12] study the allosteric communication between the regula-
tory sites in the mitogen activated protein kinase p38+. For this, they apply second order
Markov model analysis to learn an undirected network between the residues. They then
obtain clusters within the protein using a method called link communities [3], which de-
termines a clustering of the edges in a graph.

The supplemental material of [12] contains the NMR data on which the paperis based,
'H-BC methyl chemical shifts for 78 variables. These chemical shifts “report on the time-
averaged local chemical environment and therefore reflect conformation and dynamic
processes on a broad timescale (ps-ms)” [12]. The observations in these data sets are ex-
perimental, but we do not use interventional information here. They consist of so-called
soft mutations, that is, amino acids are mutated into chemically similar ones by methyl
mutagenesis, e.g. from leucine to valine. Although perturbing the molecular dynamics
only mildly, these mutations nevertheless produce long-range effects at distances up to
more than 40 A.

Although working with an undirected graph, Aoto, Martin, and Wright [12] are even-
tually interested in directed effects in the graph. It thus suggests itself to learn a directed
causal model, for example using the pc algorithm. The results of this approach are pre-
sented here.

6.1.1
METHODOLOGY

As we have seen in the previous chapters, the pc algorithm is very unreliable for small
sample sizes. I thus combined all the data from [12], which are for four different states of
the protein (active, inactive, with the energy providing molecule ATp, and the inhibiting
ligand BIRB796), to obtain a data set with s = 58 samples (for the n = 78 variables). Then,
all variables with a variance lower that 1% of the maximal variance over all variables were
removed, so that n = 49 variables remained. After that, the data were standardised to
unit variance and zero mean.

With these data, I ran the pc algorithm with a value of & = 0.09 determined ford = 5
with the model from Section 5.3.2. I used the stable version of the pc algorithm with v-
structure identification by majority rule. This yields an extendible graph with 25 directed
edges, 20 undirected edges and no conflict edges. (For comparison: Using the conserva-
tive version of the v-structure identification, only 10 edges are directed, the other ones
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Figure 6.1: The pc-estimated graph, node colours of the right graph are as specified in [12]
The node colours in the left graph correspond to dominant color of the respective node in
the right graph. Bidirected edges represent undirected edges.

remain undirected. With the original, unstable version of the pc algorithm, 11 conflict
edges form, but there are also 21 directed edges.)

It is notable that the graph does not change when the maximum order of indepen-
dence tests is restricted to a value k,,,, > 2, due to the sparsity of the resulting graph.
The computation only takes a few seconds.

6.1.2
RESULTS

The pc algorithm was run with Meek’s rules and detection of conflict edges (solve . confl
= TRUE). The resulting graph is shown in Figure 6.1. The colouring of the nodes is based
on the results by Aoto, Martin, and Wright [12] as follows: In Figure S3 (supplementary
information) they show a clustering of the edges of their graph. This entails a colour dis-
tribution for each node which corresponds to the colour distribution of the edges that
are incident to this node. These node colours are reproduced in the right graph in Fig-
ure 6.1 (the colour distributions were read off by eye; blue corresponds to purple). The
node colours of the left graph correspond to the most frequent cluster that edges incident
to the respective node have in Figure S3 .

Aoto, Martin, and Wright also show the location of the clusters that they identify in
the 3D structure of the protein (top right panel of Figure S3). One can see there that the
purple cluster is distributed over the whole protein while the other clusters are restricted
to smaller subdomains. It might thus be reasonable that this cluster is subdivided over
several connected components in the pc-estimated graph. Otherwise, the edges in this
graph correspond well with the clusters identified in Figure S3 of [12].

A new clustering can be obtained from the pc-estimated graph in terms of its connected
components. The resulting clusters are shown in a 3D model in Figure 6.2 (left). Itis also
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Figure 6.2: The node clusters obtained from the graph shown in 6.1; on the left, clusters
correspond to the connected components of the graph, in the middle to the clusters iden-
tified by infomap clustering of the graph, on the right by a link communities analysis.

possible to use graph clustering methods to further subdivide clusters corresponding to
the connected components. Rosvall and Bergstrom [228] propose a method for this which
is based on maps of random walks on the graph structure, and known as infomap. This
method yields 13 clusters (as opposed to 7 connected components), which are shown in
the middle of Figure 6.2. Also a clustering with the link communities method that is used
by Aoto, Martin, and Wright [12] is given in the right part of figure, although the method
is better suited for denser graphs and thus yields very few clusters of uneven size.

All these clusterings in general yield smaller clusters that the ones presented in [12],
but it can be seen that positions in a common cluster that are not contiguous in the pri-
mary structure (given by the indices), often are proximal in the tertiary structure. This
indicates that meaningful clusters are identified. Moreover, the large clusters that are
identified as a connected component and by the link communities method, respectively
(both shown in sky blue), which span large parts of the protein, are analogous to the pur-
ple cluster identified in Figure S3 of [12].

However, also sporadic larger “gaps” in a cluster are plausible, since energy can be

transferred in a “seemingly arbitrary manner” [169] and the resulting longe range effects
are detectable by the kind of NMR data used here [177].
Apart from clustering methods, there are various other possibilities for further analy-
sis based on the graph obtained by the pc algorithm. Depending on the protein under
consideration, particular domains or residues might be of interest. Moreover, one could
consider particular paths that are robustly found in the graph for different sizes of « and
analyse their course in the 3D-structure. Itis also possible to estimate causal effects based
on the pc-estimated graph, as will be further discussed in the next Section.
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Figure 6.3: The resulting graph after modification by Algorithm 2 when the conservative
v-structure identification is used. Note that the variables are identified by their index,
which according to the underlying sequence data is numbered between 303 and 396. Po-
sition 372 (green) correspond to position 76 studied in [169] and found to be coupled with
the positions that are coloured yellow here. Bidirected edges represent undirected edges.

6.2
EVOLUTIONARY DATA

Lockless and Ranganathan [169] consider measures to quantify the evolutionary conser-
vation of a residue as well as the statistical coupling of two residues. For this, they use evo-
lutionary data given in multiple sequence alignment (MsA) that contains amino acid se-
quences of the members of a protein family. Since the function of such proteins has been
conserved through evolution, the Msa yields interesting information about the function
of the protein. In particular, it is possible to derive which residues are required for the
protein to work, but also about which positions in the protein are likely to “collaborate”: If
two positions co-evolve, this indicates that the protein is dysfunctional or unstable and
thus abolished by selection when only one of the positions is mutated. If however, the
other position also mutates, the communication between the positions can be retained
and the protein maintains its functionality. In this sense, evolutionary coupling can per-
mit conclusions about energetic coupling as measured by NMR in the previous section.
To assess evolutionary coupling, Lockless and Ranganathan [169] consider the fol-
lowing quantities based on an Msa with n positions and m sequences and the overall base
frequencies of the different amino acids (over different proteins and species). The latter
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Figure 6.4: The resulting graph after modification by Algorithm 2 when the majority rule
is used for v-structure identification. Note that the variables are identified by their in-
dex, which according to the underlying sequence data is numbered between 303 and 396.
Position 372 (green) correspond to position 76 studied in [169] and found to be coupled
with the positions that are coloured yellow here. Bidirected edges represent undirected
edges.

are considered as estimates for the probability of each amino acid to randomly occur in
a sequence. Let these probabilities be denoted as p, for each amino acid x. Furthermore,
f* is the number of occurrences of amino acid x at position i in the given MsA. Then the
probability for the number of occurrences f* of an amino acid x at position i can be com-
puted (in retrospective) according to a binomial distribution:

pf = (px)fix - (1— px)m’—fix,

where m' is the total number of other amino acids at position i (which differs from the
number of observations by the number of gaps). Moreover, the quantity Py, is defined
by considering instead of position i a hypothetical position in which all amino acids occur
in the mean frequency that they have in the complete mMsa.

Now, the conservation of a position i in the Msa is measured by the evolutionary con-
servation parameter AG{™,
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6 CAUSALITY IN PROTEINS

Figure 6.5: The node clusters obtained from the connected components of G, ,.shown in
Figure 6.3. The two images show opposite sides of the protein (turned by 180° around the
vertical axis).
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in terms of an arbitrary energy unit kT*.

Furthermore, perturbations (3]y of a position j with an amino acid y are defined as
selecting the subset of rows of the MSA, in which the amino acid y occurs at position j
(see also Figure 1in [274]). P¥ and PY;¢, computed in this sub-alignment are referred to as

i 5 and Py, & respectively, and referred to as probabilities under the perturbation 5]y .

Now, the correlation between two sites i and j can be described in terms of the change
in conservation of site i when site j is perturbed. This leads to the statistical coupling
energy AAG™, which we regard here dependent on an amino acid y for the perturbation

L] 2

P: 2
1o} px
AAGEES = kT* Z(In 5 —In )

px
x MSA|(S]Y MSA

This measure (for a fixed y) is the core of the analysis in [169] as well as in [274], which
is based upon the former. To obtain input data for the pc algorithm, I computed this
measure for each position, considering each other position j and each amino acid y that
has a relative frequency between 7; and 1 — 7y at position . In the resulting data set, the
variables correspond to the positions i.

For PDZ, Ty = 5% on average yields 5 perturbations per site. To be precise, the result-
ing data set consists of n = 92 variables corresponding to the positions of the protein,
that are labelled with indices between 303 and 396, and 460 observations corresponding
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to perturbations. Since the data setis larger and has smaller variations than the one con-
sidered in the previous section, a variance threshold is not necessary here, but standard-
isation was performed anyway. The resulting data generally lead to denser graphs so I set
the target density for the determination of @ according to the model from Section 5.3.2
tod = 2 here, which yields « = 0.0003.

6.2.1
REsuULTS

Like in the previous section, the Pc algorithm was run with Meek’s rules and conflict
detection (solve.confl = TRUE). Also here, the original identification method for v-
structures leads to a large amount of conflict edges (57 out of 120 edges). While the ma-
jority rule is able reduce this number to 8 conflict edges (and increase the number of di-
rected edges from 53 to 108), the conservative version of the pc algorithm yields no con-
flict edges at all. Nevertheless, it also reduces the number of identified directed edges
from 53 to only 22. We will analyse both results in the following, referring to the graph
estimated with the conservative version as G,,,,and the one for which the majority rule
was used as G,,;-

Both graphs are not extendible. Both contain a (partially directed) cycle, G,,;has con-
flict edges, G.,,,is not chordal. Therefore, I used the method described in Section 5.4 to
obtain extendable graphs G, ;and G, respectively. These are shown in Figure 6.3 and
Figure 6.4. The node colouring represents the results of Lockless and Ranganathan [169]:
They report that the yellow nodes are strongly coupled with the green node (position 372
here, position 77 in [169]).

The low density of G,,,.is due to the modification to make the graph extendible. Both
graphs initially had a degree of 2.61, not too far from the target value of d = 2. Since
conflict edges in a way serve as wildcard edges in the modification process described in
Algorithm 2, much fewer edges needed to be removed from G, ,;than from Gy

Due to the sparsity of G, it consists of many separate connected components,
which - like in the previous section — can be interpreted as clusters. These are visualised
in Figure 6.5. In this case, the clusters are less locally constrained, which might be con-
nected with the type of data or the protein itself. Although cluster analyses as shown
in the previous section are also possible in this setting, we will pursue a more causality-
based approach here and use the learned graphs to estimate causal effects.

6.2.2
CAUSAL EFFECT ESTIMATION

As an extension of causal structure learning, Maathuis, Kalisch, and Bithlmann [172] pro-
pose amethod to learn causal effects on the basis of a CPDAG, instead of one true DAG. This
method is called 1pA for “intervention-calculus when the DAG is absent”. The basic idea
is that it is possible to at least give bounds on the effects in the true DAG, which belongs
to the equivalence class represented by the cPDAG. This can be done in the simplest form
by enumerating all these DAGs, an evaluating the corresponding effects individually, for
example using Pear!’s intervention calculus [200]. This leads to a set of effects of differ-
ent size; however since all effects are eventually based on a limited set parameters of the
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6 CAUSALITY IN PROTEINS

model, usually different graphs yield the same size for some of the effects. The analysis
thus provides a multiset of effect sizes, which can be aggregated, for example to obtain a
lower bound.

In addition to this rather naive procedure, Maathuis, Kalisch, and Bithlmann also
propose a fast alternative that avoids the exhaustive enumeration and is still able to de-
termine the set of effect sizes that the Markov equivalent DAGs entail, albeit without being
able to count to how many of the DAGs each one of the effect sizes corresponds.

Applications of the method can be found, for example, in [171] and [198]. Recently,
Pensar et al. [209] and Castelletti and Consonni [37] proposed Bayesian adaptations of
the method. A related, saT-based method is presented in [141].

1.0 —
0.8 —
0.6 —
0.4 —
0.2 —

Figure 6.6: Comparison of the new iDA-adaptation that resets causally implausible effects
to zero (left) and the original method (right): size of the estimated effects of an interven-
tion in position 372 on all other positions in the protein. In particular in the 3D model
(bottom), effect sizes are represented in terms of the opacity of each position. Colours
highlight the intervention position (green) and the positions that are found to be coupled
with this position by Lockless and Ranganathan [169] (yellow).

Using IDA, it is possible to perform “theoretical experiments” with the considered vari-
ables. For example, the mutation conducted in [169] can be modelled by computing the
causal effects of position 372 based on the graph that was learned by the pc algorithm.
However, the results produced by 1DA can be implausible in one regard, namely that
it usually yields causal effects even if no causal path exists. The principle of causal mod-
elling with DAGs is that directed edges represent causation. Consequently, a sequence of
directed edges, a directed path is necessary for a variable to have a causal effect on an-
other variable. (This is not to be confused with d-separation which assesses dependence,
but not causation.) In particular, a variable cannot have a causal effect on a variable in a
different connected component of the graph, which typical for effects estimated by 1DA.
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Figure 6.7: Effects of position 372 as determined by 1DA when resetting effects that are
not causally justified given the graph. The intervention position is marked in green, the
yellow positions are found to be coupled with this position by Lockless and Ranganathan
[169].
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The implausible effects are due to the local character of the computation of 1DA. The only
information that is extracted from the graph are the parent sets of each node, which
in isolation do not provide information about connected components and causal paths.
However, the effects for non-connected nodes are difficult to interpret causally and can
rather be seen as direct conclusions from the data, which primarily only provide infor-
mation about correlation, not causation.

I therefore set all causal effects that were estimated by ida, but for which no corre-

sponding causal path exists, to zero. Figure 6.6 shows that this makes a huge difference in
practice. In the Figure, the causal effects of the above mentioned position 372 are shown
for Gy,,j— with the adapted version of 1DA (left) and the original method (right).
For G, s, IDA yields 4 different effect sizes for a theoretical intervention on position 372,
which are shown as bars in Figure 6.7 and visualised in the tertiary structure of the pro-
tein in Figure 6.8. Although the results do not perfectly reproduce what was found by
Lockless and Ranganathan [169], they seem very plausible for two reasons. On the one
hand, we can see an effect on many of the positions that Lockless and Ranganathan iden-
tify as coupled with position 372. On the other hand, the spacial structure of the positions
that position 372 affects according to the analysis presented here has a reasonable spa-
cial structure and is similar to a functional sector identified by Halabi et al. [119] with
different but related evolutionary data (see the red sector in Figure 7A).

Figure 6.8: Effects of position 372 as determined by 1DA when resetting effects that are
not causallyjustified given the graph. The opacity of a node corresponds to the size of the
effect of position 372 on this node. The intervention position 372 is marked in green, the
yellow positions are found to be coupled with this position by Lockless and Ranganathan
[169]; all other positions are coloured blue.

6.3
CONCLUSION

In this chapter I have shown how causal structure learning, in particular the pc algo-
rithm, can be applied to different types of data in order to gain a better understanding of
energy transfer in proteins and thus protein function.

In the analysis some of the problems that were discussed from a more theoretical
perspective in the previous chapters came up, and some of the methods presented in the
previous chapters have proven useful, in particular the model for tuning the parameter «
(see Section 5.3.2) and Algorithm 2 for obtaining an extendible graph on the basis of the
output of the pc algorithm.
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Learning a causal structure is only the first step in causal analysis. Although the graph
itself certainly can provide the basis for different types of analyses, including the identi-
fication of clusters that was of interest in our context, a causal structure provides specific
causal information that can be used to conduct “theoretical experiments”. When the true
causal structure is not known beforehand but learned from data, the non-identifiably of
the true graph entails uncertainty about the effects. Nevertheless, it is possible to obtain
bounds on effect sizes, and sometimes even more precise estimates. The most popular
methods for these kind of analysis is 1DA [172].

Both on the basis of the causal structure and in terms of effects estimated with 1DA, I
was able to reproduce and complement published results on sectors of allosteric networks
in proteins. This can be seen as a proof of concept and encourages future applications of
causal methods in the field of protein function.
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7

CONCLUSION

Causal modelling allows to transcend the world of association and thus facilitates the
prediction of effects of interventions and counterfactuals. Surprisingly, such analyses are
possible from purely observational data, albeit with some limitations. The analysisis then
typical subdivided into two steps: Firstly, learning the causal structure that describes the
relationships between the variables, as well as the parameters of the model and secondly,
estimating effects on the basis of this model. This thesis is almost exclusively concerned
with the first step of the analysis, causal structure learning. For this, the canonical pc
algorithm is studied. This algorithm was first proposed by Spirtes et al. [263] and made
popular for practical applications by [148]. In this thesis the algorithm and its variations,
in particular the order-independent version proposed by Colombo and Maathuis [52] are
evaluated. The order-dependence of the original version of the pc algorithm is considered
in various aspects in Sections 4.2 and4.3, with new results concerning the oracle version
and the positive effect of topologically sorted input variables.

Another pervading topic is the question of how the value for the tuning parameter
of the pc algorithm should be chosen. This tuning parameter is used as the level of sig-
nificance for the individual conditional independence tests that constitute the interface
to the data. In the context of parameter tuning, the accuracy of the estimated graph (in
particular Section 5.3.2), but also its density (Section 4.3.4) is considered, and a model is
derived with which a good value for a can be computed based on the parameters of the
setting, i. e. the number of nodes, the sample size and an estimation of the density of the
true graph.

This “black box”-analysis is complemented by a supervised empirical study of the re-
sults of the conditional independence test that is used, Fisher’s Z-test. This yields a com-
pletely different perspective on the choice of «. The main finding of the analyses is that
it is often advisable to choose a value that is much larger than typical values used in the
literature, for example « = 0.01. This fact is due to the symmetry of the question that
the test is applied to answer: Should there be an edge between a pair of nodes or not? It
is therefore not generally advisable to choose the level of significance as low as possible,
as usual in statistical testing when an asymmetric setting is considered. (This is usually
given by the null hypothesis describing the norm and the alternative hypothesis an abnor-
mality.) In the case of the pc algorithm, « should instead be chosen in a way that yields a
good balance between the « and f3 error.

The main problem considered in this thesis is the type of output that the pc algorithm
yields. For subsequent causal methods it is usually assumed that the pc algorithm out-
puts a CPDAG. Such a graph represents a class of DAGs that is principally identifiable from
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observational data. In Section 4.3, the fraction of graphs returned by the pc algorithm,
that actually are cpPDAGs is determined in various settings. It is often close to zero for
denser graphs. The question of the accuracy of the pc-estimated graph thus generalises
to the question of validity.

There are various reasons for a graph to be invalid as representation of a causal model.
These “symptoms” of invalidity are classified in Section 5.1 (see Figure 5.1) and traced back
to possible errors during the computation or violations of the assumptions. One particu-
lar problem is the occurrence of conflicting edge directions, which can be made explicit a
special type of edges that are called conflict edges here. A general characterisation of the
output of the pc algorithm is proposed in terms of the class of general partially directed
graphs (GPDGs). In addition to directed and undirected edges, such graphs can contain
conflict edges.

Although they are modelled in the implementation of the pc algorithm in the R pack-
age pcalg, conflict edges are not extensively treated in the literature and the only cur-
rently available algorithm to remove them from a graph is by randomly brute-forcing all
possible edge directions until a valid graph is found (option retry in the pcalg imple-
mentation). In Section 5.4.1anew algorithm is presented to systematically extend a GPDG
by considering all possible directions for the conflict edges in polynomial time. Based on
this algorithm, a general procedure for obtaining a valid graph that is similar to the pc-
estimated graph is given in Algorithm 2.

Finally in Chapter 6, it is shown how causal structure learning can be applied to char-
acterise allosteric communication in proteins. As proteins are involved in a wide range
of biological processes and protein function often works through allosteric effects, this
idea has a variety of applications throughout biology and medicine.

By considering the amino acid positions in a protein as random variables and com-
puting a causal structure between them, the network of energetic communication in the
protein can be modelled from different types of data. Based on this, one can identify
functional sectors of the protein as connected components or clusters of the graph. On
top of that, in terms of interventions it is possible to predict the effects of experiments,
for example mutations of individual positions.

This shows the practical value of the pc algorithm despite the problems that were
identified in the previous chapters, as well as of the new methods presented in this thesis.
Hopefully it will help researchers to understand the reasons for protein dysfunction or
the mechanisms of the infection of pathogens and thus facilitate the design of new drugs.
Moreover, proteins can help solve problems in other domains, for example provide new
sources of renewable energy. Since the amount of available observational data is likely
to increase in the future, causal structure learning will probably become feasible in more
and more domains and yield more robust results. Causal inference might thus help us to
limit time consuming, expensive and possibly unethical experiments to a minimum and
revolutionise the way scientific advancement is accomplished.
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APPENDIX

The following Figures complement the analysis in Section 5.3.3.
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Figure A.1: Separability and sizes of the critical and optimal ranges for increasing k,
different sample sizes s (see the legend) and expected densities d of the true graph
(columns).In all panels, the number of nodes is n = 12. For the definition of the mea-

sures see the text.
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Figure A.2: Behaviour of the minimal number min,,, and fraction min’,, of errors, as well

as the number of minima N; for increasing k, different sample sizes s (see the legend)
and expected densities d of the true graph (columns).In all panels, the number of nodes
is m = 12. For the definition of the measures see the text.
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Figure A.3: Example of p-values obtained from two graphs with n = 12 nodes and an
expected density of d = 2 (left) and d = 5 (right), with s = 10 samples and for condi-
tional independence queries of order k = 7 (lower panels). Above, the error function is
shown, which describes for each conditional independence query the number of errors
that would result from the classification of the complete set of p-values if w is chosen from
the interval between the p-value of this conditional independence query and the one next
in order.
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and expected densities d = 2 of the true graph. For the definition of the measures see
the text.
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